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Abstract. Deep neural networks (DNNs) have made great progress in various fields.
In particular, the quantized neural network is a promising technique for making DNNs
compatible with resource-limited devices for memory and computation saving. In this
paper, we mainly consider a non-convex minimization model with three blocks to train
quantized DNNs and propose a novel stochastic three-block alternating minimiza-
tion (STAM) algorithm to solve it. We develop a convergence theory for the STAM
algorithm and obtain an ǫ-stationary point with an optimal convergence rate. Further-
more, we implement our STAM algorithm to train DNNs with relaxed binary weights.
The experiments are carried out on three different network structures, namely VGG-11,
VGG-16, and ResNet-18. These DNNs are trained using two different datasets,
CIFAR-10 and CIFAR-100, respectively. We compare our STAM algorithm with state-
of-the-art algorithms for training quantized neural networks. The test accuracy indi-
cates the effectiveness of our model and algorithm for training relaxed binary quanti-
zation DNNs.

AMS subject classifications: 90C06, 90C26, 90C35, 90C90

Key words: Non-convex optimization, three-block splitting algorithm, quantized networks,
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1 Introduction

1.1 Background

Deep neural networks have achieved great success in many practical fields, such as com-
puter vision, speech recognition, and automatic driving [27, 45, 47]. This great success
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mainly depends on the flexibility of neural networks and their complex nonlinear struc-
ture. At present, most research makes neural networks more flexible by increasing the
number of layers and/or the width of neural networks [43]. However, these also lead to
a large increase in the number of parameters in neural networks. Since most parameters
are floating point numbers, one requires a lot of storage space. For instance, popular
models like AlexNet and VGG-16 occupy over 200 MB and 500 MB, respectively [20],
making it challenging to deploy these networks on portable devices. To address this
issue, research focuses on compressing DNNs while maintaining test accuracy. Prun-
ing and weight quantization are common techniques employed for network compres-
sion [1, 2, 46]. In this paper, we focus on quantization by reducing the bit of the network
weights. Much research work has achieved promising results, such as reducing fully
connected layer full connection layer parameters to 5 bits, convolution layer parameters
to 8 bits [20], and quantizing network pretraining parameters as 4-12 bits [15, 31]. Addi-
tionally, data-dependent algorithms proposed in [33] sequentially quantize each layer of
the neural network, achieving successful training with relaxed 4-bit weights on MNIST
and CIFAR-10 datasets. Binary quantization, also known as 1-bit quantization, is the
most minimal form of quantization. For binary quantized DNNs, both weights and ac-
tivations can be expressed as −1 (0) or 1, resulting in minimal memory consumption.
Moreover, binary quantization enables lightweight bitwise and bit-counting operations
instead of heavy matrix multiplications. This not only accelerates inference but also re-
duces memory usage and power consumption, making binary DNNs hardware-friendly.
Notably, research works such as BNN [23] and Xnor-Net [39] have demonstrated the ef-
fectiveness of binary DNNs, with Xnor-Net achieving substantial memory savings and
faster convolutional operations.

From another point of view, the binary quantization problem can be viewed as a non-
convex optimization problem. Thus, many studies focus on optimized binary quanti-
zation which minimizes quantization error and improves the loss function. For exam-
ple, in [13] the authors introduced BinaryConnect (BC), which modifies the projection
stochastic gradient descent algorithm to train DNNs with binary weights. Experimen-
tal results demonstrated a significant improvement in accuracy. The BC method was
further studied from a theoretical standpoint in [30], where the convergence of BC was
established under strongly convex assumptions. In [28], the quantized neural network
is regarded as an optimization problem with constraints, and the authors decoupled the
continuous variables from the discrete constraints of the neural network based on alter-
nating direction method of multipliers (ADMM). Additionally, a relaxed binary quantiza-
tion algorithm called BinaryRelax (BR) [52] was proposed to better solve non-convex op-
timization problems with discrete constraints. The algorithm is a two-stage method with
a pseudo-quantization weight constantly close to the quantization weight by increas-
ing regularization parameters at the first stage, while in the second stage, the quantized
weights are directly adopted. Further, the authors used the classical proximal stochas-
tic gradient descent (PSGD) algorithm [12, 41] to train DNNs with binary quantized
weights.
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1.2 Problem formulation and motivation

Previous work mainly focused on algorithms for solving quantization weights, which
directly minimized the loss function of quantization weights without considering any
information about float weights. In this paper, we aim to explore new formulations by
leveraging the relationship between quantized and floating-point weights. It is a natu-
ral idea that quantized parameters should approximate the full-precision parameter as
closely as possible, expecting that the performance of the binary neural network model
will be close to the full-precision one. Thus, we construct the following new model for
training DNNs with quantized weights

min
W,W̃

λ

2
‖W−W̃‖2

F+LW(p,q)+IQ(W̃). (1.1)

Here W is the float parameters in the neural network, W̃ is the corresponding quantized
parameters, LW(p,q) is the loss function of the neural network with p being the input
data of the neural network and q being the corresponding label, and IQ denotes the
indicator function of the quantized weights set Q. In the model (1.1), we use the loss
function LW(p,q) to find the floating point parameters with good generalization perfor-
mance. Further, under the interaction of ‖W−W̃‖2

F and IQ(W̃) the quantized parameters
would be close enough to the floating parameters. We would design a new stochastic
three-block alternating minimization algorithm to solve the problem (1.1). The problem
can be formulated in a more general form with a three-block composite structure

min
x,y

Φ(x,y) :=F(x)+G(y)+H(x,y), (1.2)

where F, H, G are proper lower semi-continuous functions. Here we emphasize that the
functions F, G, and H are not necessarily convex. In deep neural networks, the func-
tion G(y) is generally a loss function which is a sum of many terms, such as

G(y)=
1

N

N

∑
i=1

Gi(y)

with N large. Remark also that G does not necessarily have a summation structure in this
paper. Therefore, our model (1.2) encompasses a broader range of practical problems.

1.3 The proposed algorithm and related work

The main idea of our proposed algorithm is to minimize variables x and y alternately
for solving the optimization problem (1.2). For y-direction, we consider linearizing the
function G+H and utilize stochastic gradient estimators instead of full gradient calcula-
tions. For x-direction, the corresponding composite problem is solved using the Douglas-
Rachford splitting method. This allows us to decouple the two variables x and y, and each
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subproblem involves only the computation of the proximal operator of a single function,
thereby making the whole problem easy to solve and computationally straightforward.

Based on the above ideas, we propose a stochastic three-block alternating algorithm
to solve the non-convex problem (1.2), see Algorithm 1. Throughout the paper, we as-
sume that the gradient estimator ∇̃G(y) in Algorithm 1 is unbiased. More arguments of
unbiased gradient estimators can be seen in the Section 2.1.

To address optimization problems of the form (1.2), numerous alternating minimiza-
tion algorithms have been developed. Among them, the proximal alternating minimiza-
tion (PAM) method [4] serves as a viable method. However, its subproblems often lack
explicit solutions, requiring multiple inner iterations for each subproblem, which re-
duces the efficiency of PAM in practical applications. To overcome this drawback, the
proximal alternating linearized minimization (PALM) method [7] replaces the subprob-
lems in PAM with proximal linearized subproblems. When the proximal operators of
functions F and G are easy to compute, PALM significantly improves the efficiency of
solving subproblems compared to PAM. To further enhance the performance of PALM,
momentum terms are introduced in [37], leading to the inertial proximal alternating
linearized minimization (iPALM) algorithm. Due to the simplicity and ease of imple-
mentation of PALM, many variants and improvements based on PALM emerge such as
those in [3, 10, 17, 35, 50, 55] and their references. When the function F in problem (1.2)
has a finite-sum structure, the alternating structure-adaptive proximal gradient descent
algorithm [36] addresses this case, and its global convergence to a critical point of the
problem is established under the Kurdyka-Łojasiewicz (KL) inequality. For more general
three-term problems, the classical three-operator splitting algorithm [14] is proposed to
address such problems, which can be regarded as an extension of the Douglas-Rachford

Algorithm 1. A Stochastic Three-Block Alternating Minimization (STAM) Algorithm.

1: Choose the parameters γ, β>0 and an initial point x0,y0, and z0.
2: For t=0,.. . ,T−1 and set

yt+1∈argmin
y

{〈
∇̃G(yt)+∇yH(xt,yt),y−yt

〉
+

β

2
‖y−yt‖2

}
, (1.3a)

xt+1∈argmin
x

{
H(x,yt+1)+

1

2γ
‖x−zt‖2

}
, (1.3b)

ut+1∈argmin
u

{
F(u)+

1

2γ
‖2xt+1−zt−u‖2

}
, (1.3c)

zt+1= zt+(ut+1−xt+1), (1.3d)

where ∇̃G(y) is a gradient estimator of ∇G(y).

3: Output {yt+1,ut+1}.
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splitting algorithm [32]. Moreover, the non-convex Douglas-Rachford algorithm and its
variants appear in [11, 29], while the non-convex three-operator splitting algorithm is in-
troduced in [6]. In [8], the authors propose a proximal alternating algorithm to solve
three-block problems involving linear operator combinations.

All of the aforementioned algorithms are deterministic algorithms, which incur high
computational costs and exhibit low efficiency for large-scale optimization problems. To
address this issue, [51] first proposes a block stochastic gradient iteration algorithm by
combining the simple stochastic gradient descent estimator with PALM when H(x,y)
has a finite-sum structure. To relax the assumptions on the objective function in [51]
and improve the convergence rate of the stochastic PALM algorithm, [16] replaces the
simple SGD estimator with the variance-reduced gradient estimators, leading to the de-
velopment of the stochastic proximal alternating linearized minimization (SPRING) algo-
rithm. Subsequently, [22] introduces an inertial variant of the stochastic PALM algorithm
with a variance-reduced gradient estimator, referred to as SiPALM. When F has a finite-
sum structure, for the general form of problem (1.2), the works [53, 54] extend the three-
operator splitting algorithm to the stochastic setting, incorporating unbiased stochastic
gradient estimators. Additionally, [5] explores an extended version of the three-operator
splitting algorithm, which combines unbiased gradient estimators and variance-reduced
gradient estimators. In [34], the authors propose a mini-batch stochastic proximal algo-
rithm for general stochastic problems, incorporating variance-reduced gradient estima-
tors into the proximal algorithm to address finite-sum optimization problems. However,
these works primarily focus on three-block problems that do not include cross terms
H(x,y). In contrast, our algorithm addresses problems that include cross terms H(x,y).
For such problems, [24] proposes a stochastic alternating structure-adaptive proximal
(s-ASAP) gradient descent method. When the stochastic gradient is a variance-reduced
estimator, the convergence of the sequence generated by the algorithm is established
based on the KL inequality. Nevertheless, compared to the algorithm in [24], our algo-
rithm does not require G to have a finite-sum structure. Moreover, while [24] considers
variance-reduced stochastic gradient estimators, our algorithm leverages unbiased gra-
dient estimators.

1.4 Contributions

In this paper, we propose a novel stochastic three-block alternating minimization algo-
rithm to solve the large-scale problem (1.2), and explore its application in training binary
deep neural networks. Specifically, our main contributions are elaborated as follows:

• Model. We present a new model (1.1) for training DNNs with quantized weights.
Compared with the quantization models in the previous literature [13,52], our new
model utilizes the information from floating-point parameters, allowing the gen-
eralization ability of floating-point parameters to be transferred to some extent to
quantized parameters, as the loss function is continuous. This fact has also been
validated through numerical experiments.
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• Algorithm and convergence. We propose a new stochastic alternating minimization
algorithm for solving the problem (1.2) with three-block structures. Convergence
analysis is established for our Algorithm 1 under the condition that the stochas-
tic gradient estimator ∇̃G satisfies the expected smoothness (ES) inequality, which
is the weakest assumption regarding unbiased gradient estimators. This makes
our algorithm applicable to more large-scale non-convex optimization problems.
Furthermore, in comparison to other methods employed for solving binary neural
networks [13, 52], we also obtain the convergence rate of our algorithm.

• Experiments. We apply our Algorithm 1 to train VGG-11 [45], VGG-16 [45] and
ResNet-18 [21] DNNs with relaxed binary weights on two standard datasets:
CIFAR-10 [26] and CIFAR-100 [26], respectively. The experimental results show the
effectiveness of our algorithm. In particular, for the DNN with VGG-11 structure
and the CIFAR-10 data set, our test accuracy is far better than the existing quanti-
zation DNN methods.

The rest of this paper is organized as follows. In Section 2, we first review the un-
biased gradient estimator and then obtain the convergence rate of Algorithm 1 for non-
convex problems. In Section 3, we present experimental results of the STAM algorithm,
demonstrating its efficiency compared to other algorithms for quantized DNNs. Finally,
Section 4 concludes the paper with some remarks on our algorithm.

2 Gradient estimator and convergence

In this section, we first give the definition of unbiased gradient estimators and some cor-
responding sampling methods. Then we recall the important expected smoothness as-
sumption on gradient estimators proposed by [25]. Finally, we establish the convergence
and convergence rate of Algorithm 1 based on the ES assumption.

2.1 Unbiased gradient estimator

In our theoretical analysis and experiments, we always assume that the stochastic gradi-

ent estimator ∇̃G(y) is unbiased, and its definition is given in the following.

Definition 2.1. The stochastic gradient estimator ∇̃G(y) is unbiased if E[∇̃G(y)]=∇G(y).

Remark 2.1. In many applications of deep learning, function G generally has the follow-
ing finite-sum structure:

G(y)=
1

N

N

∑
i=1

Gi(y) (2.1)

such as the empirical risk in supervised machine learning. In this setting, the source of
stochasticity comes from the way of sampling from the sum, and the unbiased stochastic
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gradient can be written in the following unified form:

∇̃G(y)=
1

N

N

∑
i=1

vi∇Gi(y), (2.2)

where (v1,. . .,vN) is a sampling vector drawn from certain distribution D. The random
variable vi has different forms for different sampling methods. Here we give a represen-
tative sampling distribution:

• b-nice sampling without replacement. This is a well-known method in deep learn-
ing, and we also use this sampling method in our experiments. We generate a ran-
dom subset S⊂{1,2,.. . ,N} by uniformly choosing from all subsets of size b, where
b ∈ [1,N] is an integer. Then we define vi = 1i∈S/pi with 1i∈S = 1 for i ∈ S and 0
otherwise, and pi =b/N for all i.

There are many other sampling methods that make stochastic gradients unbiased such
as sampling with replacement and independent sampling without replacement. We refer
to [25] for more details.

2.2 Second moment of stochastic gradient

In this subsection, we review the so-called expected smoothness assumption on the sec-
ond moment of stochastic gradient proposed recently by [25], related to the work [19,40]
for stochastic gradient descent in the convex setting. This ES assumption can be ap-
plied to non-convex problems and is essential for our convergence analysis. Given the
functions G(x) and H(x,y), from now on we use the notation Ginf = infx∈Rn G(x) and
Hinf= inf{x,y}∈Rn H(x,y). In the following, we give the ES assumption.

Assumption 2.1 (Expected Smoothness). The second moment of the stochastic gradient

∇̃G(y) satisfies

E
[
‖∇̃G(y)‖2

]
≤2A0

(
G(y)−Ginf

)
+B0‖∇G(y)‖2+C0 (2.3)

for some A0, B0,C0≥0 and for all y∈R
n.

Remark 2.2. When analyzing the convergence of stochastic gradient descent, various
assumptions on the second moment of unbiased gradient estimators have been pro-
posed. [25] have shown that ES is the weakest among all these assumptions, including
such as bounded variance (BV) [18], maximal strong growth (M-SG) [48], expected strong
growth (E-SG) [49], relaxed growth (RG) [9], and gradient confusion (GC) [42]. We refer
to [25, Section 3] for more details. Hence, for many practical applications, the expected
smoothness assumption can be more easily verified than other assumptions.

In our convergence analysis, we require that ∇̃G(y)+∇yH(x,y) satisfies the ES as-

sumption for the general unbiased gradient estimators ∇̃G. In particular, we would



8 F. Bian, R. Liu and X. Zhang / CSIAM Trans. Appl. Math., x (2025), pp. 1-33

prove that when G has the -sum structure (2.1), the ES assumption of ∇̃G(y)+∇yH(x,y)
is automatically satisfied under certain natural conditions on the functions Gi and H in
the following lemma. For its proof, one can see Appendix A.

Lemma 2.1. Let G be a function with the form (2.1) and let each Gi be bounded from below
by Ginf

i and be Li
1 smooth. Let H satisfy

‖∇yH(x,y1)−∇yH(x,y2)‖≤ L∗
3‖y1−y2‖, ∀y1,y2, x∈R

n.

Suppose that E[v2
i ] is finite for all i and that G and H is bounded from below by Ginf and Hinf,

respectively. Define

∆inf=
1

N

N

∑
i=1

(
(G+H)inf−Ginf

i −Hinf
)
.

Then ∆inf≥0 and the following ES inequality:

E
[
‖∇̃G(y)+∇yH(x,y)‖2

]
≤2A

(
G(y)+H(x,y)−(G+H)inf

)
+C (2.4)

holds, where A=(4maxi L
i
1E[v2

i ]+L∗
3)/2 and C=2A∆inf.

2.3 Convergence analysis

We now establish the convergence rate of the STAM Algorithm 1. In analyzing STAM
Algorithm 1, we need the following mild assumptions on the non-convex functions G
and H.

Assumption 2.2. Functions G and H satisfy

(a1) G is bounded from below by Ginf, and G has a Lipschitz continuous gradient, i.e.
there exists a constant L1>0 such that

‖∇G(y1)−∇G(y2)‖≤ L1‖y1−y2‖, ∀y1,y2∈R
n.

(a2) There exist L∗
2, L∗

4 >0 such that

‖∇x H(x1,y)−∇x H(x2,y)‖≤ L∗
2‖x1−x2‖, ∀x1,x2,y∈R

n, (2.5)

‖∇x H(x,y1)−∇xH(x,y2)‖≤ L∗
4‖y1−y2‖, ∀y1,y2, x∈R

n, (2.6)

and there exist L∗
3, L∗

5 >0 such that

‖∇yH(x,y1)−∇yH(x,y2)‖≤ L∗
3‖y1−y2‖, ∀y1,y2,x∈R

n, (2.7)

‖∇yH(x1,y)−∇yH(x2,y)‖≤ L∗
5‖x1−x2‖, ∀x1, x2,y∈R

n. (2.8)
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Next, we denote L := L∗
3+L1. Let l ∈ R be such that H(·,y)+l‖·‖2/2 is convex for

all y∈R
n. Note that such l always exists by (2.5). Particularly, one can always take l=L∗

2 .

If the stochastic gradient ∇̃G satisfies the ES inequality (2.3), then the following lemma

shows that ∇̃G(y)+∇yH(x,y) also satisfies the corresponding ES assumption. This result
is essential for analyzing the convergence of STAM Algorithm 1.

Lemma 2.2. Suppose that the stochastic gradient ∇̃G satisfies Assumption 2.1 and G, H satisfy
Assumption 2.2. Then we have

E
[
‖∇̃G(y)+∇yH(x,y)‖2

]
≤2A[G(y)+H(x,y)−(G+H)inf]+C, (2.9)

where

A=max(2A0+2B0L1,2L∗
3),

C=2A[(G+H)inf−Ginf−Hinf]+2C0.

We refer the proof of Lemma 2.2 to Appendix A. Compared to Lemmas 2.1, 2.2 does

not assume that G has a summation structure, but rather that ∇̃G satisfies the ES as-
sumption. For G being a finite-sum as in (2.1), from Lemma 2.1 we know that ∇̃G(y)+
∇yH(x,y) automatically satisfied the ES assumption.

The following lemma plays an important role in establishing the convergence of Al-
gorithm 1 when applied to solving the non-convex problem (1.2).

Lemma 2.3. Let {(yt,xt,ut,zt)} be a sequence generated from the STAM Algorithm 1. Suppose
that the stochastic gradient ∇̃G is unbiased and satisfies Assumption 2.1, and that G, H satisfy
Assumption 2.2. Suppose that the parameters β>0 and γ>0 are chosen such that

K1 :=
1−
(
10(l+L∗

2)+4
)
γ−5(L∗

2)
2γ2

4γ
>0. (2.10)

Then

T−1

∑
t=0

ωtηt+
βK1

K2

T−1

∑
t=0

ωtE

(
‖zt−zt−1‖

γ

)2

≤βω−1δ0+βω−1M
′
0+

(L+M)C

2β

T−1

∑
t=0

ωt, (2.11)

where
ηt =E

∥∥∇G(yt)+∇yH(xt,yt)
∥∥2

, ωt=
ω−1(

1+(L+M)A/β2
)t+1

for ω−1>0 arbitrary, M′
0=E[M0−inft≥0Mt] with

Mt :=M(xt,ut,zt)=F(ut)+
1

2γ
‖2xt−ut−zt‖2−

1

2γ
‖xt−zt‖2−

1

γ
‖ut−xt‖2,

δt=E
[
G(yt)+H(xt,yt)−(G+H)inf

]
,

K2 :=
5(1+γL∗

2)
2

4γ2
,

and M=2K3 with K3 := L∗
4(1+5γL∗

4)+5K1(L∗
4)

2/K2.
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Remark 2.3. Notice that limγ→0+K1 =+∞. Therefore, for any given l ∈ R and L∗
2 ≥ 0,

the condition (2.10) will be satisfied when γ>0 is sufficiently small. Moreover, using the
quadratic formula, we easily obtain the following computable threshold

0<γ<

√
(10L∗

2+10l+4)2+20(L∗
2)

2−(10L∗
2+10l+4)

10(L∗
2)

2

such that (2.10) holds. On the other hand, the choice of γ in Lemma 2.3 implies that
5(L∗

2γ+1)2+10lγ+4γ−6<0, thus we have γ<6/(10l+4)<1/l.

The proof of Lemma 2.3 can be seen in Appendix A. Lemma 2.3 provides a bound
on a weighted sum of gradients about y and x. A similar idea of weighting different
iterations has also been used in the analysis of stochastic gradient descent in [25, 38, 44].

Theorem 2.1. Let {(yt,xt,ut,zt)} be a sequence generated from STAM Algorithm 1. Suppose
that the stochastic gradient ∇̃G is unbiased and satisfies Assumption 2.1, and that G, H satisfy
Assumption 2.2. Suppose that the parameters γ, β>0 are chosen such that (2.10) and

[
(L∗

2)
2+(L∗

5)
2
]
γ2≤1,

βK1

K2
≥2

hold. Then we have the following estimate:

min
0≤t≤T−1

[
E
∥∥∇G(yt)+∇yH(ut,yt)

∥∥2
+E dist2(0,∇x H(ut,yt)+∂F(ut)

)]

≤2

(
1+(L+M)A/β2

)T

T
β(δ0+M′

0)+
(L+M)C

β
,

where the constants δ0,M′
0 and M are defined as in Lemma 2.3.

Although the bound of Theorem 2.1 shows possible exponential growth, by carefully
controlling the parameters we could obtain an ǫ-stationary point. More precisely, we
have the following convergence rate when using our STAM Algorithm 1 to find an ǫ-sta-
tionary point of the non-convex optimization problem (1.2).

Theorem 2.2 (Convergence Rate). Let {(yt ,xt,ut,zt)} be a sequence generated from STAM

Algorithm 1. Suppose that the stochastic gradient ∇̃G is unbiased and satisfies Assumption 2.1,
and that G, H satisfy Assumption 2.2. Suppose that the parameter γ>0 is chosen such that (2.10)
and [

(L∗
2)

2+(L∗
5)

2
]
γ2≤1

hold. Given ǫ>0, choose the parameter

β>max

{√
(L+M)AT,

2K2

K1
,
2(L+M)C

ǫ2

}
.
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If

T≥
12(L+M)(δ0+M′

0)

ǫ2
max

{
2C

ǫ2
,
12(δ0+M′

0)A

ǫ2
,

2K2

K1(L+M)

}
=O(ǫ−4),

then there exists 0≤ t0 ≤T−1 such that

E
∥∥∇G(yt0)+∇yH(ut0 ,yt0)

∥∥≤ǫ,

E dist
(
0,∇xH(ut0 ,yt0)+∂F(ut0)

)
≤ǫ.

For the clarity of the presentation, we refer to the proof of Theorems 2.1 and 2.2 to
Appendix B.

3 Experiments

In this section, we give the numerical experiments of training DNNs with relaxed binary
weights using Algorithm 1. Our experiments are mainly performed on three different
network structures, VGG-11 [45], VGG-16 [45], and ResNet-18 [21]. These DNNs are
trained using two different data sets, CIFAR-10 [26] and CIFAR-100 [26], respectively. All
experiments are implemented in the PyTorch platform with Python 3.6. The experiments
are run on a remote desktop with a Tesla V100 GPU and 32 GB of memory. In these
experiments, we compare our algorithm with BC, BR, and PSGD algorithms.

3.1 Algorithms

In all experiments, we compare our Algorithm 1 with the BinaryConnect [13], BinaryRe-
lax(BR) [52] and proximal stochastic gradient descent (PSGD) [12, 41] algorithms. The
BC algorithm has become one of the most important algorithms for training quantized
DNNs (such as Xnor-net). The BinaryRelax algorithm is a relaxed two-stage algorithm
proposed in [52] and has been shown to be effective for training quantized DNNs. BC [13]
and PSGD [12, 41] trained DNNs by minimizing the following problem:

min
W̃

L(W̃)+IQ(W̃), (3.1)

where the L(·) is the loss function of DNN and IQ is the indicator function of the quan-
tized set Q defined as

Q=
N

∏
i=1

Qi (3.2)

with
Qi=

{
siBi |Bi ∈{−1,+1}ni , si ∈R

+
}

,

where N is the number of layers in the network, ni is the dimension of the vectorized
filter in the i-th layer, and si is the magnitude that can be calculated precisely (see [39]).
To keep the paper self-contained, here we recall the calculation details of si.
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The projection of floating-point weights onto the quantized set Q is to solve the fol-
lowing optimization problem:

W̃∗∈argmin
W̃∈Q

‖W̃−U‖2=:ProjQ(U). (3.3)

According to the definition of Q, the projection problem (3.3) can be reformulated as

(s∗i ,Z∗)=argmin
si,Z

‖si ·Z−Ui‖
2

s.t. Z∈{−1,+1}n ,
(3.4)

where Ui denotes the weights of the i-th layer. It has been shown in [39] that the closed
(exact) solution of (3.4) can be obtained as follows:

s∗i =
‖vec(Ui)‖1

n
, Zi,j=

{
1, if Uij≥0,

−1, otherwise.
(3.5)

When PSGD and BC algorithms are applied to problem (3.1), the specific form is re-
spectively given as

(PSGD)

{
Ut+1∈Ut−γ∇̃L(Ut),

W̃t+1∈ProjQ(U
t+1),

(BC)

{
Ut+1∈Ut−γ∇̃L(W̃t),

W̃t+1∈ProjQ(U
t+1).

(3.6)

Notice that the BinaryRelax [52] is a two-stage algorithm. In the first stage, the BR
algorithm minimizes the following problem:

min
W̃

λ

2
dist(W̃,Q)2+L(W̃),

where λ is the regularization parameter, L(·) is the loss function of DNN. In the second
stage, the BR algorithm solves the problem (3.1) as BC and PSGD. The specific BR algo-
rithm is given as

(BR)





W̃t+1=





λtProjQ(U
t+1)+Ut+1

λt+1
(λt=ρλt−1, ρ>1), if t<K,

ProjQ(U
t+1), if t≥K,

Ut+1∈Ut−γt∇̃L(W̃t).

(3.7)

When our Algorithm 1 is applied to train DNN with quantized weights, we solve the
model

min
W,W̃

λ

2
‖W−W̃‖2

F+LW(p,q)+IQ(W̃),
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where L(·) is the loss function of DNN and IQ is the indicator function of the quantitative
set as in (3.2). Let

G(W)= LW(p,q), H(W̃,W)=
λ

2
‖W−W̃‖2

F, F(W̃)=IQ(W̃).

Then, we can obtain the following closed solution for the first subproblem:

Wt+1=
(β−λ)Wt+λW̃t−∇̃L(Wt)

β
.

For the second subproblem (1.3b), we can calculate

W̃t+1=
γλWt+1+Zt

λγ+1
.

Finally, the third subproblem becomes

Ut+1∈argmin
U

IQ(U)+
1

2γ
‖U−2W̃t+1+Zt‖2,

and then the closed solution of this subproblem is

Ut+1∈ProjQ(2W̃t+1−Zt).

Thus, the specific algorithm is presented as follows:

(STAM)





Wt+1=
(β−λ)Wt+λW̃t−∇̃L(Wt)

β
,

W̃t+1=
γλWt+1+Zt

γλ+1
,

Ut+1∈ProjQ(2W̃t+1−Zt),

Zt+1=Zt+(Ut+1−W̃t+1).

(3.8)

Based on (3.8), we know that ‖Zt+1−Zt‖=‖Ut+1−W̃t+1‖. From the proof of Theorem 2.2
and (B.4), we can deduce that when T>O(ǫ−4), ‖UT−W̃T‖<ǫ. Since UT directly repre-
sents the quantized weights, we use UT as the quantized weight to calculate test accuracy
in all experiments. For PSGD, BC, and BR, we use W̃T to calculate the test accuracy.

3.2 CIFAR-10 dataset

In this subsection, we train DNNs on the CIFAR-10 dataset [26] using the four different
algorithms presented in subsection 3.1. The CIFAR-10 dataset consists of 10 categories of
32×32 color images containing a total of 60,000 images, with each category containing
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(a) CIFAR-10 (b) CIFAR-100

Figure 1: Sampled images from CIFAR-10 and CIFAR-100 training datasets.

6,000 images (see Fig. 1(a)). A set of 50000 images is used as the training set and 10000 as
the test set. In this experiment, we use 400 epochs to train DNNs with quantized weights
for all algorithms. In the process of training DNN, we set the batch size to 128. In the BR
algorithm, we set the parameter K = 250 to start the second phase. We finally compare
the accuracy of all algorithms on the test and train sets of CIFAR-10.

We show the train and test accuracy in Fig. 2 and give the best test accuracy of all
methods in Table 1. From Fig. 2, we can see that when training the first 80 epochs, our
algorithm is slower than BC and is faster than BR. However, after about 100 epochs have
been trained, our algorithm tends to be stable and the test accuracy reaches the optimal
for all DNNs. This is because we set the step size γ to be relatively large at the beginning,
and then decrease γ to the minimum value 1e-2 to ensure convergence. This treatment is
similar to the gradual decay of the learning rate in BC and BR algorithms. This experi-
mental result is consistent with our convergence analysis. In Table 1, we present the best
test accuracy for the different methods. We can see that our algorithm, STAM has the
best test accuracy, especially for VGG-11 DNN, and STAM is far superior to any other
algorithm.

At the same time, for VGG-11 DNN, we also present the change of test accuracy with
the running time in Fig. 4(a). For all algorithms, we compare the running time on a com-
puter with an Intel 8700k CPU and an NVIDIA gtx 1080ti GPU. In Table 2, we show the
average time of each epoch for each algorithm to train VGG-11. From Table 2, we can see
that the average running time per epoch of our algorithm is slightly higher than that of
other algorithms. Even so, we can see from Fig. 4, that our algorithm can achieve the best
test accuracy in a very short running time compared with other algorithms.
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Table 1: The best test accuracy of different methods for CIFAR-10 dataset.

DNN Float PSGD BC BR STAM

VGG-11 91.93 45.13 88.12 89.11 90.37

VGG-16 93.59 18.84 91.86 92.01 92.88

ResNet-18 95.49 37.27 93.43 93.91 94.55

(a) VGG-11 (b) VGG-11

(c) VGG-16 (d) VGG-16

(e) ResNet-18 (f) ResNet-18

Figure 2: Test accuracy and training accuracy for CIFAR-10 dataset.
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Table 2: The average time (second/epoch) for different methods.

BC BR STAM

CIFAR-10 5.2874 5.6831 6.8525

CIFAR-100 5.6260 5.7406 6.6307

3.3 CIFAR-100 dataset

In this subsection, we perform the test on the CIFAR-100 dataset [26] containing 100
classes, each of which contains 600 images (see Fig. 1(b)). These 600 images are divided
into 500 training images and 100 test images, respectively.

For the CIFAR-100 dataset, the same three neural networks, VGG-11, VGG-16, and
ResNet-18 are investigated. The total epochs number is set as 400 and the batch size is
set to 128 for all the neural networks. In the BR algorithm, we set the parameter K=250
to start the second phase. The parameters of BC and BR algorithms are set as described
in their papers [13] and [52] respectively. For a fair comparison, in all the algorithms, we
do not use pretraining. The compared results of the train and test accuracy are shown in
Fig. 3. It can be seen from Fig. 3 that the test accuracy of our algorithm is always higher
than that of the other two algorithms after 100 epochs. The best test accuracy for different
methods is presented in Table 3. We note that the results for BC and BR presented here
are lower than those with pretraining techniques employed in [52]. However, our best
test accuracy is still far higher than the best accuracy of BR and BC from [52]. In partic-
ular, for VGG-11, the test accuracy of our algorithm is 2% higher than that of the other
two algorithms. We also give the results of running time in Fig. 4(b) and Table 2. Our
algorithm can reach the best test accuracy in about 10 minutes, and the test accuracy is
far better than the other two algorithms.

Table 3: The best test accuracy of different methods for CIFAR-100 dataset.

DNN Float BC BR STAM

VGG-11 70.43 62.37 63.70 65.43

VGG-16 73.55 69.01 69.73 70.87

ResNet-18 76.32 72.04 73.94 74.72

4 Conclusion

Binary quantized neural networks effectively reduce storage requirements and compu-
tational complexity, enabling deployment on resource-constrained portable devices. In
this paper, we propose a novel model for training binary quantized neural networks.
Compared to existing methods for training binary quantized neural networks, we lever-
age the information from floating-point parameters to achieve better-quantized weights
and improve generalization performance. We formulate a composite optimization prob-
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(a) VGG-11 (d) VGG-11

(b) VGG-16 (e) VGG-16

(c) ResNet-18 (f) ResNet-18

Figure 3: Test accuracy and train accuracy for CIFAR-100 dataset.

lem with a cross-term and introduce a stochastic three-block alternating minimization
algorithm that fully exploits the cross-structure. Based on the expected smoothness as-
sumption, which is known to be very weak for practical applications, we analyze the
convergence and convergence rate of the proposed algorithm. Additionally, we employ
STAM to train relaxed binary quantized deep neural networks on CIFAR-10 and CIFAR-
100 datasets, using three different network architectures (VGG-11, VGG-16, and ResNet-
18). Compared with state-of-the-art methods for training quantized neural networks, our
model and algorithm demonstrate the effectiveness in training relaxed binary quantized
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(a) CIFAR-10 (b) CIFAR-100

Figure 4: Test accuracy and running time for CIFAR-10 and CIFAR-100 datasets.

DNNs. Furthermore, our STAM algorithm 1 should also be applied to other practical
problems, such as sparse nonnegative matrix factorization, blind image deblurring, and
sparse principal component analysis. We will further explore these applications in future
work.

Appendix A. Proofs of Lemmas 2.1-2.3

Firstly, we recall the following lemma whose proof can be found in [25].

Lemma A.1. Let the function f be bounded from below by an infimum f inf ∈R, differentiable,
and ∇ f is L-Lipschitz. Then for all x∈R

d we have

‖∇ f (x)‖2 ≤2L
(

f (x)− f inf
)
.

Proof of Lemma 2.1. According to the definition of ∇G(·) and using the convexity of the
squared norm ‖·‖2, we have

E
[
‖∇̃G(y)+∇yH(x,y)‖2

]

=E

[∥∥∥∥
1

N

N

∑
i=1

vi∇Gi(y)+∇yH(x,y)

∥∥∥∥
2
]

≤E

[
2

∥∥∥∥
1

N

N

∑
i=1

vi∇Gi(y)

∥∥∥∥
2

+2‖∇yH(x,y)‖2

]

≤2E

∥∥∥∥
1

N

N

∑
i=1

vi∇Gi(y)

∥∥∥∥
2

+2E‖∇y H(x,y)‖2

≤
2

N

N

∑
i=1

[
E
[
v2

i

]
‖∇Gi(y)‖

2+‖∇yH(x,y)‖2
]
.
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Furthermore, from Lemma A.1 we have

‖∇Gi(y)‖
2≤2Li

1

(
Gi(y)−Ginf

i

)
,

‖∇yH(x,y)‖2 ≤2L∗
3

(
H(x,y)−Hinf

)
,

where Ginf
i = infy Gi(y) and Hinf= infx,y H(x,y). Then we get

E
[
‖∇̃G(y)+∇yH(x,y)‖2

]

≤
4

N

N

∑
i=1

[
E
[
v2

i

]
Li

1

(
Gi(y)−Ginf

i

)
+L∗

3

(
H(x,y)Hinf

)]

≤
4maxi

(
Li

1E
[
v2

i

])
+L∗

3

N

N

∑
i=1

(
Gi(y)+H(x,y)−Ginf

i −Hinf
)

≤
4maxi

(
Li

1E
[
v2

i

])
+L∗

3

N

N

∑
i=1

(
Gi(y)+H(x,y)−(G+H)inf+(G+H)inf−Ginf

i −Hinf
)

≤
(

4max
i

(
Li

1E[v2
i ]
)
+L∗

3

)
[G(y)+H(x,y)−(G+H)inf]

+
4maxi

(
Li

1E
[
v2

i

])
+L∗

3

N

N

∑
i=1

(
(G+H)inf−Ginf

i −Hinf
)
.

Note that

G(y)+H(x,y)=
1

N

N

∑
i=1

(
Gi(y)+H(x,y)

)
≥

1

N

N

∑
i=1

(
Ginf

i +Hinf
)
,

then (1/N)∑
N
i=1(G

inf
i +Hinf) is a lower bound of G(y)+H(x,y), and then

∆inf :=
1

N

N

∑
i=1

(
(G+H)inf−Ginf

i −Hinf
)
=(G+H)inf−

1

N

N

∑
i=1

(
Ginf

i +Hinf
)
≥0.

The proof is complete.

Proof of Lemma 2.2. By Cauchy inequality and ES inequality, we have

E
[
‖∇̃G(y)+∇yH(x,y)‖2

]

≤2E‖∇̃G(y)‖2+2‖∇yH(x,y)‖2

≤4A0

(
G(y)−Ginf

)
+2B0‖∇G(y)‖2+2C0+2‖∇y H(x,y)‖2.

It follows from Lemma A.1 that

‖∇G(y)‖2 ≤2L1

(
G(y)−Ginf

)
,

‖∇yH(x,y)‖2 ≤2L∗
3

(
H(x,y)−Hinf

)
.
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Thus, we have

E
[
‖∇̃G(y)+∇yH(x,y)‖2

]

≤ (4A0+4B0L1)
(
G(y)−Ginf

)
+4L∗

3(H(x,y)−Hinf)+2C0

≤2A[G(y)+H(x,y)−(G+H)inf]+2A[(G+H)inf−Ginf−Hinf]+2C0

=: 2A[G(y)+H(x,y)−(G+H)inf]+C,

where

A :=max(2A0+2B0L1,2L∗
3),

C :=2A[(G+H)inf−Ginf−Hinf]+2C0.

Thus, we obtain the conclusion.

Next, we begin to prove Lemma 2.3. Before proving Lemma 2.3, we show an estimate
for the gradient of the objective function in a model (1.2) with respect to y-variable.

Lemma A.2. Let Assumptions 2.1 and 2.2 be satisfied. Let β,γ> 0 be the parameters in Algo-
rithm 1 and A,C≥0 be the constants in Lemma 2.2. Then, for any M>0, we have

1

β
ηt+

M

2
E‖yt+1−yt‖2

≤

(
1+

(L+M)A

β2

)
δt−δt+1+

(L+M)C

2β2
+E[H(xt+1,yt+1)−H(xt,yt+1)], (A.1)

where

ηt=E
∥∥∇G(yt)+∇yH(xt,yt)

∥∥2
,

δt=E[G(yt)+H(xt,yt)−(G+H)inf].

Proof. By the optimality condition of the first subproblem (1.3a), we have

yt+1−yt =
−∇̃G(yt)−∇yH(xt,yt)

β
. (A.2)

Using the L-smoothness of G+H with respect to the variable y in Assumption 2.2, we get

G(yt+1)+H(xt,yt+1)

≤G(yt)+H(xt,yt)+
〈
∇G(yt)+∇yH(xt,yt),yt+1−yt

〉
+

L

2
‖yt+1−yt‖2,

where L := L∗
3+L1. For any M>0, adding up (M/2)‖yt+1−yt‖2 on the both sides yields

that

G(yt+1)+H(xt,yt+1)+
M

2
‖yt+1−yt‖2
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≤G(yt)+H(xt,yt)+
〈
∇G(yt)+∇yH(xt,yt),yt+1−yt

〉
+

L+M

2
‖yt+1−yt‖2

≤G(yt)+H(xt,yt)+

〈
∇G(yt)+∇yH(xt,yt),

−∇̃G(yt)−∇yH(xt,yt)

β

〉

+
L+M

2

∥∥∥∥
−∇̃G(yt)−∇yH(xt,yt)

β

∥∥∥∥
2

≤G(yt)+H(xt,yt)−
1

β

〈
∇G(yt)+∇yH(xt,yt),∇̃G(yt)+∇yH(xt,yt)

〉

+
L+M

2β2

∥∥∇̃G(yt)+∇yH(xt,yt)
∥∥2

, (A.3)

where the second inequality follows from (A.2). Taking expectations in (A.3) conditional
on yt, we obtain

E

[
G(yt+1)+H(xt,yt+1)+

M

2
‖yt+1−yt‖2

∣∣yt

]

≤G(yt)+H(xt,yt)−
1

β

∥∥∇G(yt)+∇yH(xt,yt)
∥∥2

+
L+M

2β2
E
[∥∥∇̃G(yt)+∇yH(xt,yt)

∥∥2]
.

From Lemma 2.2, we have

E

[
G(yt+1)+H(xt,yt+1)+

M

2
‖yt+1−yt‖2

∣∣yt

]

≤G(yt)+H(xt,yt)−
1

β

∥∥∇G(yt)+∇yH(xt,yt)
∥∥2

+
(L+M)A

β2
[G(yt)+H(xt,yt)−(G+H)inf]+

(L+M)C

2β2
,

where (G+H)inf=minx,y G(y)+H(x,y). Subtracting (G+H)inf from both sides gives

E

[
G(yt+1)+H(xt,yt+1)+

M

2
‖yt+1−yt‖2−(G+H)inf

∣∣yt

]

≤

(
1+

(L+M)A

β2

)
[G(yt)+H(xt,yt)−(G+H)inf]+

(L+M)C

2β2

−
1

β

∥∥∇G(yt)+∇yH(xt,yt)
∥∥2

.

Taking expectation again and applying the tower property, we obtain

E

[
G(yt+1)+H(xt,yt+1)+

M

2
‖yt+1−yt‖2−(G+H)inf

]
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≤

(
1+

(L+M)A

β2

)
E[G(yt)+H(xt,yt)−(G+H)inf]+

(L+M)C

2β2

−
1

β
E
∥∥∇G(yt)+∇yH(xt,yt)

∥∥2
.

Adding up H(xt+1,yt+1) on the both sides and rearranging,

E
[
G(yt+1)+H(xt+1,yt+1)−(G+H)inf

]

+
1

β
E
∥∥∇G(yt)+∇yH(xt,yt)

∥∥2
+

M

2
E‖yt+1−yt‖2

≤

(
1+

(L+M)A

β2

)
E[G(yt)+H(xt,yt)−(G+H)inf]

+
(L+M)C

2β2
+E[H(xt+1,yt+1)−H(xt,yt+1)].

Setting
δt+1=E[G(yt+1)+H(xt+1,yt+1)−(G+H)inf],

ηt =E
∥∥∇G(yt)+∇yH(xt,yt)

∥∥2
,

we have
1

β
ηt+

M

2
E‖yt+1−yt‖2

≤

(
1+

(L+M)A

β2

)
δt−δt+1+

(L+M)C

2β2
+E[H(xt+1,yt+1)−H(xt,yt+1)].

The proof is complete.

We next show an estimate for the gradient of the objective function in a model (1.2)
with respect to x-variable.

Lemma A.3. Let Assumption 2.2 be satisfied. Suppose that the parameter γ>0 is chosen such
that

K1 :=−
−3+5γl+2γ

2γ
−

5(1+γL∗
2)

2

4γ
>0.

Then

E

(
‖zt−zt−1‖

γ

)2

≤
K2

K1

(
E[H(xt,yt+1)−H(xt+1,yt+1)]+E[Mt−Mt+1]+K3E‖yt+1−yt‖2

)
,

where

Mt :=M(xt,ut,zt)=F(ut)+
1

2γ
‖2xt−ut−zt‖2−

1

2γ
‖xt−zt‖2−

1

γ
‖ut−xt‖2,

K2 :=
5(1+γL∗

2)
2

4γ2
, K3 := L∗

4(1+5γL∗
4)+

5K1(L∗
4)

2

K2
.
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Proof. Since xt+1 is the minimizer of subproblem (1.3b), by the strongly convex of
H(·,yt+1)+‖·−zt‖2/(2γ) we have

H(xt+1,yt+1)+
1

2γ
‖zt−xt+1‖2

≤H(xt,yt+1)+
1

2γ
‖zt−xt‖2−

1

2

(
1

γ
−l

)
‖xt+1−xt‖2. (A.4)

On the other hand, using the fact that ut+1 is the minimizer of subproblem (1.3c), we get

F(ut+1)+
1

2γ
‖2xt+1−ut+1−zt‖2

≤F(ut)+
1

2γ
‖2xt+1−ut−zt‖2. (A.5)

Summing up (A.4) and (A.5), we have

H(xt+1,yt+1)+F(ut+1)+
1

2γ
‖2xt+1−ut+1−zt‖2+

1

2γ
‖zt−xt+1‖2

≤H(xt,yt+1)+F(ut)+
1

2γ
‖2xt+1−ut−zt‖2+

1

2γ
‖zt−xt‖2

−
1

2

(
1

γ
−l

)
‖xt+1−xt‖2. (A.6)

Notice that we can rewrite

‖2xt+1−ut+1−zt‖2−‖2xt+1−ut+1−zt+1‖2

=2〈2xt+1−ut+1−(ut+1−xt+1)−zt,zt+1−zt〉+‖zt+1−zt‖2

=−4‖zt+1−zt‖2+2〈xt+1−zt,zt+1−zt〉+‖zt+1−zt‖2

=−2‖zt+1−zt‖2−‖xt+1−zt+1‖2+‖xt+1−zt‖2, (A.7)

where the subproblem (1.3d) is used in the second and third equalities, and the fact that
2〈a,b〉=−(‖a−b‖2−‖a‖2−‖b‖2) is used in the last equality. Combining (A.7) with (A.6)
and using the subproblem (1.3d), we obtain

H(xt+1,yt+1)+F(ut+1)+
1

2γ
‖2xt+1−ut+1−zt+1‖2

−
1

2γ
‖xt+1−zt+1‖2−

1

γ
‖ut+1−xt+1‖2

≤H(xt,yt+1)+F(ut)+
1

2γ
‖2xt+1−ut−zt‖2+

1

2γ
‖zt−xt‖2

−
1

γ
‖xt+1−zt‖2−

1

2

(
1

γ
−l

)
‖xt+1−xt‖2. (A.8)
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Using the basic equality ‖2a−b−c‖2−2‖a−c‖2 =2‖a−b‖2−‖b−c‖2 twice, we get

‖2xt+1−ut−zt‖2+‖zt−xt‖2

=2‖xt+1−ut‖2+2‖xt+1−zt‖2+‖2xt−ut−zt‖2−‖xt−zt‖2−2‖xt−ut‖2. (A.9)

Substituting (A.9) into (A.8) yields that

H(xt+1,yt+1)+F(ut+1)+
1

2γ
‖2xt+1−ut+1−zt+1‖2

−
1

2γ
‖xt+1−zt+1‖2−

1

γ
‖ut+1−xt+1‖2

≤H(xt,yt+1)+F(ut)+
1

2γ
‖2xt−ut−zt‖2−

1

2γ
‖xt−zt‖2−

1

γ
‖xt−ut‖2

+
1

γ
‖xt+1−ut‖2−

1

2

(
1

γ
−l

)
‖xt+1−xt‖2. (A.10)

Furthermore, the optimal condition of (1.3b) is given as

0=∇xH(xt+1,yt+1)+
1

γ
(xt+1−zt), (A.11)

this implies that

1

γ
(zt−xt+1)+lxt+1=∇x

[
H(·,yt+1)+

l

2
‖·‖2

]
(xt+1).

Thus, we also have

1

γ
(zt−1−xt)+lxt+∇xH(xt,yt+1)−∇xH(xt,yt)=∇x

[
H(·,yt+1)+

l

2
‖·‖2

]
(xt).

Since the function H(·,yt+1)+l‖·‖2/2 is a convex function, we get

〈
1

γ
(zt−xt+1)+lxt+1−

1

γ
(zt−1−xt)−lxt−

[
∇xH(xt,yt+1)−∇xH(xt,yt)

]
,xt+1−xt

〉
≥0.

Using the Cauchy inequality, we get

1

γ
〈zt−zt−1,xt+1−xt〉+

1

2

∥∥∇xH(xt,yt+1)−∇xH(xt,yt)
∥∥2

+
1

2
‖xt+1−xt‖2

≥

(
1

γ
−l

)
‖xt+1−xt‖2,
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and hence

1

γ
〈zt−zt−1,xt+1−xt〉

≥

(
1

γ
−l−

1

2

)
‖xt+1−xt‖2−

1

2

∥∥∇xH(xt,yt+1)−∇xH(xt,yt)
∥∥2

≥

(
1

γ
−l−

1

2

)
‖xt+1−xt‖2−

L∗
4

2
‖yt+1−yt‖2,

where the Lipschitz condition of ∇xH(x,y) is used in the last inequality. This is also
equivalent to

〈zt−zt−1,xt+1−xt〉≥
(

1−γl−
γ

2

)
‖xt+1−xt‖2−

γL∗
4

2
‖yt+1−yt‖2.

Therefore, we can obtain the estimate on ‖xt+1−ut‖2 as follows:

‖xt+1−ut‖2=‖xt+1−xt+xt−ut‖2

=‖xt+1−xt‖2−2〈xt+1−xt,zt−zt−1〉+‖zt−zt−1‖2

≤ (−1+2γl+γ)‖xt+1−xt‖2+γL∗
4‖yt+1−yt‖2+‖zt−zt−1‖2. (A.12)

Denote
Φ(xt,ut,zt;yt+1) :=H(xt,yt+1)+M(xt,ut,zt),

where

Mt :=M(xt,ut,zt)=F(ut)+
1

2γ
‖2xt−ut−zt‖2−

1

2γ
‖xt−zt‖2−

1

γ
‖ut−xt‖2.

Then substituting (A.12) into (A.10), we have

Φ(xt+1,ut+1,zt+1;yt+1)−Φ(xt,ut,zt;yt+1)

≤
−3+5γl+2γ

2γ
‖xt+1−xt‖2+L∗

4‖yt+1−yt‖2+
1

γ
‖zt−zt−1‖2. (A.13)

Furthermore, according to the optimal condition (A.11), we have

0=∇x H(xt+1,yt+1)−∇xH(xt,yt)+
1

γ
(xt+1−zt)−

1

γ
(xt−zt−1). (A.14)

Rewrite (A.14) as

1

γ
(zt−zt−1)=∇xH(xt+1,yt+1)−∇xH(xt,yt)+

1

γ
(xt+1−xt).

Using the Lipschitz continuity of ∇xH(x,y) in Assumption 2.2, we have

‖zt−zt−1‖≤ (1+γL∗
2)‖xt+1−xt‖+γL∗

4‖yt+1−yt‖.
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This together with the Cauchy inequality gives

‖zt−zt−1‖2≤
5

4
(1+γL∗

2)
2‖xt+1−xt‖2+5(γL∗

4)
2‖yt+1−yt‖2. (A.15)

Combining this with (A.13), we have

Φ(xt+1,ut+1,zt+1;yt+1)−Φ(xt,ut,zt;yt+1)

≤

[
−3+5γl+2γ

2γ
+

5(1+γL∗
2)

2

4γ

]
‖xt+1−xt‖2+L∗

4(1+5γL∗
4)‖yt+1−yt‖2

=:−K1‖xt+1−xt‖2+L∗
4(1+5γL∗

4)‖yt+1−yt‖2,

where

K1=−

[
−3+5γl+2γ

2γ
+

5(1+γL∗
2)

2

4γ

]
.

It is clear that K1>0 when γ is less than computable thresholding. Thus, we have

K1‖xt+1−xt‖2≤Φ(xt,ut,zt;yt+1)−Φ(xt+1,ut+1,zt+1;yt+1)

+L∗
4(1+5γL∗

4)‖yt+1−yt‖2. (A.16)

Denote K2 :=5(1+γL∗
2)

2/(4γ2). From (A.15) and (A.16), we have

K1

K2

(
1

γ
‖zt−zt−1‖

)2

≤K1‖xt+1−xt‖2+
5K1(L∗

4)
2

K2
‖yt+1−yt‖2,

≤Φ(xt,ut,zt;yt+1)−Φ(xt+1,ut+1,zt+1;yt+1)

+

(
L∗

4(1+5γL∗
4)+

5K1(L∗
4)

2

K2

)
‖yt+1−yt‖2,

=: Φ(xt,ut,zt;yt+1)−Φ(xt+1,ut+1,zt+1;yt+1)+K3‖yt+1−yt‖2,

where

K3= L∗
4(1+5γL∗

4)+
5K1(L∗

4)
2

K2
.

By the definition of Φ(xt,ut,zt;yt+1), we have

K1

K2

(
1

γ
‖zt−zt−1‖

)2

≤H(xt,yt+1)−H(xt+1,yt+1)+Mt−Mt+1+K3‖yt+1−yt‖2.

Taking the expectation on both sides, we get

E

(
‖zt−zt−1‖

γ

)2

≤
K2

K1

(
E
[
H(xt,yt+1)−H(xt+1,yt+1)

]
+E

[
Mt−Mt+1

]
+K3E‖yt+1−yt‖2

)
. (A.17)

The proof is complete.
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Finally, combining Lemmas A.2 and A.3, we give the proof of Lemma 2.3.

Proof of Lemma 2.3. Summing (A.1) and (A.17), we have

1

β
ηt+

M

2
E‖yt+1−yt‖2+

K1

K2
E

(
‖zt−zt−1‖

γ

)2

≤

(
1+

(L+M)A

β2

)
δt−δt+1+

(L+M)C

2β2
+E[H(xt+1,yt+1)−H(xt,yt+1)]

+E[H(xt,yt+1)−H(xt+1,yt+1)]+K3E‖yt+1−yt‖2+E[Mt−Mt+1].

Taking M=2K3, we get

1

β
ηt+

K1

K2
E

(
‖zt−zt−1‖

γ

)2

≤

(
1+

(L+M)A

β2

)
δt−δt+1+

(L+M)C

2β2
+E[Mt−Mt+1]

=

(
1+

(L+M)A

β2

)
δt−δt+1+

(L+M)C

2β2
+E

[
Mt−inf

t≥0
Mt

]
−E

[
Mt+1−inf

t≥0
Mt

]

=

(
1+

(L+M)A

β2

)
δt−δt+1+M′

t−M′
t+1+

(L+M)C

2β2
,

where M′
t=E[Mt−inft≥0Mt]. For ω−1>0, define

ωt=
ωt−1(

1+(L+M)A/β2
) .

Clearly that {ωt}t≥−1 is a decreasing and positive sequence. Multiplying βωt on both
sides, we get

ωtηt+
βK1

K2
ωtE

(
‖zt−zt−1‖

γ

)2

≤β

(
1+

(L+M)A

β2

)
ωtδt−βωtδt+1+

(L+M)C

2β
ωt+βωt−1M

′
t−βωtM

′
t+1

≤βωt−1δt−βωtδt+1+
(L+M)C

2β
ωt+βωt−1M

′
t−βωtM

′
t+1.

Summing up both sides from t=0 to t=T−1 we have

T−1

∑
t=0

ωtηt+
βK1

K2

T−1

∑
t=0

ωtE

(
‖zt−zt−1‖

γ

)2

≤βω−1δ0−βωT−1δT+
(L+M)C

2β

T−1

∑
t=0

ωt+βω−1M
′
0−βωT−1M

′
T
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≤βω−1δ0+βω−1M
′
0+

(L+M)C

2β

T−1

∑
t=0

ωt.

This completes the proof of lemma.

Appendix B. Proofs of Theorems 2.1 and 2.2

Proof of Theorem 2.1. We will make use of Lemma 2.3 to complete the proof. Define WT =

∑
T−1
t=0 ωt. Dividing WT on the both sides of (2.11), we get

min
0≤t≤T−1

(
ηt+

βK1

K2
E

(
‖zt−zt−1‖

γ

)2
)

≤
1

WT

(
T−1

∑
t=0

ωtηt+
βK1

K2

T−1

∑
t=0

ωtE

(
‖zt−zt−1‖

γ

)2
)

≤
ω−1

WT
βδ0+

ω−1

WT
βM′

0+
(L+M)C

2β
. (B.1)

It is easy to see that

WT =
T−1

∑
t=0

ωt≥
T−1

∑
t=0

min
0≤i≤T−1

ωi=TωT−1=
Tω−1(

1+(L+M)A/β2
)T

.

Using this in (B.1) and the fact that βK1/K2≥2, we have

min
0≤t≤T−1

[
ηt+2E

(
‖zt−zt−1‖

γ

)2
]

≤

(
1+(L+M)A/β2

)T

T
(βδ0+βM′

0)+
(L+M)C

2β
, (B.2)

where ηt = E‖∇G(yt)+∇yH(xt,yt)‖2. By the Lipschitz continuity of ∇yH(·,yt) and
Cauchy inequality, we have

∥∥∇G(yt)+∇yH(ut,yt)
∥∥2

≤2
∥∥∇G(yt)+∇yH(xt,yt)

∥∥2
+2(L∗

5)
2‖zt−zt−1‖2. (B.3)

On the other hand, note that the optimal condition of the subproblem (1.3c) is 0∈∂F(ut)+
(1/γ)(ut−2xt+zt−1). Combined this with (A.11) and (1.3d), we obtain

1

γ
(zt−1−zt)∈∇x H(xt,yt)+∂F(ut).
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Hence,
1

γ
(zt−1−zt)+

(
∇xH(ut,yt)−∇xH(xt,yt)

)
∈∇xH(ut,yt)+∂F(ut).

This implies that

dist2(0,∇xH(ut,yt)+∂F(ut)
)
≤2

(
‖zt−zt−1‖

γ

)2

+2(L∗
2)

2‖zt−zt−1‖2.

Combined this with (B.3), we get

E
∥∥∇G(yt)+∇yH(ut,yt)

∥∥2
+Edist2(0,∇x H(ut,yt)+∂F(ut)

)

≤2ηt+2E

(
‖zt−zt−1‖2

γ

)2

+2
(
(L∗

2)
2+(L∗

5)
2
)
E‖zt−zt−1‖2

≤2ηt+4E

(
‖zt−zt−1‖

γ

)2

due to (L∗
2)

2+(L∗
5)

2≤1/γ2. Thus, it follows from (B.2) that

min
0≤t≤T−1

[
E
∥∥∇G(yt)+∇yH(ut,yt)

∥∥2
+Edist

(
0,∇x H(ut,yt)+∂F(ut)

)]

≤2 min
0≤t≤T−1

[
ηt+2E

(
‖zt−zt−1‖

γ

)2
]

≤2

(
1+(L+M)A/β2

)T

T
β(δ0+M′

0)+
(L+M)C

β
. (B.4)

The proof of theorem is complete.

Proof of Theorem 2.2. According to the fact that 1+x≤ ex (x≥ 0) and choosing β> 0 such
that β≥

√
(L+M)AT, we have

(
1+

(L+M)A

β2

)T

≤exp

(
(L+M)AT

β2

)
≤exp(1)≤3. (B.5)

It follows from Theorem 2.1 that (B.4) holds if β≥ 2K2/K1. Thus, by (B.5) and (B.4) we
obtain

min
0≤t≤T−1

[
E
∥∥∇G(yt)+∇yH(ut,yt)

∥∥2
+Edist2(0,∇xH(ut,yt)+∂F(ut)

)]

≤
(L+M)C

β
+

6β

T
(δ0+M′

0). (B.6)

To make the right-hand side of (B.6) less than ǫ2, we could require that

(L+M)C

β
≤

ǫ2

2
,

6β

T
(δ0+M′

0)≤
ǫ2

2
.
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Then we have
(L+M)C

β
≤

ǫ2

2
⇒ β≥

2C(L+M)

ǫ2
,

and
6β

T
(δ0+M′

0)≤
ǫ2

2
⇒ T≥

12β(δ0+M′
0)

ǫ2
. (B.7)

Substituting three requirements on β into (B.7) yields that

T≥
12
√
(L+M)AT(δ0+M′

0)

ǫ2
,

T≥
24K2(δ0+M′

0)

K1ǫ2
,

T≥
24C(L+M)(δ0+M′

0)

ǫ4
.

(B.8)

By simplifying the form (B.8), we get

T≥
12(L+M)(δ0+M′

0)

ǫ2
max

{
2C

ǫ2
,
12(δ0+M′

0)A

ǫ2
,

2K2

K1(L+M)

}
.

Thus, the desired conclusion is shown.
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