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Abstract. Multi-view data analysis has gained increasing popularity, in particular multi-
view spectral clustering has attracted much attention for its outstanding performance in
mining heterogeneity information in multi-view data. However, most spectral clustering
methods exhibit the following disadvantages: firstly, learning consensus representation
directly from multi-view data that may contain noise renders a distorted description;
secondly, the traditional two-step process may fall into a suboptimal solution. To over-
come these disadvantages, a novel multi-view spectral clustering method is proposed by
unifying the optimization of consensus Laplacian matrix and the learning and discretiza-
tion of spectral embedding into one step. We consider that the optimal Laplacian matrix
is in the neighborhood of view-specific Laplacian matrix, as the view-specific Laplacian
matrix only contains partial information from multi-view data, resulting in certain devi-
ation from the optimal Laplacian matrix. The consensus Laplacian matrix was obtained
in a dynamic optimization way with the spectral rotation and embedding information si-
multaneously determined. Extensive experiments have been conducted to demonstrate
the effectiveness and superiority of our proposed method.

AMS subject classifications: 65M10, 78A48

Key words: Multi-view, dynamical optimization, spectral clustering, spectral rotation, unified fra-
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1. Introduction

Multi-view data can capture wealth of information from various perspectives. How-
ever, due to the diverse sources of data acquisition, the features of multi-view data are of
redundancy, correlation, diversity [5]. A key challenge is how to integrate the information
of each view [36]. Early fusion is the most widely used method in multi-view cluster-
ing [17,30,32]. It offers a unified consensus representation for the multi-view data, and in
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the later stage uses a single-view clustering method to capture heterogeneity in the data.
Late fusion [22,23] is an alternative way to integrate the multi-sources of data. Each view is
clustered separately to generate multiple base clustering results, which are then combined
in the final stage to produce a consensus clustering outcome.

Although the existing multi-view spectral clustering methods can achieve promising
clustering results, it is still challenging to fully extract information embedded in the multi-
view data due to the following reasons. First, most multi-view spectral clustering methods
are realized in two independent steps [19]. While each step can achieve its own optimiza-
tion goal, the two-step strategy always yields a suboptimal result rather than the global op-
timal one. Second, most multi-view spectral clustering methods directly learn a consensus
representation from original multi-view data, which would render a distorted description
for the data, because the data obtained from various sources are usually noisy and cor-
related [39,40]. For example, some methods linearly combine the Laplacian matrices of
all views to obtain a consensus Laplacian matrix for the final multi-view spectral cluster-
ing [18,42]. Third, existing methods usually treat each view as equally important, ignoring
the importance of different views [15,33].

To effectively solve the above issues, we propose a novel one-step multi-view spectral
clustering framework by combining the learning of consensus Laplacian matrix and the
discretization of spectral embedding in a unified framework. For the Laplacian matrix of
each view, we assume that it contains partial information of the whole multi-view data and
regard it as a minor deviation of the optimal Laplacian matrix (as shown in Fig. 1). Our
goal is to dynamically optimize the optimal Laplacian matrix provided that it is located in
the neighborhood of view-specific Laplacian matrices. In addition, each view is adaptively
weighted in search process to reduce the noise effect.

To demonstrate the effectiveness of our method, we conducted extensive experiments
on a number of widely used real-world datasets, and used well-known metrics: ARI, NMI,
ACC, F-score, Purity to evaluate clustering performances, visualized the aggregated em-
bedding data using t-stochastic neighborhood embedding (t-SNE). The proposed model
converges in a fast manner and shows extraordinary performance in multi-view data inte-
gration.

The contributions of this study are summarized as follows:

* We search for the optimal Laplacian matrix in the neighborhood of Laplacian matrix
of each view, allowing that the information contained in the Laplacian matrix of each
view is not adequately accurate, and may slightly deviate from the optimal Laplacian
matrix. The optimal Laplacian matrix and low dimensional embedding information
can be obtained through ingenious design of the optimization objective and frame-
work.

* By putting the learning and discretization of spectral embedding into a unified frame-
work, we obtain the clustering result of multi-view data directly in optimization pro-
cess. This one-step strategy can avoid loss of information and obtain more reasonable
clustering result.
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Figure 1: The relationship between the view-specific Laplacian matrix L;,i =1,2,...,v and the optimal

Laplacian matrix L modelling the relationship of multi-view data, where E; represents the error matrix of
the i-th view due to noise or incomplete information. Since view-specific Laplacian matrix contains only
partial information about multi-view data, it can be considered as deviating from the optimal Laplacian
matrix. We search for the optimal Laplacian matrix in the neighborhood of view-specific Laplacian
matrix.

* We adaptively evaluate the importance of different views in optimization process. In
particular, less weight is adaptively assigned to the noisy view and more weight is
adaptively assigned to the informative view to make the learned consensus results
more accurate.

The remainder of the paper is organized as follows. Section 2 provides related works
in multi-view data clustering. In Section 3, we introduce the notations used in this paper
and preliminary results of the spectral method. In Section 4, we describe our methodology
in detail, derive the multi-view data analysis model and the corresponding optimization
algorithm with theoretical analysis. A number of extensive experiments are conducted and
analyzed in Section 5. Finally, we conclude this paper in Section 6.

2. Related Works

As a fundamental research topic in machine learning and data mining, data cluster-
ing aims to analyze the heterogeneity embedded in the data. Moreover, with the increasing
wealth of information in multi-view data, researchers have moved beyond single-view mod-
els and developed many multi-view models [3,4,28]. Many attempts have been made on
multi-view clustering, such as graph-context-aware refinement [21] and co-neighbor propa-
gation. A new projection-based method [16] was proposed to mine high-order information
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between views effectively. For multi-view spectral clustering, it is critical to effectively in-
tegrate the information of each view and avoid the information loss caused by the two-step
process.

In the existing literature, most multi-view spectral clustering methods fall into early
fusion category. For example, view specific Laplacian matrix was linearly combined [42],
and the view-specific weights are fine tuned with spectral perturbation theory. The sim-
ilarity matrix of each view is composed of consistent part and inconsistent part in [20],
and the adjacency matrix of consistent graph should be close to the linear combination
of consistent parts of each view while keeping the inconsistent part of each view sparse.
A new multi-view clustering method based on bipartite graph was proposed [17], which
integrated bipartite graphs of different views to form a consensus bipartite graph for cluster-
ing. Research has been conducted [37] using sparse subspace clustering to construct initial
similarity matrices, and fine-grained similarity fusion was applied to obtain the integrated
adjacency matrix for clustering. By considering clustering quality evaluation criterion and
the view consistency loss [13], authors constructed a new consensus affinity matrix for
multi-view spectral clustering, an auto-weighted mutual reinforcing approach [12] was
proposed to simultaneously learn the similarity matrix of each view and consensus graph.

To deal with the suboptimal issue in traditional multi-view clustering pipelines, one-step
frameworks [8] have been developed in the recent decades. JESER [27] was an initiative
in exploring one-step framework for single view data. It performed spectral embedding
and spectral rotation simultaneously. In [41], a unified framework integrating the learn-
ing of common affinity matrix and k-means was proposed for multi-view data. In [29],
view-specific spectral embedding matrices and similarity graphs are linearly combined in
a separate manner and jointly explored to generate the clustering results.

3. Notations and Preliminaries

3.1. Notations

We denote the matrix as uppercase letters, the vector as lowercase letters and scalars as
normal italic letters. We also denote X;,X,, -, Xy as dataset of V views, where X; € R di
represents the i-th view dataset, n is the number of data points and d; is the dimension of
features of i-th view. Further, we use X7, tr(X), rank(X), X! to represent the transpose,
trace, rank and inverse of matrix X, respectively.

3.2. Spectral clustering

Given a dataset containing n data points {x;, x4, -+, X,,}, spectral clustering represents
them as nodes on graph G and obtain the corresponding weights to the edges between
nodes according to their similarity. Generally, the similarity is described by a Gaussian ker-
nel function. Spectral clustering achieves the purpose of clustering by reasonably dividing
graph G into multiple subgraphs G;,G,, -+ ,G., where c is the number of clusters. Let
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W € R™" be the adjacent matrix of graph G, W can be defined as follows:

202

0, otherwise.

2
llo; — ;I . . .
exp| —————— |, if vertices (i, j) are connected,
Wij

Spectral clustering uses the following formula to describe the compactness of two subgraphs
Gi’ G]
cut(G;, G;) = Z Wik-

teG;,keG;

Different graph cutting methods are generated according to the size evaluation crite-
ria of subgraph. Here, we focus on the normalized cut, while details on RatioCut can be
found in [7]. Let D € R™" be a diagonal matrix, where the i-th diagonal element satisfies
d; = Z?:l w;;. We minimize the following index to achieve the most appropriate graph

segmentation:
C

Neut(Gy, Gy, ++,G) = D |
i=1

cut(G;, G;)

vol(G;) ’ (3-1)

where G; represents the complement of G; in G, and vol(G;) = ZieGi d;. To minimize
Eq. (3.1), the cluster indicator matrix F = [f, f5, -, f.] € R™*€ is defined as follows:

fo= 1, if node i belongs to the j-th cluster,
v 0, otherwise.
We therefore obtain

cut(G;, G;) = f," Wf;,
VOl(Gl’) = fiTDfi'

Let Laplacian matrix L = D — W. The Eq. (3.1) can be derived as follows:

~fIDE—fTWSh G fTLS;
Ncut(Gq, Gy, -+ ,G,) = i Tt Ji T i
v ; fDf; ;fiTDfi

=>(FTLf)(FIpf)™
i=1

= t;[(FTLF)(FTDF)_l] )

The matrix L = D™Y2LD71/2 = [, — D~2WD~/2 is called the normalized Laplacian. In
the normalized cut method, we only need to resolve the following problem:

min tr(FTLF),
F (3.2)
st. FTF=I.
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Because F is a discrete cluster indicator matrix, it is difficult to solve Eq. (3.2) directly.
A widely used method is to relax the constraint of F such that it can take continuous values.
The problem (3.2) takes form
min tr(FTLF),
FeRnxc (33)
st. FTF=I_.
The solution of Eq. (3.3) is to take the first ¢ eigenvectors of I as the column vectors of
spectral embedding matrix F.

3.3. Spectral rotation

The goal of spectral clustering is to divide graph into several subgraphs according to the
weight between nodes, which is an NP-hard problem. Therefore, the constraint is often re-
laxed to obtain a continuous spectral embedding. This continuous result can be considered
as a deviation from the real discrete result, and the common discretization method is to
apply k-means algorithm to spectral embedding. However, the discrete result obtained by
k-means algorithm is not necessarily appropriate, because there are many optimal solutions
to the optimization problem of spectral clustering after constraint relaxation according to
Theorem 3.1.

Theorem 3.1. Let H be the optimal solution of the optimization problem (3.3), then HR is
also the optimal solution of this problem, where R € R°*¢ is an orthogonal matrix.

Proof. For any H € R™*¢, we obtain
tr(HTLH) > (A"LH) = «(RRTATLA) = tr [(AR)"L(AR)].
This shows that H and HR are both optimal solutions. O

Given the existence of multiple optimal solutions, a natural question arises: which so-
lution is most suitable for discretization? Spectral rotation can solve this problem by rotat-
ing continuous spectral embedding to search for appropriate discrete indication result. As
shown in Fig. 2, even if the initial continuous spectral embedding is not the most appro-
priate, we can rotate it to be as close to the discrete result as possible. The optimization
problem of spectral rotation [11] has the form

. 2
min [[HR — Gl

st. H'H=1.,, R'TR=1I, GeS,

where

S

C
{G |G e {0,1}"“,2(;1.]. - 1}.
j=1

It is equivalent to the following problem:

min ||H — GR||2
HR,G (3.4)
st. H'H=1, R'R=1I, GeS.
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Continuous spectral embedding

- -

Solution set

Spectral rotation HR

Figure 2: Method illustration of spectral rotation. The dotted brown line on the left represents the
discrete clustering result we want to learn, solution set means the set of all optimal solutions. Continuous
spectral embedding H finds the closest discrete cluster result through rotation R.

4. Methodology

In this section, we first search the consensus Laplacian matrix such that the learned
Laplacian matrix is optimal through some restrictions. Further, we put the learning and
discretization of spectral embedding into a unified framework to obtain the clustering result
in one step. Last, we use an ingenious optimization framework to update this model.

4.1. Dynamical optimization of Laplacian matrix

For multi-view data of V views: X = {X{,X,, -+ ,Xy}, we could obtain Laplacian matrix
of each view Ly, Ly,--+,Ly by L; =1, — Dl._1/2Wl~Dl._1/2 after data normalization. Our pur-
pose is to find an optimal Laplacian matrix containing all multi-view information for spec-
tral clustering, instead of linearly combining Laplacian matrices of all views L = Zyzl wiL;
[18,34,42]. We search this optimal Laplacian matrix I around Ly, Lo, -, Ly.

Generally, each view contains noise or only part information of the whole multi-view
data. Therefore, they have some deviations from the optimal Laplacian matrix — cf. Fig. 1.

In other words, for i-th view, L; is generated by the perturbation of L, i.e.
Li = L + Ei)

where E; is the error matrix of i-th view. Meanwhile, we also consider that L is near L;,
1 <i < V. Considering the diverse importance of different views, we apply nonidentical
weights to different views and establish the following model:

\4

1
min —|IL —L;||?
il ZL“ F (4.1)

st. |lulli=1, w=o0.
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We use 1/u; to model the weight of i-th view instead of u;, with the main purpose of
avoiding trivial solution to Eq. (4.1) that only single view information would make con-
tributions. According to [14], the learned optimal Laplacian matrix L should satisfy the
following conditions:

Condition 4.1. L is a positive semi-definite matrix.
Condition 4.2. The eigenvalues of L are located in [0, 2].

Our method can also be regarded as finding the optimal consensus graph, where the
corresponding Laplacian matrix is denoted as L. Ideally, this graph should have exactly ¢
connected components (c is the number of clusters), indicating that the data points in this
graph have been divided into c¢ clusters. This is reflected by Theorem 4.1 [31].

Theorem 4.1. Let G be an undirected graph with nonnegative weights. Then, the multiplicity
c of the eigenvalue zero of L is equal to the number of connected components in the graph.

To obtain the optimal graph with clear clustering result, our model turns into the fol-

lowing form:
4

1
min —|IL—L;|)?
bisL ; Ui HF (4.2)

s.t. |lull;=1, w=0, rank(L)=n-—c.

This restriction makes it particularly difficult to solve the optimization problem (4.2). To
effectively solve the problem, we appropriately adjust Eq. (4.2).

According to Condition 4.1, the eigenvalues of L satisfy 0,>0,_1=>:--=>0;>0.
Therefore, if Zle o; = 0, the consensus graph is close to the optimal graph with a clear
clustering structure. However, making Zle o; = 0 strictly hold does not reduce the com-
plexity of Eq. (4.2). Thus, we replace Zle o; = 0 with Zle o; — 0 to achieve the same
goal and facilitate optimization. Then, according to Conditions 4.1, 4.2 and Theorem 4.1,
we adjust Eq. (4.2) to the following form:

[4 \%4
. 1
min E o;+ E —||L—Li||f.,
Wi, L =1 U

i=1
st. |ull;=1, u=0, L=0, 0<o;<2.
Theorem 4.2 (cf. Fan [6]).
C
Zai = min tr(H'LH).
P HTH=I,

Theorem 4.2 yields that the proposed model can be written as

\%4
1
min tr(HTLH)+ » —||L—L;|?
pi,LH ;Hi vE (4.3)

st. |lull;=1, w=>0, H'H=I, L>0, 0<o0;<2.
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4.2. One-step multi-view spectral clustering

By solving Eq. (4.3), we obtain a continuous spectral embedding matrix H. However,
the target of spectral clustering is to obtain a discrete clustering result. Spectral rotation
is an efficient method to recover the best discrete approximation of eigenvectors. There-
fore, after obtaining an optimal spectral embedding matrix H, our goal is to find a suitable
orthogonal matrix R to rotate H to an appropriate discrete indicator matrix G.

To obtain the clustering result in one step, we put search of the optimal Laplacian matrix
L and discretization of the spectral embedding H into a unified framework. In particular,
combining the Egs. (4.3) and (3.4), we rewrite the optimization problem as

1%
1
i HTLH —||L—L:|| H—GR||*
Mf}llr}w tr( )+ E_l iII illz + BIIH — GR|7
= . (4.4)
S.t. ”nu’lll = 15 W = 05 H H= IC5 L>= 05

0<o0;<2, R'R=1, GeS,

where 8 > 0 is a trade-off parameter.

In summary, L; denotes the Laplacian matrix of i-th view. We find an optimal Laplacian
matrix L in the neighborhood of L;,i = 1,2,...,V and get the corresponding consensus
spectral embedding H, where u; indicates the importance of i-th view. Then we obtain the
clustering indicator matrix G by the rotation matrix R.

However, it is difficult to update L in Eq. (4.4) directly because we have little infor-
mation about L. Recalling the definition of the normalized Laplacian matrix, i.e., L =
I, —D7V?WD™/2, we denote D~/2WD~1/2 = pPT by orthogonal diagonalization. If
the value of each element of D~Y/2WD~1/2 is estimated, the Laplacian matrix L is then
obtained. Eq. (4.4) can be modified as follows:

1%
1
i twr(HT(1,—PxPH)+ > —||II, —P2PT —L.||> + B||H — GR||*
pmin o (H, )H) ;Min " iI12 + Bl 12
= (4.5)

st. H'H=I, |ul;=1 u=>0,
p’p=1,, —-1<A; <1, RTR=1I, GEe€S,

where A; is the i-th diagonal element of ¥. In order to ensure that the learned optimal
Laplacian matrix L satisfies Condition 4.2, we restrict A; € [—1, 1] according to Theorem 4.3
below.

Theorem 4.3. If the eigenvalues of % satisfy A; € [—1,1], then the range of eigenvalue o; of
Lis[0,2]

Proof Let T; represent the i-th eigenvalue of PX.PT. Noting that L = I,, — PX.PT, we
obtain

o, =1—m1;.



Dynamical Optimization of Consensus Laplacian Matrix 29

If A and B are square matrices of order n, then AB and BA have the same eigenvalues. Thus,
PxPT and PTPX have exactly the same eigenvalues. Because of PTP = I, we have

»=PTpPy.

This implies
T, =A

i i

O'i=1—li.

Thus, if A; € [—1,1], then 0; €[0,2]. O

4.3. Optimization

To determine the solution of optimization problem (4.5), we apply an alternative opti-
mization framework to update u;,P,%, H,R, and G. In each update, only the corresponding
variable is updated and other variables remain unchanged. We summarize the steps of our
optimization framework in Algorithm 4.2. The whole optimization process can be divided
into six steps:

1. Updating ;. When B X, H,R,G are fixed, the original optimization problem is
simplified as follows:

-
min » —||I, —PZP" —L;|I2
i i Mi

st. |lulli=1, w=o0.

Let g; = ||, — PXPT — L;||, we have

vV 2
min E =L
e G

st. lullp =1, u=0.
Using the Lagrange multiplier method to optimize u;, we equate the derivative of the aug-
mented Lagrange function 22;1 g7/ + y(zl‘;l u;) to zero — i.e.

2
& .
—SSHr=0, i=1...V.

1

This holds if and only if

81 _8& _ _8v
Ui My uy’
hence
u; i . i=1,...,V. (4.6)
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2. Updating P. When u;,>,H,R,G are fixed, the original optimization problem is
simplified as follows:

\4
1
: T _ T il _ T _ 1112
i tr(H' (1, — PXP )H)+i§:1 i”I” PEPT — L2

Let L = I, — PXPT, the above objective function is equivalent to the following form:

\%4 \%4
1 1
tr(HTLH) + E ;||L—Li||12, =tr(HHTL) + E —_tr(LZ—le-L+Ll.2).

i=1 "1 i=1 "1

Let

1 1

A=) =>0, B=HH"-2> =L, 4.7)

i=1 Mi i=1 Mi

Then
1
2 2
tr(AL +BL)+Z;tr(Li). 4.8)

i=1""1

Further, substituting I, — PX.PT = L into (4.8) and ignoring constant term ZYZI tr(Ll.Z) /i
yields

tr(AL? + BL) = tr[A(I, —2P=P" + P2?PT) + B—BP¥PT |
= —tr(ZPTBP) + tr(Ax2 — 2A%) + tr(Al,, + B). (4.9)

When updating P, we only need to solve the following optimization problem:

max tr(SPTBP), (4.10)
PTP=I,

where B is defined in (4.7).

Inspired by [38], we use the Lagrange multiplier method and KKT conditions [1], thus
obtaining if A; # 0, then P; is the eigenvector of B, where P; is the i-th column of P. Using
the symmetry of B, we represent B in the form

n
B= Zammf,
i=1

where q; is i-th eigenvalue of B and 7); is the eigenvector corresponding to ;. In this case,
we obtain

n n
tr(PTBP) = Y A,PIBP; = > Ad, (4.11)

i=1 i=1
where @; is rearrangement of a;. To achieve the maximum value of Eq. (4.11), the order
of A; and @&; must be consistent. Thatis, if A <A, <--- <A, thend; < @y, <+ < Q.
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Therefore, P is a matrix composed of eigenvectors of B and each column is sorted according
to the value of 2.

3. Updating X. When u;, P, H,R,G are fixed, according to Eq. (4.9), the original opti-
mization problem is simplified as follows:

min tr[A%? — (2AI, + PTBP)x |
z (4.12)
st. —1<; <1,

where A = ZYZI 1/u; > 0. Because the diagonal elements of 3 are uncorrelated, Eq. (4.12)
is adjusted as follows:

_min_ AA7— (24+PTBP;) A, (4.13)

The solution of Eq. (4.13) is given by

P/BP,
1, if >0,

2A

_ PTBP,

Ai= 1 1, if Lt oo

2A
P'BP, _

1+ , otherwise.

2A

4. Updating H. When u;,P,%,R,G are fixed, the original optimization problem is
simplified as follows:
min tr(H"LH) + B||IH — GR]|2.
HTH=I,

We note that

tr(H" LH) + B||H — GR||2
=tr(H'LH) + Bt [(H" —RTG")(H — GR)]
=tr(H'LH)— 2B tr(H'GR) + B tr(I. + G G)
=tr(HTLH) —tr(HTW) + B tr(I, + GT G), (4.14)

where W = 23GR. Consequently, we derive the optimization problem

min tr(H'LH)—tr(HTW),
HTH=I,

which is equivalent to

max tr(H'DH)+tr(H'W), (4.15)
HTH=I,

where D = yI, — L is a positive definite matrix. Let N = DH + W, Eq. (4.15) is further
changed into

max tr(HTN). (4.16)
HTH=I,

Note that N is related to H, we hardly solve this optimization problem. However, if N
remains unchanged, we can use Theorem 4.4 below to solve the problem (4.16).
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Theorem 4.4. If Y = UAVT is the SVD decomposition of Y, then H = UV is the optimal
solution of the problem
max tr(HTY).
HTH=I,
Therefore, N is updated when H has been updated. Algorithm 4.1 presents the process
of solving this optimization problem.

Algorithm 4.1 Algorithm to Solve the Problem of Eq. (4.16)
Input: L,G,R,f3,7.
Output: H.
1: Compute D =yI,—L,W =25GR.
2: repeat
3 Compute N =DH+W.
4: Compute U; S VlT = N via compact SVD of N.
5
6

Compute H = U1V1T.
: until converge.

5. Updating R. When u;,P, %, H, G are fixed, according to Eq. (4.14), we derive the
following form:
max tr(RTGTH). (4.17)
RTR=I,

By Theorem 4.4, if USVT is the SVD decomposition of G' H, the optimal solution of the
Eq. (4.17)isR=UVT.

6. Updating G. When u,;,PLX,H,R are fixed, the original optimization problem is
simplified as follows:
min ||H — GR||12,.
GeS

Because G € S, this optimization problem is difficult to solve. Since each row of G is
independent, we update G row by row as follows:

1, j=argming [|h;—rll2,
Y 0, otherwise,

(4.18)

where h; is the i-th row of H and ry is the k-th row of R.

4.4. Computational complexity

For the proposed method, the primary computational cost arises from updating P, which
requires eigenvalue decomposition and the corresponding calculation complexity is @(n®).
The complexity of Algorithm 4.1 is @(t;nc?), where t; is the number of iterations. The
computational cost of the proposed method is @(t,n® + tyt;nc? + tyn), where t, is the
number of iterations in Algorithm 4.2. If t, < n, the complexity of proposed method is
approximated by @(t,n®).



Dynamical Optimization of Consensus Laplacian Matrix 33

Algorithm 4.2 One-Step Multi-View Spectral Clustering via Dynamical Optimization of
Consensus Laplacian Matrix (osDOSC)
Input: Datasets:{X,X,,--,Xy}, number of clusters ¢, number of nearest neighbors k,
parameter f3,7.
Output: Cluster indicator G.
Compute L; of each view by L; =1, — Di_1/2WiDi_1/2.
Initialize u; as 1/V, H as 1,4, P asI,, X as I, R as 1., G as O.y..
repeat
Compute u; by Eq. (4.6).
Compute P by solving Eq. (4.10).
Compute X by solving Eq. (4.13).
Compute H by Algorithm 4.1.
Compute R by solving Eq. (4.17).
Compute G by Eq. (4.18).
until converge.

W o Na RN

-
e

4.5. Convergence analysis

The convergence of Algorithm 4.1 has been proved by [26]. Next, we demonstrate the
convergence of Algorithm 4.2. The optimization problem (4.5) is not a convex problem,
thus it is difficult to find its global optimal solution. In the proposed alternative optimiza-
tion framework, only one variable is optimized for each update. As a result, the objective
function value is reduced after each iteration, which indicates that the objective function
is monotonically decreasing. Considering that the optimal Laplacian matrix is a positive
semi-definite matrix, the objective function of the optimization problem takes O as a lower
bound. Therefore, the value of the objective function converges to a local optimal solution
through continuous iteration.

5. Results and Discussions

In this section, we compare the experimental results of the proposed method and other
clustering methods on multiple real datasets, and discuss the parameter sensitivity and
convergence of our proposed method.

5.1. Materials

A number of widely used real datasets with different sizes and numbers of views are
introduced for performance evaluation.

1. BBC: http://mlg.ucd.ie/datasets/segment.html. This multi-view dataset is
composed of BBC news documents. Each documents is divided into four parts to form
four views.
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BBCSport: http://mlg.ucd.ie/datasets/. This multi-view dataset contains
544 documents in total and is divided into five categories. Each document has two
views with 3183 dimensions and 3203 dimensions respectively.

. NGs: http://lig-membres.imag.fr/grimal/data.html. This multi-view da-

taset consists of newsgroup documents. It contains three views, each view containing
500 samples and five labels.

100leaves: https://github.com/cshaowang/gmc/blob/master/Dataset.
The samples of this multi-view dataset are collected from 100 different plant species,
including three views and 1600 samples.

. ORL: https://github.com/XIAOCHUN-CAS/Consistent-and-Specific-

Multi-View-Subspace-Clustering. This multi-view dataset is composed of 400
face recognition images. It has 40 categories and three different views.

5.2. Compared methods

In order to prove the effectiveness of our method, we compare our method with 10
state-of-the-art clustering methods including:

1.

Single-view spectral clustering (SCbest) [31]. This is traditional spectral clustering
method. We use single-view spectral clustering to output clustering results on all
views, and take the best clustering result as the final result of this method.

FastMICE [9]. This is a multi-view clustering method based on integration. It pro-
poses an idea of early-late fusion, which forms a consistent bipartite graph through
base clustering for final clustering.

. TBGL [35]. This is a multi-view clustering method based on bipartite graph learning,

which is constructed by a new anchor selection strategy.

OPMC [22]. This is a multi-view clustering method based on matrix decomposition.
It removes non-negative constraints and learns labels at the same time, which saves
time and cost.

. MCLES [2]. This clustering method clusters the data in latent embedding space. It

can also learn the structural characteristics of data and the clustering indication result
simultaneously.

AWP [25]. This paper extends the spectral rotation of single view to the case of
multiple views.

WMSC [42]. This paper proposes a new multi-view spectral clustering method based
on spectral perturbation theory to update the weights of each view.

AMGL [24]. This multi-view clustering method can learn the optimal weight without
parameter adjustment.
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9. RMSC [33]. This is a multi-view clustering method based on Markov chain. It tries
to learn a suitable transition probability matrix for spectral clustering.

10. AASC [10]. This spectral clustering method tries to learn the best combination in
affinity matrices.

We also compare our method with DSSC, which is part of our method after removing spec-
tral rotation. It only finds the optimal Laplacian matrix and discretizes spectral embedding
through k-means algorithm. The comparison with DSSC is to illustrate the necessity of
one-step spectral clustering.

5.3. Experimental settings

For graph-based clustering methods, we uniformly use k nearest neighbors to construct
graphs, where k = 10 remains unchanged on all experimental datasets. In this experiment,
we use five cluster evaluation metrics: adjusted rand index (ARI), normalized mutual in-
formation (NMI), accuracy (ACC), F-score, Purity to evaluate the clustering ability of all
methods. The higher their values, the better the clustering effects.

In order to avoid the influence of randomness, all the methods are repeated for 20 times
and take the average value as their clustering results. All these experiments were done in
MATLAB 2021b environment. Note that most clustering methods contain parameters. In
the experiments, we keep the default parameters set by their authors for compared meth-
ods. For our method, it is not to take different parameter values on different datasets, but
to keep 8 = 0.001, y = 2.7 constant.

5.4. Clustering results

We use different clustering evaluation indicators to evaluate the clustering effects of
our proposed method and many clustering methods on five experimental datasets, which is
shown in Tables 1-5. In Fig. 3, we show the t-SNE visualization results of each view in BBC,
BBCSport, and NGs. There are no single-view t-SNE results of 100leaves and ORL because
they have too many categories (100 clusters and 40 clusters). At the same time, we also
show the t-SNE visualization results of the rotated spectral embedding in our method. Fur-
thermore, we present the visualization results of compared methods in Fig. 4. For illustra-
tion purpose, we only present the results on BBCSport. Further, we compare the clustering
performance of traditional single-view spectral clustering method and our method in Fig. 5,
which shows that our method can still get relatively great clustering results, even when the
quality of some views is poor. From Tables 1-5, we can see that:

* The proposed method performs much better than other clustering methods. For ex-
ample, using ARI, NMI and ACC to evaluate the clustering performance, our method
is 6.2%,6.0% and 5.2% higher than the second clustering method (WMSC) in BBC
dataset. This shows the rationality and superiority of putting the search of optimal



36

S.W. Zhan et al.

o 2 oW 5 0 s

0

(c) BBCv3

5

0 5w

(i) NGsv3

Figure 3: The tsne
method.

»

% 2 45 0 5 o 5 10 B 2 25

(d) BBCv4

(f) BBCSportv2 (g) NGsv1 (h) NGsv2
NN R
B 3 iz 3 L , 2

Ve i g Y I 3 A
: i : s :
. 1 :
N W I R R R R S I I R R

(j) BBC_Ours

30 30
. A
. f o ' )
.
10
0 -
K% 0
-10
-20 .
20
-30
1 w
40 ;” B
-50 -40
-30 20 -10 0 10 20 30
40 40
. o
20 20
10 10
. ,
-10 -10
-20 -20
-30 -30
-40 -30 20 10 0 10 20 30 -1

BBCSport_RMSC

40 3 20 10 0 0 20 30 40

BBCSport AMGL

BBCSport MCLES

(k) BBCSport_Ours

(1) NGs_Ours

visualization for each dataset of all views and the embedding visualization by our

P
- 3 2
Wy fitat e o "-"35?;.-.3'»
®e® o

sy
iy

BBCSport WMSC

Figure 4: tSNE results for compared methods in BBCSport data.



Dynamical Optimization of Consensus Laplacian Matrix 37

i1
.
&

v
i
—
|
[ L

o 9
8 o8
Sors g
ar 075
065
07
06
065
055
05 06

view! view2 view3, viewd. ours view! view2 ours.

BBC BBCSport

Bor 8 os
< <
05
06
04
05
03
04 02
view! view2 view3, ours view! view2 views ours

NGs 100leaves

08
Bor
2
06
05
04

view! view2 view3, ours

ORL

Figure 5: Performance comparison with single-view spectral clustering method.

Laplacian matrix and the learning and discretization of spectral embedding into a uni-
fied framework. Our method can make better use of multi-view data information to
achieve more accurate clustering.

* Note that although DSSC performs well on most experimental datasets, the experi-
mental effect of our method is still better, which shows that spectral rotation is indis-
pensable. Moreover, there are many spectral embeddings satisfying the first step of
spectral clustering, but it is still necessary to find a more suitable spectral embedding
for the second step instead of directly using k-means algorithm.
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Fig. 3 shows that before clustering, the data from different clusters are very close to
each other, with some even overlapping. However, after applying our method, data from the
same category become tightly clustered, while data from different categories are separated,
resulting in a strong clustering effect. Furthermore, as shown in Fig. 5, even though some
views are of poor quality and may not be conducive to information extraction, our method
is still able to effectively utilize each view and extract useful information through iterative
updates.

Table 1: Performance comparisons of different methods evaluated by ARI.

Dataset BBC BBCSport NGs 100leaves ORL

SCbest 0.627 0.8623 0.5569 0.5337 0.6793
AMGL 0.5413 0.7539 0.7058 0.6107 0.6412
AASC 0.71 0.5752 0.9445 0.6696 0.6216
RMSC 0.3687 0.7595 0.9119 0.4296 0.4845
OPMC 0.4428 0.6045 0.776 0.5165 0.4155
AWP 0.7556 0.7876 0.6542 0.7205 0.6576
WMSC 0.7629 0.773 0.9491 0.828 0.6708
MCLES 0.3918 0.4508 0.8821 0.5577 0.5068
TBGL 0.4337 0.7607 0.9456 0.1075 0.4969

FastMICE | 0.1966 0.1699 0.7167 0.812 0.633
DSSC 0.7459 0.7053 0.9749 0.8326 0.6678
Ours 0.8253 0.9494 | 0.9800 0.8651 0.7047

Table 2: Performance comparisons of different methods evaluated by NMI.

Dataset BBC BBCSport NGs 100leaves ORL
SCbest 0.5912 0.8483 0.6076 0.8226 0.8796
AMGL 0.5957 0.8180 0.8148 0.9273 0.8690
AASC 0.7120 0.7146 0.9358 0.9235 0.8683
RMSC 0.4906 0.7526 0.9025 0.7728 0.7810
OPMC 0.5421 0.6635 0.7886 0.8441 0.7646

AWP 0.7291 0.8024 0.6946 0.9058 0.8691

WMSC 0.7322 0.8005 0.9532 0.9534 0.8748
MCLES 0.5335 0.6116 0.8749 0.8811 0.8129
TBGL 0.5683 0.8299 0.9287 0.8029 0.8988

FastMICE | 0.3846 0.3662 0.7364 0.9493 0.8721
DSSC 0.7248 0.7628 0.9669 0.9557 0.8721
Ours 0.7923 0.9291 0.9739 0.9623 0.8820
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Table 3: Performance comparisons of different methods evaluated by ACC.

Dataset BBC BBCSport NGs 100leaves ORL
SCbest 0.8104 0.9166 0.7117 0.6442 0.7604
AMGL 0.7169 0.8355 0.7714 0.7968 0.7420
AASC 0.8336 0.6979 0.9715 0.7923 0.7399
RMSC 0.6464 0.8459 0.9511 0.5573 0.5913
OPMC 0.6545 0.7384 0.8727 0.6035 0.5524
AWP 0.8730 0.8989 0.8160 0.7875 0.7400
WMSC 0.8722 0.8217 0.9660 0.8513 0.7518
MCLES 0.6772 0.6478 0.9370 0.7116 0.6305
TBGL 0.5766 0.8879 0.9780 0.6719 0.7775
FastMICE | 0.5346 0.4976 0.8661 0.8423 0.7238
DSSC 0.8581 0.7973 0.9900 0.8575 0.7556
Ours 0.9241 0.9798 | 0.9920 0.8931 0.8025

Table 4: Performance comparisons of different methods evaluated by F-score.

Dataset BBC BBCSport NGs 100leaves ORL
SCbest 0.7137 0.8952 0.6525 0.5383 0.6869
AMGL 0.6690 0.8231 0.7751 0.6155 0.6501
AASC 0.7853 0.6988 0.9558 0.6733 0.6312
RMSC 0.5236 0.8148 0.9302 0.4353 0.4971
OPMC 0.5710 0.6982 0.8224 0.5221 0.4306
AWP 0.8134 0.8394 0.7250 0.7233 0.6660
WMSC 0.8190 0.8293 0.9600 0.8297 0.6786
MCLES 0.5520 0.6254 0.9062 0.5628 0.5202
TBGL 0.6130 0.8251 0.9564 0.1229 0.5127
FastMICE | 0.4178 0.4306 0.7756 0.8139 0.6423
DSSC 0.8059 0.7820 0.9799 0.8342 0.6757
Ours 0.8671 0.9614 | 0.9839 0.8665 0.7116

Table 5: Performance comparisons of different methods evaluated by Purity.

Dataset BBC BBCSport NGs 100leaves ORL
SCbest 0.8153 0.9266 0.7297 0.6680 0.7884
AMGL 0.7520 0.8625 0.8053 0.8373 0.7741
AASC 0.8447 0.7494 0.9722 0.8304 0.7805
RMSC 0.6843 0.8696 0.9541 0.5870 0.6223
OPMC 0.7177 0.7972 0.8851 0.6225 0.5895

AWP 0.8730 0.8989 0.8160 0.8050 0.7525

WMSC 0.8783 0.8704 0.9698 0.8776 0.7779
MCLES 0.6836 0.6987 0.9417 0.7497 0.6606
TBGL 0.5839 0.8879 0.9780 0.6888 0.8050

FastMICE | 0.5790 0.5744 0.8721 0.8648 0.7561
DSSC 0.8696 0.8339 0.9900 0.8818 0.7803
Ours 0.9241 0.9798 [ 0.9920 0.8975 0.8050
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5.5. Parameter sensitivity

In this section, we discuss the influence of parameters on our method. The method has
two parameters 3 and y. We use the grid search method to determine appropriate param-
eters. We tuned f3 from [107%,1073,--- ,10] and y from [2,3,---,8] to detect the change
of clustering results of our proposed method on each experimental datasets (evaluated by
ARI). Fig. 6 shows the parameter sensitivity of our proposed method. As shown in Fig. 6,
when f takes a relatively smaller value, the clustering results are more stable and accurate,
and this proposed method is sensitive to y, so it is necessary to choose y carefully. y is used
in the update of H to ensure that D is a positive definite matrix. Generally, y > 2 can meet

ORL

Figure 6: ARI against parameters 8 and y on all datasets.
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this requirement, and the power method can also be applied to get the value of v [26]. In

addition, when = 1072 and y = 2.7, our proposed method can achieve relatively great
performance on all the real datasets.

5.6. Convergence
Algorithms 4.1 and 4.2 guarantee theoretical convergence, but the speed of conver-

gence is addressed. Here we experimentally show the convergence of our method for each
experimental dataset and visualize the convergence trend. As shown in Fig. 7, our method

can converge quickly in a few steps, which shows that our method is very efficient.
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6. Conclusions

In this paper, we propose a novel multi-view data analysis model — viz. a one-step
multi-view spectral clustering method osDOSC, which realizes the dynamic optimization of
Laplacian matrix and the discretization of spectral embedding in a unified framework. The
one-step strategy enables simultaneous optimization of consensus Laplacian matrix, the
learning of the weight of views, and clustering through spectral rotation. From one hand,
taking into consideration on the noise and correlation issues in multi-view data, we model
the consensus Laplacian matrix as located in the neighborhood of view-specific Laplacian
matrices, instead of linear combination. From another perspective, we dynamically opti-
mize the consensus Laplacian matrix through genius design on the optimization framework.
Moreover, we adaptively evaluate the importance of views and adjust weights to each view,
so as to optimize the sources of information. The accuracy and superiority of our method
is demonstrated by using various real-world datasets. Future work will be devoted to inte-
grate high-order graph learning into the one-step spectral clustering framework.
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