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Abstract. In this paper, we introduce energy-stable schemes based on operator split-

ting methods for Maxwell’s equations in two-dimensional Lorentz dispersive media with

transverse electric polarization, namely the sequential splitting scheme (SS-ML) and

the Strang-Marchuk splitting scheme (SM-ML). Each splitting scheme involves two sub-

stages per time step, where 1D discrete sub-problems are solved using the Crank-Nicolson

method for time discretization. Both schemes ensure energy decay and unconditional

stability. The convergence analysis reveals that the SS-ML scheme exhibits first-order

accuracy in time and second-order accuracy in space based on the energy technique,

while the SM-ML scheme achieves second-order accuracy in both time and space. Addi-

tionally, numerical dispersion analysis yields two discrete numerical dispersion relation

identities for each scheme. Theoretical results are supported by examples and numerical

experiments.
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1. Introduction

The study of wave propagation in dispersive media has gained considerable attention,

particularly in light of the advancements in electromagnetic meta-materials. A dispersive

medium is a substance or material that exhibits dispersion, a phenomenon where different

wavelengths of light or electromagnetic radiation traverse the material at varying speeds.

One particular type of dispersive material that demonstrates distinct frequency-dependent

behavior in response to electromagnetic fields is a Lorentz medium. In a Lorentz material,

modifications are made to Maxwell’s equations accounting for the specific characteristics of

the material’s permittivity and permeability as described by the Lorentz model. The utility

of Lorentz media extends across diverse domains, encompassing optics, solid-state physics,

and materials research [3,23,27].
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The Yee finite-difference time-domain (Yee-FDTD) method is a widely used technique

for solving Maxwell’s equations in the time domain [28,29]. It discretizes the electric and

magnetic fields on structured staggered space-time grids, enabling efficient simulations of

electromagnetic wave propagation and interactions with various structures and materials.

With its second-order accuracy in both space and time, the Yee-FDTD method is partic-

ularly suitable for electromagnetics, optics, and antenna design applications, delivering

reliable and efficient solutions. Moreover, the Yee-FDTD method has been extended to

handle Maxwell’s equations in linear and nonlinear materials by combining it with other

discrete methods [4, 5, 10, 28, 30]. The Yee-FDTD scheme has made significant exten-

sions, particularly by accommodating nonuniform meshes within diverse material com-

positions [11, 20–22]. However, it exhibits a fundamental limitation as a conditionally

stable numerical method. This conditionality dictates that both the time step and spatial

step sizes must satisfy the Courant-Friedrichs-Lewy (CFL) stability condition during time-

marching simulations [28]. Consequently, when spatial step sizes are reduced, the necessity

for exceedingly minute time steps arises. This inherent demand for minuscule time steps

places a significant computational burden on the conditionally stable Yee-FDTD method,

particularly when addressing Maxwell’s equations within extremely thin geometric struc-

tures [24].

To address the stability limitations and reduce computational expenses, the opera-

tor splitting method has been extensively studied for solving Maxwell’s equations and is

a widely adopted strategy for tackling complex time-dependent problems [7, 11, 13, 18].

This method involves breaking down complex time-dependent problems into simpler sub-

problems, each focusing on a distinct physical process guided by a specific operator. These

sub-problems are solved sequentially, and their solutions are combined using their ini-

tial conditions to solve the original problem. Commonly used operator splitting methods

for time-dependent problems include sequential splitting, Strang-Marchuk splitting, and

the alternating direction implicit (ADI-FDTD) approach. These methodology not only en-

hances computational efficiency compared with fully implicit techniques such as the Crank-

Nicolson scheme but also maintain the critical attribute of unconditional stability. While the

FDTD method is a powerful and widely used numerical technique in computational electro-

magnetics, it may not always preserve the energy conservation property, essential for ensur-

ing physically meaningful simulations of electromagnetic phenomena. Chen et al. recently

introduced energy-conserving splitting techniques for solving two- and three-dimensional

Maxwell’s equations [8,9]. Additionally, extensions of the energy-based operator splitting

method for Maxwell’s equations in higher dimensions or with different materials have been

proposed [2,12,14,16,25,26].

In this paper, we introduce an operator splitting technique to solve the two-dimensional

transverse electric Maxwell equations in Lorentz dispersive media. We formulate energy

stable splitting methods based on the staggered Yee-grid structure, employing both sequen-

tial and Strang-Marchuk splitting schemes. These strategies entail two stages per time step,

effectively reducing computational efforts. We present a rigorous analysis of the methods

concerning stability and convergence of fully discrete splitting schemes using energy me-

thods. Our analysis verifies that both splitting schemes satisfy the energy decay relation,
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ensuring stable behavior in the discrete norm without imposing CFL restrictions [2, 26].

The absence of a CFL constraint is crucial when dealing with the complex Maxwell-Lorentz

problem. As a result, similar to the Crank-Nicolson scheme, our techniques permit time step

selection purely based on accuracy considerations. Unlike the Crank-Nicolson scheme, how-

ever, the sub-problem of diverse physical processes and dimensional splitting enhances com-

putational efficiency. Furthermore, we establish that the Strang-Marchuk scheme achieves

second-order accuracy in both time and space, whereas the sequential splitting scheme ex-

hibits first-order accuracy in time and second-order accuracy in space. We also performed

a numerical experiment to investigate the phase error, propagation angles, and angular

frequencies of all schemes, as they play a crucial role in accurately predicting the behavior

of electromagnetic waves and designing diverse electromagnetic systems. We validate the

effectiveness of our splitting methods by comparing their numerical dispersion relations to

exact dispersion relations. Additionally, we provide numerical examples in physical optics

demonstrating characteristic phase error behavior across frequency ranges, highlighting

the superior performance of our schemes compared to the Yee-FDTD approach. The theo-

retical results for the splitting schemes are further supported by corresponding numerical

experiments.

The structure of this paper is as follows. In Section 2, we introduce the two-dimensional

Maxwell’s equations in Lorentz dispersive media and the energy decay results for this

model. In Section 3, we present two fully discrete splitting schemes: the sequential scheme

and Strang-Marchuk splitting scheme. The stability and convergence analyses of the fully

discrete operator splitting schemes are presented in Sections 4 and 5, respectively. Ad-

ditionally, we analyze the numerical dispersion of our schemes in Section 6. Numerical

simulations to validate the theoretical results are provided in Section 7. Finally, the paper

concludes in Section 8.

2. Models

Maxwell’s equations are fundamental in electromagnetism, governing the behavior of

the electric and magnetic fields and their interaction with electric charges and currents.

Over a spatial domain denoted as Ω and a time interval within [0, T ], the Maxwell’s equa-

tions in the absence of sources are expressed over the space-time regionΩ×[0, T ] as follows:

∂ B

∂ t
= −curl E,

∂D

∂ t
= curl H,

∇ ·D= 0,

∇ · B= 0,

(2.1)

where E is an electric field, H the magnetic field, D the electric flux density, and B the

magnetic flux density. In dispersive dielectric materials with negligible magnetic effects,

where there are no magnetic monopoles and magnetic sources, the electric displacement



48 P. Sakkaplangkul

field D and the magnetic field B still satisfy constitutive relations — viz.

B= µ0H, D= ε0ε∞E+ P,

where ε0 is the electric permittivity of free space, µ0 is the magnetic permeability of free

space, ε∞ is the permittivity at infinite frequency, and P is the electric polarization field.

The single-pole Lorentz model is a simplified representation of the dielectric response of

a material to an electromagnetic field. It describes the time evolution of the polarization

field P through the following equation [15,30]:

∂ 2P

∂ t2
+

1

τ

∂ P

∂ t
+ω2

0P = ε0ω
2
pE,

where ω0 is the resonance frequency of the medium, ωp is the plasma frequency and 1/τ

is a damping constant. We assume that all parameters ω0,ωp,τ are constants within the

medium.

By introducing the polarization density J = ∂ P/∂ t, the Maxwell’s equations (2.1) and

the constitutive relations can be combined to yield the 3D-Maxwell-Lorentz model as fol-

lows:
∂H

∂ t
= − 1

µ0

curl E,

∂ E

∂ t
=

1

ε0ε∞
curl H− J

ε0ε∞
,

∂ J

∂ t
= ε0ω

2
pE−ω2

0P− 1

τ
J,

∂ P

∂ t
= J.

(2.2)

In this paper, we examine the two-dimensional case of transverse electric (TE) polariza-

tion. The 2D scalar equations for TE polarization in the Maxwell-Lorentz framework can

be derived from the Eq. (2.2) as

∂ H

∂ t
=

1

µ0

�
∂ Ex

∂ y
−
∂ Ey

∂ x

�
, (2.3)

∂ Ex

∂ t
=

1

ε0ε∞

∂ H

∂ y
− Jx

ε0ε∞
, (2.4)

∂ Ey

∂ t
= − 1

ε0ε∞

∂ H

∂ x
−

Jy

ε0ε∞
, (2.5)

∂ Jx

∂ t
= ε0ω

2
p
Ex −ω2

0
Px −

1

τ
Jx , (2.6)

∂ Jy

∂ t
= ε0ω

2
p
Ey −ω2

0
Py −

1

τ
Jy , (2.7)

∂ Px

∂ t
= Jx , (2.8)

∂ Py

∂ t
= Jy . (2.9)
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The system (2.3)-(2.9) is equipped with the perfect electric boundary condition (PEC) on

the boundary of the rectangular domain Ω= [0, a]× [0, b]

Ex(x , 0, t) = Ex(x , b, t) = Ey(0, y, t) = Ey(a, y, t) = 0 on ∂Ω× (0, T ],

along with initial conditions

H(x, 0) = H0(x), E(x, 0) = E0(x), J(x, 0) = J0(x), P(x, 0) = P0(x), x ∈ Ω.

To demonstrate that the Maxwell-Lorentz system (2.3)-(2.9) is well-posed, we construct

a weak formulation. We first define two function spaces — viz.

H(curl,Ω) =
¦
u ∈
�
L2(Ω)
�2 �� curl u ∈ L2(Ω)

©
,

H0(curl,Ω) =
�
u ∈ H(curl,Ω)
�� n× u = 0 on ∂Ω

	
,

where n is the outward unit normal vector to ∂Ω and curlU = ∂ Uy/∂ x − ∂ Ux/∂ y is the

scalar curl operator for a vector field U = (Ux , Uy )
T . We obtain the weak formulation for

(2.3)-(2.9)
�
µ0

∂ H

∂ t
, v

�
= − (curl E, v) for all v ∈ L2(Ω),

�
ε0ε∞

∂ E

∂ t
,u

�
= (H, curl u)− (J,u) for all u ∈ H0(curl,Ω),

�
1

ε0ω2
p

∂ J

∂ t
,w

�
= −
�

1

ε0ω2
pτ

J,w

�
−
�

1

ε0ε∞(εq − 1)
P,w

�
+ (E,w) for all w ∈

�
L2(Ω)
�2

,

�
1

ε0ε∞(εq − 1)

∂ P

∂ t
,q

�
=

�
1

ε0ε∞(εq − 1)
J,q

�
for all q ∈
�
L2(Ω)
�2

,

where (·, ·) denotes the L2 inner product. We use the notation Cm(0, T ; X ) to represent

the space of functions that are m times continuously differentiable from [0, T ] into the

functional space X . In [17, 19, 26], the Maxwell-Lorentz model exhibits energy decay, as

stated in the theorem below.

Theorem 2.1. Let Ω ⊂ R2 and suppose that E := (Ex , Ey) ∈ C(0, T : H0(curl,Ω))∩C1(0, T ;

(L2(Ω))2),P := (Px , Py ),J := (Jx , Jy ) ∈ C1(0, T ; (L2(Ω))2) and H ∈ C1(0, T ; L2(Ω)) are

solutions of the weak formulation for the Maxwell-Lorentz system (2.3)-(2.9) along with the

PEC boundary conditions. Then the system exhibits energy decay

EL(t) ≤ EL(0) for all t ≥ 0,

where the energy function is defined as

EL(t) :=

�
µ0‖H(t)‖22 + ε0ε∞‖E(t)‖22 +

ω2
0

ε0ω
2
p

‖P(t)‖22 +
1

ε0ω
2
p

‖J(t)‖22

�1/2
.

Proof. See [19].
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3. Splitting Schemes

In this section, we construct a splitting scheme by extending the ideas from [8, 25],

which respectively applied sequential splitting to dimensional Maxwell’s equations in a loss-

less medium with no source terms and Maxwell’s equations in a Debye medium. This

scheme is based on decomposing the curl operator into one-dimensional sub-problems as

follows:

Stage 1.
∂ H

∂ t
=

1

µ0

∂ Ex

∂ y
,

∂ Ex

∂ t
=

1

ε0ε∞

∂ H

∂ y
.

(3.1)

Stage 2.

∂ H

∂ t
= − 1

µ0

∂ Ey

∂ x
,

∂ Ex

∂ t
= − Jx

ε0ε∞
,

∂ Ey

∂ t
= − 1

ε0ε∞

∂ H

∂ x
−

Jy

ε0ε∞
,

∂ Jx

∂ t
= ε0ω

2
p
Ex −ω2

0
Px −

1

τ
Jx ,

∂ Jy

∂ t
= ε0ω

2
p
Ey −ω2

0
Py −

1

τ
Jy ,

∂ Px

∂ t
= Jx ,

∂ Py

∂ t
= Jy .

(3.2)

We consider the systems (3.1) and (3.2) over the space-time domain Ω × [0, T ], where

Ω= [0, a]× [0, b] with a, b, T > 0, and apply the PEC boundary conditions.

3.1. Spatial and temporal discretization

In this paper, we focus on a space-time domain Ω×[0, T ], where Ω is defined as [0, a]×
[0, b], with positive values for a, b, and T . We use △x and △y to denote the spatial step

sizes, while △t represents the time step size. The discrete coordinates in both space and

time are denoted as (xα, yβ , tγ), where xα = α△x , yβ = β△y, and tγ = γ△t. We establish

the definitions of discrete grid functions as follows:

U
γ

α,β
:= U(xα, yβ , tγ),

where U represents one of the components of the electromagnetic field, which can be any

of the following: H, Ex , Ey , Jx , Jy , Px or Py . The Degrees of Freedom (DoF) illustrated in
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Figure 1: Staggered grids of electromagnetic fields.

Fig. 1 for the electric field components Eκ, Jκ, Pκ on the staggered grid are located at the

midpoint of the grid cell edge aligned with the κ-axis. In contrast, Hκ is positioned at the

midpoint of the grid cell face that runs parallel to the κ-axis. This implies that, depending

on the particular electromagnetic field in question, α can assume values of either i or i+1/2,

β can be either j or j + 1/2, and γ can take on values of either n or n+ 1/2.

Next, we establish standard definitions for centered spatial and temporal difference

operators, along with the discrete time averaging operator as follows:

δx U
γ

α,β
:=

U
γ

α+1/2,β
− U

γ

α−1/2,β

△x
, δt U

γ

α,β
:=

U
γ+1/2

α,β
− U

γ−1/2

α,β

△t
,

δy U
γ

α,β
:=

U
γ

α,β+1/2
− U

γ

α,β−1/2

△y
, U

γ

α,β
:=

U
γ+1/2

α,β
+ U

γ−1/2

α,β

2
.

3.2. Sequential splitting scheme

The SS-ML scheme, a sequential splitting scheme based on the 2D Maxwell-Lorentz TE

equations, operates in two stages. It is applied to the discrete time interval [tn, tn+1] with

0≤ n≤ N − 1 as follows:

Stage 1. Compute intermediate variables eH, eEx from Hn, En
x on [tn, tn+1]

eHi+1/2, j+1/2 −Hn
i+1/2, j+1/2

∆t
=

1

2µ0

δy

�
eExi+1/2, j+1/2

+ En
xi+1/2, j+1/2

�
, (3.3)

eExi+1/2, j
− En

xi+1/2, j

∆t
=

1

2ε0ε∞
δy

�
eHi+1/2, j +Hn

i+1/2, j

�
. (3.4)
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Stage 2. Compute Hn+1, En+1
x

, En+1
y

, J n+1
x

, J n+1
y

, Pn+1
x

, Pn+1
y

from intermediate variables eH,

eEx , En
y
, J n

x
, J n

y
, Pn

x
, Pn

y
on [tn, tn+1]

Hn+1
i+1/2, j+1/2

− eHi+1/2, j+1/2

∆t
= − 1

2µ0

δx

�
En+1

yi+1/2, j+1/2
+ En

yi+1/2, j+1/2

�
, (3.5)

En+1
xi+1/2, j

− eExi+1/2, j

∆t
= − 1

ε0ε∞
J

n+1/2
xi+1/2, j

, (3.6)

En+1
yi, j+1/2

− En
yi, j+1/2

∆t
= − 1

2ε0ε∞
δx

�
Hn+1

i, j+1/2
+ eHi, j+1/2

�
− 1

ε0ε∞
J

n+1/2
yi, j+1/2

, (3.7)

J n+1
xi+1/2, j

− J n
xi+1/2, j

∆t
=
ε0

2
ω2

p

�
En+1

xi+1/2, j
+ eExi+1/2, j

�
−ω2

0 P
n+1/2
xi+1/2, j

− 1

τ
J

n+1/2
xi+1/2, j

, (3.8)

J n+1
yi, j+1/2

− J n
yi, j+1/2

∆t
= ε0ω

2
p

E
n+1/2
yi, j+1/2

−ω2
0

P
n+1/2
yi, j+1/2

− 1

τ
J

n+1/2
yi, j+1/2

, (3.9)

Pn+1
xi+1/2, j

− Pn
xi+1/2, j

∆t
= J

n+1/2
xi+1/2, j

, (3.10)

Pn+1
yi, j+1/2

− Pn
yi, j+1/2

∆t
= J

n+1/2
yi, j+1/2

. (3.11)

To achieve second-order in time accuracy, we enhanced the SS-ML scheme by intro-

ducing a three-stage process. This modification improves the scheme from first-order to

second-order.

3.3. Strang-Marchuk splitting scheme

The SM-ML scheme, a Strang-Marchuk splitting scheme based on the 2D Maxwell-

Lorentz TE equations, operates in three stages. It is applied to the discrete time interval

[tn, tn+1] with 0≤ n≤ N − 1 as follows:

Stage 1. Compute intermediate variables eH, eEx from Hn, En
x on [tn, tn+1/2]

eHi+1/2, j+1/2 −Hn
i+1/2, j+1/2

∆t
=

1

4µ0

δy

�
eExi+1/2, j+1/2

+ En
xi+1/2, j+1/2

�
,

eExi+1/2, j
− En

xi+1/2, j

∆t
=

1

4ε0ε∞
δy

�
eHi+1/2, j +Hn

i+1/2, j

�
.

Stage 2. Compute ÒH, bEx , En+1
y , J n+1

x , J n+1
y , Pn+1

x , Pn+1
y from variables eH, eEx , En

y , J n
x , J n

y , Pn
x ,

Pn
y on [tn, tn+1]

ÒHi+1/2, j+1/2 − eHi+1/2, j+1/2

∆t
= − 1

2µ0

δx

�
En+1

yi+1/2, j+1/2
+ En

yi+1/2, j+1/2

�
,
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bExi+1/2, j
− eExi+1/2, j

∆t
= − 1

ε0ε∞
J

n+1/2
xi+1/2, j

,

En+1
yi, j+1/2

− En
yi, j+1/2

∆t
= − 1

2ε0ε∞
δx

�
ÒHi, j+1/2 + eHi, j+1/2

�
− 1

ε0ε∞
J

n+1/2
yi, j+1/2

,

J n+1
xi+1/2, j

− J n
xi+1/2, j

∆t
=
ε0

2
ω2

p

�
bExi+1/2, j

+ eExi+1/2, j

�
−ω2

0 P
n+1/2
xi+1/2, j

− 1

τ
J

n+1/2
xi+1/2, j

,

J n+1
yi, j+1/2

− J n
yi, j+1/2

∆t
= ε0ω

2
p E

n+1/2
yi, j+1/2

−ω2
0 P

n+1/2
yi, j+1/2

− 1

τ
J

n+1/2
yi, j+1/2

,

Pn+1
xi+1/2, j

− Pn
xi+1/2, j

∆t
= J

n+1/2
xi+1/2, j

,

Pn+1
yi, j+1/2

− Pn
yi, j+1/2

∆t
= J

n+1/2
yi, j+1/2

.

Stage 3. Compute Hn+1, En+1
x

from ÒH, bEx on [tn+1/2, tn+1]

Hn+1
i+1/2, j+1/2

− ÒHi+1/2, j+1/2

∆t
=

1

4µ0

δy

�
En+1

xi+1/2, j+1/2
+ bExi+1/2, j+1/2

�
,

En+1
xi+1/2, j

− bExi+1/2, j

∆t
=

1

4ε0ε∞
δy

�
Hn+1

i+1/2, j
+ ÒHi+1/2, j

�
.

We apply the perfect electric conductor (PEC) boundary conditions to both the SS-ML

scheme and the SM-ML scheme, which can be represented in scalar forms as follows: For

0≤ i ≤ I − 1 and 0≤ j ≤ J − 1,

En
xi+1/2,0

= En
xi+1/2,J

= En
y0, j+1/2

= En
yI , j+1/2

= 0. (3.12)

4. Stability and Energy Analysis

In this section, our aim is to assess the stability of the operator splitting schemes and

demonstrate their energy decay properties, similar to their continuous counterparts. To

achieve this, we establish both a discrete inner product and a discrete L2 norm for the

electromagnetic field.

Let

W :=
�
Wi+1/2, j+1/2

	
, F :=
��

Ui+1/2, j , Vi, j+1/2

�	
,

fW :=
�fWi+1/2, j+1/2

	
, eF :=
��eUi+1/2, j , eVi, j+1/2

�	

represent sets of discrete meshes containing grid functions of electromagnetic fields. We

define the discrete inner products of these two fields as follows:

〈U , eU〉Ex
=∆h

I−1∑

i=0

J−1∑

j=0

Ui+1/2, j
eUi+1/2, j ,
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〈W,fW 〉H =∆h

I−1∑

i=0

J−1∑

j=0

Wi+1/2, j+1/2
fWi+1/2, j+1/2,

〈V, eV 〉Ey
=∆h

I−1∑

i=0

J−1∑

j=0

Vi, j+1/2
eVi, j+1/2,

where ∆h =∆x∆y. The corresponding discrete L2 grid norms are defined by

‖U‖2
Ex
=∆h

I−1∑

i=0

J−1∑

j=0

|Ui+1/2, j|2, ‖V‖2
Ey
=∆h

I−1∑

i=0

J−1∑

j=0

|Vi, j+1/2|2,

‖W‖2H =∆h

I−1∑

i=0

J−1∑

j=0

|Wi+1/2, j+1/2|2, ‖F‖2E = ‖U‖2Ex
+ ‖V‖2Ey

.

We initially introduce a summation by parts property necessary for proving the stability of

our schemes, as stated in the following lemma.

Lemma 4.1 (cf. Refs. [6,8]). Let U , V,W be the discrete grid functions defined on the discrete

meshes. Suppose that U and V satisfy the PEC boundary conditions

Ui+1/2,0 = Ui+1/2,J = V0, j+1/2 = VI , j+1/2,

where 0≤ i ≤ I − 1 and 0≤ j ≤ J − 1. For any integers 0< i < I − 1 and 0< j < J − 1, we

have

I−1∑

i=0

Wi+1/2, j+1/2δx Vi+1/2, j+1/2 = −
I−1∑

i=1

Vi, j+1/2δxWi, j+1/2,

J−1∑

j=0

Wi+1/2, j+1/2δy Ui+1/2, j+1/2 = −
J−1∑

j=1

Ui+1/2, jδyWi+1/2, j .

Based on this lemma, the following theorems demonstrate the preservation of energy

decay characteristics in our schemes within the continuous problem.

4.1. Energy decay property and unconditional stability

Theorem 4.1 (Energy Decay Property for SS-ML Scheme). For the integer n≥ 0, let

Hn :=
�

Hn
i+1/2, j+1/2

	
, En :=
��

En
xi+1/2, j

, En
yi, j+1/2

�	
,

Jn :=
��

J n
xi+1/2, j

, J n
yi, j+1/2

�	
, Pn :=
��

Pn
xi+1/2, j

, Pn
yi, j+1/2

�	

be the solutions of SS-ML scheme, then the SS-ML scheme with the PEC boundary conditions

(3.12) satisfies the discrete energy decay

E n+1
L
≤ E n

L
, (4.1)
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where the discrete energy is defined as

E n
L :=

�
µ0‖Hn‖2H + ε0ε∞‖En‖2E +

ω2
0

ε0ω
2
p

‖Pn‖2E +
1

ε0ω
2
p

‖Jn‖2E

�1/2
. (4.2)

Proof. Multiplying the Eq. (3.3) with µ0∆t∆h ( eHi+1/2, j+1/2+Hn
i+1/2, j+1/2

), the Eq. (3.4)

with ε0ε∞∆t∆h(eExi+1/2, j
+ En

xi+1/2 , j
), and summing over all spatial nodes, we obtain

µ0‖ eH‖2H + ε0ε∞‖eEx‖2Ex

= µ0‖Hn‖2H + ε0ε∞‖En
x‖2Ex

+
∆t

2


 eH +Hn,δy

�eEx + En
x

��
H

+
∆t

2


eEx + En
x ,δy

� eH +Hn
��

Ex
. (4.3)

Similarly, multiplying the Eq. (3.5) by µ0∆t∆h(H
n+1
i+1/2, j+1/2

+ eHi+1/2, j+1/2), the Eq. (3.6) by

ε0ε∞∆t∆h(E
n+1
xi+1/2, j

+ eExi+1/2, j
), the Eq. (3.7) by ε0ε∞∆t∆h(E

n+1
yi, j+1/2

+En
yi, j+1/2

), the Eq. (3.8)

by ∆t∆h(J
n+1
xi+1/2, j

+ J n
xi+1/2, j

)/(ε0ω
2
p), the Eq. (3.9) by ∆t∆h(J

n+1
yi, j+1/2

+ J n
yi, j+1/2

)/(ε0ω
2
p), the

Eq. (3.10) by ω2
0∆t∆h(P

n+1
xi+1/2, j

+ Pn
xi+1/2, j

)/(ε0ω
2
p), the Eq. (3.11) by ω2

0∆t∆h (P
n+1
yi, j+1/2

+

Pn
yi, j+1/2

)/(ε0ω
2
p) and summing over all spatial nodes, we obtain

µ0‖Hn+1‖2H + ε0ε∞‖En+1‖2E +
1

ε0ω2
p

‖Jn+1‖2E +
ω2

0

ε0ω2
p

‖Pn+1‖2E

= µ0‖ eH‖2H + ε0ε∞
�
‖eEx‖2Ex

+ ‖En
y‖2Ey

�
+
‖Jn‖2E
ε0ω2

p

+
ω2

0

ε0ω2
p

‖Pn‖2E

− ∆t

2

¬
Hn+1 + eH,δx

�
En+1

y + En
y

�¶
H
− ∆t

2

¬
En+1

y + En
y ,δx

�
Hn+1 + eH
�¶

Ey

− ∆t

2τ

1

ε0ω
2
p



J n+1
x
+ J n

x



2
Ex
− ∆t

2τ

1

ε0ω
2
p



J n+1
y
+ J n

y



2
Ey

. (4.4)

By Lemma 4.1, combining Eqs. (4.3) and (4.4) and using the fact that the discrete norm is

non-negative, the discrete energy (4.2) satisfies the energy decay (4.1).

The following theorem asserts that the SM-ML scheme conserves an equivalent discrete

energy decay property as the SS-ML system.

Theorem 4.2 (Energy Decay Property for SM-ML Scheme). For the integer n≥ 0, let

Hn :=
�

Hn
i+1/2, j+1/2

	
, En :=
��

En
xi+1/2, j

, En
yi, j+1/2

�	
,

Jn :=
��

J n
xi+1/2, j

, J n
yi, j+1/2

�	
, Pn :=
��

Pn
xi+1/2, j

, Pn
yi, j+1/2

�	

be the solutions of SM-ML scheme, then the SM-ML scheme with the PEC boundary conditions

(3.12) satisfies the discrete energy decay

E n+1
L ≤ E n

L ,

where the discrete energy is defined in (4.2).
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5. Convergence Analysis

In this section, we establish the convergence of energy-based operator splitting tech-

niques. To assess the truncation errors, we initially introduce intermediate variables as

follows:

eH∗(z, tn) = H(z, tn) +
∆t2

8µ0ε0ε∞
δy y H(z, tn) +

∆t

2µ0

δy Ex(z, tn), (5.1)

eE∗x (z, tn) = Ex (z, tn) +
∆t2

8µ0ε0ε∞
δy y Ex(z, tn) +

∆t

2ε0ε∞
δy H(z, tn), (5.2)

ÒH∗(z, tn+1) = H(z, tn+1) +
∆t2

8µ0ε0ε∞
δy y H(z, tn+1)− ∆t

2µ0

δy Ex(z, tn+1), (5.3)

bE∗x (z, tn+1) = Ex(z, tn+1) +
∆t2

8µ0ε0ε∞
δy y Ex(z, tn+1)− ∆t

2ε0ε∞
δy H(z, tn+1), (5.4)

where z= (x , y) denotes a point in space. We set

W (z, tn+1/2) =
1

2

�
W (z, tn+1) +W (z, tn)

�

and let discrete point notations

zk
α/2,β

= (xα+1/2, yβ , tk), zk
α,β/2

= (xα, yβ+1/2, tk), zn
α/2,β/2

= (xα+1/2, yβ+1/2, tk).

The local error functions obtained by the intermediate variables, (5.1)-(5.4), and the exact

solutions in the SM-ML scheme are defined by

Stage 1.

ξ11i+1/2, j+1/2
=

eH∗
�
zn

i/2, j/2

�
−H
�
zn

i/2, j/2

�

∆t
− 1

4µ0

δy

�
eE∗x
�
zn

i/2, j/2

�
+ Ex

�
zn

i/2, j/2

��
,

ξ12i+1/2, j
=

eE∗
x

�
zn

i/2, j

�
− Ex

�
zn

i/2, j

�

∆t
− 1

4ε0ε∞
δy

�
eH∗
�
zn

i/2, j

�
+H
�
zn

i/2, j

��
.

(5.5)

Stage 2.

ξ21i+1/2, j+1/2
=

ÒH∗
�
zn+1

i/2, j/2

�
− eH∗
�
zn

i/2, j/2

�

∆t
+

1

2µ0

δx

�
Ey

�
zn+1

i/2, j/2

�
+ Ey

�
zn

i/2, j/2

��
, (5.6a)

ξ22i+1/2, j
=

bE∗x
�
zn+1

i/2, j

�
− eE∗x
�
zn

i/2, j

�

∆t
+

1

ε0ε∞
Jx

�
z

n+1/2

i/2, j

�
, (5.6b)

ξ23i, j+1/2
=

Ey

�
zn+1

i, j/2

�
− Ey

�
zn

i, j/2

�

∆t
+

1

2ε0ε∞
δx

�
ÒH∗
�
zn+1

i, j/2

�
+ eH∗
�
zn

i, j/2

��

+
1

ε0ε∞
Jy

�
z

n+1/2

i, j/2

�
, (5.6c)
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ξ24i+1/2, j
=

Jx

�
zn+1

i/2, j

�
− Jx

�
zn

i/2, j

�

∆t
− ε0

2
ω2

p

�
bE∗x
�
zn+1

i/2, j

�
+ eE∗x
�
zn

i/2, j

��

+ω2
0

Px

�
z

n+1/2

i/2, j

�
+

1

τ
Jx

�
z

n+1/2

i/2, j

�
, (5.6d)

ξ25i, j+1/2
=

Jy

�
zn+1

i, j/2

�
− Jy

�
zn

i, j/2

�

∆t
− ε0ω

2
p Ey

�
z

n+1/2

i, j/2

�

+ω2
0 Py

�
z

n+1/2

i, j/2

�
+

1

τ
Jy

�
z

n+1/2

i, j/2

�
, (5.6e)

ξ26i+1/2, j
=

Px

�
zn+1

i/2, j

�
− Px

�
zn

i/2, j

�

∆t
− Jx

�
z

n+1/2

i/2, j

�
, (5.6f)

ξ27i, j+1/2
=

Py

�
zn+1

i, j/2

�
− Py

�
zn

i, j/2

�

∆t
− Jy

�
z

n+1/2

i, j/2

�
. (5.6g)

Stage 3.

ξ31i+1/2, j+1/2
=

H
�
zn+1

i/2, j/2

�
− ÒH∗
�
zn+1

i/2, j/2

�

∆t
− 1

4µ0

δy

�
Ex

�
zn+1

i/2, j/2

�
+ bE∗x
�
zn+1

i/2, j/2

��
,

ξ32i+1/2, j
=

Ex

�
zn+1

i/2, j

�
− bE∗x
�
zn+1

i/2, j

�

∆t
− 1

4ε0ε∞
δy

�
H
�
zn+1

i/2, j

�
+ ÒH∗
�
zn+1

i/2, j

��
.

(5.7)

Proposition 5.1. Suppose that the exact solutions of electromagnetic fields are smooth enough:

E,P,J ∈ C3(0, T ; [C3(Ω)]2) and H ∈ C3(0, T ; C3(Ω)). Let ξ1i ,ξ2 j and ξ3k where i, k = 1,2

and j = 1,2, . . . , 7 be local error functions of the SM-ML scheme defined as (5.5)-(5.7). Then

for i, k = 1,2 and j = 1,2, . . . , 7, there exists a positive constant Csm independent of ∆t,∆x

and ∆y such that

max
n

�
‖ξ1i‖ℓ∞ ,‖ξ2 j‖ℓ∞ ,‖ξ3k‖ℓ∞

	
≤ Csm

�
∆t2 +∆x2 +∆y2

�
. (5.8)

Proof. By performing the Taylor expansion around appropriate temporal points and

applying the regularity condition of the exact solutions, the local error functions (5.5)-(5.7)

are

ξ11i+1/2, j+1/2
= − 1

32

△t2

µ2
0
ε0ε∞

δ3
y
Ex

�
zn

i/2, j/2

�
,

ξ12i+1/2, j
= − 1

32

△t2

µ0ε
2
0
ε2
∞
δ3

y H
�
zn

i/2, j

�
,

ξ21i+1/2, j+1/2
= τa

CN +
∆t2

8µ0ε0ε∞
δ2

y

�
∂t H
�
z

n+1/2

i/2, j/2

�
+
∆t2

24
∂ 3

t H
�
z

n+1/2

i/2, j/2

��
,

ξ22i+1/2, j
= τb

CN +
∆t2

8µ0ε0ε∞
δ2

y

�
∂t Ex

�
z

n+1/2

i/2, j

�
+
∆t2

24
∂ 3

t Ex

�
z

n+1/2

i/2, j

��
,
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ξ23i, j+1/2
= τc

CN −∆t2

�
1

4µ0ε0ε∞
δxδy∂t Ex

�
z

n+1/2

i, j/2

�
− 1

8µ0ε
2
0
ε2
∞
δxδ

2
y H
�
z

n+1/2

i, j/2

��
,

ξ24i+1/2, j
= τd

CN +∆t2

�
1

4ε0ε∞
ε0ω

2
pδy∂t H
�
z

n+1/2

i/2, j

�
− 1

8µ0ε∞
ω2

pδ
2
y Ex

�
z

n+1/2

i/2, j

��
,

ξ25i, j+1/2
=△t2

�
1

24
∂ 3

t Jy

�
z

n+1/2

i, j/2

�
− ε0

8
ω2

p∂
2
t Ey

�
z

n+1/2

i, j/2

�
+
ω2

0

8
∂ 2

t Py

�
z

n+1/2

i, j/2

�

+
1

8τ
∂ 2

t Jy

�
z

n+1/2

i, j/2

��
,

ξ26i+1/2, j
=△t2

�
1

24
∂ 3

t Px

�
z

n+1/2

i/2, j

�
− 1

8
∂ 2

t Jx

�
z

n+1/2

i/2, j

��
,

ξ27i, j+1/2
=△t2

�
1

24
∂ 3

t
Py

�
z

n+1/2

i, j/2

�
− 1

8
∂ 2

t
Jy

�
z

n+1/2

i, j/2

��
,

ξ31i+1/2, j+1/2
= − 1

32

△t2

µ2
0
ε0ε∞

δ3
y
Ex

�
zn+1

i/2, j/2

�
,

ξ32i+1/2, j
= − 1

32

△t2

µ0ε
2
0
ε2
∞
δ3

y H
�
zn+1

i/2, j/2

�
,

where τa
CN

,τb
CN

,τc
CN

and τd
CN

represent the local truncation errors of the Crank-Nicolson

scheme for Eqs. (2.3) to (2.6), respectively. By performing the Taylor expansion around

appropriate points in space and time, the local error functions (5.5)-(5.7) are shown to be

second-order accurate in both space and time, so the identity (5.8) holds.

Similarly, the local error functions obtained by the intermediate variables (5.1) and

(5.2) for the SS-ML scheme can be presented by

Stage 1.

η11i+1/2, j+1/2
=

eH∗
�
zn

i/2, j/2

�
−H
�
zn

i/2, j/2

�

∆t
− 1

2µ0

δy

�
eE∗

x

�
zn

i/2, j/2

�
+ Ex

�
zn

i/2, j/2

��
,

η12i+1/2, j
=

eE∗x
�
zn

i/2, j

�
− Ex

�
zn

i/2, j

�

∆t
− 1

2ε0ε∞
δy

�
eH∗
�
zn

i/2, j

�
+H
�
zn

i/2, j

��
.

(5.9)

Stage 2.

η21i+1/2, j+1/2
=

H
�
zn+1

i/2, j/2

�
− eH∗(zn

i/2, j/2
)

∆t
+

1

2µ0

δx

�
Ey

�
zn+1

i/2, j/2

�
+ Ey

�
zn

i/2, j/2

��
, (5.10a)

η22i+1/2, j
=

Ex

�
zn+1

i/2, j

�
− eE∗x
�
zn

i/2, j

�

∆t
+

1

ε0ε∞
Jx

�
z

n+1/2

i/2, j

�
, (5.10b)

η23i, j+1/2
=

Ey

�
zn+1

i, j/2

�
− Ey

�
zn

i, j/2

�

∆t
+

1

2ε0ε∞
δx

�
H
�
zn+1

i, j/2

�
+ eH∗
�
zn

i, j/2

��
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+
1

ε0ε∞
Jy

�
z

n+1/2

i, j/2

�
, (5.10c)

η24i+1/2, j
=

Jx

�
zn+1

i/2, j

�
− Jx

�
zn

i/2, j

�

∆t
− ε0

2
ω2

p

�
Ex

�
zn+1

i/2, j

�
+ eE∗x
�
zn

i/2, j

��
+ω2

0 Px

�
z

n+1/2

i/2, j

�

+
1

τ
Jx

�
z

n+1/2

i/2, j

�
, (5.10d)

η25i, j+1/2
=

Jy

�
zn+1

i, j/2

�
− Jy

�
zn

i, j/2

�

∆t
− ε0ω

2
p

Ey

�
z

n+1/2

i, j/2

�
+ω2

0
Py

�
z

n+1/2

i, j/2

�

+
1

τ
Jy

�
z

n+1/2

i, j/2

�
, (5.10e)

η26i+1/2, j
=

Px

�
zn+1

i/2, j

�
− Px

�
zn

i/2, j

�

∆t
− Jx

�
z

n+1/2

i/2, j

�
, (5.10f)

η27i, j+1/2
=

Py

�
zn+1

i, j/2

�
− Py

�
zn

i, j/2

�

∆t
− Jy

�
z

n+1/2

i, j/2

�
. (5.10g)

By similar analysis, the local error function of the SS-ML scheme is of the first order in

time perturbation as the following proposition.

Proposition 5.2. Suppose that the exact solutions of electromagnetic fields are smooth enough:

E,P,J ∈ C3(0, T ; [C3(Ω)]2) and H ∈ C3(0, T ; C3(Ω)). Let η1i and η2 j where i = 1,2 and

j = 1,2, . . . , 7 be local error functions of the SS-ML scheme defined as (5.9) and (5.10). Then

for i = 1,2 and j = 1,2, . . . , 7, there exists a positive constant Css independent of ∆t,∆x and

∆y such that

max
n

�
‖η1i‖ℓ∞ ,‖η2 j‖ℓ∞

	
≤ Css

�
∆t +∆x2 +∆y2

�
.

Proof. The proof of this proposition is similar to the proof of Proposition 5.1.

Next, we examine the convergence of the SM-ML scheme. We define the error functions

on the staggered grids (xα, yβ ) at time tn as follows:

W n
κα,β
=Wκ(xα, yβ , tn)−W n

κα,β
,

ffWκα,β
=fW ∗κ (xα, yβ , tn)−fWκα,β

,

ccWκα,β
=cW ∗κ (xα, yβ , tn)−cWκα,β

,

(5.11)

where κ ∈ {x , y}. The error functions at time tn can be represented by the vector W n =

(W n
x

,W n
y
,W n

z
). The convergence proof relies on the energy method and truncation analysis,

as shown in the following theorem.

Theorem 5.1. Suppose that the exact solutions of electromagnetic fields are smooth enough:

E,P,J ∈ C3(0, T ; [C3(Ω)]2) and H ∈ C3(0, T ; C3(Ω)). For all n ≥ 0, let En,Pn,Jn and Hn be

the solutions of the SM-ML scheme. Then for fixed T = N∆t > 0, there exists a constant C

independent of ∆t,∆x and ∆y such that

max
0≤n≤N

Errn
h
≤ e4T max

0≤n≤N
Err0

h
+ C(∆t2 +∆x2 +∆y2)2,
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where

Errn
h

:= µ0‖H(tn)−Hn‖2H + ε0ε∞‖E(tn)− En‖2E +
ω2

0

ε0ω2
p

‖P(tn)− Pn‖2E +
‖J(tn)− Jn‖2E
ε0ω2

p

.

Proof. The error function (5.11) on the staggered grids (xα, yβ ) at time tn can be written

similarly to SM-ML scheme as

Stage 1.

eeHi+1/2, j+1/2 −H n
i+1/2, j+1/2

∆t
=

1

4µ0

δy

�eeExi+1/2, j+1/2
+ E n

xi+1/2, j+1/2

�
+ ξ11i+1/2, j+1/2

,

eeExi+1/2, j
−E n

xi+1/2, j

∆t
=

1

4ε0ε∞
δy

� eeHi+1/2, j +H n
i+1/2, j

�
+ ξ12i+1/2, j

.

(5.12)

Stage 2.

ÒÒHi+1/2, j+1/2 − eeHi+1/2, j+1/2

∆t
= − 1

2µ0

δx

�
E n+1

yi+1/2, j+1/2
+ E n

yi+1/2, j+1/2

�
+ ξ21i+1/2, j+1/2

,

bbExi+1/2, j
− eeExi+1/2, j

∆t
= − 1

ε0ε∞
J n+1/2

xi+1/2, j
+ ξ22i+1/2, j

,

E n+1
yi, j+1/2

−E n
yi, j+1/2

∆t
= − 1

2ε0ε∞
δx

�ÒÒHi, j+1/2 +
eeHi, j+1/2

�
− 1

ε0ε∞
J n+1/2

yi, j+1/2
+ ξ23i, j+1/2

,

J n+1
xi+1/2, j

−J n
xi+1/2, j

∆t
=
ε0

2
ω2
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(5.13)

Stage 3.

H n+1
i+1/2, j+1/2

− ÒÒHi+1/2, j+1/2

∆t
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1

4µ0

δy

�
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�
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,
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δy

�
H n+1

i+1/2, j
+ ÒÒHi+1/2, j

�
+ ξ32i+1/2, j

.

(5.14)
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Similar to the proof of Theorem 4.1, using the Eq. (5.12), we get

µ0

�
‖ eeH‖2

H
− ‖H n‖2

H

�
+ ε0ε∞
�
‖eeEx‖2Ex

− ‖E n
x
‖2

Ex

�

=∆tµ0

¬ eeH +H n,ξ11

¶
H
+∆tε0ε∞
¬eeE + E n

x ,ξ12

¶
Ex

. (5.15)

The Young’s inequality and Proposition 5.1 yield the existence of a constant C1 such that

the inequality (5.15) becomes
�

1− ∆t

2

�h
µ0‖ eeH‖2H + ε0ε∞‖eeEx‖2Ex

i

≤
�

1+
∆t

2

��
µ0‖H n‖2H + ε0ε∞‖E n

x ‖2Ex

�

+∆tC1(∆t2 +∆x2 +∆y2)2. (5.16)

By similar process, from Eqs. (5.13) and (5.14), we get

�
1− ∆t

2

��
µ0‖ÒÒH‖2H + ε0ε∞‖bbEx‖2Ex

+ ε0ε∞‖E n+1
y ‖2Ey

+
ω2

0

ε0ω2
p

‖P n+1‖2E +
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E
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p
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≤
�
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∆t
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p
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+∆tC2(∆t2 +∆x2 +∆y2)2, (5.17)

�
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+∆tC3(∆t2 +∆x2+∆y2)2. (5.18)

Adding to both sides of (5.18) the term

E1 =

�
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and dividing the result by 1+∆t/2 gives
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Similarly, adding to both sides of (5.16) the term

E2 =

�
1− ∆t

2

��
ε0ε∞‖E n

y
‖2

Ey
+
ω2

0

ε0ω
2
p

‖P n‖2
E
+
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E

ε0ω
2
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�
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and dividing the result by 1−∆t/2, inequality (5.16) becomes

µ0‖ eeH‖2H + ε0ε∞‖eeEx‖2Ex
+ ε0ε∞‖E n

y ‖2Ey
+
ω2

0

ε0ω2
p

‖P n‖2E +
‖J n‖2E
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≤ (1+∆t/2)
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µ0‖H n‖2H + ε0ε∞‖‖E n‖2E +
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p

�

+
2∆t

2−∆t
C1(∆t2 +∆x2 +∆y2)2. (5.20)

Using (5.19) and the results obtained from (5.17) and (5.20) allows to eliminate the inter-

mediate variables, so that

(1−∆t/2)

(1+∆t/2)

�
µ0‖H n+1‖2H + ε0ε∞‖E n+1‖2E +
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�
µ0‖H n‖2

H
+ ε0ε∞‖E n‖2

E
+
ω2

0

ε0ω
2
p

‖P n‖2
E
+
‖J n‖2

E

ε0ω
2
p

�

+
2C4∆t(∆t2 + 12)

(2−∆t)2(2+∆t)
(∆t2 +∆x2 +∆y2)2, (5.21)

where C4 =max{C1, C2, C3}. Since

1−∆t/2

1+∆t/2
≥ 1−∆t,

the inequality (5.21) can be written in the form

(1−∆t)Errn+1
h
≤ (1+∆t/2)2

(1−∆t/2)2
Errn

h
+

2C4∆t(∆t2 + 12)

(2−∆t)2(2+∆t)
(∆t2 +∆x2+∆y2)2. (5.22)

If ∆t is sufficiently small, we can simplify (5.22) as follows:

Errn+1
h
≤ e4∆tErrn

h
+∆tC5(∆t2 +∆x2 +∆y2)2, (5.23)

where C5 = 5C4. Applying (5.23) recursively from time level n to 0 and using the fact that

N∆t = T , we get

Errn
h
≤ e4T Err0

h
+ C6(∆t2 +∆x2 +∆y2)2,

where C6 is a constant independent of ∆t,∆x and ∆y.

The convergence analysis of the SS-ML scheme can be proved similarly to the Theo-

rem 5.1 as the following theorem.

Theorem 5.2. Suppose that the exact solutions of electromagnetic fields are smooth enough:

E,P,J ∈ C3(0, T ; [C3(Ω)]2) and H ∈ C3(0, T ; C3(Ω)). For all n ≥ 0, let En,Pn,Jn, and Hn

be the solutions of the SS-ML scheme. Then for fixed T = N∆t > 0, there exists a constant C

independent of ∆t,∆x and ∆y such that

max
0≤n≤N

Errn
h
≤ e4T max

0≤n≤N
Err0

h
+ C(∆t +∆x2 +∆y2)2.
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6. Numerical Dispersion Analysis

In this section, we analyze the numerical dispersion of the splitting schemes by inves-

tigating the relationship between the wave number vector k and the angular frequency ω.

To determine the dispersion relation for the splitting scheme, we suppose the discrete plane

wave solutions of the Maxwell-Lorentz’s equations are

U
γ

α,β
= U0ei(kxα∆x+kyβ∆y−ωγ∆t),

where i =
p
−1, the parameter U is one of the components of the electromagnetic field and

kx , ky are components of the wave number vector k along the corresponding axis. We also

define some notations ζx ,ζy ,ζt and Ψp as

ζx =
1

∆x
sin

�
kx

2
∆x

�
, ζy =

1

∆y
sin

�
ky

2
∆y

�
, ζt =

1

∆t
tan

�ω
2
∆t

�
,

Ψp = τεsω
2
0
− 2iε∞ζt − 4ε∞τζ

2
t
.

Consequently, the relationship between the wave number vectors and the angular frequency

of the SS-ML scheme can be expressed as follows:

0=
�
τω2

p −Ψp

��
Ψp

�
ζ2

x + ζ
2
y

�
+

∆t2

ε0µ0ε∞

�
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p

�
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��
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xζ
2
y

�

+ ε0µ0ε∞Ψ
2
pζ

2
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pΨpζ
2
yζ

2
t . (6.1)

Similarly, the wave number vectors and the angular frequency of the SM-ML scheme are

related by

0=
�
τω2

p −Ψp

��
Ψp

�
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2
y

�
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�
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�
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�
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2
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t . (6.2)

The analytical dispersion relation for the Maxwell-Lorentz’s equations is given by

k2
ex = ε0µ0ω

2
ε∞ω(i +τω)− εsτω

2
0

iω+τω2 −τω2
0

.

It is observed that the numerical dispersion relations (6.1) and (6.2) converge to this ana-

lytical relation as the mesh sizes and time steps approach zero.

7. Numerical Examples

We present numerical examples to support our theoretical findings in this section. We

establish the spatial domain Ω= [0,1]× [0,1] with perfect electric conditions,

Ex(x , 0, t) = Ex(x , 1, t) = Ey(0, y, t) = Ey(1, y, t) = 0 on t ∈ (0, T ],
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and assume a uniform mesh with ∆x = ∆y = h. We demonstrate our results by utilizing

the analytical solution within the region Ω, which is enclosed by perfect electric boundary

conditions

H(x , y, t) =
|k|2
µ0

e−φ t cos(kxπx) cos(kyπy),

Ex (x , y, t) = −φ
π

ky e−φ t cos(kxπx) sin(kyπy),

Ey(x , y, t) =
φ

π
kx e−φ t sin(kxπx) cos(kyπy),

Px (x , y, t) = −
ky

π
αle
−φ t cos(kxπx) sin(kyπy),

Py(x , y, t) =
kx

π
αle
−φ t sin(kxπx) cos(kyπy),

Jx (x , y, t) = −
ky

π
βle
−φ t cos(kxπx) sin(kyπy),

Jy(x , y, t) =
kx

π
βle
−φ t sin(kxπx) cos(kyπy),

(7.1)

where k = (kx , ky) is a wave number vector and is assumed to be an integer vector, φ is

a real number related by the equation

φ4 − φ
3

τ
+

�
ω2

0 +
π2|k|2
ε0ε∞µ0

+
ω2

p

ε∞

�
φ2 − π2|k|2

µ0ε0ε∞τ
φ +

ω2
0π

2|k|2

ε0ε∞
= 0,

as well as αl and βl are functions relating to the wave number vector and φ as

βl(φ,k) =
1

µ0

�
π2|k|2 + ε0ε∞µ0φ

2
�

,

αl(φ,k) = −βl

φ
=

1

ω2
0
τ

�
βl(−1+τφ) + ε0ω

2
pτφ
�

.

Consequently, the exact energy of the analytic solution (7.1) over Ω is given by

E (t) :=
|k|
2π

e−φ t

�
ε0ε∞φ

2 +
π2|k|2
µ0

+
α2

l
ω2

0

ε0ω2
p

+
β2

l

ε0ω2
p

�1/2
.

If not specified otherwise, the parameters will be set to T = 1,µ0 = 1,ε0 = 1,ε∞ = 1,ω0 =

1,τ = 0.4,εs = 2,εq = 2, kx = 1 and ky = −2.

7.1. Validation of energy decay property

In this section, we demonstrate the energy decay of our schemes by computing the

maximum difference in discrete energy between two consecutive time steps, denoted as

max0≤n≤N (E n+1
L −E n

L ). By choosing a time step size of ∆t = 0.02 with different CFL num-

bers, it can be observed from Table 1 that the discrete energy difference remains negative

for both the SS-ML and SM-ML schemes. The results confirm the energy decay property

stated in Theorems 4.1 and 4.2.
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Table 1: The comparison of differences between two time steps of the discrete energy for various values
of CFL numbers.

N ν= 0.2 ν = 0.5 ν = 1

SS-ML SM-ML SS-ML SM-ML SS-ML SM-ML

50 -2.4025 -2.4048 -6.0011 -6.0052 -12.0006 -12.0083

100 -2.3954 -2.3961 -5.9869 -5.9885 -11.9733 -11.9766

200 -2.3921 -2.3924 -5.9799 -5.9806 -11.9596 -11.9611

400 -2.3906 -2.3907 -5.9764 -5.9768 -11.9528 -11.9535

7.2. The convergence rate of numerical solutions

Suppose that H(tn),E(tn),P(tn),J(tn) and Hn,En,Pn,Jn are the exact and numerical

solutions at time tn, respectively. The absolute error Errh of the numerical solution obtained

by the splitting schemes is defined by

Errh := max
0≤n≤N

√√√
µ0EH(t

n) + ε0ε∞EE(t
n) +

ω2
0

ε0ω
2
p

EP(t
n) +

1

ε0ω
2
p

EJ (t
n), (7.2)

where

EH(t
n) = ‖H(tn)− Hn‖2H , EE(t

n) = ‖E(tn)− En‖2E ,

EP(t
n) = ‖P(tn)− Pn‖2E, EJ (t

n) = ‖J(tn)− Jn‖2E .

In this section, we present the convergence analysis of the 2D Maxwell-Lorentz equa-

tions using the SS-ML and SM-ML schemes. We explore various CFL number values, specifi-

cally ν = 0.2,0.5,1. The simulations employ a time step size of∆t = 0.02, and we conduct

additional simulations with halved time step sizes, resulting in a total of five simulations.

Tables 2-4 and Fig. 2 show the error and convergence rates for SS-ML, SM-ML, and

Yee schemes. It is observed that for small CFL numbers, the error of the Yee scheme is

comparable to the SM-ML scheme but smaller than the SS-ML scheme. Moreover, the SS-

ML scheme exhibits first-order accuracy, whereas both the SM-ML scheme and Yee scheme

achieve second-order accuracy. However, despite its lower error, the Yee scheme is lim-

ited by the CFL requirement [2, 5, 24]. These experimental results validate the findings

Table 2: The comparison of errors and convergence rates of different schemes where ν= 0.2.

Case ν= 0.2 Numbers of time steps N

Scheme 50 100 200 400 800

SS-ML
Errh 2.574e-01 1.267e-01 6.329e-02 3.168e-02 1.586e-02

Rate 1.022 1.002 0.998 0.999

SM-ML
Errh 7.502e-02 1.865e-02 4.656e-03 1.164e-03 2.909e-04

Rate 2.008 2.002 2.001 2.000

Yee
Errh 7.208e-02 1.788e-02 4.459e-03 1.114e-03 2.784e-04

Rate 2.012 2.003 2.001 2.000
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Table 3: The comparison of errors and convergence rates of different schemes where ν= 0.5.

Case ν= 0.5 Numbers of time steps N

Scheme 50 100 200 400 800

SS-ML
Errh 2.534e-01 1.269e-02 6.347e-02 3.174e-02 1.587e-02

Rate 0.998 0.999 1.000 1.000

SM-ML
Errh 1.549e-02 3.874e-03 9.684e-04 2.421e-04 6.053e-05

Rate 1.999 2.000 2.000 2.000

Yee
Errh 1.149e-02 2.868e-03 7.166e-04 1.791e-04 4.476e-05

Rate 2.003 2.001 2.001 2.000

Table 4: The comparison of errors and convergence rates of different schemes where ν= 1.

Case ν= 1 Numbers of time steps N

Scheme 50 100 200 400 800

SS-ML
Errh 2.540e-01 1.270e-01 6.351e-02 3.175e-02 1.588e-02

Rate 1.000 1.000 1.000 1.000

SM-ML
Errh 7.916e-03 1.981e-03 4.953e-04 1.238e-04 3.096e-05

Rate 1.999 2.000 2.000 2.000
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Figure 2: The comparison of errors and convergence rates for various values of CFL numbers: Left:
ν = 0.2, Middle: ν= 0.5, Right: ν = 1.

presented in Theorems 5.1 and 5.2 regarding the convergence of the SM-ML and SS-ML

schemes.

In the first two figures of Fig. 3, we compare the error (7.2) of all schemes over the long

time computation by setting T = 200 and∆t = 0.02. For CFL numbers ν = 0.2 and ν = 0.5,

the error of each scheme is plotted against the time level n. The error shows fluctuations for

smaller time steps but stabilizes as the time steps increase. The zoom plot reflects the error

relative to the case when T = 1, consistent with the results in Tables 2 and 3. This indicates
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Figure 3: The comparison of relative error in energy: Left: versus to numbers of time steps, Right:
versus to CFL numbers.

that both the splitting schemes and the Yee scheme exhibit stability under CFL conditions,

regardless of the number of time steps. However, in order to address the limitations of the

CFL conditions, we examine the maximum stable CFL numbers for the splitting schemes

in comparison to the Yee scheme. Specifically, we focus on CFL numbers 0 < ν ≤ 2 with

∆t = 0.02 and T = 1. In the right figure of Fig. 3, the errors of the splitting schemes

decrease as the CFL numbers increase, while the error of the Yee scheme is overestimated

for CFL numbers higher than the theoretical analysis suggests [2,24,26].

7.3. Dispersion relations

We analyze the numerical dispersion of the splitting schemes and compare them with

the Yee scheme in this section. The wave number vector k = (kx , ky) can be represented

in polar coordinates as kx = k cos(θ) and ky = k sin(θ), where θ is the propagation angle

and k is the scalar wavenumber. In order to compare the analytic dispersion relation (6.1)

with the corresponding numerical dispersion relations (6.1) and (6.2), we introduce the

numerical phase error, denoted Φ as

Φ=

����
kex − knum

kex

����,

where kex and knum are the scalar wavenumber of the analytic and numerical (SS-ML and

SM-ML schemes) dispersion relations, respectively.

In Fig. 4, the polar plots depict the phase error and propagation angle for different

CFL numbers. These factors are essential for accurately predicting electromagnetic wave

behavior and designing various electromagnetic systems. The plots show the phase error

for different propagation angles θ and CFL numbers ν = 0.1,0.2,0.5, with fixed values of

angular frequency ω = 1 and time step size ∆t = 0.02. The phase error of the splitting

schemes and the Yee scheme varies with θ and ν, allowing for larger time steps. Among the

schemes, the SS-ML scheme consistently exhibits the highest error, while the Yee scheme
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Figure 4: The comparison of the numerical phase errors between the analytic and numerical dispersion
relation for various values of CFL numbers. Left: ν = 0.1. Middle: ν= 0.2. Right: ν = 0.5.

has the lowest dispersion error. At angles of (2n+ 1)π/4, where n is an integer, all three

schemes exhibit minimal phase errors. Depending on the chosen angle, the phase errors of

the schemes are comparable to those of the first-order SS-ML scheme and the second-order

SM-ML and Yee schemes in terms of time accuracy.

7.4. Characteristic behavior of phase error over frequency ranges

In this section, we examine relative phase error in wave numbers across high and low

resonance frequency ranges. The frequency domain of interest, ω/ω0 ∈ (0,2), spans both

low and high frequencies. Drawing from [1, 5], we define key parameters: ε0 = 1, εs =

2.25, τ = 1.7857 × 10−16 s−1, and ω0 = 4 × 1016 rad/s. These values are standard in

physical optics research and are indicative of a medium with high absorption and dispersion

properties. The selection of time steps will be influenced by the temporal refinement factor,

h0 =ω0∆t.

Fig. 5 depicts phase errors associated with each scheme as a function of angular fre-

quency ω, which impacts wave propagation accuracy and electromagnetic field behavior.

We generate these plots with h0 set to 0.01 and the angle at π/4 for various CFL numbers.

The phase error for all three methods consistently exhibits the same directional pattern,

alternating between higher and lower values across different frequency ranges. Notably,

the Yee method consistently demonstrates lower phase errors than the other two methods

within the frequency intervals of 0−ω0 and 1.5ω0 − 2ω0. Furthermore, it is evident that

as the CFL number increases, the phase error decreases.

To compare the performance of the proposed splitting methods against the Yee scheme,

we examine the relative error in wavenumber over the low-to-high-frequency range. Here,

the phase error is analyzed by varying the propagation angles and frequencies of interest

within the range ω/ω0 ∈ (0,2). Fig. 6 presents a polar plot of the logarithmic phase

error, where the surfaces represent the error for different normalized frequencies. The

simulations are conducted with a temporal refinement factor of h0 = 0.001 and varying

CFL values of ν = 0.1,0.2,0.5. It is apparent that the phase error for all three methods

displays a pattern of alternating between low and high values across different frequency

ranges and CFL values. As the CFL value increases, the phase error consistently decreases
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Figure 5: Comparison of numerical phase errors in the frequency domain for different CFL numbers.
Left: ν= 0.1. Middle: ν = 0.2. Right: ν= 0.5.

Figure 6: Comparison of numerical phase errors in the frequency domain for different CFL numbers. First
Column: Yee Scheme, Second Column: SS-Scheme, Third Column: SM-Scheme. First Row: ν = 0.1.
Second Row: ν= 0.2. Third Row: ν = 0.5.
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for each examined method. Furthermore, the propagation angle also influences the phase

error. It is evident that, regardless of the values of h0 and CFL, all methods yield the lowest

phase error when the propagation angle is (2n + 1)π/4, where n is an integer. These

observations highlight that the proposed methods, SS-ML and SM-ML, accurately capture

wave behavior at both low and high frequencies, yielding results comparable to the Yee

scheme while operating without the constraints of CFL conditions.

8. Conclusions

The results of this study contribute to the development and analysis of efficient numer-

ical methods for solving Maxwell’s equations in Lorentz dispersive media. The proposed

splitting schemes, the sequential scheme and the Strang-Marchuk splitting scheme, have

effectively achieved unconditional stability in numerical simulations. Rigorous stability and

convergence analyses demonstrate that these methods maintain the energy decay proper-

ties of the continuous model. The accuracy and performance of the schemes in capturing

wave propagation behavior are further validated through numerical dispersion analysis.

Empirical evidence from numerical simulations supports the theoretical findings and con-

firms the validity of the proposed methods. Future research can explore extending these

methods to higher dimensions or more complex scenarios.
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