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Abstract. In this paper, we focus on efficiently and flexibly simulating the Fokker-
Planck equation associated with the nonlinear noisy leaky integrate-and-fire model,
which reflects the dynamic behavior of neuron networks. We apply the Galerkin spec-
tral method to discretize the spatial domain by constructing a variational formulation
that satisfies complex boundary conditions. Moreover, the boundary conditions in
the variational formulation include only zeroth-order terms, with first-order condi-
tions being naturally incorporated. This allows the numerical scheme to be further
extended to an excitatory-inhibitory population model with synaptic delays and re-
fractory states. Additionally, we establish the consistency of the numerical scheme.
Experimental results, including accuracy tests, blow-up events, and periodic oscilla-
tions, validate the properties of our proposed method.
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1 Introduction

With the development of neuroscience, the analysis of large-scale neuron network models
has attracted significant attention. In recent years, an increasing number of researchers
have begun to employ mathematical theories and tools to analyze the activity of simu-
lated neurons. Various stochastic methods [21, 22] are frequently used to simulate these
mathematical models. However, the computational complexity escalates as the number
of neurons in the networks increases. To address this issue, researchers developed the
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mean-field theory [14, 23, 25], which has been the foundation of a growing number of
models [15, 16, 24] that utilize its principles.

One of the most classic models in computational neuroscience is the nonlinear noisy
leaky integrate-and-fire (NNLIF) model, which utilizes partial differential equations to
describe the dynamic activity of a single neuron’s membrane potential V(t) with statis-
tical description, such as the distribution and the mean firing rate. The NNLIF model
captures the temporal evolution of the membrane potential, considering both its decay
and reset mechanisms. In the absence of external stimuli, the membrane potential decays
exponentially towards the resting potential VL and we assume VL=0 for the sake of sim-
plicity in this paper. Provided that neurons receive excitatory synaptic inputs from other
neurons, the voltage of the neuron continues to increase. Once the membrane potential
reaches the threshold voltage VF, the membrane potential will not continue to increase,
but instead will instantaneously reduce to the reset voltage VR. This process will contin-
uously repeat as the neuron responds to the synaptic inputs.

To characterize the dynamic behavior of the neuron population, the evolution equa-
tion for the probability density function, also known as the Fokker-Planck equation, has
been derived as in [2, 4, 23]
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[

h
(

v,N(t)
)

p(v,t)
]

−a
(

N(t)
)

∂vv p(v,t)=0, v∈ (−∞,VF]/{VR}, t∈ [0,T],
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R ,t)=∂v p(V+
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a
,

(1.1)

where
N(t)=−a

(

N(t)
)

∂v p(VF,t),

h
(

v,N(t)
)

=−v+bN(t),

a
(

N(t)
)

= a0+a1N(t).

(1.2)

Here, the density function p(v,t) represents for a given time t the probability of finding
a neuron at voltage v. The connectivity parameter b is positive for excitatory networks
and negative for inhibitory networks. And h(v,N(t)) is the drift coefficient and a(N(t))
is the diffusion coefficient. N(t) is the mean firing rate of the neurons at time t, and it
determines the magnitude of the flux shift, which results in the complicated boundary
condition at v=VR. The density function p(v,t) satisfies the mass conservation

∫ VF

−∞
p(v,t)dv=

∫ VF

−∞
p0(v)dv=1. (1.3)

In addition, we suppose the initial value p0(v) satisfies the following assumptions [10].
Notice that we shall also introduce the extension of the model for the case of two distinct
populations in Section 4, where the excitatory and inhibitory populations are treated sep-
arately.
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Assumption 1.1. p0(v) ∈ C1((−∞,VR)∪(VR,VF])∩L1((−∞,VF)) is non-negative with
p0(VF)=0 and

lim
v→−∞

∂v p0(v)=0. (1.4)

In recent years, there have been a number of significant developments about the
NNLIF model, including theoretical analysis and numerical simulation. In [4, 10], the
author investigates analytical properties of the solutions, steady states and finite time
blow-up phenomenon for excitatory-average networks or inhibitory-average networks.
Building upon this, multiple population models have been studied in [8, 9] in various
aspects, including stationary solutions and global solution behavior. Additionally, some
researchers focus on the variants of the NNLIF model, such as models with the refrac-
tory state, and synaptic delay [7, 9]. Besides, there has been a growing interest in more
complex solution behavior such that the emergence of cascade assemblies [21, 22] and
periodic oscillations [1–3,19], and the generalized solution of the NNLIF model has been
proposed to allow blow-up events by introducing the dilated time scale [11, 12], which
may serve as a foundation tool for analyzing these complex dynamics in the partial dif-
ferential equation (PDE) models.

Due to the non-linear drift and diffusion terms and the unique flux shift mechanism, it
is challenging to investigate the Fokker-Planck equation (1.1) with analytical techniques.
Therefore, numerical methods are often desired to approximate the exact solution of the
Fokker-Planck equation (1.1). More specifically, we seek an efficient and flexible numer-
ical method that can not only handle the complex boundary conditions and nonlinear
terms but is also expected to be applicable to various forms of the Fokker-Planck equa-
tions for neuron networks, including an excitatory-inhibitory populations model with
synaptic delays and refractory states.

Various numerical methods have been proposed to simulate the NNLIF PDE model.
In [5], a finite difference method, which combines the weighted essentially nonoscillatory
(WENO) construction and the Chang-Cooper method, is applied to this model with the
explicit third-order Runge-Kutta method. In [27], a comparison was made between a fi-
nite element method (FEM) using Euler’s backward difference scheme and the WENO
finite difference method, with the finite element method showing potential advantages
for nonlinear noisy LIF models. Additionally, a discontinuous Galerkin method for the
variant model with delay and refractory periods is proposed in [26] with justified stability
properties.

In recent years, developing structure-preserving methods for this model has appeared
to be a new trend. A conservative and conditionally positivity-preserving scheme is pro-
posed in [18] in the framework of the finite difference method, and the semi-discrete
scheme is also proved to satisfy the discrete relative entropy estimation. Based on [18],
the authors propose an unconditionally positivity-preserving and asymptotic preserving
numerical scheme in [17] and a specialized multi-scale solver, integrating macroscopic
and microscopic solvers, is presented in [13] along with a rigorous numerical analysis for
hybridizing both solvers.
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To further reduce the computational complexity, there is also a trend to reduce the
complex PDE dynamics to the hierarchy of moment equations, which naturally implies
a computational tool. A moment method based on the maximum entropy principle is
introduced in [30] to approximate the master equation of interacting neurons. In [31],
an asymptotic preserving numerical method in the framework of the spectral method
without the above limitation is introduced, where the construction of the basis function
can satisfy the dynamic boundary conditions exactly, and the spectral convergence is
validated. However, unnecessary boundary conditions are imposed in its variational
formulation, and the extension of the method in [31] in the current form is rather limited.

In this paper, we focus on developing a flexible spectral-Galerkin method for solving
the Fokker-Planck equation (1.1) in a semi-unbounded region. Spectral methods have
demonstrated significant advantages for simulating the PDE model as shown in [31],
particularly in terms of spectral accuracy. That method in [31] primarily utilizes the Leg-
endre spectral-Galerkin method to solve a specific variational formulation of the Fokker-
Planck equation. In this variational formulation, three types of boundary conditions
are imposed, including the Dirichlet boundary conditions, the continuity condition, and
the dynamical derivative conditions. However, due to the strict constraints imposed
by the derivative conditions, it is challenging to extend such a method to models with
more complex derivative boundary conditions, such as population models with synaptic
delays and refractory periods. To overcome these limitations, we propose a Laguerre-
Legendre spectral-Galerkin method (LLSGM) based on an alternative variational form.
We reconstruct the weak formulation to only include the essential boundary conditions
and the dynamical derivative boundary conditions are naturally implied. Consequently,
the proposed numerical method can be readily extended to models with variant deriva-
tive boundary conditions. Additionally, we demonstrate the consistency of the numerical
scheme with the Fokker-Planck equation, ensuring the reliability of the computational re-
sults.

We also carry out extensive numerical experiments with the proposed numerical
method. We test the convergence in the temporal and spatial directions and the ability to
capture the blow-up events in finite time. Additionally, we extend the proposed method
to the excitatory-inhibitory populations with synaptic delays and refractory states and
observe the periodic oscillations. The results indicate that the proposed method can be
effectively applied to the variants of the Fokker-Planck equation (1.1). We stress that,
in contrast to the spectral method in [31], the variational formulation presented here in-
cludes only zeroth-order boundary conditions, while the derivative boundary conditions
in (1.1) are implicitly contained within the weak form, ensuring the general applicability
of the method.

The organization of the paper is as follows. In Section 2, we introduce the weak so-
lution and classical solution of the Fokker-Planck equation (1.1), and develop their con-
ditional equivalence. In Section 3, we construct the spectral approximation based on the
weak solution, where we introduce the basis functions to discrete the spatial direction
and the semi-implicit scheme employed for discretizing the temporal direction. Further-
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more, the consistency of the numerical scheme is verified. In Section 4, we extend our
method to the two-populations model with synaptic delay and refractory period. In Sec-
tion 5, we present numerical experiments, including those for the one-population model
and the two-population model.

2 Weak solution

In this section, we present a detailed description of both the weak solution and the clas-
sical solution to the PDE model (1.1)-(1.2). Additionally, we demonstrate the equivalence
between the weak solution and the classical solution under certain conditions, establish-
ing a critical theoretical foundation for the proposed numerical method in later sections.

First of all, we consider the definition of classical solution as presented in [20].

Definition 2.1 (Classical Solution). (p(v,t),N(t)) is a classical solution of the system (1.1)-
(1.2) in the time interval [0,T] for any given 0<T<+∞ with Assumption 1.1 under the following
conditions:

(1) N(t) is a continuous function for t∈ [0,T],

(2) p(v,t) is continuous in the region {(v,t) :−∞<v≤VF , t∈ [0,T]},

(3) ∂vv p(v,t) and ∂t p(v,t) are continuous in the region {(v,t) : v ∈ (−∞,VR)∪(VR,VF],
t∈ (0,T]},

(4) ∂v p(V−
R ,t), ∂v p(V+

R ,t) and ∂v p(V−
F ,t) are well defined for t∈ (0,T],

(5) for t∈ (0,T], ∂v p(v,t)→0, where v→−∞,

(6) p(v,t) satisfies (1.1)-(1.2) and p(v,0)= p0(v) for v∈ (−∞,VR)∪(VR,VF].

Here, the fifth condition involves the limit of the derivative at negative infinity. For sim-
plicity, we will use the notation ∂v p(−∞,t)=0 to denote

lim
v→−∞

∂v p(v,t)=0. (2.1)

Based on the classical solution p(v,t) as defined in Definition 2.1, we derive a weak so-
lution by multiplying both sides of (1.1) with a test function φ(v)∈C∞

0 ((−∞,VF]), where
v∂vφ(v),∂vφ(v) and vφ(v)∈L∞((−∞,VF]). We then perform integration by parts to obtain

∫ VF

−∞

[

∂t p(v,t)φ(v)−h
(

v,N(t)
)

p(v,t)∂vφ(v)+a
(

N(t)
)

∂v p(v,t)∂vφ(v)
]

dv

+
(

h
(

v,N(t)
)

p(v,t)φ(v)
∣

∣

V−
R

−∞
+h
(

v,N(t)
)

p(v,t)φ(v)
∣

∣

VF

V+
R

)

−
(

a
(

N(t)
)

∂v p(v,t)φ(v)
∣

∣

V−
R

−∞
+a
(

N(t)
)

∂v p(v,t)φ(v)
∣

∣

VF

V+
R

)

=0. (2.2)
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Defining the operator B(p,φ) as

B(p,φ)=
∫ VF

−∞

[

∂t p(v,t)φ(v)−h
(

v,N(t)
)

p(v,t)∂vφ(v)

+a
(

N(t)
)

∂v p(v,t)∂vφ(v)
]

dv, (2.3)

then, by applying the boundary conditions (1.2), (2.2), reduces to

B(p,φ)+a
(

N(t)
)

∂v p(VF,t)[φ(VR)−φ(VF)]=0, (2.4)

where p(v,t) satisfies

p(−∞,t)=0, p(VF,t)=0, p(V−
R ,t)= p(V+

R ,t). (2.5)

Thus, the weak solutions are introduced formally as below.

Definition 2.2 (weak solution). Define the trial function space

U(Ω)=
{

p(v)∈H
1(Ω)

∣

∣ p(VF)= p(−∞)=0, p(V−
R )= p(V+

R )
}

, (2.6)

where Ω=(−∞,VR)∪(VR,VF). Let p(v,t)∈C1([0,T];U(Ω)),N(t)∈C([0,T]) and p(v,0)=p0(v)
satisfying Assumption 1.1 for v∈Ω. Additionally, assuming that p(v,t) is differentiable at VF,V+

R

and V−
R .

Then (p(v,t),N(t)) is a weak solution of (1.1)-(1.2) if for any test function φ(v) ∈
H

1((−∞,VF]) with v∂vφ∈H
1((−∞,VF]), φ(v) and vφ(v)∈L∞((−∞,VF]), the following equa-

tion:
B(p,φ)+a

(

N(t)
)

∂v p(VF,t)[φ(VR)−φ(VF)]=0 (2.7)

is satisfied for all t∈ (0,T].

Here, C1
(

[0,T];U(Ω)
)

represents the space comprising all continuous functions f (v,t)
from [0,T] to U(Ω) with

‖ f (t)‖C([0,T];X) := max
0≤t≤T

‖ f (t)‖X <∞, (2.8)

and first derivatives are also continuous with

‖∂t f (t)‖C([0,T];X) := max
0≤t≤T

‖∂t f (t)‖X <∞, (2.9)

where X=U(Ω). The set of bounded functions is denoted as L∞((−∞,VF]). H
1((−∞,VF])

is used to denote the abbreviation of classical Sobolev space W1,2((−∞,VF]). It should be
noted that the boundary conditions satisfied by the weak solution in Definition 2.2 only
include the zeroth-order boundary conditions, while the derivative boundary condition
in (1.1) is implied within the weak solution as a natural boundary condition. This treat-
ment of boundary conditions simplifies the variational formulation of the problem (1.1)
by removing the need to enforce higher-order derivatives at the boundaries.
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Remark 2.1. The model extension discussed in Section 4 further supports the reason-
ableness of retaining only the zeroth-order boundary conditions as essential boundary
conditions. This demonstrates that the numerical method based on the weak solution
presented in Section 3 is both practical and effective.

Before constructing the numerical scheme, we first demonstrate the relationship be-
tween the weak solution in Definition 2.2 and the classical solution in Definition 2.1.

Theorem 2.1 (Equivalence to the Classical Solution). Given p(v,t) ∈ C1([0,T];U(Ω)), if
(p(v,t),N(t)) is a classical solution of (1.1)-(1.2), then (p(v,t),N(t)) is a weak solution. Con-
versely, if (p(v,t),N(t)) is a weak solution of (1.1)-(1.2) and p(v,t)∈C1((0,T];C2((−∞,VR)∪
(VR,VF])), then (p(v,t),N(t)) is a classical solution of (1.1)-(1.2).

Proof. First, it is obvious that if p(v,t)∈C1
(

[0,T];U(Ω)
)

and (p(v,t),N(t)) is the classical
solution of (1.1)-(1.2), then (p(v,t),N(t)) is also a weak solution.

Then, given that p(v,t) ∈ C1
(

(0,T];C2((−∞,VR)∪(VR,VF])
)

, it is suffices to verify if
the weak solution (p(v,t),N(t)) satisfies the conditions in Definition 2.1. It is easy to
derive that the conditions (1)-(4) in Definition 2.1 hold from Definition 2.2. Hence, it only
remains to prove the conditions (5)-(6) in Definition 2.1 are valid.

It follows from (2.6) that

[

h
(

v,N(t)
)

p(v,t)φ(v)
]
∣

∣

V−
R

−∞
+
[

h
(

v,N(t)
)

p(v,t)φ(v)
]
∣

∣

VF

V+
R
=0. (2.10)

Then, using integration by parts and (2.10), (2.7) is rewritten into

∫ VF

−∞
F [p(v,t)]φ(v)dv+a

(

N(t)
)

φ(VR)
[

∂v p(V−
R ,t)−∂v p(V+

R ,t)+∂v p(VF,t)
]

−a
(

N(t)
)

∂v p(−∞,t)φ(−∞)=0, (2.11)

where
F [p(v,t)]=∂t p(v,t)+∂v

[

h
(

v,N(t)
)

p(v,t)
]

−a
(

N(t)
)

∂vv p(v,t). (2.12)

Taking
φ(v)∈W1 ={φ(v)∈W(−∞,VF) : φ(VR)=φ(−∞)=0}, (2.13)

where

W(−∞,VF)=
{

φ(v)∈H
1(−∞,VF] : v∂vφ∈H

1(−∞,VF], φ,vφ∈L∞(−∞,VF]
}

, (2.14)

hence, (2.11) is reduced to
∫ VF

−∞
F [p(v,t)]φ(v)dv=0. (2.15)

Due to the continuity of F [p(v,t)] and the arbitrariness of φ(v), we obtain

F [p(v,t)]=0. (2.16)
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Next, taking
φ(v)∈W2 ={φ(v)∈W(−∞,VF) : φ(VR)=0} (2.17)

and substituting (2.16) into (2.11), the following identity holds:

a
(

N(t)
)

∂v p(−∞,t)φ(−∞)=0, (2.18)

which implies
∂v p(−∞,t)=0. (2.19)

Finally, applying (2.16) and (2.19) to (2.11), we can derive

a
(

N(t)
)

φ(VR)[∂v p(V−
R ,t)−∂v p(V+

R ,t)+∂v p(VF,t)]=0. (2.20)

Hence, due to the arbitrariness of φ(v), it holds

∂v p(V−
R ,t)=∂v p(V+

R ,t)−∂v p(VF,t)

=∂v p(V+
R ,t)+

N(t)

a
(

N(t)
) . (2.21)

Consequently, from (2.16), (2.19) and (2.21), we can deduce conditions (5)-(6) in Defini-
tion 2.1 hold, and the proof is complete.

3 Numerical scheme

In this section, we develop a numerical scheme for the Fokker-Planck equation using
a spectral method combined with semi-implicit time discretization to obtain a fully dis-
crete scheme. Additionally, we demonstrate the consistency of the numerical scheme
with the Fokker-Planck equation in the nonlinear case.

3.1 Weak formulation and basis function

We introduce the weak formulation based on (2.4), and a set of basis functions is con-
structed. Based on (2.4), the variational formulation of (1.1) is given as follows: Find
p(v,t)∈W such that

B(p,φ)+a
(

N(t)
)

∂v p(VF,t)[φ(VR)−φ(VF)]=0, ∀φ∈W, (3.1)

where W ⊆U is the trial function space, with U defined in (2.6). Since we employ the
Galerkin spectral method for spatial discretization, the test function space coincides with
the trial function space W.

The trial function space W is spanned by a set of basis functions, and one must care-
fully select function basis to handle the complex boundary conditions (2.5) of the prob-
lem (1.1). Denoting the set of basis functions of the trial function space W by {ψk}∞

k=1, we



L. Yan et al. / CSIAM Trans. Life. Sci., x (2026), pp. 1-35 9

can expand the approximate solution p(v,t)∈W as

p(v,t)=
∞

∑
k=1

uk(t)ψk(v), (3.2)

where uk(t) denotes the coefficient corresponding to the k-th basis function. To satisfy
the continuity requirement of the density function p(v,t) at VR, we consider the use of
a subset of basis functions designed to fulfill the boundary conditions (2.5), comple-
mented by another subset designed to satisfy the homogeneous conditions. Specifically,
let W=W1+W2, where any density function p(v,t)∈W1 satisfies the boundary conditions
(2.5) and any p(v,t)∈W2 satisfies the following homogeneous boundary conditions:

p(−∞,t)=0, p(VF,t)=0, p(V−
R )= p(V+

R )=0. (3.3)

This decomposition method enables us to handle complex boundary conditions more
effectively while enhancing the flexibility of the numerical method. This flexibility pri-
marily lies in the choice of basis functions in W1, which address the boundary conditions,
while W2 is used to improve accuracy within the interval.

To keep the dimension of W1 as low as possible, we observe that the four boundary
values to consider from the boundary conditions (2.5) are the values of the density func-
tion p(v,t) at VF,V+

R ,V−
R , and negative infinity. However, there are only three conditions

in the boundary conditions (2.5). Hence, only a single basis function g1(v) is needed. We
can define W1 as

W1=span{g1(v)}, (3.4)

where the basis function should satisfy

{

g1(−∞)=0,

g1(VR)=1,
v∈ (−∞,VR),

{

g1(VF)=0,

g1(VR)=1,
v∈ (VR,VF].

(3.5)

Specifically, we can determine a simple form for the basis function g1(v), which is a piece-
wise function composed of an exponentially decaying function and a linear function

g1=







e−
β(VR−v)

2 , v∈ (−∞,VR),
v−VF

VR−VF
, v∈ (VR,VF],

(3.6)

where β is an adjustable parameter. It should be noted that the basis function g1(v) can
also be chosen in other forms.

Next, we proceed to the construction of W2. Given the discontinuity of the interval
Ω=(−∞,VR)∪(VR,VF) at point VR, handling homogeneous boundary conditions (3.3) is
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non-trivial. To address this issue, we divide the interval Ω into two subintervals, namely
(−∞,VR) and (VR,VF). Specifically, we define

W2⊆ P̂∞(−∞,VR)+P∞(VR,VF), (3.7)

where
P̂∞(−∞,VR)=

{

e−
−v+VR

2 f
∣

∣ f ∈P∞(−∞,VR)
}

(3.8)

and P∞(a,b) represents the set of all real polynomials over the interval (a,b). According
to the homogeneous boundary conditions (3.3), the values of the density function p(v,t)
at the boundaries of the intervals (−∞,VR) and (VR,VF) should be zero. This implies that
the basis functions must vanish at these boundary points. Thus, W2 can be rewritten in
the following form:

W2 = X̂(−∞,VR)+X(VR,VF), (3.9)

where
X̂(−∞,VR)={ϕ∈ P̂∞(−∞,VR) : ϕ(−∞)= ϕ(VR)=0},

X(VR,VF)={ϕ∈P∞(VR,VF) : ϕ(VR)= ϕ(VF)=0}.
(3.10)

Here, we consider the construction of basis functions in X̂(−∞,VR) and X(VR,VF). Because

X̂(−∞,VR) is defined on a semi-infinite domain, we can utilize Laguerre functions to span

X̂(−∞,VR). The generalized Laguerre functions [29] of degree n are defined by

ℓ̂
(α)
n (x)= e−

x
2 ℓ

(α)
n (x)=

x−αex/2

n!

dn

dxn
(xn+αe−x), x∈R+, α>−1, n≥0, (3.11)

where ℓ
(α)
n (x) is Laguerre polynomials. These Laguerre functions are orthogonal with the

weight function ω̂α(x)= xα, namely,

∫ +∞

0
ℓ̂
(α)
n (x)ℓ̂

(α)
m (x)ω̂α(x)dx=γ

(α)
n δmn, (3.12)

where

γ
(α)
n =

Γ(n+α+1)

n!
. (3.13)

The three-term recurrence relation of Laguerre functions is

ℓ̂
(α)
0 (x)= e−

x
2 , ℓ̂

(α)
1 (x)=(α+1−x)e−

x
2 ,

(n+1)ℓ̂
(α)
(n+1)

(x)=(2n+α+1−x)ℓ̂
(α)
n (x)−(n+α)ℓ̂

(α)
(n−1)

(x). (3.14)

Since ℓ̂
(α)
n (x) is defined on (0,+∞), we construct the basis function hL

k (v) defined on
(−∞,VR) with a coordinate transformation

hL
k (v)= ℓ̂

(0)
k (−v+VR)+a1ℓ̂

(0)
k+1(−v+VR), (3.15)
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where

ℓ̂
(0)
n (0)=1, lim

v→−∞
ℓ̂
(0)
n (v)=0. (3.16)

Since the solution satisfies p(−∞,t)=p(V−
R ,t)=0, basis functions hL

k (v) should satisfy the
following conditions:

hL
k (−∞)=0, hL

k (V
−
R )=0. (3.17)

Therefore, we get a1=−1.

For the bounded region on the right side of VR, we employ basis functions that differ
from those used in the left interval (−∞,VR). Specifically, Legendre polynomials Lk(v)
are chosen to construct the basis functions on the interval (VR,VF). Since the domain of
Legendre polynomials is [−1,1], a coordinate transformation

x(v)=
v−(VF+VR)/2

(VF−VR)/2
, v∈ (VR,VF) (3.18)

is necessary. Furthermore, the basis functions in the interval (VR,VF) are given by

hR
k (v)=Hk(v)+b1Hk+1(v)+b2Hk+2(v), (3.19)

where

Hk(v)= Lk(x). (3.20)

Similarly, from (3.9) and (3.10), we obtain

hR
k (V

+
R )=0, hR

k (VF)=0. (3.21)

By substituting (3.21) into (3.19), we get that b1=0 and b2=−1.

In conclusion, we have designed a suitable set of basis functions for the trial function
space W as follows:

{ψk}∞
k=1=

{

g1,hL
0 ,hL

1 ,··· ,hL
M−1,··· ,hR

0 ,hR
1 ,··· ,hR

M−1,···
}

. (3.22)

Then the solution of (3.1) can be written as

p(v,t)=
∞

∑
k=1

uk(t)ψk(v). (3.23)

3.2 Fully discrete scheme

We introduce a Laguerre-Legendre spectral-Galerkin method (LLSGM) for the spatial
discretization of the Fokker-Planck equation (1.1), transforming it into a system of ordi-
nary differential equations (ODEs) in time. We then derive the fully discrete scheme for
the weak formulation in two steps. First, we construct a finite-dimensional trial function
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space and apply the spectral method for spatial discretization. In the second step, a semi-
implicit method is used for temporal discretization, resulting in a nonlinear fully discrete
scheme.

To obtain the finite-dimensional trial function space W, we denote the approximation
space WM as

WM =W1+WM
2 , (3.24)

where W1 is a one-dimensional space and WM
2 is the truncated space of W2. From this,

we derive the following form of WM
2 using (3.9) and (3.10):

WM
2 = X̂M(−∞,VR)+XM(VR,VF), (3.25)

where
X̂M(−∞,VR)={ϕ∈ P̂M(−∞,VR) : ϕ(−∞)= ϕ(VR)=0},

XM(VR,VF)={ϕ∈PM(VR,VF) : ϕ(VR)= ϕ(VF)=0}.
(3.26)

The notation P̂M(−∞,VR) represents

P̂M(−∞,VR)=
{

e−
−v+VR

2 f
∣

∣ f ∈PM(−∞,VR)
}

(3.27)

and PM(a,b) denotes the set of all real polynomials of degree at most M in the inter-
val (a,b). In W1, we have identified that a single basis function g1(v) satisfies the bound-
ary conditions (3.5). Therefore, the dimension of the approximation space WM is 2M+1.
Then the numerical solution pM(v,t) can be expressed as

pM(v,t)=
2M+1

∑
k=1

ûk(t)ψk(v), (3.28)

where ûk(t) are the expansion coefficients and

{ψk}2M+1
k=1 =

{

g1,hL
0 ,hL

1 ,··· ,hL
M−1,hR

0 ,hR
1 ,··· ,hR

M−1

}

. (3.29)

According to the spectral-Galerkin method in [28], the variational formulation ob-
tained from (3.1) can be written as follows: Find pM(v,t)∈WM such that

B(pM,φ)+a
(

N(t)
)

∂v pM(VF,t)[φ(VR,t)−φ(VF,t)]=0, ∀φ∈WM, (3.30)

where WM is the subspace of W. Substituting the numerical solution (3.28) to the varia-
tional formulation (3.30), we obtain the semi-discrete form

H
dû

dt
+Aû−bN(t)Bû+a

(

N(t)
)

Cû+a
(

N(t)
)

Dû=0, (3.31)
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where

û=
(

û1(t),û2(t),û3(t),. . .,û2M+1(t)
)⊤

,

Hjk =
∫ VF

−∞
ψkψjdv, Ajk=

∫ VF

−∞
vψk∂vψjdv,

Bjk=
∫ VF

−∞
ψk∂vψjdv, Cjk=

∫ VF

−∞
∂vψk∂vψjdv,

Djk=∂vψk(VF)[ψj(VR)−ψj(VF)], j,k=1,2,.. . ,2M+1.

(3.32)

The mean firing rate N(t) is obtained by

N(t)=−a
(

N(t)
)

2M+1

∑
k=1

ûk(t)∂vψk(VF). (3.33)

The initial coefficients can be determined by the projection method,

∫ VF

−∞

2M+1

∑
k=1

ûk(0)ψk(v)ψj(v)dv=
∫ VF

−∞
p0(v)ψj(v)dv, j=1,2,.. . ,2M+1. (3.34)

To achieve a balance between stability and efficiency in temporal discretization, we
employ a semi-implicit scheme, a technique well-suited for spectral methods. The linear
part of the equation is treated implicitly to enhance stability, while the nonlinear part is
treated explicitly to avoid the complexity of solving nonlinear equations. We consider
dividing the interval [0,Tmax] into n1 equal parts with the time-step length denoted as ∆t,
where

tn =n∆t, n=0,1,2,.. . ,n1. (3.35)

û
n and Nn represent the numerical approximation of coefficients û(tn) and the mean

firing rate N(tn). Then the fully discrete form of the variational formulation (3.30) is as
follows:

(

1

∆t
H+A−bNnB+a(Nn)C+a(Nn)D

)

û
n+1=

1

∆t
Hû

n, (3.36)

where

Nn =−a(Nn)
2M+1

∑
k=1

ûn
k ∂vψk(VF). (3.37)

Since a(N) depends linearly on N in (1.2), an explicit expression for Nn can be obtained
from (3.37),

Nn =
−a0 ∑

2M+1
k=1 ûn

k ∂vψk(VF)

1+a1 ∑
2M+1
k=1 ûn

k ∂vψk(VF)
. (3.38)

This yields a(Nn), which is then substituted into (3.36), so that û
n+1 is computed by

solving the resulting linear system.
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3.3 Consistency of the numerical scheme

In the above section, we have derived the variational formulation and developed a nu-
merical scheme for the Fokker-Planck equation (1.1). Note that the exact solution does
not satisfy the numerical scheme (3.30) when it is truncated to the same order. However,
we shall show that it satisfies the numerical scheme (3.30) when the dimension of the
approximation space goes to infinity.

It is clear that

p(v,t)=
∞

∑
k=1

uk(t)ψk(v) (3.39)

satisfies the variational formulation (3.1). Define

L(p,φ)=B(p,φ)+a
(

N(t)
)

∂v p(VF,t)[φ(VR)−φ(VF)], (3.40)

we have

L(p,φ)=0, ∀φ∈W. (3.41)

From the variational formulation (3.30), we have

L(pM,φ)=0, ∀φ∈WM, (3.42)

where

pM =
2M+1

∑
k=1

ûk(t)ψk(v). (3.43)

Obviously, provided that we truncate the exact solution p(v,t) in (3.39) to

p̃M =
2M+1

∑
k=1

uk(t)ψk(v), (3.44)

then

p(v,t)=
∞

∑
k=1

uk(t)ψk(v)= p̃M+
∞

∑
k=2M+2

uk(t)ψk(v). (3.45)

It is straightforward that p̃M does not satisfy the variational formulation (3.30). Specifi-
cally, the coefficients uk from p̃M are the same as those in (3.39) for the first 2M+1 terms,
but differ from the coefficients ûk calculated from the variational formulation (3.30), as
shown in (3.28). Therefore,

L( p̃M,φ) 6=0, ∀φ∈WM. (3.46)

However, we claim that p̃M satisfies the variational formulation (3.30) in the limit as
M→+∞. Namely, for any fixed M1>0 and any test function φi∈WM1

, M>M1,

L( p̃M,φi)=B( p̃M,φi)+ ã
(

Ñ(t)
)

∂v p̃M(VF,t)[φi(VR,t)−φi(VF,t)] → 0, (3.47)
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where
Ñ(t)=−ã

(

Ñ(t)
)

∂v p̃M(VF,t),

h̃
(

v,Ñ(t)
)

=−v+bÑ(t),

ã
(

Ñ(t)
)

= a0+a1Ñ(t).

(3.48)

Let us denote the above assertion as the consistency of the numerical scheme (3.30). Con-
sequently, we can summarize the above discussion as the following theorem. To simplify
notation, we denote a(N(t)) by a and h(v,N(t)) by h. Analogously, we use the same
convention for ã and h̃.

Theorem 3.1 (Consistency). Assume that

lim
M→+∞

‖p− p̃M‖L2(−∞,VF]=0,

lim
M→+∞

‖∂t(p− p̃M)‖L2(−∞,VF]=0,

lim
M→+∞

‖∂v(p− p̃M)‖L∞(VR,VF ]=0,

(3.49)

then the numerical scheme (3.30) is consistent with the differential equation (1.1), which means
that (3.47)-(3.48) hold as M→∞.

Proof. Denoting ∑
∞
k=2M+2uk(t)ψk(v) as RM(v,t), then we rewrite p(v,t) as

p(v,t)= p̃M(v,t)+RM(v,t). (3.50)

Here, our goal is to show

lim
M→+∞

L( p̃M,φi)=0, φi∈WM1
. (3.51)

First, we observe that
L(p,φi)=0, φi∈WM1

, (3.52)

because of WM1
⊆W from the variational formulation (3.1). By subtracting this identity,

we get

L( p̃M,φi)=L( p̃M,φi)−L(p,φi)

=
∫ VF

−∞
∂t( p̃M−p)φi+(hp− h̃ p̃M)∂vφi+(ã∂v p̃M−a∂v p)∂vφidv

+[ã∂v p̃M(VF,t)−a∂v p(VF,t)][φi(VR)−φi(VF)]. (3.53)

To facilitate the comparison of the terms in (3.53), we introduce intermediate terms as
follows:

L( p̃M,φi)=
∫ VF

−∞
∂t( p̃M−p)φi dv+

∫ VF

−∞
(hp− h̃p+ h̃p− h̃ p̃M)∂vφidv (3.54)

+
∫ VF

−∞

(

ã∂v p̃M− ã∂v p+ ã∂v p−a∂v p
)

∂vφidv

+[ã∂v p̃M(VF,t)− ã∂v p(VF,t)+ ã∂v p(VF,t)−a∂v p(VF,t)][φi(VR)−φi(VF)].
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After simplification, we group the consistency error terms and obtain

L( p̃M,φi)=
7

∑
k=1

Ik, (3.55)

where

I1=
∫ VF

−∞
∂t( p̃M−p)φidv, I2=

∫ VF

−∞
(h− h̃)p∂vφidv, I3=

∫ VF

−∞
h̃(p− p̃M)∂vφidv,

I4=
∫ VF

−∞
ã(∂v p̃M−∂v p)∂vφidv, I5=

∫ VF

−∞
(ã−a)∂v p∂vφidv,

I6= ã[∂v p̃M(VF,t)−∂v p(VF,t)][φi(VR)−φi(VF)],

I7=(ã−a)∂v p(VF,t)[φi(VR)−φi(VF)].

(3.56)

Since
N(t)=−a∂v p(VF,t)=−

(

a0+a1N(t)
)

∂v p(VF,t), (3.57)

we have

N(t)=
−a0∂v p(VF,t)

1+a1∂v p(VF,t)
. (3.58)

Therefore, defining

Ñ(t)=
−a0∂v p̃M(VF,t)

1+a1∂v p̃M(VF,t)
. (3.59)

It holds that

h− h̃=
ba0∂v p̃M(VF,t)−∂v p(VF,t)

(

1+a1∂v p(VF,t)
)(

1+a1∂v p̃M(VF,t)
) ,

ã−a=
a1a0∂v p(VF,t)−∂v p̃M(VF,t)

(

1+a1∂v p(VF,t)
)(

1+a1∂v p̃M(VF,t)
) .

(3.60)

Hence, from the error estimation (3.49), there exists M0>0 and M
′
0>0 such that

‖h− h̃‖L∞(VR,VF ]≤M0‖∂v( p̃M−p)(VF,t)‖L∞(VR,VF ],

‖ã−a‖L∞(VR,VF]≤M
′
0‖∂v(p− p̃M)(VF,t)‖L∞(VR,VF].

(3.61)

Namely,

lim
M→+∞

‖h− h̃‖L∞(VR,VF ]=0,

lim
M→+∞

‖ã−a‖L∞(VR,VF ]=0.
(3.62)

Hence, it is easy to prove that

|I6|=
∣

∣ã[∂v p̃M(VF,t)−∂v p(VF,t)]
∣

∣≤|ã|‖∂v( p̃M−p)(VF,t)‖L∞(VR,VF],

|I7|= |(ã−a)∂v p(VF,t)|≤‖ã−a‖L∞(VR,VF]|∂v p(VF,t)|,
(3.63)
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which implies that
lim

M→+∞
|I6|=0, lim

M→+∞
|I7|=0. (3.64)

From the definition of weak solution, we can know that φi(v)∈H1((−∞,VF]). From the
Holder’s inequality, we get

|I1|=
∣

∣

∣

∣

∫ VF

−∞
∂t( p̃M−p)φidv

∣

∣

∣

∣

≤
(

∫ VF

−∞

(

∂t( p̃M−p)
)2

dv

)
1
2
(

∫ VF

−∞
φ2

i dv

)
1
2

=‖∂t( p̃M−p)‖L2(−∞,VF]

(

∫ VF

−∞
φ2

i dv

)
1
2

. (3.65)

Therefore, we obtain
lim

M→+∞
|I1|=0. (3.66)

Because of φi(v)∈ H1((−∞,VF]),∂vφi ∈ L2((−∞,VF]). Then from (3.62) and Holder’s in-
equality, we obtain

|I2|=
∣

∣

∣

∣

∫ VF

−∞
[(h− h̃)p]∂vφidv

∣

∣

∣

∣

≤‖h− h̃‖L∞(VR,VF ]

∫ VF

−∞
p∂vφidv, (3.67)

lim
M→+∞

|I2|=0. (3.68)

From the definition of weak solution, we know that v∂vφi ∈ H1((−∞,VF]). Therefore,
applying the Holder’s inequality, we get that

|I3|=
∣

∣

∣

∣

∫ VF

−∞
h̃(p− p̃M)∂vφidv

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ VF

−∞

(

−v∂vφi+bÑ(t)∂vφi

)

(p− p̃M)dv

∣

∣

∣

∣

≤
(

∫ VF

−∞

(

−v∂vφi+bÑ(t)∂vφi

)2
dv

)
1
2
(

∫ VF

−∞
(p− p̃M)2dv

)
1
2

, (3.69)

which can be written as

|I3|≤
(

∫ VF

−∞

(

−v∂vφi+bÑ(t)∂vφi

)2
dv

)
1
2

‖p− p̃M‖L2(−∞,VF]. (3.70)

Thus, we have
lim

M→+∞
|I3|=0. (3.71)

Similarly, we can obtain the following conclusions:

|I4|=
∣

∣

∣

∣

∫ VF

−∞
ã(∂v p̃M−∂v p)∂vφidv

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ VF

−∞

(

a0+a1Ñ(t)
)

∂v( p̃M−p)∂vφidv

∣

∣

∣

∣

≤
(

∫ VF

−∞

((

a0+a1Ñ(t)
)

∂vφi

)2
dv

)
1
2

‖∂v( p̃M−p)‖L2(−∞,VF], (3.72a)
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|I5|=
∣

∣

∣

∣

∫ VF

−∞
(ã−a)∂v p∂vφidv

∣

∣

∣

∣

=(ã−a)
∫ VF

−∞
∂v p∂vφidv

≤‖ã−a‖L∞(VR,VF ]

∫ VF

−∞
∂v p∂vφidv. (3.72b)

Therefore, we get
lim

M→+∞
|I4|=0, lim

M→+∞
|I5|=0. (3.73)

In conclusion, we have
lim

M→+∞
Ik=0, k=1,2,.. . ,7. (3.74)

Accordingly, substituting (3.74) to (3.56), we obtain

lim
M→+∞

L( p̃M,φi)= lim
M→+∞

7

∑
k=1

Ik=0. (3.75)

Namely, the numerical scheme (3.30) is consistent with the Fokker-Planck equation (1.1).
The proof is complete.

4 Model extensions

In the previous section, we introduced a fully discrete numerical scheme for the Fokker-
Planck equation (1.1). Thanks to the flexibility of the LLSGM, this method is readily
applicable to more complex models. In this section, we consider a more realistic NNLIF
model (see e.g. [9]), featuring two populations, synaptic delays, and refractory periods,
and its numerical simulation is more challenging. To verify the flexibility of the proposed
numerical method, we explore the extended models from a numerical perspective.

4.1 Model introduction

Starting from the one-population formulation, we consider several NNLIF model exten-
sions – two interacting populations, delayed synaptic coupling, and refractory states.
After detailed presentations of each extension, we shall summarize the fully extended
model at the end of this subsection.

In the one-population model, we examine the simplest scenario in which all neurons
are considered either excitatory or inhibitory. However, in large-scale neuron networks,
the dynamical behavior becomes more intricate due to the interplay between two distinct
populations of neurons, excitatory and inhibitory. To accurately capture the dynamics
of a neuron network, the model (1.1) has been extended to incorporate both excitatory
populations (E-P) and inhibitory populations (I-P). The extended system now comprises
two probability density functions, pE(v,t) for the excitatory population and pI(v,t) for
the inhibitory population, each governed by an analogous Fokker-Planck equation [8]
with (1.1), as follows:
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∂t pα+∂v

[

hα
(

v,NE(t),NI(t)
)

pα(v,t)
]

−aα

(

NE(t),NI(t)
)

∂vv pα(v,t)

=Nα(t)δ(v−VR), (4.1)

where

Nα(t)=−aα

(

NE(t),NI(t)
)

∂v pα(VF,t), α,β=E, I (4.2)

is the mean firing rate of the population α. The drift and diffusion coefficients are

hα(v,NE,NI)=−v+bα
ENE−bα

I NI+
(

bα
E−bE

E

)

νE,ext,

aα(NE,NI)=dα
EνE,ext+dα

ENE+dα
I NI ,

(4.3)

where νE,ext ≥ 0 describes the external inputs originating from excitatory neurons. The
synaptic strength between the two populations is governed by the connectivity parame-
ters bα

β ≥0 and dα
β ≥0, which correspond to the parameters b and a1 in (1.1), respectively.

Specifically, these parameters describe the strength of synaptic connections from neurons
in population β to neurons in population α. In contrast, the connectivity parameter b in
the one-population model primarily represents the interactions between neurons within
the same population, without the distinction between excitatory and inhibitory neurons.

In addition to the interactions between the two populations, synaptic delays, which
describe the transmission delay of a spike, are introduced to enhance the realism of the
model. When a neuron in population β fires, its effect on neurons in population α is
delayed by a constant time interval Dα

β. The Fokker-Planck equations with the synaptic

delays are expressed as

∂t pα+∂v

[

hα
(

v,NE

(

t−Dα
E

)

,NI

(

t−Dα
I

))

pα

]

−aα

(

NE

(

t−Dα
E

)

,NI

(

t−Dα
I

))

∂vv pα

=Nα(t)δ(v−VR). (4.4)

After firing, neurons enter a refractory period, during which they are temporarily
unresponsive to inputs. Over time, neurons gradually recover from their refractory state,
becoming responsive again to inputs. The mean recovery rate from the refractory period
is denoted by Mα(t). This mechanism is modeled by the following differential equations
that describe the probability of neurons being in the refractory state Rα:

dRα(t)

dt
=Nα(t)−Mα(t). (4.5)

There are multiple choices for Mα(t) [1, 6]. In this section, we consider

Mα(t)=
Rα(t)

τα
, (4.6)
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where τα measures the mean duration of the refractory period. Therefore, the correspond-
ing Fokker-Planck equation, which includes the recovery mechanism, is given by

∂t pα+∂v

[

hα
(

v,NE

(

t−Dα
E

)

,NI

(

t−Dα
I

))

pα

]

−aα

(

NE

(

t−Dα
E

)

,NI

(

t−Dα
I

))

∂vv pα

=Mα(t)δ(v−VR). (4.7)

The source term on the right-hand side represents the fact that the membrane potential
is immediately reset to VR after the neuron fires, and it stays in the refractory period for
a duration.

Compared to the previous NNLIF model (1.1), this mesoscopic model includes two
Fokker-Planck equations that govern the evolution of the probability density functions
pα(v,t), along with two ordinary differential equations that describe the evolution of the
refractory states Rα of the neurons. By setting the same equation on (−∞,VR)∪(VR,VF]
and incorporating the jump conditions, Dirichlet boundary conditions, and initial condi-
tions, we have this nonlinear system [9], for v∈ (−∞,VF]/{VR}, t∈ [0,T],
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





















































∂t pα+∂v

[

hα
(

v,NE

(

t−Dα
E

)

,NI

(

t−Dα
I

))

pα

]

−aα

(

NE

(

t−Dα
E

)

,NI

(

t−Dα
I

))

∂vv pα =0,

dRα(t)

dt
=Nα(t)−Mα(t),

Nα(t)=−aα

(

NE

(

t−Dα
E

)

,NI

(

t−Dα
I

))

∂v pα(VF,t),

pα(v,0)= p0
α(v)≥0, Rα(0)=R0

α≥0,

pα(−∞,t)= pα(VF,t)=0, pα(V
−
R ,t)= pα(V

+
R ,t),

∂v pα(V
−
R ,t)−∂v pα(V

+
R ,t)=

Mα(t)

aα

(

NE(t),NI(t)
) .

(4.8)

Here, we take Nα(t)=N0
α in the time interval [−max(Dα

E,Dα
I ),0] to complete the problem.

Since the number of neurons remains unchanged, the total mass should be conserved,
as shown below

∫ VF

−∞
pα(v,t)dv+Rα(t)=

∫ VF

−∞
p0

α(v)dv+R0
α =1, ∀t≥0, α=E, I. (4.9)

Despite previous theoretical and numerical studies on the model by [9,26], several prop-
erties remain unexplored. This study further investigates the periodic solution phenom-
ena in this model.

4.2 Numerical scheme

We now elaborate the numerical scheme for (4.8), employing the spectral method to
discretize space and a semi-implicit format for time discretization of the Fokker-Planck
equations. Concurrently, the ODEs are solved using the forward Euler method.
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Thanks to the derivation in Section 2, the variational formulation of Eq. (4.8) can be
naturally obtained as follows: Given p0

α(v)∈W, find pα(v,t)∈W,α=E, I such that

∫ VF

−∞

(

∂t pα(v,t)φ(v)−hα pα(v,t)∂vφ(v)+aα∂v pα(v,t)∂vφ(v)
)

dv

−aα∂v pα(VF,t)φ(VF)−Mα(t)φ(VR)=0, ∀φ∈W,

dRα(t)

dt
=Nα(t)−Mα(t),

pα(v,0)= p0
α(v), Rα(0)=R0

α.

(4.10)

Here, W is the trial function space, and for simplicity we write hα(v,NE(t−Dα
E),

NI(t−Dα
I )) and aα(NE(t−Dα

E),NI(t−Dα
I )) as hα and aα, respectively. Similar to the fully

discrete scheme in Section 3.2, we first truncate the trial function space W to obtain WM,
then the numerical solution pα,M is expanded as

pα,M(v,t)=
2M+1

∑
k=1

ûα,k(t)ψk(v), ∀ψk ∈WM. (4.11)

The initial condition for the expansion coefficients {ûα,k(0)}2M+1
k=1 can be obtained by the

least square approximation

∫ VF

−∞

2M+1

∑
k=1

ûα,k(0)ψk(v)ψj(v)dv=
∫ VF

−∞
p0

α(v)ψj(v)dv, j=1,2,.. . ,2M+1. (4.12)

Similarly, we choose the semi-implicit scheme in the time direction. Namely, the nonlin-
ear part is treated explicitly and other parts are treated implicitly. Notice that, the drift
coefficients hα and diffusion coefficients aα in the model involve synaptic delay terms
related to historical information. So we define the delayed time index

nα
β=max

(

0,n−
Dα

β

∆t

)

. (4.13)

Consequently, one should adjust the parameters to ensure that nα
β is an integer in numer-

ical experiments. As in the one-population model, we divide [0,Tmax] into n1 equal parts
and denote tn =n∆t. We obtain the fully discrete scheme as follows, for α=E, I,


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
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













(

1

∆t
H+A−Vα

(

N
nα

E
E ,N

nα
I

I

)

B+aα

(

N
nα

E
E ,N

nα
I

I

)

C+aα

(

N
nα

E
E ,N

nα
I

I

)

G

)

û
n+1
α

=
1

∆t
Hû

n
α+Mn

α F,

Rn+1
α =Rn

α+∆t
(

Nn
α −Mn

α

)

,

(4.14)
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where
û

n
α =
(

ûα,1(t
n),ûα,2(t

n),··· ,ûα,2M+1(t
n)
)⊤

,

Rn
α =Rα(t

n),

Mn
α =

Rn
α

τα
,

Gjk =∂vψk(VF)ψj(VF), j,k=1,2,.. . ,2M+1,

F=
(

ψ1(VR),ψ2(VR),··· ,ψ2M+1(VR)
)⊤

,

(4.15)

and the matrix H, A, B,C are defined in (3.32). Rn
α and Mn

α represent the numerical ap-
proximation of Rα(tn) and Mα(tn). The mean firing rate can be obtained by solving the
following equations:

Nn
E =−aE

(

N
nα

E
E ,N

nα
I

I

)2M+1

∑
k=1

ûn
E,k∂vψk(VF),

Nn
I =−aI

(

N
nα

E
E ,N

nα
I

I

)2M+1

∑
k=1

ûn
I,k∂vψk(VF).

(4.16)

The synaptic delay terms in (4.14) is mainly reflected in Vα,aα as

Vα

(

N
nα

E
E ,N

nα
I

I

)

=bα
EN

nα
E

E −bα
I N

nα
I

I +
(

bα
E−bE

E

)

νE,ext,

aα

(

N
nα

E
E ,N

nα
I

I

)

=dα
EνE,ext+dα

EN
nα

E
E +dα

I N
nα

I
I .

(4.17)

Here, the computation of the mean firing rates and the expansion coefficients follows the
same procedure as in the one-population model. Note that two independent equations
are computed to solve the system (4.14) once Mn

α is obtained as

Mn
α =

Rn
α

τα
. (4.18)

5 Numerical test

In this section, several numerical tests are studied to validate LLSGM. First, the conver-
gence rates of the numerical schemes proposed in (3.36) for the one-population model
and (4.14) for the two-population model are studied, followed by a stability study in Sec-
tion 5.1. Then, the numerical examples for the efficiency of LLSGM are tested, including
the comparison with the finite difference method [17] and the spectral method [31] in
Section 5.2. Moreover, the blow-up phenomena for both the one-population and two-
population model are also investigated in Section 5.3. Finally, the numerical experiments
are extended to the two-population model with synaptic delays and refractory states in
Section 5.4, where transitions between periodic oscillations, steady states, and divergence
are explored.
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In all numerical tests, VF and VR are fixed as VF =2 and VR =1, and the initial distri-
bution is chosen as the Gauss function

pG(v)=
1√

2πσ0M0

e
− (v−v0)

2

2σ2
0 , (5.1)

where v0 and σ2
0 are the mean and variance respectively. Here, M0 is a normalization

factor, which makes pG(v) satisfy

∫ VF

−∞
pG(v)dv=1. (5.2)

In the numerical tests, v0,σ0, and M0 are set problem-dependent.

5.1 Study of the order of accuracy and the stability test

The order of accuracy for LLSGM including the temporal and spatial convergence of the
one-population model (1.1) and (1.2) is first tested, followed by the convergence order
of LLSGM in both temporal and spatial discretizations for the two-population model.
Finally, the stability of LLSGM for the one-population model is examined by varying the
expansion number M and the time-step length ∆t.

5.1.1 Order of accuracy for one-population model

The convergence order for LLSGM in temporal and spatial discretization is studied. The
initial distribution in (5.1) is set as v0=−1 and σ2

0 =0.5 with the parameters in (1.1) chosen
as a0=1, a1 =0.1 and b=0.

The convergence of the explicit-implicit scheme (3.36) in temporal discretization is
tested by calculating the L2 and L∞ errors between the numerical solution obtained with
different time-step lengths and the reference solution. Here, the reference solution is ob-
tained by the finite-difference method (FDM) proposed in [18] with the mesh fine enough.
In the simulation, the expansion number M is set as M=16, and the final time is t=0.2.
Table 1 shows the error calculated by (5.3)

O∆t,Ll = log2

‖p2∆t−pr‖l

‖p∆t−pr‖l
, (5.3)

where pr denotes the reference solution and p∆t is the numerical solution with the time-
step length ∆t. For the numerical solution, the time-step lengths are set as ∆t = 0.04,
0.02,0.01 and 0.005. Table 1 indicates the first-order convergence of (3.36) in the temporal
direction.

Then the convergence of LLSGM (3.36) in the spatial space is studied, where the L2

error between the numerical solution obtained with different expansion numbers M and
the reference solution is calculated. Here, the same reference solution obtained by FDM
is utilized. For the numerical solution, the time-step length is fixed as ∆t=0.001, and the
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Table 1: Order of accuracy in Section 5.1.1. The first order convergence of the explicit-implicit scheme (3.36)
in the temporal discretization for the one-population model.

∆t ‖p∆t−pr‖2 O∆t,L2 ‖p∆t−pr‖∞ O∆t,L∞

0.04 4.58e-03 – 3.89e-03 –

0.02 2.36e-03 0.95 2.02e-03 0.95

0.01 1.20e-03 0.97 1.04e-03 0.97

0.005 6.09e-04 0.98 5.31e-04 0.96

expansion number varies from M=3 to 12. Here, we want to emphasize that the number
of basis functions is 2M+1. The corresponding error is calculated as

OM,L2 = ln‖pM−pr‖2, (5.4)

where pM is the numerical solution with the different expansion number M. Fig. 1 shows
the error obtained by (5.4) with different M, where the numerical results obtained by odd
and even M are plotted respectively. In Fig. 1, we observe a linear relation between the
error (5.4) and M, which indicates the spectral convergence of LLSGM.

5.1.2 Order of accuracy for two-population model

The convergence order of LLSGM applied to the two-population model is studied, focus-
ing on both temporal and spatial discretization. For the two-population model, the same
Gaussian function (5.1) is utilized for the initial distribution of both excitatory and in-
hibitory populations with the mean and variance denoted by vα

0 and (σα
0 )

2,α=E, I. Here,
we set Mα=Nα and the other parameters in (4.8) are shown in Table 2. The refractory pe-
riods and transmission delays are set to zero for both populations to simplify the system.

(a) odd M (b) even M

Figure 1: Order of accuracy in Section 5.1.1. The spectral convergence of the explicit-implicit scheme (3.36) in
the spatial discretization for the one-population model. (a) M is odd. (b) M is even.
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In subsequent experiments, the full model with refractory periods and synaptic delays is
considered to investigate the activity of neurons. We remark that, although in the general
model Mα 6=Nα, in the current numerical setting Mα and Nα coincide.

Similar to the one-population model, to assess the temporal convergence of the nu-
merical scheme (4.14), the L2 and L∞ errors between the numerical solutions obtained
with different time-step lengths and the reference solution are calculated. Here, the ref-
erence solution is obtained by the finite-difference method [18] with a sufficiently fine
mesh. In the simulation, the expansion number is fixed as M= 16. The error calculated
by (5.3) for both the excitatory and inhibitory populations at t= 0.2 is shown in Table 3,
where the time-step length utilized to obtain the numerical solution is ∆t=0.04,0.02,0.01
and 0.005. It clearly demonstrates the first-order convergence of the scheme (4.14) in the
temporal direction.

Next, the spatial convergence of LLSGM (4.14) is investigated by computing the L2

error between numerical solutions obtained with different expansion numbers M and

Table 2: Order of accuracy in Section 5.1.2. Computational parameters in (4.8) for the two-population model.

Diffusion coefficient a 1

External input νE,ext 0

Refractory periods τE,τI 0

Initial distribution

[

vE
0 ,
(

σE
0

)2]
[−1,0.5]

[

vI
0,
(

σI
0

)2]
[0,0.25]

Synaptic delays DE
E, D I

E, DE
I , D I

I 0

Connectivity parameters

[

bE
E ,bI

E

]

[0.5,0.5]
[

bE
I ,bI

I

]

[0.75,0.25]

Table 3: Order of accuracy in Section 5.1.2. The first-order convergence of the scheme (4.14) in the temporal
discretization for the two-population model.

Excitatory population
∥

∥pE
∆t−pE

r

∥

∥

2
OE

∆t,L2

∥

∥pE
∆t−pE

r

∥

∥

∞
OE

∆t,L∞

∆t=0.04 4.16e-03 — 3.52e-03 —

∆t=0.02 2.15e-03 0.95 1.83e-03 0.94

∆t=0.01 1.09e-03 0.97 9.46e-04 0.95

∆t=0.005 5.54e-04 0.98 4.81e-04 0.98

Inhibitory population
∥

∥pI
∆t−pI

r

∥

∥

2
OI

∆t,L2

∥

∥pI
∆t−pI

r

∥

∥

∞
OI

∆t,L∞

∆t=0.04 1.02e-02 — 1.12e-02 —

∆t=0.02 5.28e-03 0.96 5.72e-03 0.97

∆t=0.01 2.68e-03 0.98 2.87e-03 0.99

∆t=0.005 1.35e-03 0.99 1.42e-03 1.01
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(a) odd M (b) even M

Figure 2: Order of accuracy in Section 5.1.2. The spectral convergence of the scheme (4.14) in the spatial
discretization for the two-population model. Here, the blue line is for the excitatory population (E-P) and the
red line is for the inhibitory population (I-P). (a) M is odd. (b) M is even.

the same reference solution. The L2 error is calculated by (5.4). In this simulation, the
time step length is fixed at ∆t=0.001, while the expansion number M varies from 3 to 12.
Fig. 2 displays the error obtained by (5.4) with odd and even M plotted separately, where
a linear relationship between the error (5.4) and M is revealed, demonstrating the spectral
convergence of LLSGM for the more complex two-population model (4.8).

5.1.3 Stability test for one-population model

We assess the stability of LLSGM applied to the one-population model (1.1). The initial
distribution (5.1) is set as v0 =−1 and σ2

0 = 0.5, and the parameters in (1.1) are a = 1,
a1=0.1 and b=0. Here, the reference solution is obtained by the finite difference method.
The L2 error between the numerical solution and the reference solution at t = 0.2 for
different expansion numbers M and time-step lengths ∆t is shown in Table 4. The L2 error
remains bounded and does not exhibit significant increases with changes in M and ∆t,
demonstrating the numerical stability of LLSMG.

5.2 Efficiency comparison

The efficiency of LLSGM is validated by comparing it with the finite difference method
(FDM) proposed in [18] and the Legendre-Galerkin method (LGM) in [31]. All simula-
tions are performed on the model Intel Core i5-1135G7 CPU@2.40GHz.

In the simulation, we consider the initial distribution (5.1) with v0 = 0 and σ2
0 = 0.25.

The time-step length is fixed at ∆t=10−7 so that the time discretization error is negligible
compared to the error in the spatial space. The final time is t=0.5 and parameters in (1.1)
are set as a= 1 and b= 0.5. Here, the reference solution pr for both LLSGM and LGM is
the numerical solution with M= 30, respectively. For FDM, the reference solution pr is
the numerical solution obtained with spatial size h=1/128.
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The L2 error and the computational time for LLSGM, LGM, and FDM are presented in
Table 5. For the same expansion number, the error and the computational time of LLSGM
are slightly less than those required by LGM in [31]. Furthermore, when the expansion
number is small, the computational time of LLSGM is significantly less than that of FDM
when the similar order of the numerical error is obtained. When the expansion number is
larger, the computational time of LLSGM is much less than that of FDM. Specially, when
the numerical error reaches e−5, the computational time of FDM is more than ten times
of LLSGM.

Next, considering the more complex two-population model (4.8), the computational
time for periodic solutions obtained by LLSGM and FDM is compared. In the simula-
tion, the final time is set as t = 0.5 and the time-step length is ∆t = 10−7, while other
parameters are listed in Table 6. The corresponding computational time is provided in
Table 7. Significantly less time is required by LLSGM compared to FDM, demonstrating
its greater efficiency for a more complex scenario. The computational cost of LLSGM pri-
marily consists of two parts: the projection of the initial distribution and the solution of

Table 4: Stability test in Section 5.1.3. The L2 error of LLSGM with different M and ∆t.

M

∆t
0.1 0.05 0.025 0.0125 0.0063 0.0032

3 1.63e-01 1.69e-01 1.73e-01 1.75e-01 1.76e-01 1.76e-01

4 6.96e-02 6.86e-02 6.81e-02 6.79e-02 6.77e-02 6.77e-02

5 6.27e-02 6.44e-02 6.55e-02 6.61e-02 6.65e-02 6.66e-02

6 2.04e-02 1.85e-02 1.78e-02 1.75e-02 1.74e-02 1.74e-02

7 2.01e-02 1.91e-02 1.90e-02 1.90e-02 1.91e-02 1.92e-02

8 1.11e-02 6.80e-03 4.81e-03 4.06e-03 3.81e-03 3.74e-03

9 1.09e-02 6.58e-03 4.69e-03 4.07e-03 3.92e-03 3.89e-03

10 1.06e-02 5.91e-03 3.45e-03 2.36e-03 1.97e-03 1.85e-03

11 1.05e-02 5.68e-03 3.03e-03 1.71e-03 1.15e-03 9.56e-04

12 1.05e-02 5.68e-03 3.02e-03 1.67e-03 1.06e-03 8.38e-04

13 1.05e-02 5.64e-03 2.94e-03 1.51e-03 7.76e-04 4.17e-04

Table 5: Efficiency test in Section 5.2. The computational time of LLSGM, LGM and FDM for (1.1).

LLSGM LGM FDM

M ‖pM−pr‖2 CPU time (s) M ‖pM−pr‖2 CPU time (s) h ‖ph−pr‖2 CPU time (s)

4 3.55e-02 30.98 4 6.18e-02 38.85 1/4 3.75e-03 47.72

8 6.72e-03 47.55 8 9.51e-03 63.97 1/8 1.12e-03 93.72

12 1.33e-04 62.75 12 4.04e-04 73.48 1/16 3.12e-04 219.30

16 2.11e-05 83.09 16 7.23e-05 96.21 1/32 8.16e-05 536.48

20 1.96e-06 106.14 20 2.26e-06 139.73 1/64 1.98e-05 4741.07
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Table 6: Efficiency test in Section 5.2. Computational parameters in (4.8) for the two-population model with
delays and refractory states.

Diffusion coefficient a 1

External input νE,ext 20

Refractory periods τE,τI 0.025

Initial distribution

[

vE
0 ,
(

σE
0

)2]
[−1,0.5]

[

vI
0,
(

σI
0

)2]
[−1,0.5]

Synaptic delays DE
E,D I

E,DE
I ,D I

I 0.1

Connectivity parameters
[bE

E ,bI
E] [3.5,4]

[bE
I ,bI

I ] [0.75,3]

Table 7: Efficiency test in Section 5.2. The computation time of LLSGM and FDM for (4.8).

LLSGM

M
∥

∥pE
M−pE

r

∥

∥

2

∥

∥pI
M−pI

r

∥

∥

2
CPU time (s)

4 3.97e-01 2.32e-01 65.72

8 2.12e-02 2.27e-03 91.12

12 1.47e-03 3.06e-04 122.29

16 1.41e-04 2.78e-05 163.61

FDM

h
∥

∥pE
h −pE

r

∥

∥

2

∥

∥pI
h−pI

r

∥

∥

2
CPU time (s)

1/4 2.78e-02 1.97e-01 137.34

1/8 8.02e-03 7.74e-02 213.06

1/16 2.19e-03 1.94e-02 509.48

1/32 7.78e-04 4.54e-03 1259.75

1/64 3.31e-04 9.04e-04 11375.21

the resulting linear system at each time step. Among these, the dominant cost arises from
solving the linear system. The complexity of this step is O(Mγ), where the exponent γ
depends on the specific solver employed. From Tables 5 and 7, the measured CPU times
are consistent with the expected computational complexity.

5.3 Blow-up events

The blow-up events are first studied with LLSGM for the one-population model, and the
occurrence of blow-up phenomena in the two-population model is then observed. The
blow-up events have been widely studied in the NNLIF model, where the solution may
blow up in a finite time.
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5.3.1 One-population model

The blow-up events are studied in detail with LLSGM for the one-population model.
The study in [4, 31] shows that the blow-up events occur if the parameter b in (1.1) is
sufficiently large. In the simulation, the parameters are set as a0 =1, a1 =0 and b=3, and
the scheme (3.36) is utilized with the expansion number M=16 and the time step length
fixed as ∆t=0.001.

The evolution of the mean firing rate N(t) is plotted in Fig. 3(a), and the distribution
of the density function p(v,t) on v at t=2.95,3.15 and 3.35 is shown in Fig. 3(b). It can be
observed that the density function becomes increasingly concentrated around VR, with
a sharp increase in response to a rapid increase in the firing rate N(t).

Moreover, the numerical experiment for the strongly nonlinear case is performed. We
set a1=4,b=0.5 while keeping the other parameters unchanged. Figs. 4(a) and 4(b) depict
the evolution of N(t) and p(v,t), respectively, and demonstrate that the blow-up event is
highly sensitive to a1 even for relatively small b.

5.3.2 Two-population model

We extend blow-up events by applying the LLSGM method to the excitatory-inhibitory
population model (4.8). As shown in [8, 9], blow-up events can occur for the two-popu-
lation model when the connectivity parameter bE

E becomes sufficiently large. In the sim-
ulation, we set Mα = Nα, and the scheme (4.14) is adopted with the expansion number
M=16 and a fixed time-step length ∆t=0.001. The detailed parameters in (4.8) are listed
in Table 8.

Figs. 5(a) and 5(c) illustrate the evolution of the mean firing rates NE(t) and NI(t),
while Figs. 5(b) and 5(d) show the distribution of the density functions pE(v,t) and pI(v,t)
at different time. As depicted in Fig. 5, two populations nearly blow up simultaneously.
The concentration of the density functions around VR, as shown in Figs. 5(b) and 5(d),

(a) N(t) (b) p(v,t)

Figure 3: Blow-up event for the one-population model in Section 5.3.1. (a) The evolution of the mean firing
rate N(t). (b) The density function p(v,t) at t=2.95,3.15, and 3.35.
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(a) N(t) (b) p(v,t)

Figure 4: Blow-up event occurs for the one-population model in the strongly nonlinear case in Section 5.3.1.
(a) The evolution of the mean firing rate N(t). (b) The density function p(v,t) at t=0.65,0.85, and 1.05.

Table 8: Blow-up events for the two-population model in Section 5.3.2. Computational parameters in (4.8) for
the two-population model.

Diffusion coefficient a 1

External input νE,ext 0

Refractory periods τE,τI 0

Initial distribution

[

vE
0 ,
(

σE
0

)2]
[−1,0.5]

[

vI
0,
(

σI
0

)2]
[−1,0.5]

Synaptic delays DE
E,D I

E,DE
I ,D I

I 0

Connectivity parameters
[bE

E ,bI
E] [3,0.5]

[bE
I ,bI

I ] [0.75,0.25]

provides a clear indication of the blow-up events. Compared to the inhibitory popula-
tion, the density function of the excitatory population accumulates more distinctly at the
reset voltage VR, resulting in a sharper peak.

5.4 Two-population model with delays and refractory states

We perform numerical experiments to investigate the dynamics of the two-population
model (4.8), focusing on the significant roles of refractory states and synaptic delays.
These factors are critical in shaping the collective behavior of neuron populations and
are known to influence the emergence of periodic solutions, as shown in [9]. However,
the interactions between excitatory and inhibitory populations have been comparatively
less explored. To better understand the interaction between excitatory and inhibitory
populations in the neuron networks, specifically, we consider a special scenario where
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(a) NE(t) (b) pE(v,t)

(c) NI(t) (d) pI(v,t)

Figure 5: Blow-up event for the two-population model in Section 5.3.2. The first row is the behavior of the mean
firing rate NE(t), and the density function pE(v,t) at t=3.85,4.05, and 4.25 for the excitatory population, and
the second row is the behavior of the mean firing rate NI(t), and the density function pI(v,t) at t=2.25,3.25,
and 4.25 for the inhibitory population.

an inhibitory population, exhibiting periodic oscillations under external stimuli due to
synaptic delays and refractory states [9], is coupled with an excitatory population. By
varying the connectivity between the two populations, we aim to observe the dynamic
behavior of the system, including transitions between periodic oscillations, steady states,
and divergence.

In the simulation, the expansion number is fixed at M= 16, with a time-step length
of ∆t = 10−7, and the other parameters are listed in Table 6. Since the blow-up events
occur for large enough excitatory synaptic strength bE

E [8], we systematically vary bE
E

while keeping other parameters fixed. For numerical convenience, the synaptic delays
are considered integral multiples of the time-step length. When the excitatory synaptic
strength bE

E is small, the dynamic behavior of the system is expected to resemble that of
a single inhibitory population. As bE

E increases, the system is anticipated to transition
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to a steady state. For sufficiently large values of bE
E, the phenomenon of divergence is

expected to occur in the system.

Results from the numerical experiments confirm the expected transitions. When the
excitatory synaptic strength bE

E is relatively small, it seems that the inhibitory population
dominates the system, and the firing rates Nα(t) exhibit periodic oscillations, as shown
in Figs. 6(a) and 6(b) for bE

E =3.5.

As bE
E increases, the influence of the excitatory population seems to intensify, grad-

ually weakening the dominance of the inhibitory population, and shifting the system
towards a steady state. In this case, both the excitatory firing rate NE(t) and inhibitory
firing rate NI(t) increase without explosion and become constant after a certain period,
depicted in Figs. 7(a) and 7(b) for bE

E =3.82. This transition occurs because the excitatory
synaptic strength is enhanced, leading to a more balanced interplay between the excita-
tory population and the inhibitory population.

Finally, when bE
E is sufficiently large, the excitatory population dominates the system,

leading to the overall divergence in the system, as observed in Figs. 8(a) and 8(b) where
at bE

E =4 the firing rates Nα(t) grow without bound.

6 Conclusion

In this work, we have presented an efficient numerical scheme based on the spectral
method to solve the Fokker-Planck equation in the semi-unbounded region associated
with the Nonlinear Noisy Leaky Integrate-and-Fire model. The scheme is consistent with
the Fokker-Planck equation and exhibits spectral convergence in the spatial direction.
A comparison of computation time at the same accuracy level demonstrates the high
efficiency of LLSGM. Additionally, we successfully extend the method to an excitatory-

(a) NE(t), bE
E =3.5 (b) NI(t), bE

E =3.5

Figure 6: Two-population model with delays and refractory states in Section 5.4. The evolution of the mean
firing rates Nα(t),α=E, I for bE

E =3.5, where the periodic oscillations are observed.
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(a) NE(t),b
E
E=3.82 (b) NI(t),b

E
E=3.82

Figure 7: Two-population model with delays and refractory states in Section 5.4. The evolution of the mean
firing rates Nα(t),α=E, I for bE

E =3.82, where the phenomenon of steady state is observed.

(a) NE(t), bE
E=4 (b) NI(t), bE

E=4

Figure 8: Two-population model with delays and refractory states in Section 5.4. The evolution of the mean
firing rates Nα(t), α=E, I for bE

E =3.82, where the phenomenon of steady state is observed.

inhibitory population model with synaptic delays and refractory periods and explore the
transitions between periodic solutions, steady states, and divergence. In the future, we
may develop a more stable high-order numerical scheme in time and investigate more
complex properties of the Fokker-Planck equation.
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