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Abstract. The reconstruction of continuous solutions using all available mechanisms
and data is essential for high-precision simulations and forecasts. This paper presents
an improved random feature method (IRFM) that combines observational data with
models for solution reconstruction. For the multi-region neuron approximation, we em-
ploy a global activation function with robust local approximation capabilities instead
of the traditional piecewise method. This enhances smoothness across regions and ac-
celerates convergence. We also derived the equivalence condition for the optimal so-
lution of multi-constrained optimization problems, established criteria for determining
the weights in the cost function and the distribution of randomly generated collocation
points, reducing biases from subjective choices. Additionally, we introduce a weighted
scheme for computing the cost function related to sparse observations, reducing inter-
polation errors and improving stability against noise. Numerical examples demonstrate
that the IRFM is more accurate and converges faster than the original RFM. Its efficiency
and accuracy are validated through comparisons with physics-informed neural networks,
and its flexibility is shown by successful continuous solution reconstruction in complex
domains.
AMS subject classifications: 65M32, 68T09
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1. Introduction

Partial differential equation (PDE) models are widely used to describe the physical be-
havior of systems in various scientific and engineering applications. However, these mod-
els often suffer from inaccuracies due to limitations in the model itself, missing initial and
boundary conditions, and parameter uncertainties, all of which affect the simulation’s ac-
curacy. By combining observational data with model predictions, it is possible to correct
the model state effectively, significantly improving simulation precision. This is particularly

*Corresponding author. Email address: xuqinwu@nju.edu.cn (Q. Xu)

http://www.global-sci.org/eajam 204 ©2026 Global-Science Press



IRFM for Continuous Solution Reconstruction from Sparse Observation 205

crucial in numerical forecasting, as it provides enhanced predictive accuracy when dealing
with imperfect models and incomplete observational data.

To address uncertainties and sparse observational data, the problem can be formulated
as the following optimization problem:

A 1
. A 1 12
u” = argmin 2 |lu uolle(Q) + 2 [EAT hlle(g)

subject to the PDE constraints
ZLu(x,t)=f(x,t), x€Q, teT,

where u is the continuous function to be reconstructed, # is the observation operator,
h is the observation data, A is the regularization parameter, and u, is the prior solution.
The space domain is denoted as 2, the time domain as &, and the space-time domain as
2=Qx7.

When observational data are available at only a limited number of spatiotemporal
points, the problem becomes one with sparse observations
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where A, and A, are constants related to the density of spatial and temporal observation
points, and u; ; and h;  represent the solution and observations at discrete time and space
points, respectively.

This type of problems are known as data assimilation in numerical forecasting [1]. The
concept of data assimilation originated from meteorology [ 7] to integrate simulation results
from weather models with real observations, improving the accuracy of weather forecasts.
By the late 20th century, data assimilation had expanded to various fields, including Earth
sciences [13], oceanography [17], and hydrology [15]. In these fields, we frequently en-
counter challenges related to imperfect models, incomplete observations, and data errors.
Data assimilation offers an effective method to overcome these challenges by merging ob-
servational data with numerical models.

The reconstruction of continuous solutions from sparse observational data is one of
the key challenges in data assimilation. In many applications, observational data is often
limited and discontinuous, while PDE models require complete solutions across all spatial
and temporal domains. For example, in numerical weather prediction (NWP), data may
come from only a few weather stations or satellite paths, yet a comprehensive simulation of
the atmospheric state demands a continuous solution in three-dimensional space and time
[12]. This highlights the necessity of reconstructing high-precision continuous solutions
from sparse observational data.

The primary methods of data assimilation include variational data assimilation (3D/
4DVar) [20] and ensemble Kalman filter (EnKF) [10, 11], each with its own advantages
and disadvantages. 3D/4DVar optimizes a cost function to find the best estimate of the
system state, making it effective for integrating continuous observational data. However,
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it has high computational costs due to the repeated solving of state and adjoint equations,
particularly with PDEs that have singular sources [8]. Recently, Cheng et al. [4] introduced
VIVID, a new variational data assimilation scheme that uses deep learning inverse opera-
tors to manage sparse, unstructured sensor data, significantly improving efficiency through
Voronoi tessellation and convolutional neural networks. In contrast, EnKF updates the state
and covariance to estimate the optimal solution, making it suitable for real-time updates.
However, it struggles with sparse observational data and faces challenges in nonlinear prob-
lem handling.

In recent years, with the advancement of machine learning and neural network tech-
nologies, data-driven approaches have opened new pathways for reconstructing continu-
ous solutions from sparse observational data. Physics-informed neural network (PINNs) —
cf. [18], incorporate physical equation constraints into the neural network’s loss function,
enabling efficient handling of nonlinear and high-dimensional problems while significantly
reducing computational and storage demands. This method has been successfully applied
across various fields, including ocean wave prediction [6], weather forecasting [5], and
subsurface fluid transport [9]. To further improve reconstruction efficiency in complex
systems, an echo state network (ESN) based on a modified PINN approach has been pro-
posed, which transforms nonlinear dynamical systems with sparse observational data into
a fixed-point problem [22]. Additionally, another study has demonstrated a flow field re-
construction method using PINNs, showcasing high-precision capabilities even with sparse
or incomplete data [21]. These studies highlight the significant potential of PINNs for re-
constructing continuous solutions in complex systems.

Despite the impressive performance of PINNs in reconstructing continuous solutions for
complex systems, several limitations persist. First, the error analysis theory for neural net-
works is still underdeveloped, making precise error control difficult. Second, there are no
clear guidelines for setting the combination weights of different constraints, such as those
for dynamical systems, initial conditions, and boundary conditions, nor for determining the
density and distribution of sampling points. Finally, the network requires retraining with
each new set of observational data, which is time-consuming and make it unfriendly for
real-time data assimilation.

This paper builds on the random feature method (RFM) introduced in the past two
years [2,3]. The RFM method uses a neuron-based basis function for function approx-
imation, maintaining the flexibility of neural networks in approximating functions over
complex domains. It converts optimization problems into systems of equations, thus avoid-
ing the time-consuming training typical of neural networks while achieving high level of
precision akin to high order finite element methods. However, the selection of weights for
different components of the cost function remains subjective. Ensuring cross-region conti-
nuity of the solution requires a piecewise smooth partition of unity function, which hinders
the global smoothness and computational efficiency of the solution. This paper establishes
a flexible and highly accurate approximation for functions over complex domains based on
RFM, derives the conditions for achieving the optimal solution of the objective function,
provides guidelines for the weights of different components, and introduces a global ex-
tending strategy to replace the conventional partition of unity function in the multi-region
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RFM method, enhancing training efficiency. The improved random feature method effec-
tively reconstructs continuous solutions from sparse observational data, achieving superior
accuracy and computational efficiency.

The remainder of this paper is organized as follows. Section 2 provides a detailed
derivation of the algorithm, covering the formulation of the optimization model, neuron-
based multi-region RFM approximation, an improved RFM, the derivation of equivalent
conditions for the optimal solution, and the handling of sparse observations. Section 3
demonstrates the algorithm’s accuracy and efficiency through various numerical experi-
ments, including continuous solution reconstruction with RFM, the effectiveness of IRFM,
comparisons with neural network-based methods, and reconstruction over complex do-
mains. Finally, Section 4 concludes with a summary of the study’s findings and contribu-
tions.

2. Reconstruction Algorithm Based on the Random Feature Method

To solve the optimization problem constrained by partial differential equations, we em-
ploy the Lagrange multiplier method to incorporate the deviations of the dynamical system
and potential boundary condition deviations into the objective function, resulting in the
following expression:

A 2 Aa 2 A3 2 Ag 2
J[u] = ?”u - u0||L2(Q) + ?”%u - h”Lz(@) + ?ng _f”LZ(@) + ?”u - g”Lz(ang)~
The continuous reconstructed solution u*(x, t) can be obtained by solving the unconstrained
optimization problem that minimizes J[u], viz.

ut = argrrhinJ[u]. 2.1)

Here, A1, 5,5, A4 are weight coefficients that can be determined in applications such as
NWP using the empirical errors of the initial field and observational data. These coefficients
reflect the relative importance of the errors of each term [14].

In data assimilation, the model state is updated by minimizing the weighted differences
between the background field, observational data, and model forecasts. The background
field typically comes from the previous model prediction or a statistical model and serves
as an initial estimate of the system state, helping to blend or correct against observational
data. It acts as a balancing component in the minimization process, preventing the model
state from relying too heavily on observational data, especially when such data is sparse or
erroneous. To regularize the model, the background field is often introduced as an initial-
boundary condition.

2.1. Approximation method based on random features

To construct a flexible and efficient approximation method for the function u(x, t) and
solve the optimization problem, we introduce the random feature functions defined in the
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literature [2, 3] to develop a multi-region random feature approximation method. Let the
dimension of the spatial domain be d,. We unify the treatment of the spatiotemporal do-
main, denoting y = (x,t) € 2 = Qx[0, T], which results in the dimension of the spatiotem-
poral domain 2 being d,, = d, + 1. We partition the spatiotemporal domain 2 into multiple
subregions, with the number of regions denoted as N, the i-th subregion is denoted as Z;.

For each sub-region, we randomly generate a group of neurons, referred to as random
feature function, which can be represented as

¢l~’j(x,t)=O'(ki’jll-(x,t)+bi’j), i:1,2,...,Nd, j=1,2,...,Ni.

Once the network is initialized, the random feature functions are fixed. Using these func-
tions, we construct a three-layer neural network for each sub-region, as shown in Fig. 1.

Let the number of neurons in the hidden layer of the i-th region’s neural network be
N;. The corresponding local network for the sub-region 2; can be expressed as

Ni

(X, Olg, = > ;¢ ;(x, 1), i=1,2,...,Ny. 2.2)
=1

In comparison to numerical methods like finite element method (FEM) [23], each neu-
ron in the hidden layer acts as a basis function, termed here as a random feature function.
The nonlinear activation function o is typically chosen as the hyperbolic tangent function
tanh or a trigonometric function, such as sin or cos. The symbol i denotes the index of the
spatiotemporal subregion, k; ; is the weight matrix for the spatiotemporal input, and b; ;
is the bias term. These are independently and identically distributed, sampled uniformly
as k;; ~ U([—Rij,Rij]dY) and b; ; ~ U([—R;j,R;;]). Once initialized randomly, they remain
fixed. The choice of R;; must be determined based on the basis functions, ensuring that the
basis functions have strong approximation capabilities in local regions while avoiding the
issue of vanishing gradients. For example, with the hyperbolic tangent activation function,
setting R;; = 1 clearly provides strong approximation capabilities on the interval [—1,1]
without experiencing vanishing gradients.

Although this approximation method does not impose any restrictions on the choice
of domain partitioning, in practical applications, each dimension is often partitioned in-
dependently, and the Cartesian product is then used to define the regions. For exam-
ple, when d, = 2, the region %;.; can be defined as Z;.;y = [y, Yi+1,;] % [Vij> Yij+1]-

Figure 1: Schematic diagram of a neural network architecture on a single region.
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The term [;(y) = l;(x,t) denotes a linear transformation applied to (x,t), which maps
(x,t) € 9; = Q;_x[t;_4,t; ] onto [—1, 1]%*1. To define this mapping, we first compute
the centers {y,, gil and radii {rn}fi , for all subregions as follows:

yn :(yn,l,yn,b"' 5.)_/n,dy)T

T
yn,l_rnax + yn,l_rnin yn,2_rnax + yn,Z_rnin yn,dy_max + yn,dy_min
= 2 5 2 5 CEEEY , 2 5

T
rp,= (rn,l, Tnas " rn,dy)

_ X T
yn,l_rnax - yn,l_rnin yn,2_rnax - yn,Z_rnin y”l,dy_maX yn,dy_mm
= 2 > 2 P 2

Here, ¥, max = MaXyeq {¥nj} and y,; min = minyeq {y,;} represent the upper and
lower bounds, respectively, of subregion Z,, in the j-th dimension.
For each subregion 2,,, we define a linear transformation — viz.

1 _
ln()’):r_(}’_}’n), n:]-’zs"',Nds }’GQX[O,T]
n

This transformation resembles the input normalization in neural networks, mapping the
local region [¥, 1 =751, V1t Tn1] X [Vno—Tnos Yna+ a2l X - ¥ [.)_/n,dy ~Tnd,»Ynd, T Tnd, ]
onto the standard interval [—1,1]% to facilitate local feature fitting.

2.2. Approximation across different regions

When applied to a single region, the RFM method’s performance does not improve sig-
nificantly in accuracy, even with a substantial increase in the number of random feature
functions. Constructing neural networks in segments is an effective way to enhance con-
vergence speed. However, this approach requires addressing continuity issues at the bound-
aries between regions. Chen et al. [2] introduced the partition of unity (PoU) technique to
ensure that functions maintain a certain level of continuity across region boundaries. With
this technique, each subnetwork is combined to represent the model across the entire do-
main. Fig. 2 illustrates the combination of multiple local neural networks with the partition
of unity function.

‘ PoU PoU PoU ‘
| A CN N |
| I | | |
I I \ I I I
: : \ : :
| | | | |
| | | | |
@1 @2 @Nd

Figure 2: Local tanh basis for multi-region in 1D.
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Let ¢;, 1 < i < Ny be the partition of unity functions. By using this technique, we
combine the output of each sub-region Z; in (2.2) to represent the model across the entire
domain. This produces the following approximation of the function u(y):

N:

Ng Ng i
uy) ~ () = D il la, = D (L)) D by (). (23)
i=1 i=1 j=1
In [2], two commonly used PoU functions for one-dimensional case are presented — viz.

PoU-1: v} (x) =1_4 17(x),

(1 +sin(27x) 5 3
— L S <x<-—5,
2 4 4
3 3
b 1, —<x< -,
PoU-2: hP(x) = 4 4
1—sin(27x) 3 5
_—, -<x<-,
2 4 4
LO’ otherwise.

However, the definition of PoU functions depends on a specific method of regional decom-
position. In high-precision simulations of complex domain problems, unstructured adaptive
decomposition is often necessary based on the domain’s characteristics, resulting in com-
plex partitioning that complicates the definition of the PoU function (see Fig. 3(a)). By
employing global activation functions with strong local approximation capabilities, high-
precision local approximations can be achieved without the PoU function, while ensuring
smoothness across boundaries. Suitable functions for this purpose include hyperbolic tan-
gent functions and radial basis functions. In this paper, we select the hyperbolic tangent
function as the activation function.

a) Unstructured decomposition b) Domain coverage through subregions

Figure 3: Schematic diagram of domain decomposition.
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Instead of independently defining activation functions for each subregion as shown in
Fig. 2, we extend the hyperbolic tangent activation function defined on each subregion to
the global region, as depicted in Fig. 4.

After expanding the domain of the subregion activation functions, the Eq. (2.3) can be
modified to obtain a simplified form of uy(y)

i

N; N
uh(Y)ZZZﬁij¢ij(y), Vy € 2.

i=1 j=1

By definition, ¢,; is a globally continuously differentiable function, ensuring that u,(y) is
also continuously differentiable. Thus, there is no need to address continuity and smooth-
ness issues at the boundaries of subregions. The extended portions of the activation func-
tion close to constant, and their gradients tend toward zero, which does not diminish the
approximation capability of the activation functions in other regions.

In addition, this improved RFM offers greater flexibility in sub-region partitioning. In
the original RFM, the domain partitioning must be simple and non-overlapping to facilitate
the definition of the PoU function. However, in the IRFM, due to the absence of constraints
imposed by the partition of unity function, the partitioning rules for sub-regions can, in the-
ory, be arbitrary, as long as they form a cover of the domain. Fig. 3(b) illustrates examples
of rectangular coverings for complex regions.

In practice, the set of functions ¢;;(y), i = 1,2,...,Ny,j = 1,2,...,N; spans a linear
space ., defined as

N; N;
= {uh(y) e L2(Qx [0, T]) |up(y) =D > by (¥), Vi € R}.

i=1 j=1

The dynamical system described by linear PDE Zu = f is solved in the linear space <.
Consequently, the discrete form of the dynamical system is simplified as

Ny N; Ng N
Fl,t)=2u(x, )~ Luy(x,0) =2 D> dy(x,0) = > > 0;L;(x,0).

i=1 j=1 i=1 j=1

Figure 4: Global tanh basis for multi-region in 1D.
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2.3. Solution of the unconstrained optimization problem

To obtain the optimal solution of the optimization problem (2.1), we need to search,
amongst the space &, of the solution that minimize J[u]. A general optimality condition is
given by the variational inequality [14,16]. Assume u* is the optimal solution in ., then

(VJ[u*],u—u*) >0 forall ues.

Since for this quadratic optimization problem, £ (u) and 5#(u) are linear functions, the
cost functional J[ ¢ ] can be proved to convex, unique solution of the optimization problem
is certifiable. In the linear space &, variational inequality is reduced to the equality

VJ[u*]=0.

Assuming that the variable u is fully observable — i.e. for all (x,t) € Q x &, there exists
h(x,t) = s (u(x,t)). We consider the variation 6J,

87 = A (u—uy, 5u), + Ax(H#u—h, #5u),
+A3(Lu—f,26u), + Ay(u—g,6u),q, - (2.4)
Unlike optimization problems in 3D and 4D variational methods in data assimilation, the
inner product operations above are defined over three different regions 2,2, and dQ x 7.

For computational consistency, we extend the domains of definition of uy and g to 2 =
Q x 7, denoting the extended variables as ug and g%, and define them as follows:

E UO(X,O), (x5 t) €N x [Os At];
ug(x,t) =
u(x,t), (x,t)€Qx(A,T],
E g(xast), (x,t)eaAng5
g (x,t)= *
u(x,t), (x,t)€(Q\0, Q) xT.

Here, A, is a positive number much smaller than T, typically chosen as the average dis-
tance between adjacent sample points in the time domain for optimal approximation. After
extending the definition of u, the inner product in the spatial region Q can be extended
to the spatiotemporal region 2, and the inner product of the initial term in 2 is not identi-
cally zero —i.e. (u—ug,6u)y = (u—ug,5u)quo,a,] Z 0. Similarly, A, is a small positive
number, typically chosen as the average volume occupied by each spatial sample point.
9x,£2 denotes the boundary portion of the region Q with width A,, and x, is the closest
boundary point to x. The boundary inner product is extended to 9, and (u— g%, 5u), Z 0.
Thus, 6J can be uniformly written in the form

A A
5m(Kl(u—ug)+A2xT(3fu—h)+AgffT(.<fu—f)+A—‘*(u—gE),6u) , (25)
t X 9

where #7, 27T are the adjoint operators of 5, %, respectively. Clearly, as A, — 0 and
A, — 0, the expression (2.5) reduces to the exact form in (2.4).
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The computation in the random feature method is performed through randomly gen-
erated collocation points. Let the number of random feature basis functions be N,, so that
N, = Zi\[:dl N;. Since the number of random collocation points is usually much larger than
the number of basis functions, the dimension of the space generated by all collocation points
is much larger than that of the space . Therefore, it is unrealistic to enforce VJ[u] =0
at all collocation points. We restrict u to the space &, that is, assume u has the form given
in (2.3), and set

N . . . . . T
= [0y, s UL N U215 5 UNG 17 ’“Nd,NNd] ;
d(y):= [‘1’1,1(}’),"' ;1N (1), @215, Py, 150 s PN Ny, ]

Then, for any u, we have
u(y) ~ up(y) = 3(y)ia.

In this method, the calculation of inner products needs to be performed at random
collocation points. Due to the differences between the spatial and temporal domains, we
randomly select collocation points separately from the spatial and temporal domains, and
then use the Cartesian product to obtain points within the region. Let the number of col-
location points in the time domain be N, and in the spatial domain be N, so that the total
number of collocation points is N, = N, x N,. Each point in the region has an equal probabil-
ity of being selected, with the average interval between adjacent sample points in the time
domain denoted by A,, and the average spatial region occupied by each sample point in the
spatial domain denoted by A,, consistent with the notation used in (2.5). Consequently,
6J can be written as

5J ~ (%(5@)& —ub) + A, ¢ T (#3(y)i —h)
t

> Ag 1o >
#2527 (L8)a— )+ 5@~ ), 580 )
N, N, g
> E0TE (x), 1)A A,

i=1 j=1

Moe o
X (A—lt(q)(x], tl')u. —ug(x]', tl)) + AzjfT(%(I)(x]', tl')u —h(x]', tl))
. ) As e )
+ A’fﬂ‘%’r(‘%{I)(‘)c_]') ti)u _f(xj) tl)) + A_4(q>(x]’ ti)u _gE(xj’ tl)))
X
Nt Ivs
= (Z E)T(xj)ti)AtAx

1
A N R =4 A
x (A_l(fb(xj, £l —ug(xj, ;) + 2T (A®(xj, 1)t —h(x j, ;)
t

+ A3 LT(LB(x ), t)0—f(x ), 1)) + %(a&(xj, ()i — g5 (x;, ti))), 5a). (2.6)

X
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We arrange the collocation points in sequence, denote them as y;,¥,, -+, ¥y, and
define the matrix

211y o N (1) o O a(ye) e ‘I’Nd,NNd(Jﬁ)
211(¥2) o 2N (y2) o Ona(Ya) oo ‘I’Nd,NNd(JQ)
®(yn) 0 Qi rn) o O alyn) o PN,Ny, (yn.) NN

Let H and L be the matrix representations of the operators s and ¥, respectively, with
their corresponding adjoint operators denoted as H” and LT. We define the vectors

ug [Ug(Jﬁ),ug(}’z),"' ,ug(ch)], h= [h(}’1),h(}’2),"' ,h(ch)],

gE = [gE(yl))gE(yZ)a )gE(ch)]: f= [f(yl))f(yZ)) 5f(ch)]~

To satisfy the optimality condition, the left-hand side of the inner product in (2.6) should
identically equal 0. By substituting the discrete operators, configuration matrices, and
vectors into (2.6), we obtain that the optimal value @* satisfies

M

T n E TyyT ~
At@ (#d* —uf)+ 1,8 H" (H®4* —h)

A
+ 28 LT (Lei* — ) + A—4<I>T(<I>ﬁ*—gE) =0. 2.7)

X

Rearranging the Egs. (2.7) and introducing the notation

A A
A=oT (—1<1> +A,H H® + A,LTL® + —4<1>),
Ay Ay
A A
b="1¢"uf +1,8"H h+ 1,8 LTf+ —2oTg"
A, 0 > A

t X

we obtain the linear system Ad* = b. It is evident that with a sufficient number of collo-
cation points, we have rank (®) > N,, ensuring that & & is an invertible matrix. Similarly,
we can deduce that A is an invertible N, x N, matrix, and the linear system Aéi* = b has
a unique solution.

The presence of A, and A, in the equation is essential to balance the number of collo-
cation points and their weight across different regions. The number of collocation points
in the initial value domain © x [0] varies only with the density of spatial points. As the
density of temporal samples increases, the number of collocation points associated with
the dynamic system constraint also increases, while the initial condition points remain un-
changed. In this case, the initial condition weight A, /A, increases, offsetting the increased
emphasis from additional dynamic system collocation points. Similarly, the boundary term
weight A,/A, plays a similar role in balancing weights.
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2.4. Strategy for noisy sparse observation problems

The main differences between the noisy sparse observation problem and the precise
fully observed problem are:

1. The observed value function h(x,t) is defined only at a few discrete points, with
observation points often misaligned with the random collocation points.

2. The observed values are inaccurate, and over-reliance on individual observations can
introduce errors into the reconstruction solution.

As a result, standard integration using collocation points is not applicable. We need a viable
approach for calculating the following term related to sparse observations:

Ne N

Vg = ZZéT(xja ti)AtAxAZ%T(%;ﬁ(xj’ t)i —h(x;, t)-
i=1j=1

A straightforward approach is interpolation, which uses sparse observation points as inter-
polation nodes to construct the observed function over the entire region and thus obtain
function values at the collocation points. However, when observation points are too sparse,
this can produce interpolated observation values that deviate significantly from the true so-
lution. An alternative approach to avoid introducing artificial observational errors is to
perform numerical integration directly based on the observation points instead of the col-
location points. In this case, the weights associated with the density of integration points
are adjusted according to the average spatial and temporal coverage of each observation
point, similar to how initial and boundary conditions are treated.

Let the number of observation points be N,, and denote the set of observation points as
{y"bs,ygbs, - ,y]‘(,bs} the observed values h?bs = u(yfbs). We then have

2

N,
_Z T(yobS)A A kZ%T(%é(y"bs)u hObS)
i=1

2

When N, > N, individual observation points receive excessively high weights, leading to
the introduction of observation errors from noisy data into the solution. In fields like ge-
ography, it is often stated that “all attribute values on a geographic surface are related to
each other, but closer values are more strongly related than are more distant ones [19]”.
Therefore, treating the observed values as a weighted average of nearby collocation points,
rather than as precise observations at corresponding positions, is a reasonable strategy to
mitigate over-reliance on noisy data. For the weighting function, the Gaussian function
exp(—|ly; — y?bsll2 /o?) is a popular choice. In implementation, we redefine the observa-
tion matrix Wy .y with elements

1 ly;—yo™I1?
Wi,jZEiEXP I a— P
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where a; is a scaling factor that ensures Z;.V;l W; ; = 1. With this, we obtain the following
system of linear equations:
7 (ﬂé + MHTWTWH<I> + A LTI + ﬁq») i*
At NO AX
= ﬁ<1>Tug + w&PTHTWThObS + 1,8 LT+ ﬁdﬁgE.
At NO AX

Through the above derivation, the solution of reconstruction problem based on the
RFM has been converted into solving a system of linear equations, avoiding the highly
time-consuming neural network training process. Compared to the finite element method,
this approach circumvents grid partitioning and stiffness matrix assembly by leveraging the
randomness of feature functions and collocation points while retaining the neural network’s
capacity and flexibility to approximate complex regions. Solving this system yields the
optimal solution @1*, and the analytical value at any collocation point y = (x, t) within the
domain Q x [0, T] is given by

ua(x, t) = [‘I)l,l(y)5 e ,(I)I,Nl (.y)5 e ,q)Nd,l(y), e "de:NNd (J/)]ﬁ*

Algorithm 2.1 shows detailed steps for continuous solution reconstruction using the im-
proved random feature method.

Algorithm 2.1 IRFM for Continuous Solution Reconstruction

1: Input: Spatiotemporal domain € x [0, T], initial values, boundary conditions, colloca-
tion points {yn}ﬁ’czl, observation points {ygbs}fil, observation values {hgbs}gil.
Partition the spatiotemporal domain Q x [0, T] into N; subregions {@n}gi 1
for each subregion 2, do

Compute center y,, and radius r, for subregion 2,,.

Construct linear transformation [,,(y) = (1/r )y —¥,.)-

Generate N, random feature functions

¢n1(}’) = G(kn]ln(y) + bnj)’ ] = 1)2’ .o ~)Nn'

AN R Ca 4

7: Generate the collocation points {yn}ﬁ’;1 and assemble the matrix ®.
8: Calculate the average time interval A, and average spatial volume per sample A,..
9: Assemble the observational matrix H and weight matrix W.

10: Assemble the coefficients matrix A and the right hand side vector b

A AN, A
A=aT (—1<I> + ZH"W'WH® + A,LTL& + —4<I>) ,
At ] AX
A AoN A
b="26Tul + 2 "H "W h,), + 1,6 LTt + 2 &gl
A N, A
t o] X

11: Solve the linear equations Atéi* = b to obtain the optimal coefficients @i *.
12: Output: Reconstructed solution u?(y) = ®(y)it*.
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3. Numerical Results

This section validates the accuracy and efficiency of IRFM through several numerical
examples. We first evaluate its performance in solving static and time-dependent PDEs,
then apply it to continuous solution reconstruction problems, comparing it with physics-
informed neural networks. Finally, we implement continuous solution reconstruction using
IRFM on a complex two-dimensional domain to demonstrate the method’s flexibility. For
all the examples presented, unless otherwise specified, we assume that the observational
data and the model have equal reliability, with weights set to A, = A3 = 1. The initial
values and boundary conditions are rough estimates with limited accuracy, serving only as
regularization terms. To prevent the rough guess from affecting the solution’s accuracy, we
assign it a very small weight of A; = A, = 107"

3.1. IRFM for solution of PDEs

We use a one-dimensional Helmholtz equation to validate the accuracy of the improved
RFM for the solving static PDE. The equation has the form

d?u(x)
dx2
u(0)=c¢;, u(8)=c,.

—ou(x)=f(x), xe[0,8],

We set w = 4, with the exact solution given by
. 37 T
u(x)=sin| 3wx + — |cos (2nx+ —)-4—2.
20 10
From this, ¢, ¢y, and f(x) can be computed as follows:

3
f(x)=—-13n?%sin (Bmc + _77:) cos (znx + ﬂ)
20 10

192 37T o K3
12m“cos| 3mx + sin{ 2mtx + s
20 10

3n T
0) =u(8) =sin — — 4+ 2.
u(0) = u(8) = sin 20 cos n

We solve the equation by three different versions of RFM (RFM with PoU-1, RFM with
PoU-2, Improved RFM) with the following hyperparameter settings:

* Number of feature functions per subdomain: N; = 50.
* Number of collocation points per subdomain: Q; = 50.
* Number of subdomains: Ny = 2,4, 8,16, 32.

This subsection addresses the direct solution of the PDE problem with precise initial and
boundary conditions but no observational data; therefore, the weights are setas A; = A5 =
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Figure 5: Validation of the IRFM. The horizontal axis represents the number of subdomains, and the
vertical axis represents error. Both axes use logarithmic scales.

Table 1: Comparison of three versions of RFM for the one-dimensional Helmholtz equation.

RFM with PoU-1 RFM with PoU-2 Improved RFM

Nd 3] 2 SS) 2 SS) 2

L*° error | L“error | L error | L“error | L*° error | L“ error
2 39.58 10.55 8.00 1.58 0.34 0.057
4 1.20E-2 3.09E-3 1.26E-4 1.51E-05 | 5.48E-08 | 1.11E-08
8 1.77E-05 | 4.50E-06 | 2.14E-07 | 3.68E-08 | 6.43E-10 | 1.04E-10
16 | 1.66E-08 | 4.75E-09 | 1.38E-09 | 2.22E-10 | 3.17E-13 | 1.46E-13
32 | 2.15E-09 | 8.69E-10 | 1.27E-10 | 2.64E-11 | 3.89E-14 | 1.31E-14

A4 =1 and A, = 0. The results, displayed in Fig. 5 and Table 1, show that the improved
RFM converges faster than the RFM with PoU-1 and PoU-2 for solving the Helmholtz equa-
tion under the same hyperparameters, with L° and L? errors reduced by several orders
of magnitude. These findings underscore the effectiveness of the improved RFM for static

PDEs.

Next, we use a one-dimensional diffusion equation to validate the performance of the
improved RFM for solving dynamic PDE. The equation is given as follows:

2%u

We assume the exact solution to be

3 3
u(x,t)= [2 cos (nx + E) + —cos (2nx— —n)]
5 2 5

T 3 3n
X 2cos(nt+—)+—cos 2nt——— | |.
5 2 5

vﬁ = f(x,t), (x,t)€[0,5]x[0,1],

u(0,t) = g,(t),
u(5,t) = g,(t),
u(x,0) = h(x),

t€[0,1],
te€[0,1],
x €[0,5].
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Consequently, f(x,t), g(t), g2(t), and h(x) have the form
flx,0) = [Zcos(nx +5)4 2 cos (Zm ~ 3_77:)]
5 2 5

. T . 3n

X [—27: sm(nt + —) —3msin (277:t— —)]
5 5

9 T 9 3n

+v| 21 cos(nx+g)+6n cos an—?

3 3
X [2 cos(mt + E) + —cos (Znt — _n)] ,
5 2 5

5
[ T 3 3n A 3 3
go(t) =[—2cos — + = cos — 2cos(nt+—)+—cos 2nt—— ||,
| 5 2 5 5 2 5

[ T 3 3n T 3 3n
h(x)= 2cos(nx+—)+—cos 2Tx — — 2cos— + —cos— |.
| 5 2 5 5 2 5

[ n 3 3 T 3 3
g1(t)=|[2cos— + —cos— 2cos(nt+—)+—cos 2nt—— ||,
| 5 2 5 5 2
T

The diffusion coefficient is set to v = 0.01, and the hyperparameter settings are as follows:
* The number of partitions in the spatial dimension is N,, = 5.
* The number of partitions in the time dimension is N, = 2.
* The number of collocation points in each subregion’s spatial dimension is Q, = 30.
* The number of collocation points in each subregion’s time dimension is Q, = 30.

* The number of feature functions in each subregion is set sequentially as N; = 50, 100,
150,200, 250.

Thus, the number of collocation points per sub-region is Q; = Q, x Q, = 900. The
results, presented in Fig. 6 and Table 2, clearly show that the improved RFM converges
significantly faster than those using the partition of unity function, achieving error lev-
els several orders of magnitude lower under the same hyperparameters. This numerical
example demonstrates that the IRFM significantly improves both convergence speed and
accuracy compared to the RFM method using the PoU function. Although the IRFM gen-
erates a denser matrix compared to the original RFM, it eliminates the need to compute
the PoU function, resulting in a computational cost comparable to that of the original RFM.
The comparison results are shown in Table 3.

For the one-dimensional diffusion problem, we also employ a PINN to obtain the so-
lution. To ensure a fair comparison between the performance of the IRFM and PINN, we
conduct computations using identical collocation points. The PINN architecture consists of
4 hidden layers, each containing 32 neurons. The learning rate is initialized at 10~ and fol-
lows an annealing schedule, reducing by half every 2,000 epochs, with training proceeding
for a total of 20,000 epochs.
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The numerical results obtained from the PINN exhibit an L°° error of 7.38 x 10~! and
an L? error of 1.89 x 10™2. By comparing these results with the IRFM results presented in
Table 2, it is evident that the accuracy of the PDE solution achieved by the PINN is signifi-
cantly lower than that of both the RFM and IRFM. This highlights the superior performance

of the IRFM in terms of numerical precision and robustness.

102 4

104

L* error

10-8 4

50 75

Figure 6: Effectiveness validation of the Improved RFM. The horizontal axis represents the number of

100 125 150

175 200

Number of feature functions

(a) L°° error

250

Q. Liand Q. Xu

50 75

100 125

150

175 200

Number of feature functions

(b) L2 error

feature functions in each subregion, and the vertical axis shows the error in logarithmic scale.

Table 2: Comparison of the three versions of RFM for the 1D diffusion equation.

N RFM with PoU-1 RFM with PoU-2 Improved RFM
" | L error | L?error | L™ error | L?error | L™ error | L? error
50 6.60E-02 | 1.64E-02 | 7.82E-02 | 1.58E-02 | 2.37E-04 | 2.18E-05
100 | 5.70E-04 | 7.17E-05 | 4.83E-04 | 5.87E-05 | 1.26E-07 | 1.26E-08
150 | 8.89E-06 | 9.73E-07 | 1.29E-05 | 1.77E-06 | 3.51E-09 | 2.78E-10
200 | 3.46E-07 | 3.93E-08 | 1.54E-06 | 2.03E-07 | 9.48E-10 | 8.54E-11
250 | 4.21E-08 | 6.46E-09 | 2.14E-07 | 2.97E-08 | 3.59E-10 | 6.41E-11

Table 3: Training time (in seconds) of three RFM variants for the 1D diffusion equation.

N; | RFM with PoU-1 | RFM with PoU-2 | Improved RFM
200 4.053 4.422 4.093
250 7.172 7.386 7.579
300 11.790 12.198 12.549
350 17.838 19.183 18.919
400 28.098 27.111 27.179
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3.2. IRFM-based continuous solution reconstruction

We use the one-dimensional convection-diffusion equation (CDE) to perform continu-
ous solution reconstruction. The original equation is as follows:

2

% +vZ—Z — v% +u=f(x,t), (x,t)e[0,5]x[0,1].
We set the diffusion coefficient v = 0.01, convection velocity v = 0.01, and assume the
exact solution u,(x, t) = e~ ' sin(n(x+t+x-t)), from which f (x, t) is derived. We select 10
observation points uniformly in space, denoted as X. In the time domain, data is collected
at intervals of At = 0.1, denoted as T'. The total observation collocation points are formed
by the Cartesian product of X and T. The observation values are computed from the exact
solution with the addition of Gaussian noise.

To formulate a regularized problem, we provide an initial guess for the initial and
boundary conditions. In this section, we obtain this guess by adding a perturbation function
generated by a Gaussian radial basis function to the exact initial and boundary conditions.
The continuous solution reconstruction problem is presented as

du du d%u
E-i_va_vw-i_u_f(xst), (X,t)G[O,S]X[O,l],

h(x;, t;) = u.(x;, t;) + Noise, (xi,t5) € (X x T},

u(0, t) = u, (0, t) + RBF(t), tef0,1], (3.1)
u(5,t) =u,(5,t) + RBF(t), te[0,1],

u(x,0) = u,(x,0) + RBF(x), x €[0,5].

We solve this problem using IRFM, with the hyperparameters set as follows:
* Number of divisions for the spatial dimension: N, = 5.
* Number of collocation points in each spatial sub-region: Q, = 10.
* Number of collocation points in each temporal sub-region: Q, = 10.
* Number of feature functions in each sub-region: N; = 100.
* Number of divisions for the time dimension is set sequentially as N, = 2,4, 8, 16.

To assess the impact of observation data on the reconstructed solution, we solve this
problem without observation constraints (A, = 0) and with observation constraints (A, =
1) separately. First with A, = 0, we perform reconstruction based solely on the partial
differential equations and the perturbed initial and boundary conditions. The results are
shown in Table 4(a). The error remains stable at a fixed order, with the L°° error around
10° and the L? error around 10~!. Fig. 7 shows the reconstructed solution with noise for
N, = 16. The results are obviously unsatisfactory. Then we re-solved this problem with
Ay = 1. The results, presented in Table 4(b), indicate a significant reduction in the error
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Table 4: Error of IRFM based reconstructed solution.

(a) without observation (b) with observation
N, | L™ Error | L?Error | N, | L® Error | L? Error
2 1.23 1.64E-01 | 2 | 1.24E-01 | 2.50E-02
4 1.79 1.86E-01 | 4 | 6.40E-03 | 1.28E-03
8 2.03 2.08E-01 | 8 | 2.21E-03 | 4.43E-04
16 4.52 2.80E-01 | 16 | 5.95E-04 | 4.52E-05

IRFM(x,t)

T T T T
0.0 0.2 0.4 0.6 0.8 1.0
t

(a) Contour plot of the numerical solution (b) 3D plot of the numerical solution

Figure 7: Solution for the 1D CDE with disturbed initial and boundary conditions.

IRFM(x,t)

-0.3

-0.6

-0.9

T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
t

(a) Contour of the analysis solution (b) 3D view of the analysis solution

Figure 8: IRFM based reconstructed solution for the 1D CDE.

between the model output and the true solution after introducing observations, leading the
system’s evolution to better align with the true state. Fig. 8 shows the reconstructed solution
with observations when N, = 16. The black dots in the figure represent the observation
data. This demonstrates the advantage of the IRFM in continuous solution reconstruction.
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3.3. Comparison with PINNs

For the one-dimensional convection-diffusion problem discussed in Section 3.2 and
Eqg. (3.1), we solve it using a PINN. To compare the performance of IRFM and PINN in
continuous solution reconstruction, we perform computations on the same machine with
identical collocation points and observational data. The neural network consists of 6 hid-
den layers, each with 32 neurons. The learning rate starts at 10~2 and follows an annealing
schedule, halving every 5,000 epochs until reaching a total of 100,000 epochs.

The PINN results show a training time of 21 minutes and 33 seconds, with an L°° error
of 1.16 x 10! and an L? error of 6.07 x 1072. Comparing these results with the IRFM
results in Table 4(b), it is evident that the accuracy of reconstructed solution using PINN
is significantly lower than that of the IRFM. Additionally, the IRFM demonstrates a clear
advantage in computation time: with N, = 2, it takes only 1.2 seconds, which is much less
than the PINN’s computation time.

3.4. Problems in complex geometric domains

Consider the membrane vibration equation (MVE)

d%u
ﬁ_c'Au:f(X,y,t), (Xsyst)GQX[OsT:L

where, the coefficient ¢ = 1.0 and the time T = 2. The region £ represents a complex
geometric area, as shown in Fig. 9(a). The observational points are marked by blue dots in
Fig. 9(b).

To verify the method’s accuracy, we assume an exact solution of the following form:

u,(x,y,t) = x(x,y)-sin(ux)sin(vy)[2cos(At) + sin(At)],

2 2
p=—=" 0 =T =2 on

J
Ymax — Ymin

where

15 . .
) Q
05 . .
0.0 0.5 1.0 15 2.0 2.5 3.0 35 4.0
x

(a) Complex geometric domain (b) Observation points in the complex domain

Figure 9: Complex geometric domain and configuration of observation points.
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% (x,y) is the function enforcing the sticky boundary conditions

n _v)2 _v)2_ .2
X(X,y)Zl_[[l—exp{—a-(x xi) +(32/ Y o }],

i=1 I

where, x;, y;, and r; represent the centers and radii of circular holes in the domain, with a =
0.1 as the steepness coefficient. Consequently, f(x,y,t) can be derived accordingly. The
observation function value is computed from the exact solution as h(x;,y;,tx) =
u.(x;, y;j, tx). Based on the physical background, it is known that the boundary conditions
are set to zero, and in this particular example, no initial conditions are applied.

We solve the continuous solution reconstruction problem using the IRFM with default
hyperparameters set to N, = N, =4, N, =2, and Q, = Q, =Q, =10. Table 5 shows
the reconstruction errors for varying numbers of basis functions, while Fig. 10 displays
the reconstructed solution at different time points with N; = 200. This demonstrates the
flexibility and robustness of the IRFM in continuous solution reconstruction for complex
domains, a capability that FEM-type methods lack.

(a) Time=0.5

(¢) Time=1.5 (d) Time=2.0

Figure 10: Reconstructed solution for the MVE in a complex domain at different times.
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Table 5: Errors of IRFM based reconstructed solution for the MVE in a complex domain.

N; L error L? error
50 7.70E-02 2.09E-02
100 9.41E-03 1.70E-03
150 2.22E-03 5.61E-04
200 1.42E-03 3.22E-04

4. Conclusion

In this paper, we present an improved RFM method to integrate sparse observational
data with PDE models, aiming to reconstruct high-accuracy continuous solutions. We re-
formulate the data-model fusion problem as a constrained optimization problem. By using
random feature approximation across multiple regions, we derive equivalent conditions
for the optimal solution. Original RFM use partition of unity functions to ensure continu-
ity at subregion boundaries. Due to that it is challenging to define PoU functions if the
domain is irregularly partitioned, and the PoU function is usually piecewise defined, go
against computational efficiency. Rather than using PoU function, we extend the random
feature functions across the entire domain, preserving the approximation capability of the
random feature functions within subregions while enhancing their global smoothness. To
accurately calculate the cost associated with noisy sparse observational data, we introduce
a distance-weighting strategy that eliminates interpolation errors and enhances robustness
against noise.

We validate the performance and accuracy of the IRFM through numerical examples.
First, we demonstrate that IRFM achieves greater precision and faster convergence than
the original RFM method by solving static and dynamic PDE models. Next, we apply
IRFM to reconstruct continuous solutions by integrating observational data with a reaction-
convection-diffusion equation, further evidencing its effectiveness and improved accuracy
over the original RFM. We also compare IRFM with PINNs, highlighting its efficiency and
precision. Finally, we investigate the solution reconstruction for the membrane vibration
problem in complex domains, showcasing IRFM’s flexibility in tackling intricate challenges.
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