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Abstract. We provide a new approach to strong error analysis of the spatial-spectral
Galerkin and temporal exponential Euler scheme for a family of second-order parabolic
stochastic partial differential equations (SPDEs) driven by multiplicative noise. Apply-
ing these results to the stochastic advection-diffusion-reaction equation with a gradient
term driven by white noise indicates that this scheme achieves optimal strong conver-
gence order exactly 1/2 in space, which removes an infinitesimal factor in the litera-
ture, and 1/4 in time. Numerical experiments support our theoretical analysis.
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1 Introduction

Consider the semilinear stochastic evolution equation in the form
dX(t) = (AX(t)+F(X(t)))dt+G(X(t))dW(t) (1.1)

on a Hilbert space H. Here A is a generator of an analytic Co-semigroup on H, and W is
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a Q-Wiener process. Since the exact solutions of Eq. (1.1) can not be formulated explic-
itly in general, there have been numerous works on their numerical approximations; see,
e.g. [3-5,7,10-12,14,15,20-23,25,27] and references therein. One attractive and challeng-
ing topic is proving numerical approximations’ critical strong convergence rate while
relaxing the coefficient conditions.

For second-order parabolic semilinear SPDEs, which can be equivalently rewritten
in the form of (1.1) driven by (space-time) white noise, the classical Lipschitz condition
(see (2.3)) is not fulfilled in general, even though the coefficients of Eq. (1.1) are Lipschitz
continuous functions. In this case, the strong convergence rates of numerical approxima-
tions have yet to be studied thoroughly. Based on the framework developed in [16,17],
we present a new approach to deriving optimal strong convergence rates for numer-
ical discretizations under generalized Lipschitz assumptions proposed in combination
with the semigroup. There, the smoothing effect of the semigroup is more naturally ex-
ploited. Our approach applies to a family of second-order parabolic SPDEs, inclusive
of the stochastic heat equation and the stochastic advection-diffusion-reaction equation,
where there is a gradient term describing the advection phenomenon [6]. We highlight
that the covariance operator of the Wiener process under study does not need to be of
trace-class; nonsmooth noise, including white noise, is also available.

We first consider the spatial spectral Galerkin approximations (see Eq. (2.4)) of the
Eq. (1.1). We propose the assumptions on the original equation and the spectral Galerkin
approximate operator. Then, the spatial strong convergence rate of spectral Galerkin
approximations towards Eq. (1.1) is obtained using Gronwall’s inequality with a singular
kernel given in [17]. We further employ the explicit exponential integrator to construct
a fully discrete scheme (see (3.1)), which has implementation advantages over implicit
schemes and avoids the CFL-type condition which appears in most explicit schemes for
SPDEs such as the Euler-Maruyama scheme (see also [1,2, 8,9, 28]). Combining with
a temporally uniform Holder continuity condition on spectral Galerkin approximations,
we prove the strong convergence rate in the temporal direction.

To specity the parameters in the proposed assumptions, we interpret our approach
by applying it to a second-order parabolic SPDE with a gradient term and multiplicative
white noise. A typical example is the stochastic advection-diffusion-reaction equation.
We note that in [10], the authors obtained 1/4 —¢ pathwise order of the linearity-implicit
Euler scheme, where € denotes an infinitesimal factor. As to smoother noise, [24] ana-
lyzes the exponential integrator for finite element discretizations of Eq. (1.1) driven by
trace-class noise. Recently, the authors in [3] established spatial 1/4—€ and temporal 1/4
strong orders of the central difference and exponential Euler scheme without a gradient
term with regular initial datum, based on a framework of Green functions.

We should also mention another technique based on a framework of Green functions;
see, e.g. [3,12,14, 15, 27] for strong error estimates of numerical approximations for the
stochastic heat equation driven by multiplicative white noise without gradient terms. It
should also be noted that obtaining a sharp, strong convergence rate of numerical ap-
proximations for SPDEs involving gradient terms would be difficult when estimating the
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estimates between the continuous and discrete Green functions used in previous litera-
ture.

We indicate that the spatial and temporal strong orders spectral Galerkin exponential
Euler scheme applied to the 1D stochastic advection-diffusion-reaction equation driven
by white noise, achieve exactly 1/2 and 1/4, respectively (see Theorem 4.1). Compared
with the optimal regularity of the solution (illustrated in Remark 4.2), the spectral Galer-
kin approximations are superconvergent (which removes the infinitesimal factor in the
literature), and the convergence rate of the exponential integrator is optimal.

The rest of this paper is structured as follows. We derive a quantitative continuous
dependence result for a sequence of perturbation equations of Eq. (1.1) in the next section,
which contains the strong convergence rate of spatial approximations towards Eq. (1.1).
In Section 3, we obtain the strong convergence rate of a fully discrete scheme under a tem-
porally uniform Holder continuity condition for the Galerkin approximated solutions.
Concrete examples are given in Section 4, where we verify the key assumptions to de-
rive the strong convergence rate of the scheme under study. In the last section, we will
conduct several numerical experiments to confirm our theoretical results.

2 Spectral Galerkin approximations

This section first introduces the setting of the semilinear stochastic evolution equation
(1.1). Then, we analyze the strong error estimate between Eq. (1.1) and its spectral Galer-
kin approximations.

21 Setting

Let (H,|-||) be a separable Hilbert space with Borel c-algebra B(H) and denote by
(L(H),|[*ll z(r1)) the space of bounded linear operators on H. We assume that the lin-
ear operator A:D(A)CH— H is self-adjoint and negative definite and is the infinitesimal
generator of an analytic Cyp-semigroup {S(:)} such that the resolvent set of A contains
all A € C with R[A] >0. Then — A possesses an eigensystem {(A;, k) }jen, with {A;}jen,
being an increasing sequence and {/;};cn, forming an orthonormal basis of H. Then for
each 0 € R, the fractional powers (—A)? is well-defined. We denote by H? the domain of
(—A)%2 equipped with the norm ||-||g:= || (= A)%/2(-)||. In particular, H? = H. It is well
known that (see, e.g. [26, Chapter 2.6])

1(=A) Iz =C,
H(—A)"S(t)HE(H) <Ct™H, 2.1)
(- A)2(5(0) - 1d) | < CF

forany 0<t<T,v<0<pu and 0<60<1. This paper uses C as a generic positive constant
independent of the spatial and temporal discrete parameters.
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Let U be another separable Hilbert space and Q a self-adjoint, nonnegative definite,
and bounded linear operator on U. Denote by L',g the set of Hilbert-Schmidt operators
from Uy := QY 2(U) to HY. The driving process W in Eq. (1.1) is a U-valued Q-Wiener
process with respect to a stochastic basis (Q),.#,F:=(.%;),IP). When Q coincides with the
identity operator on U, W is called a cylindrical Wiener process, and its derivative in the
distributional sense is called white noise.

Suppose that F: H— H with 0 >—2 and G:H — £(Uy,H) are measurable. Through-
out the paper, T is a fixed positive time and the initial datum X, := X(0) of Eq. (1.1)
is assumed to be .%#,/B(H)-measurable. Recall that an F-adapted stochastic process
X:]0,T)xQ — H is called a mild solution of Eq. (1.1) if it holds (almost surely) that
X€eLP(0,T;H) for some p>1 and forall t€[0,T],

t t
=S(t)Xo+/ S(t—r)F(X(r))dH—/ S(t—)G(X(r))dW(r). 2.2)
0 0
Instead of the classical infinite-dimensional Lipschitz condition
IF(x) =FW)[[+]IG(x) =GW)llzg <Cllx—yl, VxyeH (2.3)

for Eq. (1.1) with some positive constant C, we consider the following generalized Lip-
schitz-type condition in the framework of [16,17]. In the sequel, we use 0 to denote a pos-
itive number in (0,1] that characterizes the spatial regularity for the solution of Eq. (1.1).

Assumption 2.1. There exist four nonnegative, Borel measurable functions Kr,Kr,, K¢
and K¢, on [0,T] with
T
K*(T)::/ [Kr(H)+K2 ()] dt < oo,
0

K;(T);:/OT (K, (£)+ K%, (1)]dt < 0
such that for any x,y € H,z€ H?, and t € [0,T], it holds that

IS5 (F(x) = F)) || < Ke())lIx—yll,
P(Z)||9<KF9( )(1+1zlle),
(G(x)=GW)) || y<Ke(®)llx—=yl,

Lemma 2.1 ([17, Theorem 2.1]). Let Xo € LP(C; H?) with p>2and 0> 0 and Assumption 2.1
hold. Eq. (1.1) admits a unique mild solution X €C([0,T|;LF (Q;H®)) and there exists a constant
C=C(T,p,K;(T)) such that

sup E[|X(t)|ly < C(1+EE[| Xollp)-
te[0,T]
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2.2 Spectral Galerkin approximation

For an N€IN, let Viy be the linear space spanned by the first N eigenvectors of the oper-
ator A,i.e. Vy=span{hy,---,hy}. Let Py:H ! — Vy be the generalized orthogonal projec-
tion operator and Ay be the Laplacian restricted in V. The spectral Galerkin approxima-
tion for Eq. (1.1) is to find a sequence of F-adapted Vy-valued processes { XN (t): t€[0,T]}
such that

dXN (1) = (AnXN () +PnF (XN (1)) )dt+PnG (XN (1))dW(t), t€[0,T] (2.4)

with NeIN, and XV (0) =Py Xo.
It is clear that Py is a commutative contraction operator with A and the linear opera-
tor Ay is the infinitesimal generator of an analytic Cp-semigroup {Sy(-)} on Vy. Conse-

quently, under Assumption 2.1, one has
1Sn (5P (F(x)=F(y)) | <K(D) | x—yll,
YPNF(2)llo <K, (#) (1+l21),
VPN (G(x) =GW)) || sy =Ke(B)lIx—vll,
IS8 (PNG ()]l 25 <Ko, (1) (1+]Iz]))

for any x,y,z € H, and t € [0,T], from which we have the well-posedness of the spectral
Galerkin approximation (2.4).

Lemma 2.2. Let X € LP(Q;HY) with p>2and 6 >0 and Assumption 2.1 hold. Then
Eq. (2.4) admits a unique mild solution XN € C([0,T|;LF (Q;H?)), and there exists a constant
C=C(T,p,K;(T)) such that

sup sup E|| XN (t)||] <C(1+E|Xo|1}).
N€N+t€[O,T]

To obtain the strong convergence rate of spectral Galerkin approximations (2.4) to-
wards Eq. (1.1), we propose the following assumption, in which the parameters rr,r¢
will be concretized by examples in Section 4.

Assumption 2.2. There exist two nonnegative, Borel measurable functions R FerRGgV in
(0,T] and two positive numbers rf, g depending on 6 with

T T
/ Rpn(£)dt<CNTF, / R2,(t)dt < CN~%e
0 0 o Cs

such that for any z € H, it holds that
[Sn (PN =S(OIF(2) || <Ry (8)(1+|z]l6),
IS8 (PN =S(1]G(2)]| zg < Ry () (1+Iz[l0).
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This section’s main result is the following strong error estimate between spectral
Galerkin approximations (2.4) and Eq. (1.1).

Theorem 2.1. Let p>2,0 >0, Assumptions 2.1-2.2 hold, and Xo € LP(Q; H?) such that

51[1p} |[Sn (£)Pn—S(1)] Xo HLP(Q;H) <CN|[Xoll Ly (oyriey- (2.5)
tel0,T
Then there exists a constant C=C(T,p,K*(T),K;(T)) such that
sup X=X (1) 1z < (1+1X0 | o ey ) N U0, (2.6)
tel0,T

Proof. For any t € [0,T], we decompose the error between XN (t) and X(t) as
HXN(t) _X(t) H LP(C;H)

< [SN(t)PN—S<t)]XoHLP(QH)+H/O't [Sn(t—r)F(XN(r)) =S (t—r)F(X(r))]dr

LP(O;H)
+H/o.t [Sn (=) G (XN (1) =S (t=r)G(X(r)) |dW(r)

=:1 (t) —|—12<t) —|—I3<t).
For the first term, it follows from the condition (2.5) that
1 (£) < N Xoll o -
We deduce by the Minkowski inequality, Assumption 2.1, and (2.7) that

L(t) S/OtHSN(t—r) [F(XN(r)) =F(X(r))] HLP(Q;H)dr
—l—/(:H[SN(t—V)PN—S(t—r)]F(X(r)) HLP(Q,’H)dr

< /Oth(t—T) HXN(T) —X(r) HLP(Q;H)dT

LP(Q;H)

t
+C [ Ry (t=n) A+ 1X (1) | )

For the last term, Burkholder-Davis-Gundy (BDG) inequality, Assumption 2.1, and (2.8)
yield

B0 <2 [ 5n (= [6(XV ) =G (X)) [} eyt
42 [ iswlt=n)=S(=nIG(X (") [}y ey o
SZ/OtKé(t—r)HXN(r)—X(r)HiP(Q;H)dr

t 2
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We combine the previous four estimates with Assumption 2.1, Lemma 2.1 to derive

XN = X0 | ey

2
S CN*Z(”O/\T’F/\”G) (1+ HX() ”LP(Q,HG))

—|—C/O.t [Kp(t—r)+Kg(t—7)] || XN (r) dr,

r HLP(Q;H)

where C above depends on K} (T). According to Assumption 2.1, Kp+KZ% is uniformly in-
tegrable on [0,T], NeIN .. Then we conclude (2.6) by the Gronwall lemma with a singular

kernel given in [17, Lemma 3.1]. O
Remark 2.1. It follows from the condition (2 5) and Assumption 2.1 that
[1Sn (PN =S(B]F ()]
|5 (z)ms (5)] 5(2)r
<CN K, (t)(1+]zlle) 2.7)
forall t >0and z€ H. Similarly, forall t >0 and z€ H,
H [SN(£)Pn—S(1)]G H£0<CN ""Ke, (£)(14]|z]|0). (2.8)

We will find in Section 4 that the orders rr and r¢ in Assumption 2.2 are better than those
in (2.7) and (2.8), respectively.

3 Fully discrete scheme

To construct a full discretization of Eq. (1.1), we apply the explicit exponential integrator
to spectral Galerkin approximations (2.4).

Let M€ IN, and denote Zy; ={0,1,..., M}. Divide the temporal interval (0,T] into K
equidistant subinterval {(,t;11]: i€Zp }, i.e. t;=1iT for i € Zp; with time step T=T/M.
Then we define the spectral Galerkin exponential Euler scheme {XN : k=1,...,M} of
Eq. (1.1) by the recursion

Xy =Sn(T) XY 1+ TSN (T)PNF (XY 1) +Sn(T) PG (XE ) AW, (3.1)

with the same initial datum as Eq. (2.4), where AW, =W (t;) — W (#¢_1). Equivalently,
XN =Sy () XN+ Z/ Sn(te—t)PyE(XN)dr

+ Z/t "“SN(tk—ti)PNG(XlN)dW(r), k=1,...,M.

To derive a strong convergence rate of the scheme (3.1), we propose the following
local error assumption on Sy.
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Assumption 3.1. There exist two nonnegative, Borel measurable functions Rgn . and
Ry o in (0,T] and two positive numbers #r, 17 depending on 6 with

T T
sup RFgNl,((t)dt <Ct"F, sup RéN,T(t)dt < Ct?le
NeN, /0 NeN, /0 0

such that for any z € HY and t € (t;,t;41], 1 € Z 1, it holds that
[[Sn(t) = Sn(tiv1)]PNE(2) | < Rpy () (1+1z]l0),
IS (8) =Sn(ti)IPNG(2)| g < Rgy - (8) 1+ [12]l6).

Remark 3.1. As illustrated in Remark 2.1, the orders #r and 7¢ in Assumption 3.1 are
better than those followed from Assumption 2.1 and the regularity (2.1).

In addition to the above assumption on the data of spectral Galerkin approximations
(2.4), we need a uniform Holder regularity of their solutions.

Assumption 3.2. The uniform Holder exponent of XN in LP((;H) is 7 for some 7y €
(0,1/2] depending on 6, i.e. there exists a constant C such that

sup [ XN(6) =XV (6) |y 10y <C (11Xl ) (£-9)" (32)

Remark 3.2. The Holder exponent in Assumption 3.2 is not larger than 1/2 due to the
temporal regularity of Q-Wiener processes. In the general multiplicative noise case, the
uniform Holder continuity assumption is essential in our error analysis. We also note
that in the additive noise case, for instance, if there exists a constant operator G such that
G(z) =G for all z€ H, then Assumption 3.2 is not necessary for the strong error analysis.

We give a sufficient condition for Assumption 3.2.
Lemma 3.1. Let p>2,0 €(0,2) and Xy € LP(Q;H?). Assume in addition to Assumption 2.1
that there exist two positive constants 1 <1 and vy <1/2 such that

t t
/ Ke(r)dr<Ct, / Ki(r)dr<Cf27, te(0,T). (3.3)
0 0

Then X is uniformly Holder continuous with exponent v = (6/2) Ay1 Ay2 in Assumption 3.2.
Proof. Let p>2 and 0<s<t<T. By Minkowski and BDG inequalities, we get

[ XN (5) = XN(s)]| LP(Q;H)

<[[(5(H)=5() PxXoll 1y

t
+/S HS(t—r)PNF(XN(r)) HLP(Q;H)dr
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+ [ 1(S(t=9)=1dm)S(s=nPVF (XY 0) | gy
re ([ Is=nPAGON ) )

2
+c</ﬂy (t—5)—Tdg)S(s—r)PNG(XV(r) )ngﬁod)
= L+DLh+L+1+Is.
The smoothing effect (2.1) of the semigroup S yields that
L < CJ|(=A)~ ) (S(t—5)~Idig) | 1) 155 Loy Xoll o e
< C<t_s)§/\1HXOHLP(Q;H9)'

By Lemma 2.2 and condition (3.3), we get

1

[ ([ émar)

<C(1+ [ Xollrau ) (=)

L+, <

(1 sup IX*0] )
te[0,T]

For the third term I3 and the last term I5, we derive by the smoothing property (2.1) and
Assumption 2.1 that

L+ I<Cll(=A) D (S(t=s)~1dn) || 1 1

S S 5 %
X /OKpng’—i— </0 chd”>

4]
<C(1+ )Xol ) (=5) 7.

(1+ sup [ XY Oy
te[0,T]

Combining the above five estimations, Assumption 3.2 holds with y=(6/2)Ay1 Ay2. O

We also need a discrete version of Gronwall’s inequality with a singular kernel. For
the corresponding continuous version, we refer to [17, Lemma 3.1].

Lemma 3.2. Let m>0and ¥V :[0,T] =R, N € N, be a sequence of nonnegative, Borel mea-
surable functions such that

sup sup Z‘I’N T < 0co. (3.4)
N€N+K€N+l 1

For any N €Ny, assume that {F (k) }X_ is a nonnegative sequence such that

F(k) §m+l§‘I’N(tk—t,-)P(i)r,
i=0
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then there exists a constant y independent of K and N such that

sup sup sup F(k)<2me'T
NeN, KeN, 0<k<K

Proof. For any u >0, it holds that

k—1
e MF(k) <m+ Y e MUTWN (1 —t)e M (i) T
i=0

1
Denoting F, (k) :=e "F (k) and ¥}/ (t) :=e *"¥N(t), we have
k—1
i=0
From the condition (3.4), we get

ay(T):= sup sup Z‘Fﬁ](ti)r
NelNy KeNL =1

decreases concerning y. Since

K
lima, (T) < sup sup Z‘I’N(ti)r and lim a,(T) =0,
p—0 NeN,KeN, i—1 p—roo

there exists a constant o independent of K and N such that a,,(T) <1/2. As a conse-
quence,

: 1 ,
Fuy(k) <m+wa, (T) sup Fy (i) <m+= sup Fy (i),

0<i<k—1 0<i<K

from which we obtain sup,_;  Fy, (k) <2m. This completes the proof. O

The following theorem shows the strong convergence rate of the fully discrete scheme
for Eq. (1.1).

Theorem 3.1. Let p>2,0>0,X,€ LP(Qy; HY) such that (2.5) and Assumptions 2.1, 2.2, and 3.1
hold with certain positive constants ro,rr,vG,Nr, MG, and 7. Then there exists a constant C =
C(T,p,K*(T),K;(T)) such that

ez, HX(tk)_XMLP(Q;H)SC(1+HXOHLP(Q;H9)> (NTUoATEAE) gy NIENIG ) (3-5)
M

Proof. In terms of Theorem 2.1 and the triangle inequality, it suffices to show that

<C (14 Xoll o eyas) ) T (36)

sup [| XM (te) = X || o oum)
k€Zy
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For any k=1,...,K, the error satisfies

HXN(tk)_Xllc\]HLP(Q;H)

k=1 rtiq
<| X [ (sntte=rPuE (RN () St~ ) PaF (XY )
i=0"ti

LP(O;H)

+

k=1 tiv1
y / (SN(tk—r)PNG(XN(r)) —SN(tk—ti)PNG(XlN))dW(r)
i=0”ti LP(CuH)

=i+

Using the Minkowski inequality, we have
k=1 et N
J1 < Z/t |[Sn (te—7) = Sn(tk—t;)|PNF (X7 (1)) HLP(Q;H)dr
i=0"1i
k=1 rtiq
[ 8w 8P [FON )~ F (X (00)] gy
i=0"1i

k=1 tiv1
+Z/t [Sn(te—t:)Pr [F (XY (1)) = F(X]Y)] HLV(Q;H)dT
i—0/ti
=:Ju+Ji2+ 13

For the term J1;, we use Assumption 3.1 and Lemma 2.2 to obtain
k=1 rt; 4 N
Jii= Z/t H [SN(tk—r) —SN<tk—tl‘)]PNF(X (7’)) HLV(Q;H)dr
i=0 "t
k=1 ,t
<cy/
=071

T
<c(1+ sup X0 ) [ Repol0t
te[0,T] 0

i+1

RFBN,T<tk —1’) <1+ HXNO’) HLP(Q;H9)> dr

< C(1+ HXOHLP(O;H"))TW'

Assumptions 2.1 and 3.2 and the integrability of Kr over (0,T) imply
k=1 tiv1 N N
Ji2 < Z/t Kr (1= 1) [ XN (1) = XN (1) |y g 7
i=07ti
k
<O (1+ 11X 1y ey ) Lo Ke ()T
i=1

< C(1+ HXOHLP(Q;HB)>T’Y'

11
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According to Cauchy-Schwarz inequality and Assumption 2.1, we get

2
J3 < (ZKF te—t) || XN (£:) XNHU, r)

k —
< T
i= i=0

2
Z (=) || XN (1) XZNHLP(Q,'H)T'

et 01X () - XV 7

Collecting the above estimates for J11, 12, and J13 together, we have that
2
12 <0 (14 | Xo (e

+c21<p te—1)|| XN () XNHL,, T (3.7)

i=

To estimate ], we utilize BDG inequality, similar arguments as in the estimates of
Ji1,J12 and Ji3, the square integrability of K and K¢, over (0,T), and Assumption 3.1 to
show

]2<CZ/ [Sn(te=7) SN(tk_ti)]PNG(XN(T))Hiv(n;ﬁg)dr
1
O [ sn (PG 0) G (1) [y
i=07/ti
k=1 rtig N N 2
+CZ/¢ [Sn (te=t) Pn[G(X™ (8)) = G (X)) 1o 0097
i=07/ti
SCTZWGM)<1+||X0||Lp(Q;H9) +CZK2 be—t) || XN (£) XNHLP T (38)
Combining (3.7)-(3.8), we obtain
2
HXN(tk)_Xli\]HLP(Q;H)
2
< Cr2(rNiENIG) (1+ 11Xo HLP(Q;H"))
k-1
+C Y [Ke(te—t) +KE (b= ) | XN (8) = XN || T

i=0

As a consequence of Lemma 3.2, we conclude (3.6). O
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4 Application to stochastic advection-diffusion-reaction
equation

We illustrate our results by the following second-order semilinear parabolic SPDE with
gradient term and multiplicative noise under homogeneous Dirichlet boundary condi-

tion N
X(t,0) = (AX(t,C) —}—Vf(X(t,(f)) —}—f(X(t,(:)) )dt+g(X(t,§))dW(t,§),
X(t,6)=0, (t,&) €[0,T] x 90, (4.1)
X(0,8)=Xo(§), E€OCRY,

where ¢ C R is a bounded open set with regular boundary. Assume that f, f g:R—=R
are Lipschitz continuous functions with Lipschitz constants L L7 Iz Le>0,1ie.
1f(G1)—f(&2)| < LgflC1—Cal,
f(61) = f(&2)| SL7lG1—al, (4.2)
18(61) —8(82)| < Lg|1— &2

for any ¢1, 2 €R.
Let H=U=L?(0) and define A=A with domain Dom(A) = H}(0)NH?(0), where
H}(0):={f €HY(0): flas =0}. It is known from Weyl’s law (see, e.g. [13]) that

2
Aj=ji, Rl e, <C7\ T <CjT (4.3)

Define the operators Fy: H — H _1'Ff: H— H and G:H — L(H) by Nemytskii operators

associated with V£, f and g, respectively

Ff(2)(8):=Vf(2(0), FA2)(©@):=f(2()), G(x)u(@):=g(z(0))u(@),

where z € H,{ € 0 and u € H. Denoting F(z) := Ff(z)+Ff(z), we fit Eq. (4.1) into the
framework considered in previous two sections with Assumption 2.1 for 6 € (0,1).

Indeed, fix x,y€ H,z € H?, and t >0, by the Lipschitz continuity (and thus linear
growth) of f and f, we have

IS(5) (F(x)=F(y)) |

<|[[(=A)2S(t)(—A) 2 (Fp(x)—F )H+ IS(6) )|l
<[[(=A)2S (1) gy 1 Fr () - <)H 18 (t HL HF yH
< (Lell(=4) s(e) <|E(H)+qus<t>uz(m)Hx—yu

<C(F 2 +1)[lx—yll=:Kp (D) [|lx—y]|- (4.4)
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Similarly, we obtain that for any z€ H,

1+0

ISHEE) o< [[(—A) T S(5)(—A) 2 F(2)|| +]| (= A) 2 S() F(z)]|
<C(+'3 +172) (14 ]|2])) =K, () (14 | 2]))- (4.5)

Then the functions Kr and KF, are integrable on [0,T] for 6 € (0,1).
We aim to verify the assumptions in Section 3 in the following two types of frequently
used noise.

4.1 White noise

In the white noise case, Q =Idp corresponds to the cylindrical Wiener process.
Concerning the diffusion term, Weyl’s law (4.3) and the Lipschitz continuity of g yield
that

15(6)(G )~ G(w)) I3

:f%HS(t)(G(JC)—G(y))th2
=

O a1
<CY AT e M lx—ylP?,
j=1
and
2 il o
HS(f)G(Z)Hie:Z;Aj e PN (14 2))2.
]:
Define
© 4 0 d-1
K3(1):=CY A2 e M, K2 (1):=CY A7 7 e 2, (4.6)
j=1 j=1
It follows that
K(ndt<Cy AT [(ear<cy AT <C,
j=1 0 j=1
ad a1 T g d-3
K2, (Hdt<Cy AT / e <y AT,
0 i 0 —
j=1 j=1

then K and K, are square integrable on [0, T] for =1 and any 6 € (0,1/2). This verifies
Assumption 2.1 for Eq. (4.1) with d =1. Thus, we focus on the 1D case in this part.
By Lemma 2.1, Eq. (4.1) driven by white noise possesses a unique mild solution X €
C([0,T);LP(Q;H?)) as soon as Xy € LP(Q; HY) with p>2and 0 € (0,1/2).

To obtain the optimal convergence rate of the fully discrete scheme (3.1), it remains to
give the maximal values of rg in (2.5), rr, 7 in Assumption 2.2, 77r, 77 in Assumption 3.1
and -y in Assumption 3.2.
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Lemma 4.1. Let p>2 and B (0,1/2]. Assume that Xo€ LP(Q; HP), f, f,5:R— R are Lipschitz
continuous functions and Q=Idy. Then (2.5) and Assumptions 2.2 and 3.1-3.2 hold for Eq. (4.1)
with , , , 5

ro=p4, re=1-¢, re=5, ME=5-6€ =7 VY=o (4.7)
where € can be taken as an arbitrary sufficiently small positive number.

Proof. To show (2.5) and Assumption 2.2, we mainly use the standard estimation (see,
e.g. [19, Lemma 5.3])

|[Sn(t)Pn—S(t H</\N |z|l,, VzeH!, u>0. (4.8)
For X, € LP(Q;HP), we have

sup ||[Sn(£)Pn—S(t <CN7ﬁHXOHLP(Q;Hﬁ)f

HLP (CH)
te[0,T]

i.e. ro=pin (2.5) (with 6 =p).
The estimates (4.5) and (4.8) imply that for any 6c(0,1),

|[Sn(t)Pn— St)]F(z)H
|

=||(Pn—1du)S(t)F(z)|
<CAN+1IIS() (2)llg
<CN (D 1+ |2)).

Take Rpy () =CN~O(t~(1+0)/2 1 4-0/2) and we have

T -
/ Rpx (£)dt < CN*
0

This shows one can take rr in Assumption 2.2 as any positive number less than 1. Anal-
ogously, for the diffusion term, we have

2 Sy o
lSnEPN=SIGE) = ) e [G@)elP<C )} e M (1+]Jz])*.
j=N+1 j=N+1
Take Rég,(t) = CZ;-”;NHE_ZAJ’t and we have
T 0
| Re(di=c e2Ntd<C Y j2<CNT,
0 0 = N+l j=N+1

i.e. one can take rg =1/2 in Assumption 2.2. In particular, Assumption 2.2 holds with
re=1—eforany e€ (0,1] and rc=1/2.
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For Assumption 3.1, let t; <t <t; 1 for some i € Z);_1. It follows from (2.1) and (4.5)
that
[[Sn () =Sn(tir1)PNE(2) |
=[|(Idn —S(ti1—1)) PNS(HE(2)|
< CTiKp, (1) (14 2])
for any 8 € (0,1) and thus 7r =0/2. Similarly,

[(Sn () =S (ti:)IPNG (2) |4

—

(e~ M —e Mif1)? |G (2)e |2

-

~.
Il

A
a
e ~

(e —e M) (14 ||2]|)2.

.
Il
—

Since

J=1 ot L a2 1
Z/ Y (e Mt —e M) dE< Cr2,
=07t j=1

we have 7 =1/4. Thus, Assumption 3.1 holds with #r=1/2—¢ for any € € (0,1/2] and
NG = 1/4.

Finally, we prove the uniform y = /2-Holder regularity of {XN} in LP(Q;H) as re-
quired in Assumption 3.2. In this case, Kr and K¢ are given by (4.4) and (4.6), respectively.
Together with representations (4.5) and (4.6) for K, and Kg,, respectively, the arguments
in the proof of Lemma 3.1 are available for 1 =1/2 and 7, =1/4 in condition (3.3). As
a consequence, it suffices to refine the term I there.

By the Lipschitz continuity of g, we obtain

B<c [[(s(t=n=S(=r)G(XY0) [y ey

S A(f—r)  —Ai(s—rN2 2
SC/O ;(e M) —emlemn) Hg(XN(”))ejHLn(Q;H)dT

2 oo
sc<1+ sup}HXN(t)HLP(Q;HJ [T e renyiar
=1

telo,T

ISE

<C(1+ X0l ) (t=5)*.
Thus, we conclude Assumption 3.2 with y=p/2(<1/4). O

Remark 4.1. If we use the approach in Lemma 3.1 to deal with the term I5, we can only
derive the uniform (1/4—¢)A(B/2)-Holder continuity of XV in LP(Q;H) with an in-
finitesimal factor € when Xg € L?(Q; HP) with B € (0,1/2]. The estimate in Lemma 4.1 is
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more accurate using the eigenmodes and accurate integration so that we can obtain the
optimal strong convergence orders in the white noise case.

Combining Lemma 4.1 and Theorem 3.1, we derive our main result on a sharp, strong
convergence rate for the scheme (3.1) applied to Eq. (4.1) driven by white noise.

Theorem 4.1. Let p>2,B€ (0,1/2],Xo € LP(C;HP), f,f,g: R — R are Lipschitz continuous
functions and Q=1dy in Eq. (4.1). There exists a constant C such that
N — g
max | X (1) =Xy < C (1411 X0 lr(eyamy ) (NP +75).
Remark 4.2. (1) Compared with the optimal spatial regularity for the solution of Eq. (4.1),
the spectral Galerkin approximation is superconvergent. In the case =1/2, our strong
convergence order is 1/2. Moreover, the convergence rate in the temporal direction is

consistent with the optimal Holder regularity under the LP(Q);H)-norm in Lemma 4.1
and thus sharp.

(2) To our knowledge, Theorem 4.1 is the first optimal strong convergence rate of numer-
ical approximations applied to Eq. (4.1) with gradient term driven by white noise.

4.2 Equation driven by general Q-Wiener process

As remarked in the previous subsection, Eq. (4.1) driven by white noise possesses a mild
solution if and only if d=1. In this part, we assume that the diffusion operator G and the
covariance operator Q of the driven Wiener process are as general as possible such that
Assumption 2.1 holds for some 6 > 0. In this case, one can handle both 1D SPDEs driven
by noises rougher than white noise and higher-dimensional SPDEs driven by colored
noises, particularly trace-class noises.

Examples such as Assumption 2.1 hold in the case of trace-class noise are given in
Remark 4.4. Under this assumption, the inequality (2.5) holds with ro =6/d by Weyl’s
law (4.3) and a similar argument in the previous subsection. For the drift and diffusion
terms, we have

[[Sn (1) Py —S(t H<AN+1KF6(t)(1+HZH9)::RFéV(t)(1+||ZH9)I
H[SN(t)PN_S(t)]G(Z)Hgg N+1KG9()(1+||ZH9)::RGé\’(t)(l_'_HZHG)/

which show rr=rg =60/d in Assumption 2.2.
To obtain the rates 7r and 7¢ in Assumption 3.1, let us fix z € H? and t e (t;,tis1] for
some i € Zp_1. It follows from (2.1) that

|[Sn(£) =Sn (tis1)]PNE(2) ||
<[[(—=A) F(1dy—S(ti1— 1) (~A)ES(HE(2) |
<CTHMK (1) (14 zll0) == Rey - (£) (1+ | 2llo),
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1S (8) =Sn(ti)]PNG(2) |
<[ (=4)~F (1=t —1) (—A)!S()G(2)] |
<CTHMKe, (1) (1+ |12lla) = Ray (1) (1+Iz]lo)-

Therefore,

T T
sup/ Rpn T(t)dtSCT%/\l, sup/ R‘éN (t)dtSCTGAZ,
N Joo e N Joo et

which shows g =1 =(6/2)A1.
Applying Theorem 3.1, we derive our main result on the strong convergence rate for
the scheme (3.1) of Eq. (4.1) driven by a general Q-Wiener process.

Theorem 4.2. Let p>2,0€(0,2),0<y<1/2,Xp€ LP(Q;HY), and Assumptions 2.1 and 3.2
hold. Then, there exists a constant C such that

lg%Hx(t’()_XMM(O;H)§C<1+||X0||m(n,-H6)>(N’%Hgm).

Remark 4.3. An example of SPDE driven by a noise rougher than white noise is given by

(5.3) with v € (0,1/2) in Section 5. It is clear that Assumptions 2.1 and 3.2 hold by using
the previous approach.

Remark 4.4. Several examples in the case of trace-class noise are given in [18, Section 4],
under the following classical conditions on F and G:

IE(x) —FW) | <Cllx—yl, 1G(x) =Gyl <Cllx—yl,

(4.9)
[EE) v <C+zllv),  1G(@)]ley <C+[z]lv)
for some v > 0. In this case, Assumption 2.1 is satisfied with 0 =v+1—e¢ for any e € (0,1].
Indeed, the uniform boundedness (2.1) of the semigroup leads to

—€

IS(VF(2)llu1-e SCE 2 [[F(2) |y <CE 2 (14 2]lvs1-),

—€

_ 1= _ 1=
IS()G ()] gyr1-e <CE 2 [G(2) ey <CE 2 (T4 [Iz]lv1-)

for any zeHVt1-€, By Lemma 3.1 with y1=1,y,=1/2, we obtain that scheme (3.1) applied
to Eq. (4.1) with initial datum X, € H 9 whose drift and diffusion operators satisfy (4.9),
possesses the strong convergence rate O(N~%/447(0A1)/2) In addition, notice that there
is a technique assumption v € (0,6 /10) in [24, Theorem 2.8] for similar results.

Remark 4.5. The main result, Theorem 3.1, can also be applied to other SPDEs, such as
fourth-order parabolic SPDEs, with Lipschitz continuous drift/diffusion functions.
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5 Numerical experiments

In this section, we give several numerical tests to verify our main result, Theorem 3.1, on
the convergence rate of the fully discrete scheme (3.1). More precisely, we apply scheme
(3.1) to the following one-dimensional stochastic advection-diffusion-reaction equation

(where we take f(v)=—0v, f(v)=—v/(1+]v|) and g(v) =(1+v)/8 for vER):
1+X(t,8)

X(t,6)
)’>dt+ g dW(LE) (6D

dX(t,&) = <AX(t,§) —VX(t,¢)— 1+ |X(4,6)]

with homogeneous Dirichlet boundary condition, in the time-space domain (0,T]|x & =
(0,1] x (0,1). We refer to [6] and references therein for relevant applications.

To illustrate the effect of the regularity of the initial datum Xy and covariance opera-
tor Q on the strong convergence rate of the scheme (3.1), we take the initial datum and
the Q-Wiener process as

X(08)=Xo(©)= LAy, €€(01) 52)
W)= 9w, LX) 53

=1/

for some 6 >0 and v > 0. Here {6;};cn, is a sequence of independent standard .%;-
Brownian motions and {/;(-) = v/2sin(jm-)}jen. is a sequence of eigenfunctions of the
Laplacian operator A which forms an orthonormal basis of L?(0,1). Then the solution
of Eq. (5.1) with initial datum (5.2) and driven by the Q-Wiener process (5.3) possess
a unique mild solution in C([0,T]; L7 (Q; H%)) for any p>2 and 6 <@ Av. In our numerical
tests, we always take v =6 for simplicity.

When 6=0.5, the proposed Q-Wiener process is the L?(0,1)-valued cylindrical Wiener
process, corresponding to white noise. By Theorem 4.1, the spatial and temporal strong
orders are 0.5 and 0.25, respectively. These mean-square convergence rates (i.e. p=2) are
shown numerically in Fig. 1.

In the following three tests, we take three Q-Wiener processes, with the first one
weaker than the L?(0,1)-valued cylindrical Wiener process and the last two smoother
than the L?(0,1)-valued cylindrical Wiener process. They correspond to (5.3) with
8 =0.4,1 and 1.6, respectively. By Theorem 4.2 and Remark 4.3, the proposed scheme
(3.1) possesses the sharp strong convergence rate O(N~%44702), O(N~1+47%5) and
O(N~164705), respectively. The numerical results for these three cases are presented
in Figs. 2-4.

To simulate the “exact” solution, we perform the fully discrete scheme by N =2° for
the dimension of spectral Galerkin approximation and =271 for the time step size of
the exponential integrator, where the solution is obtained from the fast Fourier transform
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Figure 1: Temporal (left) and spatial (right) convergence rates with 6 =0.5.
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Figure 2: Temporal (left) and spatial (right) convergence rates with § =0.4.

algorithm with space mesh size h =277. The expectation is approximated from the aver-
age of 200 sample paths, and the series of (5.3) is truncated as a finite summation up to
2° —1 terms.

Taking 7= 2! withi=7,8,9,10 and N =2°—1, we have the mean-square convergence
rates in the temporal direction shown in the left pictures of Figs. 1-4. Choosing four
different spatial dimensions N = 211 with i =4,5,6,7 and fixing T = 2713 we get the
convergence rates in the spatial direction, which are presented in the right pictures of
Figs. 1-4.

From these numerical experiments, it is clear that the spatial and temporal strong con-
vergence orders of the scheme (3.1) applied to Eq. (5.1) are 6 and (1A60)/2, respectively.
This confirms the theoretical result of Theorem 3.1.
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Figure 3: Temporal (left) and spatial (right) convergence rates with 6 =1.
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Figure 4: Temporal (left) and spatial (right) convergence rates with 6 =1.6.
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