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Abstract. This study develops a time-varying model to investigate the impact of CD8 ™"
T cell exhaustion on human immunodeficiency virus infection dynamics. For the cor-
responding autonomous model, the existence and local stability of equilibria are estab-
lished. Bifurcation analysis reveals complex dynamics, including bistability involving
multiple attractors and periodic solutions. Numerical simulations of the time-varying
model demonstrate that the progression of CD8" T cell exhaustion drives an increase
in viral load and triggers a bifurcation-induced tipping (B-tipping) point. This leads
to a rapid viral surge, which is characteristic of the transition from the asymptomatic
stage to AIDS. The non-autonomous system robustly exhibits B-tipping regardless of
the CD8™ T cell exhaustion rate (r), which primarily governs the speed of this transi-
tion. These findings highlight CD8™ T cell exhaustion as a key driver of post-infection
disease progression and elucidate the mechanistic basis for rapid viral surges, thereby
providing critical insights into human immunodeficiency virus pathogenesis and the
development of therapeutic strategies.
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1 Introduction

Human immunodeficiency virus (HIV) remains a major global health threat, having
claimed approximately 44.1 million lives by the end of 2024, with an estimated 40.8 mil-
lion people currently living with HIV. The pandemic continues to pose a severe threat
to both public health and socioeconomic development [50]. During HIV infection, acti-
vated CD8™ T cells constitute a major component of the antiviral immune response and
play a critical role in controlling HIV infection [20]. Elucidating the complex interactions
between HIV and CD8" T cells is therefore crucial. This not only helps elucidate the
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viral pathogenesis but also paves the way for innovative antiviral therapies and vaccine
strategies.

Mathematical models are valuable tools for studying HIV dynamics [19, 20, 32, 34,
38,39, 44, 45]. In 1996, Nowak and Bangham [34] expanded the basic viral dynamics
model through the development of a mathematical framework that incorporated cyto-
toxic T lymphocyte (CTL) immune responses. Since then, numerous modeling studies
have explored the complex relationship between HIV and CD8" T cells [19,20,32,44,45].
For example, Guo and Qiu [20] developed an HIV dynamics model that incorporated
latently infected cells, antiretroviral therapy, cell-free virus infection and cell-to-cell vi-
ral transmission, demonstrating that the CTL immune response significantly increase the
population of uninfected CD4 " T cells, and effectively reduce both the number of infected
cells and the viral load. Ngina et al. [32] constructed a model of HIV dynamics, which
showed that CD8* T cells are crucial for suppressing viral replication during the acute
infection phase. Graw and Regoes [19] developed a mathematical model to investigate
how polyfunctional CD8" T cell responses, which are characterized by a high frequency
of cells able to secrete multiple cytokines simultaneously, influence viral load and disease
progression. The results indicate that the strength of the CD8™ T cell response measured
by the average number of different effector functions per CD8™ T cell is the best predictor
of disease progression.

The aforementioned models have not incorporated the significant impact of CD8™"
T cell exhaustion on HIV infection dynamics. In HIV infection, the pathogen cannot be
completely eliminated, and CD8™ T cells are subjected to persistent antigenic stimulation
and activation. This persistent stimulation causes dysfunction in CD8" T cells, leading
to a hypofunctional state termed T cell exhaustion [8,21,41]. Exhausted CD8" T cells
display many features, including reduced effector functions, decreased proliferative ca-
pacity, increased expression of inhibitory receptors [4]. This progressive loss of function
severely impairs the capacity of CD8" T cells to control HIV, leading to persistent infec-
tion [30]. Therefore, it is important to investigate the impact of CD8" T cell exhaustion
on HIV infection dynamics.

Over the past few decades, numerous studies have employed mathematical model-
ing to explore CD8" T cell exhaustion. Wang and Liu [46] proposed an HIV infection
model that incorporated cell-mediated immunity and immune impairment, and demon-
strated that treatment can shift patients from disease progression to immune control.
Regoes et al. [37] modeled the immune impairment due to exhaustion as a function of the
densities of infected and effector cells to assess its impact on HIV dynamics and evolu-
tion, and found that immune impairment elevates viral load and enhances viral diversity
and replicative capacity. Conway and Perelson [13] employed Michaelis-Menten satu-
ration terms to model the proliferation and exhaustion of effector cells, and the analysis
revealed that viral rebound after discontinuation of antiretroviral therapy (ART) is cor-
related with the size of the latent viral reservoir and the strength of the CTL response.
Based on the model established in [13], Zhang and Ellingson [52] analyzed its dynamic
behaviors, concluding that the infected cell death rate and the saturation parameter for
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CTL proliferation significantly affect post-treatment control of HIV. These mathematical
modeling efforts offer valuable insights into the impact of CD8* T cell exhaustion on HIV
infection dynamics.

In numerous mathematical models for CD8" T cell exhaustion, parameters associated
with the exhaustion features (e.g. the cytotoxic killing rate of infected cells) are constant.
However, as the infection progresses, the state of CDS8* T cell exhaustion evolves, sug-
gesting that these parameters may also vary over time. For example, the cytotoxic killing
rate of infected cells is likely to decrease over time. To capture these dynamics, we rep-
resent parameters associated with CD8 T cell exhaustion as time-varying functions. In
this study, we first introduce a parameter s to quantify the degree of CD8" T cell ex-
haustion. Unlike in previous studies, s is not a constant but a time-dependent variable.
Parameters related to the exhaustion features are then modeled as functions of s. This
formulation allows us to develop a non-autonomous system with time-varying parame-
ters to investigate the impact of CD8™ T cell exhaustion on HIV viral-immune dynamics,
thereby providing a novel perspective and methodology for this field of research.

The potential for non-stationary parameter changes to induce tipping points has been
widely studied in climate science, ecology, and other fields [17,27,33,40,49]. A tipping
point or critical transition refers to a sudden, substantial, and often irreversible change
in a complex system due to small external inputs [35]. To better understand this, Ash-
win et al. [1,2] classified tipping points into three types:

(1) Bifurcation-induced tipping (B-tipping) point: A critical transition occurs when
the changes in a parameter drive the system through a bifurcation point, leading
to a sudden transition from one equilibrium state to another.

(2) Rate-induced tipping (R-tipping) point: This occurs when a parameter changes
too rapidly for the system to track its quasi-steady state, causing a large transition,
even if the parameter change does not cross a bifurcation point.

(3) Noise-induced tipping (N-tipping) point: System transitions to another stable state
due to noise or increased stochasticity.

These tipping mechanisms are crucial in system dynamics and may significantly impact
viral-immune dynamics within hosts.

In this study, we employ a non-stationary process s(t) to model the dynamics of CD8™"
T cell exhaustion during HIV infection. This formulation yields a non-autonomous sys-
tem that may experience critical transitions, known as tipping points. In HIV infection,
the progression from the asymptomatic stage to AIDS is marked by immune collapse
and a rapid surge in viral load. This progression aligns with the theoretical framework
of bifurcation-induced (B-tipping) or rate-induced (R-tipping) transitions. Therefore, this
paper aims to investigate how non-stationary exhaustion, mediated through s(t), can
precipitate such tipping points and influence HIV virus-immune dynamics. Our ap-
proach provides novel methodological and conceptual perspectives for deciphering com-
plex dynamics of HIV infection and informing the development of effective therapeutic
strategies.
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This paper is structured as follows. Section 2 develops a four-dimensional, time-
varying mathematical model based on the mechanism of CD8" T cell exhaustion. Sec-
tions 3 and 4 analyze the corresponding fixed-parameter (autonomous) model, estab-
lishing the existence and local stability of equilibria, bistability and periodic solutions.
Section 5 investigates the impact of CD8" T cell exhaustion on HIV infection through nu-
merical simulations and identifies associated tipping point phenomena. Finally, Section 6
provides a brief discussion.

2 Model formulation

In this section, we formulate a mathematical model to describe the impact of CDS8* T cell
exhaustion on HIV infection dynamics.

During chronic infections, antigen-specific CD8* T cells undergo a progressive func-
tional decline, characterized by diminished cytokine production and proliferative poten-
tial [48,51]. This impairment severely impairs the capacity of CD8* T cells to control the
virus, resulting in persistent infections [30]. Interestingly, terminally exhausted CD8*
T cells retain some cytolytic activity [4]. Evidence that the targeted deletion of exhausted
T cells elevates viral load [25,42] confirms that exhausted CD8™" T cells continue to exert
a critical, albeit limited, level of immune suppression. Therefore, in mathematical mod-
els, CD8™ T cell exhaustion should be characterized by two bounded, dynamic processes:
the progressive impairment of cytotoxic capacity and the concurrent loss of proliferative
potential, both of which operate within certain physiological limits.

This study simplifies the model proposed in [13] by omitting latent infection and drug
treatment, to focus on the impact of CDS8* T cell exhaustion on HIV infection. The model
captures CD8" T cell exhaustion through two key features: impaired effector function
and reduced proliferative capacity. Specifically, impaired effector function directly re-
duces the antiviral efficacy of CD8™ T cells, which is modeled as a decrease in the killing
rate of infected cells by effector cells. Reduced proliferative capacity indirectly weak-
ens the host’s antiviral response by limiting the expansion of the effector cell population,
which is modeled as an increase in the saturation of immune impairment coefficient.
Both parameters are defined as functions of exhaustion level, s(¢). A schematic diagram
of the model is presented in Fig. 1, and the system is described by the following non-
autonomous system:

(4T A aT—avT,
dt
g:szT—(SI—m(s(t))EI,
dt
@.1)
d—V— I—cV
ar 7 ’
dE I I



A.Sun, L.-L. Fan, T. Guo and Z.-P. Qiu / CSIAM Trans. Life. Sci., x (2026), pp. 1-27 5

K | §

bEK +]E—dE E mEI

% K,+1
- G -
— —_—
Figure 1: Schematic diagram of model. Variables T,I,V and E represent uninfected CD4" T cells, infected
CD4™" T cells, virus and effector T cells, respectively

In system (2.1), target cells (T) are recruited at a constant rate A, die at rate d per
cell, and become infected with infectivity rate constant . Infected cells (I) produce viri-
ons at rate p per cell and die at the rate of J by viral cytopathic effects. Virions (V) are
cleared at the rate of c. Effector cells (E) kill infected cells under mass action kinetics
at the rate of m(s(t))EI, where m(s(t)) is the killing rate modeled as a decreasing func-
tion of the exhaustion level s(t). Effector cells are produced at a constant rate Ar and
undergo natural death at the rate of p. Upon antigenic stimulation by infected cells,
effector cells undergo proliferation as well as immune impairment, both of which are
dependent on the density of infected cells. The proliferation of effector cells follows
a saturating response, b IE/(Kp+ 1), where bg is the effector cell proliferation coefficient
and K3 is the half-saturation constant. The immune impairment is modeled by the term
de(s(t))IE/(Kp+1I), where de(s(t)) is an increasing function of the exhaustion level s(t),
and Kp (Kp > Kp) is the corresponding half-saturation constant.

The parameters m(s(t)) and dg(s(t)) are defined as bounded functions that converge
to finite limits at the boundaries of their defined intervals and exhibit asymptotically sta-
ble behavior. More precisely, we assume m(s(t)) € P (Meng, Mstart), g (s(t)) € P (dstart, Aena),
where P(mend/msim’i) cC? (IR/ (mendrmstart)) and P(dstart/dend) cC? (R/(dsturt/dend))/

P(mendrmstart) = {m<5<t)) P Mepg <M (S(t)) < Mstart, tEr—noom (S(t)) = Mstart,

d
tim () = i o <0l 2

P(dstart/dend) = {dE (S(t)) : dsturt < dE (S<t)) < dend/ tEI—noodE (S(t)) :dstart/

lim dg(s(t)) =depa, lim w:o}. (2.3)

t—>+o0 t—+oco dt
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Here, mia+ and dsr represent the effector cell killing rate and the saturation of immune
impairment coefficient at the onset of CD8" T cell exhaustion, respectively. Conversely,
Meyg and d,, 4 correspond to these parameters in the fully exhausted state.

The system can be simplified by considering that viral particles have a significantly
shorter average lifespan than infected cells. In viral dynamics, it can be assumed that,
compared with the “slow” changes at the level of infected cells, the viral load relatively
quickly reaches a quasi-equilibrium level [15,23]. In a quasi-equilibrium state, the equa-
tion dV/dt =0 holds, yielding V = pI/c, which means that V is assumed to be propor-
tional to the changes in the concentration of infected cells I. This allows us to reduce the
model to the following three-dimensional system:

dT

a =A—dT—BIT,

dI

3 = BIT—oI—m(s(t))EL (2.4)
dE I I

E —/\E+bEmE—dE (S(t)) KD—FIE_VE,

where B=ap/c.

This study employs system (2.4) to investigate the effect of the non-stationary pro-
gression of CD8" T cell exhaustion on HIV virus-immune dynamics. It also aims to eval-
uate the significance of CD8™ T cell exhaustion throughout the course of HIV infection,
thereby enhancing our understanding of the interaction mechanism among CD8" T cell
exhaustion, HIV infection and the immune system from a mathematical perspective.

3 Local analysis

This section analyzes the dynamics of the autonomous system derived from system (2.4)
by fixing all parameters. The corresponding system is as follows:

(
dT =A—dT—BIT, (3.1a)
dt
%:/BIT—(SI—mEI, (3.1b)
dE I I

To ensure that the model captures the progression to AIDS characterized by compro-
mised immunity, we assume y+dg > bg.

In the following, we investigate the existence and local stability of equilibria for sys-
tem (3.1). We first establish some preliminary results. Based on the biological signifi-
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cance, the initial conditions for system (3.1) are assumed to be non-negative: T(0) >0,
1(0)>0,E(0)>0. Let

,0<I() <

D:{(T,I,E)E]Ri\ogT(t)gg

bE)H—mKB/\E
<E(t) <
O<E(t) < mKgmin{d,é,u} }'

where a=min{d,é}. Then we have the following theorem.

Theorem 3.1. The region R3 = {(T,I,E)|T(0) >0,1(0) >0,E(0) >0} is positively invariant,
and every trajectory of system (3.1) is ultimately attracted to the compact set D.

Proof. For system (3.1), we have

dT| o, d
dt |, dt

dE
0, a

_ =Ap>0.
I1=0

E=0

This implies that all trajectories of model (3.1) starting from ]Ri will enter and stay in this
region. From the Egs. (3.1a) and (3.1b) it follows that

% =A—dT—61—mEI

<A—min(d,8)(T+I).

Solving this differential inequality gives

A A —min{d,J}t
T(t)—l—I(t)gm—l—<T(O)+I(O)—m>e {doyt,

Consequently,
A
. M
hrtrf::pT(t),I(t) S min{d,o]
Now, define z(t) =T(t)+I(t)+nE(t), where n=Kpgm/bg. It follows that
% <A+nAp—dT—61—punE

<A+nAg—min(d,é,p)z.
Applying the same method to this inequality yields

limsupz(t) < e _ DA+ mKpAL

Since T(t),I(t) >0, this bound on z(t) directly implies

. bE)H—mKB/\E
< .
BP0 K min{d,0,1]

This completes the proof of Theorem 3.1. O
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Obviously, system (3.1) always have a unique disease-free equilibrium &) =
(A/d,0,Ag /). Using the next generation matrix method, we have
Fo2f yosy M
d M
Thus, the basic reproductive number can be expressed by
- ABu
Ho=FV = .
0 d(op+mAg)

In order to classify the equilibria of system (3.1), we begin by presenting some nota-
tions that will be used in the following. Define

f(I)=aoP+a1 I’ +ayl+-a3, (3.2)
A :4(a% —3apaz),
AB—dd

6B

—ay— /a3 —3apar

I=

ILrnax = ’

3a
\/7

—a1+ /a3 —3agay

ILmin = 32
0

where
ap=mAgB+0p(u+dg—bg),
ay =mApd+ (u+mAg)B(Kg+Kp)+6B(deKg—beKp)+(6d—AB) (u+dg —bg),
ay = (0u+mAg)BKgKp+ (6pud+mAgd—ABu)(Kp+Kp)+(8d—AB)(deKg —beKp),
a3 =mApdKgKp+(6d—AB)uKgKp.

We obtain the following theorem.

Theorem 3.2. (1) System (3.1) always admits a trivial disease-free equilibrium &y=(A/d,0,Ar/u).
(2) Suppose that %y < 1. Then

(1) if A>0,0<Imin< Tand f(Irmin) <0, system (3.1) has two positive equilibria, denoted
by & =(T5,13,E;) and & = (T5,13,E}) respectively;
(ii) if A>0,0< Ipmin < [ and f(Ipmin) =0, system (3.1) has only one positive equilibrium,
denoted by &y3=(T53,153,E553);
(iii) otherwise, system (3.1) has no positive equilibrium.
(3) Suppose that %y >1. Then
(i) if A>0,0< I max, Irmin < I, f(ILmax) >0 and f(Ipmin) <O, system (3.1) has three
positive equilibria, denoted by & = (Ty,1I{ ,E} )&y = (T5,15,E3) and & = (15,13, E5)
respectively;
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(ii) if A>0,0< I max, ILmin<I, and f(Ipmax) =0, system (3.1) has two positive equilibria,
denoted by &= (T}, 11 5, E ,) and &5 = (T3, 13, E3) respectively;

(iii) if A>0,0< Ipmax, Inmin <1, and f(Ipmin) =0, system (3.1) has two positive equilibria,
denoted by & = (Ty,1;,E7) and &5y = (Tz* 3,13‘/3,13;‘,3) respectively;

(iv) otherwise, system (3.1) has only one positive equilibrium, denoted by & = (T}, I} ,ET)
or & =(T5,15,E3).

Proof. Any equilibrium point of system (3.1) satisfy the following equalities:

A—dT—BIT=0, (3.3a)

BIT —51—mEI=0, (3.3b)
I I

Ag+be E—d E—uE=0. (3.3¢)

Kg+1 EKp+I
From the Egs. (3.3a) and (3.3b), it follows that

A
T_d+/31’

Ez%(%—é).

Substituting (3.4) into the Eq. (3.3c) yields

f(I)=0. (3.5)

We can see that E >0 if and only if I < I. To classify the equilibria of system (3.1), it is
sufficient to investigate the roots of Eq. (3.5) in the interval (0, ). Direct calculation yields
that

(3.4)

f(0)=ApuKpKp <%0 —1> ,

A m)u\E
)=
Since y+dg > bg, we have ayp > 0. Consequently, f(I) satisfies lim;_,_ f(I) = —oc0 and
limj_, 1 f(I) = +o0. Furthermore, if A >0, f(I) has two critical points, denoted by Ir__

and I, , corresponding to a local maximum and a local minimum, respectively. We now
consider two cases.

Case 1. Z) < 1. In this case, lim;_, _« f(I) = —oc0 and f(0) >0, thus Eq. (3.5) admits at
least one root in the interval (—o0,0). Consequently, Eq. (3.5) may have 0,1, or 2 roots in
the interval (0,1). Moreover,

(5BKp+AB—6d)(6BKp+AB—5d) >0.

(i) if A>0,0<1Iy, <I, and (I, ) <0, it follows that Eq. (3.5) has two roots I; and
I3 in (0,1c ) (see Fig. 2(a)). Therefore, system (3.1) admits two positive equilibria, denoted
by & = (T3,13,E5) and & = (T5, I3, E);
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Figure 2: Graphs for the functions f(I) in the interval (0,1).

(i) if A>0,0< 1, <I, and f(Ir,, ) =0, Eq. (3.5) exhibits a double root I3 in (0,])
(see Fig. 2(b)). In this case, system (3.1) possesses a unique positive equilibrium, denoted
by &3 =T33, 133, E35);

(iii) otherwise, no roots of Eq. (3.5) exist in (0,1) (see Fig. 2(c)), and system (3.1) has no
positive equilibrium.

Case 2. %> 1. In this case, limj_,_« f(I) =—o0 and f(0) <0, implying that Eq. (3.5)
admits at most two roots in (—o0,0). Consequently, Eq. (3.5) possesses at least one and at
most three roots in the interval (O,f ). Moreover,
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() ifA>0,0<Iy, I, <[ f(I,.)>0and (I, ) <0, Eq. (3.5) has three roots I}, I}
and I3 in (0, I ) (see Fig. 2(d)). Therefore, system (3.1) admits three positive equilibria:
&7 =(T{, 11, E}), & = (15,13, E3), and &5 = (T3, I3, E3);

(i) if A>0,0< Iy, It <1, and f(Ir,, ) =0, Eq. (3.5) exhibits a double root I},
and a simple root I in (0,]) (see Fig. 2(e)). In this case, system (3.1) has two positive
equilibria: &7, = (T1*,21 Il*,z,Ei‘,Z) and & =(T5,15,E3});

(i) if A>0,0<1y, I, <I, and f(I.,, ) =0, Eq. (3.5) contains a simple root I; and

a double root I35 in (O,f ) (see Fig. 2(f)). Here, system (3.1) has two positive equilibria:
é7 =(T7,17,E]) and Er3= (Tf,srlf,erz,s)}

max’/

(iv) otherwise, Eq. (3.5) has exactly one root I or I} in (0, I ) (see Figs. 2(g)-2(i)), and
system (3.1) possesses a unique positive equilibrium &} = (T;, I}, E}) or & = (T3, 13 ,E}).

This completes the proof of theorem. O

We now analyze the stability of the equilibria in system (3.1). The stability of the
unique disease-free equilibrium &)= (A/d,0,Ag /) is determined as follows.

Theorem 3.3. For system (3.1), the disease-free equilibrium &=(A/d,0,Ag / u) is locally asymp-
totically stable if %y <1, and unstable if %o > 1.

Proof. The Jacobian matrix at the equilibrium &y=(A/d,0,Ar/u) is

AB
—d -= 0

O L

H
Ae (b_E_d_E> -
12 KB KD #
The eigenvalues of J(&y) are readily obtained as —d, AB/d—(du+mAg)/pu, and —p.

Therefore, & is stable if and only if AB/d— (du+mAg)/u <0 (i.e. Zy <1) and unstable if
AB/d— (du+mAg)/u>0 (i.e. Zy>1). This completes the proof of theorem. O

We now analyze the stability of the positive equilibria in system (3.1).

Theorem 3.4.

(1) If the positive equilibrium & = (Ty,I{,E7) exists (except for the case where A =0 and
I} = —a1/(3a0), then it is either locally asymptotically stable, or the dimension of its unstable
manifold or center manifold is even.

(2) If the positive equilibrium &= (T}, I} ,E7) exists, and A=0, I} =—ay1 / (3ap), then it has
at least one dimensional central manifold and at most one dimensional unstable manifold.

(3) If the positive equilibrium &, = (Ty,I;,E3) exists, then it is unstable.
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(4) If the positive equilibrium &5 = (T5,1;,E3) exists, then it is either locally asymptotically
stable, or the dimension of its unstable manifold or center manifold is even.

(5) If the positive equilibrium &7, = (T », Iy 5, EY ,) exists, then it has at least one dimensional
central manifold and at most one dimensional unstable manifold.

(6) If the positive equilibrium &5 3= (Tz* 3,13‘/3,13;,3) exists, then it has at least one dimensional
central manifold and at most one dimensional unstable manifold.

Proof. Let &*(T*,I*,E*) be a positive equilibrium of system (3.1). The Jacobian matrix
at &* is

—d—BI* —BT* 0
He=| P 0 —mlI* |
0o _ E*g(I") A

(Kg+I*)2(Kp+1*)2  E*

where
g(I*) = (dEKD—bEKB)I*Z—FzKBKD(dE—bE)I*—FKBKD(dEKB—bEKD).
Following the approach in [16], we find

I*

det(E) =~ rmmor ) 1

where f(I) has been defined in (3.2).
Let {; (&) fori=1,2,3 be the eigenvalues of ] (&), ordered such that R¢; (&™) <NRE; (6)
for i <j. From the properties of the eigenvalues, it follows that

Y86 ) = ((6) == G- 1 <0,
T8 = et (1(6) = ~ ey 0

To analyze the stability of the positive equilibria, we first examine f'(I). Note that
f'(I) is a convex quadratic function since a9 > 0. The sign structure of f’(I) is character-
ized as follows:

(1) If A>0, then f'(I) has two distinct real roots I _and Ir
f,(I) < O’ Ie (ILmax’ ILmin)’

f/(I) :O’ I: ILmax or ILmin’
f/(1)>0’ Ie(_oo’ILmax)U(IL

i (With Iy <Ip ), and

+00).

min’/

(2) If A=0, then f'(I)=01if and only if I =—a1/(3ap). In the other cases, f'(I) > 0.
(3) If A<O, then f'(I) >0 holds.
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We now analyze the stability of the positive equilibria based on these properties.

(1) Suppose that the positive equilibrium & exists (except for the case where A=0
and I} =—a1/(3ap)). We have

Z?_lci((flﬂ:tr(f(gf))=—2—§—%<o,
3 *) — )Y — I /(7%
[T . Gi(&) =det(J(& ))__(KBH;‘)l(KDH;‘)f (I}) <O0.

This implies that the number of the eigenvalues with nonnegative real parts of the matrix
J(&}") are zero or even. Thus, the positive equilibrium &* is locally asymptotically stable
or the dimension of its unstable and center manifold are even.
(2) Suppose that the positive equilibrium &} exists, and A =0,I{ = —a,/(3a9). We
have
3 % % AE A
Zizléi(gl )=tr(J(&)) = _E_T - T_l* <0,
3 Iy
CGil&E) =det(J(&))) =— 1 "(IF)=0.
Hl:1€l< 1) € (]( l)) (KB_}'Iik)(KD_FIik)f( 1)

This implies that the matrix J(&}") has at least one zero eigenvalue and at least one eigen-
value with negative real parts. Thus, the positive equilibrium &} has at least one dimen-
sional central manifold and at most one dimensional unstable manifold.
(3) Suppose that the positive equilibrium & exists. We have
3 * * Ag A
Zizlél’(gz ) :tr(](gz )) = _E_;: — T_Z* <O,

[T &) =det(1(6) = - (it (1) >0

This implies that the number of the eigenvalues with positive real parts of the matrix
J(&5) are odd. Thus, the positive equilibrium & is always unstable and the dimension
of its unstable manifold is always odd.
(4) Suppose that the positive equilibrium &5 exists. We have
3 * * AE A
Yo Gi(E) =t (J(&)) = BT <0,

3 * * I’; /(1%

- Ci(&5 ) =det(J(&3)) =— I3) <O0.
Hl:1€l< 3) e (]( 3)) <KB+I§)<KD+I;)f<3)

This implies that the number of the eigenvalues with nonnegative real parts of the matrix
J(&5) are zero or even. Thus, the positive equilibrium & is locally asymptotically stable
or the dimension of its unstable and center manifold are even.
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(5) Suppose that the positive equilibrium &7, exists. We have

3 * * Ag A
ZZ‘:1 gi(gl,Z) :tr(](gl,Z)) = _ET - T* <0,
1,2 1,2

3 0\ % o Iik,Z 1T\
[T ,Gi(67) =det(J(&75)) __(KBHT,Z)(KDHi‘,z)f (Ii) =0.

This implies that the matrix (&7, ) has at least one zero eigenvalue and at least one eigen-
value with negative real parts. Thus, the positive equilibrium &7, has at least one dimen-
sional central manifold and at most one dimensional unstable manifold.

(6) Suppose that the positive equilibrium &35 exists. We have

3 * * Ag A
Yo Gi(E) =tr(J(&5) = . <0
23 123

3 0\ % o 15,3 1T\
Hizl gi(éDZ,B) _det(](éDZ,?))) - (KB+I;,3) (KD_i_I;,?’)f (12,3) =0.

This implies that the matrix [ (&;';) has at least one zero eigenvalue and at least one eigen-
value with negative real parts. Thus, the positive equilibrium &35 has at least one dimen-
sional central manifold and at most one dimensional unstable manifold.

This completes the proof of Theorem 3.4. O

4 Complex dynamics

In this section, the bifurcation of system (3.1) is analyzed to investigate its complex dy-
namics.

For our numerical analysis, we vary the parameters m (effector cell killing rate) and dg
(saturation of immune impairment coefficient), with all others kept constant. All param-
eter values used in the simulations are summarized in Table 1.

Bifurcation diagrams shown in Figs. 3 and 4 are generated using the parameter val-
ues given in Table 1. Fig. 3 presents a bifurcation diagram for system (3.1), with m as the
bifurcation parameter and a fixed value of dg =5. From Fig. 3, if m < mB2, the unique
positive equilibrium &7 is locally asymptotically stable. If mBP2 < m < mBP1 there are
three positive equilibria corresponding to &, &', and &5, respectively. The equilibria &}
and & are stable, and &5 is unstable. When mBPA <m <mBP3, system (3.1) exhibits two
positive equilibria &' and &5. The equilibrium &5 is always unstable. As m increases
through mH the equilibrium &% undergoes a Hopf bifurcation, transitioning from stabil-
ity (m <m') to instability (m'’ < m). Since the first Lyapunov coefficient of system (3.1)
at m=m™ is —1.225x107*, a supercritical Hopf bifurcation occurs at m = m for sys-
tem (3.1). This implies the appearance of a stable limit cycle as m passes through mf.
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Table 1: Parameter values used in simulations.

Variables Description Value Ref

A Target cell production 10% cells/mL/day [9]

d Target cell death rate 0.01day~! [9]

i Mass-action infectivity 1.5x10"8mL/ day [13]

) infected cell death rate 1 day’1 [29]
m Effector cell killing rate - -

p Viral production rate 2000day ! [13]

c Virion clearance rate 23 clay’1 [13]
AE Effector cell production rate lcell/mL/day [13]
br Effector cell proliferation coefficient 4day~! [10,52]
Kp Effector cell production Hill function scaling 2cells/mL [10,52]
dg Saturation of immune impairment coefficient - -

Saturation of immune impairment
Kp Hill function scaling Scells/mL [10,52]
U Effector cell loss rate 1.5day ! [52]
300
250
200
— 150
100
50
O '] Il ] ]
0.25 0.3 0.35 0.4 0.45 0.5 055 06 0.65 0.7

m

Figure 3: Bifurcation diagram with m as the bifurcation parameter. The value of df is chosen to be dp =5.
All other parameter values are listed in Table 1. BP denotes branch point and H denotes Hopf bifurcation
point. Blue lines represent stable equilibrium, while red lines represent unstable equilibrium. The numerical

simulation shows three branch points and one Hopf bifurcation point at mB=0.282, mBP =0.457, mH =0.662,

and mBP =0.673, respectively, as m increases. The first Lyapunov coefficients of system (3.1) at m=m is
—1.225x10~4.
For m > mBP3, system (3.1) has no positive equilibrium. These dynamical behaviors are

illustrated in Fig. 5.
Fig. 4 presents a bifurcation diagram in the (dg,I)-parameter space with fixed m=0.42.
It shows that as dr increases, system (3.1) exhibits sequential bifurcations: two branch



16 A.Sun, L.-L. Fan, T. Guo and Z.-P. Qiu / CSIAM Trans. Life Sci., x (2026), pp. 1-27

300
250
200

— 150

100

50

6 6.5 7 75 8
de

Figure 4: Bifurcation diagram with dr as the bifurcation parameter. The value of m is chosen to be m=0.42.
All other parameter values are listed in Table 1. BP denotes branch point and H denotes Hopf bifurcation point.
Blue lines represent stable equilibrium, while red lines represent unstable equilibrium. The numerical simulation

shows two branch points and Hopf bifurcation point at dgpl :4.075,171?:4.109, and ngz =7.501, respectively,
as dr increases. The first Lyapunov coefficients of system (3.1) at dg :d? is 1.994x 1074,

points (dgp’l,dgp’z) and one Hopf bifurcation point (d? ). When dp < dlgp’l, the unique
positive equilibrium &7 is locally asymptotically stable. If dgp d<dp < dgp 2, system (3.1)
exhibits three positive equilibria &7°, & and &3". The equilibrium &}* is stable, while &5
is unstable. A subcritical Hopf bifurcation, characterized by a positive first Lyapunov
coefficient (1.994 x 10~*), occurs at &3 when dg :d? . The equilibrium is stable for d? <dp
but unstable for dg < d¥, with an unstable limit cycle emerging as dg passes through d4.
For dlgp 2 <dg, system (3.1) has a unique positive equilibrium &, which is locally asymp-
totically stable. These dynamical behaviors are illustrated in Fig. 6.

To further explore the complex dynamics of system (3.1), simulations are conducted
for various values of parameter m, with the resulting behaviors illustrated in Fig. 5. The
parameter values used in Figs. 5(a)-5(e) are m =0.27,0.35,0.65,0.6621, and 0.68, respecti-
vely, with all other parameters being the same as in Fig. 3. Fig. 5(a), where m=0.27< mBP2,
shows that all solutions converge to the unique positive equilibrium

& (T3, I, E3) = (8.4986 x 10°,1.3544 x 10%,0.4020).

In Fig. 5(b) where m =0.35, system (3.1) has three positive equilibria &7, &5, and &5, and
we observe that solutions converge to either

& (T, I, ET) = (9.9993 x 10°,0.5104,0.8695)
or & (T3, I,E5) = (8.7466 x 10°,1.0987 x 10°,0.4025),

depending on the initial conditions. When m increases to 0.65 (Fig. 5(c)), passing through
mBPA, system (3.1) possesses two positive equilibria &5 and &; . Here, solutions converge
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to either the positive equilibrium
& (T3, 13,E3) = (9.7215 x 10°,219.6075,0.4124)
or the boundary equilibrium
&o(To, Io,Eo) = (10°,0,0.6667),

contingent upon initial conditions. For m = 0.6621 (Fig. 5(d)), which is slightly greater
than m!!, system (3.1) still exhibits two positive equilibria & and &5, but its dynamical
behavior differs from those shown in Fig. 5(c). In Fig. 5(d), a stable periodic solution
exists, and, depending on the initial conditions, solutions converge to either the peri-
odic solution or the boundary equilibrium &. When m exceeds mBP3 (m=0.68, Fig. 5(e)),
system (3.1) has no positive equilibrium, and all solutions converge to the boundary equi-
librium &j.

Simulations investigating the influence of various values of parameter dr on system
(3.1) are also performed, with the resulting behaviors shown in Fig. 6. The dg values for
Figs. 6(a)-6(e) are 4,4.09,4.15,7.4, and 7.6, respectively. All other parameter values remain
consistent with those in Fig. 4. In Fig. 6(a) where dp =4 < dgp A
positive equilibrium

, system (3.1) has a unique

& (T7, I EX) = (9.9999 x 10°,0.1098,0.7246),

Figure 5: Numerical simulations (phase portraits) of system (3.1) for various m values chosen according to the
bifurcation diagram in Fig. 3. Other parameter values are the same as in Fig. 3. (a) m=0.27, (b) m=0.35,
(c) m=0.65, (d) m=0.6621, (e) m=0.68. The red symbol * represents the equilibria under the corresponding
parameter conditions.
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Figure 6: Numerical simulations (phase portraits) of system (3.1) for various dr values chosen according to the
bifurcation diagram in Fig. 4. Other parameter values are the same as in Fig. 4. (a) dp =4, (b) dp =4.09,
(c) dg=4.15, (d) dg =74, (e) dg=7.6. The red symbol * represents the equilibria under the corresponding
parameter conditions.

and all solutions converge to it. Fig. 6(b) shows that system (3.1) possesses three positive
equilibria &7, &5, and &5, where all solutions converge to

& (T1, I ES) = (9.9999 x 10°,0.1120,0.7246)

since dg =4.09 <dH. For dg =4.15 (Fig. 6(c)), which is slightly greater than d¥, three pos-
itive equilibria persist, but the dynamical behavior differs from those shown in Fig. 6(b).
In Fig. 6(c), an unstable periodic solution exists, and solutions converge to either
& (T, I, EF) = (9.9999 x 10°,0.1134,0.7246)
or & (T;,I3,E3) = (9.6775x 10°,255.4621,0.6245),

depending on the initial conditions. When df increases to 7.4 (Fig. 6(d)), system (3.1) still
exhibits three positive equilibria &7, &5, and &5, but no unstable periodic solution exists.
Depending on the initial conditions, solutions converge to either

& (T, I, ET) = (9.9994 x 10°,0.3905,0.7245)

or & (T3, I5,E5) = (8.3266 x 10°,1.5408 x 10°,0.2049).

When dg exceeds dgp 2 (dg =7.6, Fig. 6(e)), all solutions converge to the unique positive

equilibrium
&5 (T5,15,E3) = (8.3006 X 10°,1.5696 x 103,0.1969).
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To determine the key parameters governing infection control and immune function,
we performed a sensitivity analysis of the steady-state infected cells (I) and effector cells
(E) using partial rank correlation coefficients (PRCCs), as shown in Fig. 7. As indicated
by |PRCC| > 0.4, parameter a shows the strongest positive impact on I, while m shows
a significant negative effect. For E, parameters Ar and bg exhibit significant positive
correlations, whereas dr and y exhibit significant negative correlations. Among these
parameters, m represents the cytotoxic capacity of CD8' T cells against infected cells,
and d reflects the threshold of proliferation impairment due to exhaustion. Both of these
parameters are directly linked to the principal character of CD8" T cell exhaustion — re-
duced effector functions and decreased proliferative capacity. Therefore, it is reasonable
to select these two parameters to characterize the dynamics of exhaustion and investigate
their bifurcations.

PRCC Values
O © o o
N o MR OO

S o ©
w o

'
[N

Parameters

Figure 7: Parameter sensitivity analysis for the steady-state infected cells I (blue) and effector cells E (brown).

5 Tipping analysis of CD8" T cell exhaustion

In this section, we model the time-varying process of CD8" T cell exhaustion, and exam-
ine its impact on HIV infection dynamics through numerical simulations.

In chronic infections, the CD8" T cell progressively transition toward exhausted sta-
tes, exhibiting escalating dysfunction. This ultimately leads to near-total differentiation
into terminally exhausted CD8™ T cells, resulting in virtual loss of antiviral functionality
[4]. Here, we model this exhaustion process, denoted as s(t), as a logistic growth function
evolving from s =0 (onset of exhaustion) to s =1 (full exhaustion), given by

- 1
s(t)= 14e 10r45°
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The parameter r represents the progression rate of CD8" T cell exhaustion. Therefore,
1/r represents the time required for exhaustion to develop. Clinically, HIV infection pro-
gressors is categorized into three primary types based on disease progression rates [26]:

(1) rapid progressors who develop AIDS within 3 years of infection, potentially within
less than one year [31];

(2) typical progressors who develop AIDS slowly, 3 to 10 years after seroconversion;
(3) long-term non-progressors who show no disease progression for at least 10 years.

Accordingly, we simulate CD8" T cell exhaustion durations aligned with these cate-
gories: 400 days (rapid progressors), 2400 days (typical progressors), and 4000 days
(long-term non-progressors).

In absence of detailed information about the impact of exhaustion level on CD8"
T cell functions (killing, expansion), we assume all these functions to be equally reduced
with the level of CD8" T cell exhaustion [6]. Thus, the effector cell killing rate m(s(t)) and
the saturation of immune impairment coefficient dg (s() ) are modeled as linear functions
of the CD8™ T cell exhaustion process s(t):

m(s (t)) = <mend - msturt>5(t) + Mstart,
dE (S(t)) = (dend _dstart)s(t) +dstart~

Here, mgtrqr and dsgr denote the values of m(s(t)) and de (s(t)) at the onset of CD8™ T cell
exhaustion (s = 0), respectively. Following reference [13], we set 115+ = 0.42. Naturally,
the saturation of immune impairment coefficient without exhaustion is set to zero, i.e.
dstart = 0. Mgy and d,,g represent the values of m(s(t)) and dg(s(t)) at full CD8" T cell
exhaustion (s=1), respectively. Based on >70% reduced cytotoxicity-associated cytokine
expression in exhausted CD8™ T cells [22,47], we choose 11,,;=0.1. Assuming equivalent
steady-state viral loads at m=0.1 and dg =d,,,4, the bifurcation analysis yields d,,,; =13.
After the acute HIV phase, viral load stabilizes at a low set-point. We posit this equi-
librium represents both stabilized host dynamics and the onset of CD8" T cell exhaustion.
Based on bifurcation analysis, we initialize simulations at stable low-viral-load equilib-
ria corresponding to CD8™ T cell exhaustion onset. For time-varying m studies, we use
the equilibrium (999980,0.13,0.73) at m =0.42 (other parameters match Fig. 3). For time-
varying dr studies, we use (999990,0.064,0.72) at dr =0 (other parameters match Fig. 4).
Our analysis first examines how variations in parameter m during CD8" T cell ex-
haustion influence HIV infection dynamics. The simulation results are presented in Fig. 8.
Fig. 8(a) shows the viral load trajectories over time ¢ under different disease progression
rates. All trajectories initiate from a low viral load state. As the infection progresses (i.e.
the parameter m decreases), a critical transition (tipping, [1,2]) occurs for three curves,
characterized by a sharp increase in growth rate that drives rapid viral expansion to high
levels. The trajectories then converge to relatively high steady states after damped os-
cillations. This progression aligns with the clinically observed shift from asymptomatic
infection to AIDS. These findings indicate that CD8" T cell exhaustion not only elevates
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6 Trajectories Over Time Trajectories as Parameters Vary
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Figure 8: Viral dynamics under changes in parameter m induced by CD8" T cell exhaustion. (a) Time-
evolution trajectories for different disease progression rates; (b) Corresponding trajectories as the parameter m
changes. The magenta, cyan, and green solid lines correspond to long-term non-progressors (r =1/4000),
typical progressors (r=1/2400), and rapid progressors (r=1/400), respectively. The thick dashed-dotted lines
represent the bifurcation branches of the autonomous system (3.1), with blue indicating stable branches and red
indicating unstable branches. The black dot is the starting point of the trajectories. The magenta triangle is
the saddle-node bifurcation point corresponding to the point BP, in Fig. 3.

viral loads but also triggers a dynamical tipping point, leading to sustained high-level
viremia. Moreover, a faster progression of CD8" T cell exhaustion (i.e. higher value
of 1/r) leads to earlier tipping points and lower viral load levels at the time of transition.

The underlying mechanisms behind the above-mentioned tipping phenomena re-
quire further investigation through bifurcation analysis of the autonomous system (3.1).
Simulation results are shown in Fig. 8(b), which shows the viral load trajectories with dif-
ferent disease progression rates as parameter m changes. When m>m?"2, the autonomous
system (3.1) possesses three positive equilibria: a low and a high viral load equilibrium,
separated by an unstable equilibrium. As m decreases, the viral load of low viral load
equilibrium increases gradually. In the non-autonomous system (2.4), trajectories origi-
nate within the basin of attraction of this low viral load state and follow its slowly rising
stable branch. Once m crosses the saddle-node bifurcation point, the low viral load equi-
librium and the unstable equilibrium collide and vanish, leaving a single high viral load
equilibrium in the autonomous system. Deprived of the low viral load state, trajectories
of the non-autonomous system rapidly converge toward the remaining high viral load
state. The ascent rate surges sharply, driving the viral load rapidly to high levels. The
trajectories then undergo damped oscillations before gradually converging to the high
viral load stable branch. These behaviors exemplify B-tipping, a critical transition caused
by the disappearance of a stable branch via bifurcation.

Our results show no evidence of R-tipping, where faster parameter progression alone
would induce a critical transition without passing through a bifurcation point of the au-
tonomous system. Furthermore, the bifurcation analysis of the autonomous system (3.1),
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combined with Ashwin’s theoretical framework [1], confirms that the chosen parameter
pathway possesses forward basin stability. This theoretically precludes R-tipping under
these conditions. While varying the progression rate (1/r) does not alter the qualita-
tive trajectory patterns, it significantly affects their quantitative evolution. Specifically,
a faster progression of CD8" T cell exhaustion leads to both lower viral load levels at
equivalent exhaustion states (i.e. identical values of m) before critical transitions and
higher exhaustion levels (i.e. smaller values of m) at the point of transition.

Next, we analyze the effect of changes in the parameter dr during CD8" T cell exhaus-
tion on HIV infection dynamics. Simulation results are presented in Fig. 9. Fig. 9 presents
a pattern for parameter dg similar to that in Fig. 8. For dg < dlgp2, the autonomous system
(3.1) has three equilibria: stable low and high viral load states, separated by an unstable
equilibrium. As dg increases, the low viral load equilibrium rises gradually. Upon cross-
ing the saddle-node bifurcation point, this stable state collides with the unstable equilib-
rium and annihilates, leaving only the high viral load equilibrium. Consequently, in the
non-autonomous system (2.4), trajectories track the stable low viral load stable branch
until the bifurcation, after which they converge rapidly toward the high viral load state.
During which a B-tipping occurs, leading to rapid viral expansion; a faster progression
rate of CD8" T cell exhaustion (i.e. higher 1/r) results in an earlier tipping point, a lower
viral load at equivalent exhaustion states (i.e. identical values of dg), and a higher level of
CD8*' T cell exhaustion (i.e. a larger d) when the tipping occurs. However, compared to
Fig. 8, the trajectories in Fig. 9 show slower viral load increases prior to B-tipping, lower
viral loads at the tipping point, and longer time to reach the tipping point.

Trajectories Over Time Trajectories as Parameters Vary
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Figure 9: Viral dynamics under changes in parameter dr induced by CD8' T cell exhaustion. (a) Time-
evolution trajectories for different disease progression rates; (b) Corresponding trajectories as the parameter
dp changes. The magenta, cyan, and green solid lines correspond to long-term non-progressors (r=1/4000),
typical progressors (r=1/2400), and rapid progressors (r=1/400), respectively. The thick dashed-dotted lines
represent the bifurcation branches of the autonomous system (3.1), with blue indicating stable branches and red
indicating unstable branches. The black dot is the starting point of the trajectories. The magenta triangle is
the saddle-node bifurcation point corresponding to the point BP, in Fig. 4.
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In summary, we simulate HIV infection dynamics with different CD8* T cell exhaus-
tion progression rates (representing three types of infection progressors). The results
show that:

(1) the increase in the level of CD8™ T cell exhaustion drives an increase in viral load
during HIV infection;

(2) the progression of CD8" T cell exhaustion triggers B-tipping, leading to a rapid
viral surge;

(3) a faster rate of CD8" T cell exhaustion progression not only significantly acceler-
ates progression from the asymptomatic phase to AIDS, but also results in a critical
transition in the system where effector cell function is more impaired (smaller 1)
or proliferative potential is further reduced (larger dr).

These results provide valuable insights into how CD8* T cell exhaustion impacts HIV
infection dynamics.

6 Conclusion and discussion

CD8* T cell exhaustion is a key factor in HIV persistence. To explore its impact on virus-
immune dynamics, we develop a novel time-varying parameter model of the CD8* T cell
exhaustion process. Unlike prior mathematical models of HIV infection with exhaustion
effects, which typically employ fixed parameters, our approach explicitly incorporates
time-varying parameters to better capture actual biological progression. Building upon
a constant-parameter model of HIV dynamics with CTL impairment, we focus on two
key exhaustion features: weakened effector function and reduced proliferative capacity.

We apply the quasi-steady-state approximation to simplify the original model, result-
ing in a three-dimensional system with time-varying parameters. To understand the dy-
namics of the non-autonomous system (2.4), we first theoretically analyze the existence
and local stability of equilibria in the corresponding autonomous system (3.1). Next, we
explore the complex dynamics of system (3.1), focusing on parameters governing CD8*
T cell exhaustion: the effector cell killing rate (/1) and the saturation of immune impair-
ment coefficient (dg). Numerical simulations reveal distinct bifurcations: for m (one for-
ward, two backward, and one supercritical Hopf bifurcations) and for dg (one forward,
one backward, and one subcritical Hopf bifurcations). Bifurcation analysis of both pa-
rameters also shows bistability. These theoretical and numerical results provide a solid
foundation for analyzing the dynamics of the time-varying system (2.4).

Numerical simulations of system (2.4) assess how CD8™ T cell exhaustion progression
influences HIV infection dynamics. Figs. 8(a) and 9(a) demonstrate that this progression
both increases viral load and triggers a critical transition, corresponding to the shift from
asymptomatic infection to AIDS. Accelerated progression rates significantly shorten this
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transition time. To further explore the underlying mechanisms, we combine the bifurca-
tion behaviors of the autonomous system (3.1) with the dynamics of the non-autonomous
system (2.4), as shown in Figs. 8(b) and 9(b). These figures indicate that CD8" T cell ex-
haustion drives key parameters (e.g. decreasing m or increasing dg) across saddle-node
bifurcation points, thereby triggering B-tipping. No evidence of R-tipping was observed.
The rate of CD8™ T cell exhaustion progression primarily determines the speed of disease
progression and influences the severity of exhaustion at B-tipping: the faster the rate, the
quicker the disease progresses, and the more severe the exhaustion state (i.e. smaller m
or larger dg) at which B-tipping occurs. Therefore, the extent of CD8" T cell exhaustion
progression is the primary driver of viral growth and disease progression, while the rate
only quantitatively modulates these processes. These findings suggest that, early inter-
vention to slow exhaustion (i.e. reduce rate r) before B-tipping occurs could be more
effective in prolonging the asymptomatic phase and improving long-term survival than
intervention after severe exhaustion has developed.

This study has several limitations. First, to focus on the core impact of CD8" T cell
exhaustion on HIV infection dynamics, our model omit several biologically elements:
(i) latent infection, a major obstacle to HIV cure that evades both immune recognition
and antiretroviral therapy [12]; (ii) CD4 " T cell help, which is crucial for enhancing CD8*
T cell function and limiting the progression toward exhaustion [3,36]. Second, the mul-
tifaceted features of exhaustion is simplified into two consolidated parameters: effector
cell kill rate and proliferative impairment. Third, we do not investigate N-tipping, as it
requires consideration of external or internal noise effects.

Despite these simplifications, our framework provides a foundation for exploring
more complex scenarios. Future studies could incorporate latent reservoirs and treatment
to evaluate their interaction with exhaustion dynamics, following models such as [13].
Considering the role of CD4+ T cells in immune responses [3,24, 36], the model can be
extended to include CD4" T cell help and dysfunction for a more integrated view of im-
mune failure. The framework could also be extended to study exhaustion or exhaustion-
like phenotypes in other immune cells, such as NK and B cells [7,11], following the multi-
compartmental modeling approach for multiple cell types established in [28]. Further-
more, immunotherapeutic strategies to reverse T cell exhaustion, such as anti-PD-1/PD-
L1 treatments [5,21], IL-15 activation [14], and epigenetic modulators [18,43], have shown
promise in improving T cell function and antiviral capacity. Exploring how these inter-
ventions alter the system’s trajectory, potentially redirecting it toward viral suppression
and the tipping phenomenon involved, would be of significant theoretical and clinical
value for optimizing combination strategies and improving patient outcomes.

In summary, this work establishes a time-varying model based on CD8" T cell ex-
haustion dynamics to analyze how CD8™ T cell exhaustion influences HIV disease pro-
gression. We reveal that CD8" T cell exhaustion drives viral load increase and disease
progression via the B-tipping mechanism, thereby providing a mathematical framework
for understanding the role of CD8" T cell exhaustion in HIV infection. This offers novel
methodological insights for developing therapeutic strategies against HIV.
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