East Asian Journal on Applied Mathematics Vol. 16, No. 1, pp. 129-151
doi: 10.4208/eajam.2024-183.020325 February 2026

A Fast Discontinuous Galerkin Finite Element Method
for a Bond-Based Linear Peridynamic Model

Jincheng Dong?!, Ning Du®* and Zhiwei Yang>

1School of Mathematics, Shandong University, Jinan 250100, China.
2School of Qilu Transportation, Shandong University, Jinan 250002, China.

Received 6 November 2024; Accepted (in revised version) 2 March 2025.

Abstract. A fastdiscontinuous Galerkin finite element algorithm on a non-uniform mesh
for solution of a one-dimensional bond-based linear peridynamic model with fractional
noise is developed. It is based on the approximation of the stiffness matrix corresponding
to the discontinuous Galerkin finite element method by its hierarchical representation.
The fast algorithm reduces the storage requirement for the stiffness matrix from &(N?)
to 0(kN), where k is a parameter controlling the accuracy of hierarchical matrices. The
computational complexities of assembling the stiffness matrix and the Krylov subspace
method for solving linear systems are also reduced from @(N?) to @(kN). Numerical
results show the utility of the numerical method.
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1. Introduction

The peridynamic (PD) theory aimed to model problems with evolving discontinuities
has been successfully used in various applications, including polycrystal fracture [11],
quasi-static crack propagation [14], brittle fracture [15], damage in concrete [10], ge-
omaterial fragmentation by impulse loads [19], failure and damage in composite lami-
nates [23], failure in a stiffened composite curved panel [23]. To solve PD models, a num-
ber of numerical methods have been proposed. In particular, Chen and Gunzburger [4]
developed a Galerkin finite element method for the one-dimensional steady-state PD model

— —2dx’'=b(x), xe€Q,
s lx—x] (1.1)

u(x) = g(x), xeT.
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Discontinuous Galerkin finite element method has been applied to various models and ex-
tended to various novel discretization schemes [22,26,29]. In PD models (1.1), continuous
Galerkin finite element is not suitable if the solutions contains jump discontinuities. There-
fore, in this paper a discontinuous Galerkin (DG) finite element method is used. However,
numerical methods for peridynamic models usually yield dense stiffness matrices due to
their non-local property, thus the direct solvers require ¢(N?) memory and ¢(N3) com-
putational complexity, where N is the number of spatial unknowns. Meanwhile Krylov
subspace iterative methods require @(N?) computational complexity per iteration, which
can be also very expensive. Extensive efforts have been made to improve the computational
efficiency [8,21,25]. Wang and Tian [25] developed a fast method for a linear steady-state
bond-based peridynamic model by utilizing the positive-definite tridiagonal-plus-Toeplitz
structure of the stiffness matrix. Du et al. [8] developed a fast collocation method for
a state-based linear PD model equation in one space dimension. Both approaches reduce
the computational cost from @(N3) to ¢(Nlog?N) and the memory requirements from
O0(N?) to ¢(N). So far, main progress has been made on reducing the computational cost
and memory requirement based on a uniform mesh. However, the existing fast methods
are not applicable to PD models if a non-uniform mesh is used.

In this work, we present a fast discontinuous Galerkin (FDG) finite element method for
a steady-state one-dimensional PD model based on a non-uniform mesh using Hierarchical
matrices (#¢-matrices) [2]. s#-matrices are data-sparse approximations of dense matrices.
They are successfully used for solving integral equations [1,2], fractional differential equa-
tions [20,28] and elliptic partial differential equations [18]. Matrices stored in #-matrix
format provide the reduction of storage requirement from @(N?) to @¢(kN) and the com-
putational complexity from @(N?) to ¢(kN) per matrix-vector multiplication, where k is
a parameter controlling the accuracy. The key aim of the s#-matrix method is to approxi-
mate the stiffness matrix A by A which can be stored in a data-sparse (not necessary sparse)
format. To this end, truncated Taylor expansion is adopted to approximate the kernel of
the PD model. Let k be the number of terms in the truncated Taylor expansion, we will
prove theoretically that the approximation error of the s#-matrices A decays as ¢(37%).

Meanwhile, most of the problems are affected by ubiquitous noise perturbations. This
motivates the study of mathematical models driven by stochastic noise and numerical meth-
ods for solving them [6,27]. For finding correlated random fluctuations occurred in more
general systems see [5,7,12]. An approximate model for correlated noise is the fractional
Brownian motion (fBm) Wg(x) [3,17,24], which satisfies

Covlx, ¥) = B(WyCoWp() = 2 (Il + Ly P — e = y 1),

where x,y € [0,00) and B € (0, 1) is the Hurst index. Here, fBm denotes the Brownian
motion if B = 1/2. Otherwise the increments of fBm are dependent.

The rest of the paper is organized as follows. In Section 2, we introduce a bond-based
PD model with fractional noise and its discontinuous Galerkin finite element discretization
based on a non-uniform mesh. In Section 3, we present the J#-matrix representation of
stiffness matrices corresponding to the discretization scheme and present the error analy-
sis. In Section 4, numerical experiments are presented to demonstrate the accuracy and
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computational efficiency of the fast algorithm. Conclusions and discussion of future works
are summarized in Section 5. In Appendix A, we present an explanation of the construction
of the s##-matrix structure.

2. PD Model and Discontinuous Galerkin Finite Element Discretization

Let
Q:(as[j)s Q/:(a_55ﬁ+5)5 F:[a_55a]u[[5,[5+5]5
where we assume the horizon width 6 is a fixed constant independent of the forthcoming

mesh. We consider a discontinuous Galerkin finite element method for the steady-state
one-dimensional PD model with fractional noise

1 x+o u(x)—u(x")
62 ) _s |x — x/|

u(x) = g(x), x €T,

dx"=b(x)+Wz(x), xe€Q, @.1)

where b(x) is the load term, g(x) the boundary condition, and W (x) a fractional Brownian
motion [9] defined on a complete probability space with the fractional noise

. B — cos(a,x) > sin(f3,,x)
Walx) =cz (; 27, s 23 B (B C")’

cg = v/ 2/nTV2(1 4+ 2B) sin'/?(nB).

(2.2)

Note that a,, and S, are respectively the positive zeros of the Bessel function J_g and J;_g,
while &, and {,, are mutually independent standard Gaussian random variables, and B is
the Hurst index.

We approximate the fractional noise Wy by employing the truncation in (2.2) and sub-
stitute Wy(x) by WéQ) in the numerical scheme [3],

Q

Q .
QN cos(a,,x) sin(f3,,x)
Wy 0= (; a2 ﬁfJ_B(/sn)C")’

thus obtaining the following semi-discrete scheme:

dx’ = b(x) + WP (x).

1 (7 ug(x) —ug(x’)
82 s x—x|

-5 |X—X/|

After that, we consider the full-discrete scheme. A Galerkin finite element method for the
peridynamics model was proposed in [4]. Define L2(Q’) as the space of all mean square
integral functions with the standard Euclidean norm ||f|| = +/E[|f|2]. Let S() c L%(Q)
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be a Banach space and S" c $(') a family of finite-dimensional subspaces parameterized
by h. Then the finite element approximation consists in finding ug(x) S SZ such that

x+6 h /
J h(x)J (x) u‘f|(x)dx/dx

:52J (b(x)+W]§Q)(x)) h(x)dx, Wvh(x)eSk@),

uh(c) =g"(x), g"(x) sy,

where g"(x) is an approximation of g(x) — e.g. one can use the L? projection of g(x) €
L?(T") defined by
(gh —g,v)=0 forall v, € SHp.

We define

Sg = {uh(x) eS| ul'(x) =g"(x) ae. on F} ,
Sg = {vh(x) eS"|v(x)=0 ae. on F}.

2.1. Piecewise constant finite element approximations

Here we define a mesh (generally non-uniform) on Q' =[a—5,a+ 6]

a—0=x_g < <xg<a=xg<x;<--<xy=p

<xN+1<”'<xN+K2=ﬁ+5 (2.3)

with h; := xj;1 — x;, h := max{h;} and the ratio r := max{h;}/ min{h;}, where i,j =
—Kq,...,N+K,—1.

Let {y; (x)}NH(I? 41 be the set of discontinuous basis functions for piecewise constant

finite element space S",

1, xe(xi_1,x;), .
SDJ(X): ( J‘l J ]:—K1+1,...,N+K2.
0, otherwise,

We have
N+K2
gh(x) = Z g0 () + Y gwi(x).
j=—K,+1 j=N+1
Let
N N+Kj,

ub () =D Tujp;(x) + Z 8w+ D gioi(x), V()= g(x).

j=1 j=—K;+1 j=N+1



A Fast Discontinuous Galerkin Method for a Peridynamic Model 133

Then we obtain
N (v
ZuJJ ¥, (x)J LPJ(X) Pl )dx’dx
=1
=52 J (b) + WP (x)) pi(x)dx

N+K, /
( Z Z )&J sol(x)J it %(x)d ‘dx. 2.4)

’
j=—K;+1 j=N+1 |X X|

Setting U= (uy,uy,---,uy)’, we write the linear system

AU=b, (2.5)
where the entries of the matrix A = [A;; '] _, and vector b = [b; ]N have the form
pi(x)—p;(x)
A= J pi(x )J : f dx'dx, (2.6)
« |x — x|

J b(x) + WP (x)) ,(x)dx

N+K, /
( Z Z)gjf sol(x)J RSkl ICO P

’
Jj=—K;+1 j=N+1 |x x|

Note that the matrix A is generally not sparse since 6 is fixed and independent of the mesh.

2.2. Piecewise linear finite element approximations

Let S" be the discontinuous piecewise linear finite element space [4]. Now we will use
the basis functions

X—Xj1 .
I E—— XE(XJ 1 ]) ]=_K1+1,...,N+K2,
‘sz(ﬂ = hj
0, otherwise,
5 XE(Xj_l,Xj), j:_K1+1,...,N+K2,
‘sz—l(x) = hj
0, otherwise,
defined on the mesh (2.3).
Let
0 2N+2K,
)= D e+ D g,
Jj=—2K1+1 j=2N+1

0 2N+2K,

2N
u}é:Zujgoj(x)+ Z gjpi(x)+ Z gjep;(x).

j=1 j=—2K;+1 j=2N+1
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Similar to (2.4), we have

J ‘PI(X)J %(X) #i(x )dxdx

|x —x’|

= 52J (b(x) + WIgQ)) @;(x)dx
a
2N+2K, /
@;(x)—p;(x7)
( Z Z )g]J cpl(x)J ! | /J| dx'dx.
j=—2K;+1 j=2N+1 S
The linear system can be written in matrix form
CU=b,

where C is the (2N) x (2N ) matrix
Al A?
C:= ( A3 A4 )

with entries

X x+6 .(x)_ -(X/)
wh=] el PPl dxdx,
! | —x']

. X)— . X/
Aizjzf Cle(x)J ¢2J+1( )= ¢2j( )dx’dx,

|x —x’|

0 03(x) = o (x")

dx’dx,
lx —x’|

A?J = J Pai-1 (X)
Xi—1

X x+6 /
: i+1(0) = pj41(x)
A?j = f Lpzi_l(x)J P21 P21 dx'dx, i,j=1,2,...,N.
X; —6

| — x/|
Besides, the matrices U and b have the form U= [u;, u,]”, b=[b;, b,]7, where

uy = [up, Uy, ,Ugy], Uy =[ug,us,Us, ** ,Usn_1],
bl:[b2yb4)”')b2N]) b2=[b15b3)”'5b2N—1]

and

by = J | (b(x)+w(Q))soZi(x)dx

@i () —p;(x")
— g; J (pzl(x)J ! | j| dx'dx
]——2K1+1 X=X

2.7)
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2N+2I<2
- S g f () f THOZD

j= 2N+1 |x —x'|

b2i+1:f (b(x)+W( )9021+1(X)dx

Z g]J Pai+1(x) de’dx
x—8

j=—2K+1 lx — x’|
2N+2K, ()= 0 (x')

- Z g]J <P21+1(X)J oA ij dx'dx, i=1,...,N.
j=2N+1 |x — x|

3. #-Matrix Representation

In this section, we approximate the matrix A by an J#-matrix A. The latter one can be
stored in a data-sparse format.

3.1. Taylor expansion of the kernel

Let the index set £ := {1,2,...,N} contains the indices of basis functions ¢; in the
finite element discretisation. Let t and s be two subsets of the set .# such that

= Jisupp ¢)), o == JGsupp )

i€t i€s

are both connected intervals. Let x € 7 :=[a,b] and x’ € o :=[c,d]. We say that T x o is
admissible if T N o = and the following condition is satisfied:

diam(7) < dist(7, o), (3.1)
where diam(t) = b—a and
—b, if c=b
dist(t,0) = c 1 €=
a—d, if a>d.

The blocks t xs C .# x £ of indices are called admissible if corresponding T x o is admissible,
conversely, the blocks are inadmissible.

Remark 3.1. In admissible condition (3.1), we define the ratio

dlSt(T 0)
d1am(7:)

In fact, A can be more flexible. As was shown in [20, 28], the bigger the ratio, the smaller
the error lead by the s#-matrix format.
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Let G(x,x’):=1/|x—x’|. In this case, the singularity occurs only if x = x’. Using
the truncated Taylor expansion with x, = (a + b)/2, for any k € N, we approximate the
function G(x) as

k—1 k=1

~ 1

Glx,x)=> 587G o0, XY = x)” = >y (0h,(x), (3.2)
y=0 "~ v=0

where p,(x) := (x —x¢)” and h,(x") := (1/v1)3G(xo, x"). Note that

(=1)" (xg—x YD x> x,,
(=1)"(xg— x")~ 04D, x' < xq.

h,(x)= {

Lemma 3.1. If x € T = [a,b],x’ € 0 = [c,d] (b < ¢), and x, = (a + b)/2, then for any
k € N*, the truncated Taylor series

k—1
- 1
G, x) = Y =8} Glxo, x')x = xo)’

=0 "~
approximates the kernel G(x, x") with the error

—k+1

|G(x,x’)—G(x,x’)| < 2B

Proof.
oo
1

|G, x) = Glx,x)| =D 87 G(x0, x")(x — xo)”

v=k

oo oo X —x v
<[ D0 =) 0 x| < [ o) ()

- - X' —Xp

v=k v=k

o | x—xp|” 1 o |xo—al

< (X' —xp) 7t 2l < : ( . )

( o) VZ:]; Xg—Xx' |c—b| VZ:I; |xg—al +|c—b|

_( 1 |Xo—a|) (1+ jc—b| )—k
“\le—b| |c—bJ2 |xo—al)
Since the admissible condition (3.1) is satisfied — i.e. |a — b| < |b — ¢|, we obtain the

estimate
—k+1

2lc—b|’

|G(x, x)—G(x, x’)| <

which finishes the proof. O
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3.2. Low rank approximation of matrix blocks

In view of (2.6), the entries in the stiffness matrix can be computed with different
concrete integral forms. The case which accounts for a large proportion is that the domain
of integration is a rectangle, i.e. the entries in A can be written by

X Xj (x!
p;(x")
Aij = —J (,OI(X)J |x]_—x/|dx’dx. (3.3)
Xi—1 x'—l

If Ay has the form (3.3), then we approximate the kernel function by (3.2) and

Ay ™ —J @i (x)J ;(x )va(x)hv(x )Ydx'dx

J SOI(X)pv(X)dXJ @;(xh, (x)dx" =t Ay. (3.4

x]',1

If all entries of the submatrix A,,, can be written as (3.4), then the block t x s and the
corresponding T x ¢ are called feasible.

Let D;; = [x;_1,x;] X [xj_1, x;], now we consider the entries A;; whose corresponding
rectangular areas D;; intersect the lines x'=x+6and x' =x—6. For clarity, in Figs. 1(a)-
1(c), we only present three cases when the areas intersect the line x’ = x — . The entries
can be written as

x]-+6 X; ) X/

(@) Ay =—f ¢;(x) L2dx’dx, (3.5)
Xi_1 X_6 |X_X |
X; x'+6

() hy==| o) | i)y i, (3.6)
*jo1 o xe—=x|

Xj_1+6
© AU:—U i) J 20D ixax
+J @;(x )J #i(x )d ‘dx ) (3.7)
Xj_1+6

respectively, the other cases are similar due to symmetry.

(a) (b) ©

Figure 1: Different cases of submatrix blocks. The double integrals over general regions are highlighted
by yellow color.
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Obviously, we cannot apply (3.4) to such cases as (3.5)-(3.7) because of dependence of
the outer integral on the inner one in the double integral. Meanwhile block t x s and the
corresponding T x ¢ are called unfeasible.

Note that the submatrix A, with feasible and admissible t x s can be represented in
the factorised form

k—1 X X
Ap= —ZJ Wi(x)pv(x)dxf ¢;(x I, (x")dx" =: CRT,
=0 Xi—1 Xj—1

(3.8)
C e RUN0-k-1} g g gex{0ok—1)

B

where .
j

Xi
Civz_J (,Oi(X)pv(X)dX, RjVZJ ‘pj(x/)hv(x/)dx/-
Xi—1 Xj—1

A submatrix Am obtained by utilizing the discretisation (3.8) is called a low rank ma-
trix, so we only need to store C and R matrices in the form (3.8). Besides, a submatrix A,
obtained by using the form (2.6) is called the full matrix, which does not lead to errors of
the fast method. All block submatrices can be stored in low rank or full matrix format and
the low rank matrices account for the most overwhelming proportions in assembling the
stiffness matrix. Thus, the computational complexity with respect to the full matrices can

be ignored for large enough N.

Theorem 3.1. The global approximation error for stiffness matrix A stored in #¢-matrix
format is bounded by
3—k+1r2([5 _ a)

la—Ally < =

(3.9

in the Frobenius norm ||[M||2 := ZMlz]

Proof. Applying Lemma 3.1 gives

X Xj
|A;;— Ayl =f J |G(x,x")—G(x,x")|dx"dx
Xi_1 Xj,]

X Xj 3—k+1 3—k+1
< —bdX/dX < —bhz,
xia I,y 2lCij = byl 2lcij— byl

where b;;, c;; denote b, c corresponding to A;;. b;; and ¢;; may be different with different

A;; due to varied block submatrices.
The elements which are not in the admissible or feasible submatrices are computed

without approximation and
Nh=N(rhpy,) <r(f—a).

If b;j —cij = hpyin, we get the following approximation error ||A — Al|p in the Frobenius

norm: k+1 k+1 k+1..2
—k+ —k+ _ —k+ _
S NP ey, 3 rhra)
min thin 2

The proof is complete. O

A=Al <
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Remark 3.2. From Theorem 3.1, we can easily obtain that ||A — A||y < @(37%). Then we
replace A with A to solve the perturbed linear system

AU=b, (3.10)

where U = (iiy, iy, - ,iy)" is the approximation of U.

Let A,=A—A, U,=U—-U, and cond(A) = ||A™}|| - ||A|| denote the condition number
of A. If ||A.|| < 1/||A™}]|, the standard perturbation theory [13] gives

cond(A) AUl
T—[IAZH-TIAC Al 2

Ul <

so that ||[U.|| < @(37%). Consequently, the error caused by #-matrix method is negligible if
k is large enough. Nevertheless, the computational complexity of the fast method partially
depends on k. Therefore, in practice, k cannot be arbitrary large and we usually take
k = 0(logN).

In view of that the piecewise linear and constant discontinuous finite element method
converges in L2 norm with a order @(h?) and @(h), respectively, the parameter k is more
large when the former method is adopted. For example, we take k = 2logN and k = logN,
respectively.

3.3. Block cluster tree

To efficiently realize the 5#-matrix approximation of the stiffness matrix, we need a pro-
cedure called the block cluster tree. The method is to test blocks level by level starting with
the root of T4, 4 [16], which is called the quadtree. In Section A, we consider the exam-
ple N = 2% and assume the mesh is uniform to explain the construction of the quadtree.
Here we only present the schematic diagram describing the construction of the s#-matrices
and give an intuitive explanation. In Fig. 2(a), the block .# x .# is divided into four inad-
missible subblocks which are colored red, then we further divide each of them into four
parts as shown in Fig. 2(b). The lower right and upper left blocks represent zero matrices
are colored gray. Meanwhile, there are four admissible blocks intersecting the blue lines
x" = x £ & which are unfeasible and colored yellow. The rest blocks are inadmissible and
colored red, thus we further divide the red and yellow blocks again to obtain Fig. 2(c). In
this level, we first obtain some blocks which are admissible and feasible and colored green.
Fig. 2(d) shows the final ##-matrix structure. The red and yellow blocks are stored in full
matrices format while the green blocks are stored in low rank matrices form.

3.4. Matrix-vector multiplication

We consider Krylov subspace methods such as generalized minimal residual (GMRES)
[13], where matrix-vector multiplication is the essential and most time consuming proce-
dure in solving linear systems (3.9). Algorithm 3.1 presents a fast matrix-vector multiplica-
tion in 5 representation. According to Algorithm 3.1, for matrices H stored in a full matrix
form, the matrix-vector multiplication of Hx can be determined by ¢(N?2) operations. If H
is stored in a low rank form, then Hx can be determined by & (kN ) operations only.



140

J. Dong, N. Du and Z. Yang

Algorithm 3.1 Matrix-Vector Multiplication in »-Matrix Representation

else if H is a low rank matrix — i.e. it is stored in low rank form H = CR” then

1: Procedure y=HMatVec(H, x).

2: if H is a full matrix — i.e. it is stored in a full matrix form then
3: ¥y =Hx,

4:

5: y =C(RTx).

6: end if

(a)

Figure 2: The construction of s-matrix representations.

(b)

16 1514 13 12 1110 9 8 7 6 5 4 3 21

Lo L L T S Ve

@

Red: Inadmissible. Green: Admissible. Gray:

Zeros. Yellow: Blocks intersecting y =x+6 and y =x —6.

4. Numerical Experiments

In this section, we present several numerical experiments to investigate the accuracy
and efficiency of the proposed methods. All the numerical experiments were implemented

by using MATLAB R2020b.
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In the following experiments, we use the discontinuous piecewise constant (2.5) and
linear finite element scheme (2.7) on a non-uniform mesh with r < 9 and the number of
sample paths M = 200. Let N be the number of mesh elements of £, w belongs to a sample
space, uhN (w;) and ﬁhN (w;) be the j-th independent sample solutions of the linear systems
(2.5) and (3.10), respectively. We define the error ey as

1/2
1
— N
=y Z ””(“)j) Uy (wj)HLZ(Q)
=1
Similarly, we replace uhN with ﬂl}:’ to obtain éy,
1/2

M
ey = iZHu(%)—ag(%)HLzm)
M4

Example 4.1 (Deterministic Continuous Solution Case). We first consider model (1.1)
without fractional noise. Let the load term b(x) = 1, the horizon width 6§ = 0.25,0.5,
[a,B]=1[0,1]. The corresponding exact solution is u(x) = x(1 — x).

Table 1 shows the L? errors and convergence rates of the numerical solutions. Note
that the convergence orders are around 1 which is optimal, as expected. Moreover, we
observe that the L? errors of u;, and i, are almost the same. Let CPUA and CPUA denote
the CPU time of assembling the stiffness matrices A and the corresponding .#-matrices A
respectively. Let CPU and CPUH be the CPU time of solving (2.5) and (3.10) by GMRES
iteration respectively. In Table 2, we notice that CPUA is much less than CPUA. Meanwhile,

Table 1: Example 4.1. L? errors and convergence rates for discontinuous piecewise constant approxima-
tion and the corresponding fast method, 6 = 0.25.

N llu—upll;. K llu—dip || 2 K
210 1.63E-04 - 1.63E-04 -
211 | 8.14E-05 1.00 | 8.14E-05 | 1.00
212 | 4.07E-05 1.00 | 4.07E-05 | 1.00
213 | 2.03E-05 | 1.00 | 2.03E-05 | 1.00
214 1.02E-05 1.00 1.02E-05 1.00

Table 2: Example 4.1. CPU time for matrix assembly and GMRES iterations for discontinuous piecewise
constant approximations and the corresponding fast method, § = 0.25.

N | CPUA(s) | CPU(s) | CPUA(s) | CPUH(s)
210 0.30 0.05 0.21 0.05
pAR 1.00 0.10 0.36 0.08
212 3.87 0.70 0.85 0.23
213 16.17 5.58 1.98 0.55
24| 65.78 28.69 4.78 1.30
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Table 3: Example 4.1. CPU time for matrix assembly and GMRES iterations for discontinuous piecewise
constant approximations and the corresponding fast method, § = 0.5.

N | CPUA(s) | CPU(s) | CPUA(s) | CPUH(s)
210 0.28 0.03 0.15 0.03
211 1.08 0.19 0.33 0.07
212 4.63 1.71 0.80 0.20
213 19.27 9.71 1.89 0.47
214 | 78.88 47.91 4.47 1.11

Table 4: Example 4.1. L2 errors and convergence rates for discontinuous piecewise linear approximation
and the corresponding fast method, 6 = 0.25.

N | flu—uyll.- K llu—dip|| 2 K
28 2.16E-06 - 2.16E-06 -
2° 5.57E-07 | 1.98 | 5.57E-07 | 1.98
210 1.32E-07 | 2.08 1.32E-07 | 2.08
21 | 3.31E-08 | 1.99 | 3.31E-08 | 1.99
212 | 8.75E-09 | 1.92 | 8.67E-09 | 1.93

Table 5: Example 4.1. CPU time for matrix assembly and GMRES iterations for discontinuous piecewise
linear approximations and the corresponding fast method, 6 = 0.25.

N | CPUA(s) | CPU(s) | CPUA(s) | CPUH(s)
28 0.22 0.12 0.24 0.06
2° 0.73 0.38 0.62 0.21
210 2.56 1.96 1.50 0.52
AR 9.72 14.30 2.42 1.30
212 | 3577 68.97 5.90 4.12

the FDG method (3.10) using GMRES iteration consumes much less CPU time. For exam-
ple, the time consumption for assembling the stiffness matrix decrease significantly from
67.71s to 5.47s, and that for GMRES iteration reduces drastically from 78.52s to 1.27s for
a relatively finer mesh N = 2%, Table 5 shows the CPU time for assembling the stiffness
matrix and the GMRES iterations using the discontinuous piecewise linear finite element
method, it can also be observed that the FDG has a reduced CPU time over the DG method
while keeping the same convergence order of 2 as shown in Table 4.

Table 3 shows the numerical results for 6 = 0.5 compared with those for § = 0.25 in
Table 2, we notice that the efficiency of the fast algorithm becomes more pronounced in
assembling stiffness matrices as § increases. For instance, when N = 24, the fast algorithm
achieves savings of 94.33% and 97.68% for 6 = 0.5 in assembling the stiffness matrix and
GMRES iteration, respectively, more than savings of 92.73% and 95.47% for 6 = 0.25.
Theoretically, a larger 6 results in a wider matrix bandwidth for the same h, leading to
increased CPU time for both assembling the stiffness matrix and performing matrix-vector
multiplications.
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Figure 3: Example 4.1. Approximation error of the stiffness matrices ||A—A||;, § = 0.25.

In this example, we also present the approximation errors of the stiffness matrices for
different mesh sizes N = 210 211 212 213 in Fig. 3. We can see that the Frobenius norm
errors ||A — A||r decrease when the number of terms in the truncated Taylor expansion k
grows, which is in accordance with the conclusion of Theorem 3.1. Meanwhile, the errors
reduce with increasing N and we can see that the error ||A—A||; ~ 376 with N = 4096,
which makes little influence on the convergence rate of the Galerkin finite element method.

Example 4.2 (Deterministic Discontinuous Solution Case). To clarify the advantage of -
matrix method, we make up an example with a discontinuous point so that a non-uniform
mesh with finer mesh on the discontinuous area is advantageous for the whole accuracy,
and then the s#-matrix method can be applied for improving the computational efficiency.

Let the exact solution be
x, x<0.7,
u(x) = 4.1
) {xz, x=0.7, @D
so that the load term b(x) is

0, 0<x<0.7-9,

1 5% (17 3\ .,

—x [ log %—x)—log(é))+leog(%—x)—200), 0.7—-6 <x<0.7,

b(x) = | 2
1 52 (17 3, 7
§(5—?—(E+2i2x+5x —x(x—l)log(x—ﬁ)
+x(x —1)log(6) + — 0.7<x<0.7+6
x(x = 1log(6) + o= ), 7<x <0748,
-1, 0.7+0<x<1.

Take the horizon width 6 =0.25, [a, 3] =[0,1].
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The plot of solution (4.1) is presented in Fig. 4. We can see that the discontinuous point
is x = 0.7. In this example, we compare the L2 error on uniform and non-uniform meshes.
For clarity, we define a piecewise uniform mesh

A—0=1X_g< <X <a=Xg<X; < - <X_1 <X < <X,

<Xr+1<"‘<xN_1<xN :=ﬁ<xN+1<"'<xN+K:=ﬁ+5,

where the elements in [x;, x, ] are almost one-ninth the size of the other elements. In this
example, the jump occurs at the cell boundary and inside the cell with [x;, x,.] =[0.6,0.8]
and [x;,x,] =[0.63,0.83], respectively.

In Tables 6 and 7, we present the numerical results for Example 4.2 with a uniform
mesh and non-uniform mesh respectively. It is clear by comparing them that the non-
uniform mesh yield more accurate approximations than the uniform mesh with the same
number of partition element, together with the optimal convergence rate @(N~!) when the
mesh point is at the discontinuous point. Meanwhile, as shown in Table 8, we verify again
the fact that the ##-matrix method significantly reduce the computational cost.

In Tables 9 and 10, we present the L? error and the convergence rates when using dis-
continuous piecewise linear finite element method with a uniform and non-uniform meshes.
Note that the L? error for non-uniform mesh is much smaller than for uniform mesh, while
the ##-matrix method still has little effect on the numerical error. Furthermore, we note
that the convergence order is about 0.5 for a uniform mesh and almost 2 for a non-uniform
mesh. This is because that the mesh point is exactly at the location of the point where
the jump discontinuity occurs. Table 11 shows the CPU time for constructing the stiffness
matrix and solving the system of linear equations when using mesh where the jump occurs
at the cell boundary, which once again verifies that the »#-matrix method can significantly
reduce the computational cost. Tables 12 and 13 show the results for a mesh where the
jump occurs inside the cell, the discontinuous piecewise linear finite element and the corre-
sponding fast method are used to solve the Example 4.2, it can be observed that the errors

1 T T T T 15

0.9+ 10l
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041 1ol
03
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02

0.1F 201

0 . . . . 25 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

X X

Figure 4: Example 4.2. Solution curves for exact solution u(x) and load term b(x).
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Table 6: Example 4.2. L errors and convergence rates for discontinuous piecewise constant approxima-

tion and the corresponding fast method, uniform mesh, § =0.25.

N | llu—upll K llu—dip|| 2 K
219 1 3.70E-03 - 3.70E-03 -
211 | 2.58E-03 | 0.52 | 2.58E-03 | 0.52
212 | 2.03E-03 | 0.35 | 2.03E-03 | 0.35
213 1.28E-03 | 0.67 | 1.28E-03 | 0.67
214 | 8.54E-04 | 0.58 | 8.54E-04 | 0.58

Table 7: Example 4.2. L2 errors and convergence rates for discontinuous piecewise constant approxima-
tion and the corresponding fast method, non-uniform mesh, § = 0.25.

N llu —upll;- K llu —dip || 2 K
210 [ 7.31E-04 - 7.33E-04 -
21 | 3.65E-04 | 1.00 | 3.67E-04 | 1.00
212 | 1.83E-04 | 1.00 | 1.84E-04 | 1.00
213 [ 9.13E-05 | 1.00 | 9.22E-05 | 1.00
24 | 457E-05 | 1.00 | 4.63E-05 | 0.99

Table 8: Example 4.2. CPU time for matrix assembly and GMRES iterations for discontinuous piecewise
constant approximation and the corresponding fast method, non-uniform mesh, 6 = 0.25.

N | CPUA(s) | CPU(s) | CPUA(s) | CPUH(s)
210 0.59 0.26 0.51 0.21
211 3.02 1.86 1.26 0.86
2121 12,66 14.43 4.77 1.96
213 | 46.49 71.49 9.47 4.18
2141 132.77 | 213.70 15.05 7.96

Table 9: Example 4.2. L2 errors and convergence rates for discontinuous piecewise linear approximation

and the corresponding fast method, uniform mesh, § =0.25.

N llu—upll;. K llu—dip || 2 K
28 3.59E-03 - 3.59E-03 -
2° 2.61E-03 | 0.46 | 2.61E-03 | 0.46
210 1.80E-03 | 0.54 | 1.80E-03 | 0.54
2 | 1.30E-03 | 0.46 | 1.30E-03 | 0.46
212 | 9.01E-04 | 0.53 | 9.01E-04 | 0.53

Table 10: Example 4.2. L? errors and convergence rates for discontinuous piecewise linear approximation
and the corresponding fast method, non-uniform mesh with jumps at cell boundaries, § = 0.25.

N | lu—uyll. K llu— il K
28 1.71E-06 - 1.71E-06 -
2° 4.24E-07 | 2.00 | 4.24E-07 | 2.01
210 1.06E-07 | 2.00 | 1.08E-07 | 1.98
211 | 2.66E-08 | 2.00 | 2.74E-08 | 1.98
212 | 7.79E-09 | 1.77 | 7.89E-09 | 1.79
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Table 11: Example 4.2. CPU time for matrix assembly and GMRES iterations for discontinuous piece-
wise linear approximation and the corresponding fast method, non-uniform mesh with jumps at cell

boundaries, § = 0.25.

N | CPUA(s) | CPU(s) | CPUA(s) | CPUH(s)
28 0.24 0.05 0.18 0.06
2° 0.63 0.20 0.32 0.37
210 2.50 1.67 0.86 0.99
211 10.31 12.66 2.85 4.17
212 | 45.39 71.85 6.75 11.42

Table 12: Example 4.2. L% errors and convergence rates for discontinuous piecewise linear approximation
and the corresponding fast method, non-uniform mesh with interior jumps, & = 0.25.

N | llu—upll K llu— il K
26 1.49E-03 - 1.49E-03 -
28 1.16E-04 | 1.85 | 1.16E-04 | 1.85
219 | 493E-05 | 0.61 | 4.93E-05 | 0.61
212 | 2.15E-05 | 0.60 | 2.15E-05 | 0.60

Table 13: Example 4.2. CPU time for matrix assembly and GMRES iterations for discontinuous piecewise
linear approximation and the corresponding fast method, non-uniform mesh with interior jumps, § = 0.25.

N | CPUA(s) | CPU(s) | CPUA(s) | CPUH(s)
26 0.01 0.00 0.02 0.01
28 0.16 0.04 0.11 0.07
210 2.45 1.70 0.80 1.02
212 | 47.20 80.73 6.53 11.79

are also very similar, and the error of the numerical method can be greatly reduced by us-
ing a refined partitioning near the discontinuity point. When N = 2°, the error obtained is
1.49 x 1073, which is less than the error for N = 28 in Table 9. When N = 2'2, the error in
Table 12 is 2.15 x 107>, nearly 1/40 of error 9.01 x 10~ in Table 9.

Example 4.3 (Stochastic Case). Let the load term b(x) = 1 in model (2.1), the horizon
width 6 = 0.25, [a, 8] = [0, 1]. Since it is hard to obtain the exact solution, we compute
the reference solution by the same solver with very fine resolution, N,.; = 213, In this
example, we use truncated fBm with Q = 200.

According to Table 14, the DG and FDG methods using #¢-matrices have almost the
same numerical accuracy. Table 15 demonstrates similar effect to that of Example 4.1. This
verifies the utility of our proposed method for PD models with fBm noise. Note that the
CPU time of iteration is much longer than in Example 4.1 because we have to simulate 200
sample paths in Example 4.3. This underscores the importance of #-matrix method for
computational efficiency in PD problems with stochastic noises.
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Table 14: Example 4.3. L? errors and convergence rates for discontinuous piecewise constant approxi-
mation and the corresponding fast method, non-uniform mesh, 5§ =0.25.

N llu—upll;- K llu— il K
28 4.47E-02 - 4.47E-04 -
2° 2.45E-02 0.87 2.45E-02 0.87
210 1.27E-02 0.95 1.27E-02 0.95
pAR 6.47E-03 0.97 6.47E-03 0.97

Table 15: Example 4.3. CPU time for matrix assembly and GMRES iterations for discontinuous piecewise
constant approximation and the corresponding fast method, non-uniform mesh, 6 = 0.25.

N | CPUA(s) | CPU(s) | CPUA(s) | CPUH(s)
28 0.13 328.32 0.23 172.00
29 0.12 1198.25 0.11 638.54
210 0.36 4892.76 0.20 1844.31
211 1.35 32924.12 0.44 4800.11

u )

I I
0 0.2 0.4 0.6 0.8 1
X

Figure 5: Example 4.3. Plots of the solution of (2.5) with B=0.7,0.8,0.9.

Fig. 5 shows the numerical sample path of model (2.1) with same &, and {,,. We note
the difference between paths for different values of B in model (2.1), viz. the smaller the
value of B is, the more pronounced is the fluctuation.

5. Conclusions

In this paper, we develop a fast discontinuous Galerkin finite element method for a bond-
based linear peridynamic model in one spatial dimension with fractional noise. The fast
algorithm is constructed on a generally non-uniform mesh by employing the »-matrix ap-
proximation. This removes the strict limitation of some existing fast algorithms — i.e. the
ones based on uniform meshes and the Toeplitz structure of the stiffness matrices. It re-
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duces the storage requirement for assembling the stiffness matrices from @(N?) to @(kN)
and the computational complexity from @(N?) to 0(kN) at each Krylov subspace iteration.
In future work, we want to use the fast algorithm to develop more efficient adaptive finite
element methods for generalized PD models in multi-dimensional case.

Appendix A

In this section, we consider the situation where N = 2% Q =[0, 1] and assume the mesh
be uniform in order to demonstrate the construction of quadtree T 4 4.

Fig. 2 shows the construction of an J#-matrix representation. The index set for the
root in the quadtree Ty, 4 is {1,...,16} x {1,...,16}. It is not admissible because the
corresponding T =[0,1],0 =[0,1] and

diam(7t) =1 £ 0 =dist(t,0).

We divide {1,...,16} x {1,...,16} into 4 successive parts as shown in Fig. 2(a) and Fig. 6.
Note that neither of the corresponding domains is admissible and divide them into 16 parts.

In Fig. 2(b), the red blocks are inadmissible and the yellow blocks are unfeasible which
intersect y = x £ 6, so we need to divide these blocks again. It is reasonable to ignore the
gray blocks because all the entries of them are zero (in fact, they are also admissible and
feasible). Thus, we have the successors of the red or yellow blocks shown in Fig. 2(c). Now
we have some admissible and feasible blocks — cf. e.g. {1,2} x {5,6}. They are highlighted
by green because they do not intersect y = x £ § and the corresponding T =[0,1/8],0 =
[1/4,3/8] satisfy

1
diam(7) = 3 =dist(7,0).

Repeating these steps again, we obtain the final s#-matrix structure shown in the Fig. 2(d),
where red and yellow blocks are stored in full matrix form and the green blocks in low rank
matrix form. We display the quadtree in Fig. 6.

Following the above explanation, we consider successors S(t,s) of t x s and present the
following recursion Algorithm A.1.

Algorithm A.1 Construct the Block Cluster Tree T 4 » Using Preorder Traversal
1: Procedure BuildBlockClusterTree(t,s).
2: if T x o is admissible then
3: if T x o is feasible then

4 let S(t,s) be an empty set,
5 else if T x o is unfeasible then
6: let S(t,s) be an empty set,
7 end if

8: else if T x o is inadmissible then

9: let S(t,s) be an empty set.
10: end if
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11: Split t x s to four successive parts S(t,s) = {(t1,$1),(t1,52), (t2,51), (t5,82)}.

12: for (t’,s") € S(t,s) do
13: BuildBlockClusterTree(t’,s’).
14: end for

{1, 16} x {1, , 16} |-

~ {1,....8} x{1,....8} |-

»[ 1,...,8} x{9,...,16} ]—

~{ {9,...,16} x {1,...,8} |-

—{{9,...,16} x {9,...,16} |-

»] (,...,4) x {1,...,4}

~ {1,...,4} x {5,...,8}

~ {5,...,8} x {1,...,4}

»] {5,...,8} x {5,...,8}

ﬁ] {1,...,4} x{9,...,12}

*! {1,...,4} x {13,...,16}

[ {5,....8} % {9,...,12)

*! {5,...,8} x {13,...,16}

~ {9,...,12} x {1,...,4}

»] 9,...,12} x {5,...,8}

- {13,...,16} x {1,...,4}

a] {13,...,16} x {5,...,8}

~ {9, 12} x{9,...,12} |

[ {9,...,12} x {13,...,16} |

~ {13,...,16} x {9,...,12} |

~{{13,...,16} x {13,...,16} |

Figure 6: The diagram of a quadtree T, ,.
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