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Abstract. A kind of higher-order Boussinesq equation is studied in this work. Based on
the Bell polynomials theories, bilinear representations of the equation are derived, and
diverse interaction solutions are constructed through Hirota’s bilinear method. These
include interaction solutions characterized by hyperbolic cosine and cosine functions,
as well as interactions between lump and soliton solutions. In addition, generalized
bilinear operators are used in order to construct a new higher-order Boussinesq-like
equation, while lump and breather solutions are also developed utilizing Hirota’s bilin-
ear technique. For the various explicit solutions obtained in this work, several of them
are considered to selected particular values for the relevant parameters in order to plot
different kind of three-dimensional surfaces with associated two-dimensional density
profiles to give a comprehensive understanding of the evolution for various solutions.
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1. Introduction

In 1834, Russel [21] discovered solitary waves. Since then, soliton theory [5] has at-
tracted increasing attention and has become a significant branch of nonlinear science. The
emphasis of the soliton problems is on nonlinear evolution equations (NLEEs) [1,35], many
of which are used to describe waves propagation in liquid or gas mixtures [19]. Therefore,
exploring the physical meaning of the solutions determined by NLEE:s is a crucial problem.

At present, there are various methods to obtain explicit solutions of NLEEs, includ-
ing the Hirota bilinear representation [8], tanh-coth method [29], Lie symmetry analysis
method [12], Darboux transformation [7, 18], Backlund transformation [26]. Note that
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the Hirota’s bilinear method has proven to be the most straightforward and efficient ap-
proach for constructing exact solutions for NLEEs. Utilizing different kind of test functions,
lumps [27], breathers [32], interaction phenomenon [34] and other explicit solutions could
be obtained directly. Moreover, Ma [16,17] introduced a generalized bilinear approach, ex-
tending the conventional Hirota bilinear operators. This development led to a new class of
bilinear differential equations, employing linear subspaces to construct their solutions.

Among integrable NLEEs, the Boussinesq equation serves as a nonlinear model for shal-
low water waves. The classical (1+1)-dimensional Boussinesq equation [3] is often ex-
pressed as

Ut + Uyx — 3(u2)xx —Uyxxx = 0; (11)

the Eq. (1.1), originally proposed by Boussinesq and later derived by Ursell [25] and
Whitham [31], has been widely used to model the propagation of long waves in liquid mix-
tures [10]. Since (1.1) is a completely integrable system, it possesses an infinite number of
conservation laws and exhibits Lie group symmetries, as previously established. If the ratio
of the u;, term to the u,,,, term is negative, the Eq. (1.1) reduces to the “bad” Boussinesq
equation. Conversely, reversing the sign of the u,,,, term yields the “good” Boussinesq
equation. The former supports smooth breather and rogue wave solutions, while the latter
exhibits singular breather and rogue wave solutions [15].

In recent years, numerous enhanced Boussinesq equations have been developed and
investigated. Kuma and Rani [11] obtained the exact solution of the extend (2+1)-dimen-
sional Boussinesq equation employing Lie symmetry method, multiple-soliton solutions of
the fourth-order Boussinesq equation are constructed by Wazwaz [30] utilizing Hirota’s
bilinear method and tanh-coth method. W, Sun and Y. Sun [24] employed the generalized
Darboux transformation to derive a degenerate respiration solution of classical Boussinesq
equation. In this paper, we consider a higher-order Boussinesq equation (HOBe), viz.

2
U+ YU, —a (uxxxx + 6u; + 6uuxx)

—p (15uuxxxx + 30Uy Uyry + 15u32€x + 450U, + 90uu)2( + uxxxxxx) =0, (1.2)

where u = u(x, t), a, 3,y are arbitrary constants. Lump solutions and N -soliton solutions of
the Eq. (1.2) were derived by Ren [20]. However, to the best our knowledge, the interaction
solutions of Eq. (1.2) have not been studied.

It is also worth noting that for some NLEEs, the long-time asymptotics behavior for
explicit solutions has an intriguing phenomenon. The investigation is based on Riemann-
Hilbert technique and is a popular topic in resent years. Zhigiang et al. [14] constructed
a Riemann-Hilbert problem and employed g-steepest descent method to investigate the
long-time asymptotics behavior of the explicit solution of the WKI equation with weighted
Sobolev initial data. The long-time asymptotics behavior for “good” Boussinesq equation
was studied by Charlier et al. [4] and others authors, while a defocusing complex modified
KdV equation was considered by Riemann-Hilbert approach [28]. Furthermore, utilizing
N-fold Darboux transformation, the generalized perturbation (n, N —n)-fold Darboux trans-
formation is used to solve a two-component nonlinear wave system [33].
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Though numerous investigations for Boussinesq equations have been done in few deca-
des, the authors conclude that the interaction solutions of (1.2) have not been investigated
so far. This is the main problem studied in the present paper. The objective of this investiga-
tion is to establish new interaction solutions of Eq. (1.2), employing the generalized bilin-
ear approach to generate a new Boussinesg-like equation and construct its exact solutions.
The Bell polynomials theory proposed by Gilson et al. [6], Lambert and Springael [13] is
a crucial resource for obtaining the bilinear representation of NLEEs. Furthermore, new re-
search by Singh and Ray [22,23] offers a comprehensive overview based on Bell polynomial
approach and Lax pairs. Utilizing close connection between binary Bell polynomials and
Hiroa’s bilinear operators, the bilinear representation for the Eq. (1.2) can be constructed,
while numerous explicit solutions could be developed employing different test functions.
By the virtue of generalized Hiroa’s bilinear operators extended by Ma [16], one can derive
new NLEE systems.

The organization of this paper is as follows. In Section 2, we give a brief introduction to
Bell polynomials and Hirota’s bilinear operators. In Section 3, a bilinear representation of
the Eq. (1.2) is derived and its interaction solutions of (1.2) are constructed. In Section 4,
generalized bilinear operators have been used to derive a new Boussinesq-like equation
and some of explicit solutions are constructed. Conclusion is given in Section 5.

2. Bell Polynomials and Hirota’s Bilinear Form

In this section, we introduce Bell polynomials and the Hirota’s bilinear form. Assume
that F = F(xq,...,x;) and G = G(xi,...,xl’) are multivariate functions. The classical
Hirota’s bilinear operators are defined by

m n
D;llD;llF .G = (3x1 ‘9xi) ...(axl _3xl,) F(xq,...,x])
X G(X{,...,xl/)|x1:x{,...,xl=xl’a 2.1

where nq,...,n; are arbitrary nonnegative integers [9]. Extending the Hirota bilinear op-
erators, Ma [16, 17] introduced a generalized bilinear method. Let p € N be given. The
generalized bilinear operators are defined by

DM DM F-G=(8y, +ndy)" (8, +ndy)  Flxy,..., X))
X GOXY, oy XDl =)=l (2.2)
and for an integer [, the [-th power of a is defined by
nt=(=1)Y®, if I=r() mod p
with 0 < r(1) < p. For example, if p = 3, then
n=-1 n*=n’=1 n*=-1, n’=n°=1..,
which gives the pattern of symbols

) +5 +5 ) +, +5'” (p:3)5
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for a special case. If p = 2k (k € N), the generalized Hirota’s bilinear operators are reduced
to classical Hirota’s bilinear operators, since Dy , = D,..

If f =f(xq,%9,...,%,) is a C*> function, then multi-dimensional Bell polynomials (Y -
polynomials) are defined by

Ynlxl,...,n,x, (f) = Ynl,...,nl (frlxl) e ’frlxl) = e_f axr-lll T a)gl ef)

.....

If f = f(x, t), the multi-dimensional Bell polynomials are converted to two-dimensional
Bell polynomials — e.g.

Yx,t(f) = fx,t + fxft,
YZx,t(f) = f2x,t +f2xft + 2fx,tfx +fx2ft'
If f = f(x), the multi-dimensional Bell polynomials converted to one-dimensional Bell
polynomials — e.g.
Vo) =1, Y(f)=Ff Yaulf)=fox +£2,
Yau(f) = fax + 3frfox + £

Consider two multivariate functions v = v(x1, Xs,...,Xx,) and w = w(xq, X, ...,Xx,). The
Y -polynomials can be generalized to multi-dimensional binary Bell polynomials (#/-poly-
nomials), viz.

2.3)

w

N Vexenxp, Tt isodd,
ri+---+r; 1iseven.

T1X15e001 X2
The first few lowest order %/-polynomials are
w.(v)=v,,
W (v, W) =wy, + vi,
ny’t(v, w)= Wyt + ViV,
W (v, W) =vg, + 3V, Wy, + vi.
Using the functions v = v(x, x5, ..., Xx,) and w = w(x{, Xq, ..., X, ), we define a new multi-
variate function ¢ = w—v. With g and the constant function 0, we construct % -polynomials
such that the Eq. (2.3) yields the P-polynomials
Pnlxl,...,nlxl(q) = gynlxl,...,nlxl(oy q)~
It is not difficult to show that P-polynomials are % -polynomials of only even-order. There-
fore, the first few lowest order P-polynomials can be written without calculations — viz.
sz(q) = {2x, px,t(q) =dxt>
Par(q) = qax + ngx’
PSx,t(q) =3y, T 34259 xt-
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According to [6], the link between %/-polynomials and classical Hirota’s bilinear oper-
ators can be illustrated by the following identity:

Y iV =IDF/G,w =InFG) = (FG)_lD)’:ll +--DJ(FG),
where n; +ny +---+n; > 1. In particular, if F = G, then the formula (2.3) takes form

17—2ch11 "DYF-F=% . nx(0,¢=2InF)

2.4)

0, n,+---+n; isodd,
Pn1x1 ..... nx (@), ny+---+n; iseven.

That is, it is straightforward to obtain the corresponding bilinear equation once a nonlinear
evolution equation can be constructed with P-polynomials. Some of the lowest order P-
polynomials provided in this paper may help to simplify computations.

In addition, the binary Bell polynomials %, nx,(V,;w) can be separated into P-
polynomials and Y -polynomials

1X715000

(FG)_ID,TCII Dnl(FG) = n1x1 nlxl(v) W)'v:lnF/G, w=InFG

.....

= @nlxl ..... nlxl(v v +q)|v—lnF/G q=2InG

SP D5 § (3 G

ni+--+n; isevenry= =0i=1

X Y(n1—”1 x50 (=) x *

3. Exact Solutions of Higher-Order Boussinesq Equations

3.1. Hirota’s bilinear representation

Considering the higher-order Boussinesq equation (1.2), we employ the following trans-
formation to convert it into the combination of P-polynomials:

u= h(t)qu, (3.1)

where function h(t) will be determined later. Substituting transformation (3.1) into Eq. (1.2)
yields

h(t)qax 2¢ + Yh(t)qax — [h(t)CISx + 6h2(t)qu + 6h2(t)CI2xCI4x:|
- ﬁ [15h2(t)Qqu6x + 30h2(t)q3xq5x + 15h2(t)q42;x + 45h2(t)q4x
+45h3(£)q2, Qax + 90M*(£)4, G2, +h(t)qg, | = 0. (3.2)

Setting h(t) = 1, integrating (3.2) twice with respect to x, and always selecting the integral
constants as 0 yields

a¢ + Yqox — @ (qax +302,) — B (15¢0,qax + 153 +qey) = 0. (3.3)
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Moreover, the Eq. (3.3) can be written as a combination of P-polynomials — viz.

Py (q) + 1P2y (q) — aPyy(q@) — BPey(q) = O. (3.4

Formula (2.4) is used to transform P-polynomials (3.4) into the Hirota’s bilinear form
(D? +yD2—aD?—BDE)f - f =0. (3.5)
According to the definition of classical Hirota’s bilinear operators (2.1), the Eq. (3.5) can
be expanded as follows:
(D +yDZ—aD}—pBDY)f - f
= 2fttf _2ft2 + Y(zfxxf _2fxz) - a(zfxxxxf _Sfxxxfx + 6fxzx)
- /5 (foxxxxxf - 12fxxxxxfx + 30fxxxxfxx —20 xex) = O, (3-6)

where ¢ = 2Inf, i.e. setting u = 2(Inf),,, we represent the higher-order Boussinesq
equation (1.2) as the Hirota bilinear form (3.5).

3.2. Interaction solutions employing cosine and hyperbolic cosine

Employing cosine and hyperbolic cosine, we may derive the interaction solution of
(1.2), provided that the function f = f(x, t) has the form

f =k, cosh(g) + ky cos(h) + a5,
g=a1x+ayt +as, 3.7)
h=a4x + ast + ag,
where k;, i =1,2 and a;, j =1,2,3,4,5,6,7 are constants to be determined.
Substituting (3.7) into (3.6), we obtain a set of nonlinear algebraic equations involving
ki,i=1,2anda;, j=1,2,3,4,5,6,7 by selecting the coefficients of cosh(g), sinh(g), cos(h)

and sin(h) and letting these coefficients to be zero. Solving algebraic equations by Maple,
we get two sets of solutions — viz,

Case 1.

a; =¢eay, ay= 8614\/16[5(12—4(1(1‘2‘ —Y, Qa3=4das, a4=dy, (3.8)

as = \/16[5ai—4aa‘2‘—ya4, ag=ag, a; =0, ky=ky, ky=k,.
To ensure the analyticity of (3.8), we choose ¢ = 1. Substituting (3.8) into (3.7) and
employing the transformation u = 2(In f),, leads to the interaction solution

u(x,t) = P_4 (3.9)

T

where

p= —2k1aﬁ cosh (a4x + \/16a2[5 - 4a‘2‘a —yaut + a3)
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—koaZ cos (a4x + \/16aj:[3 —4afa—yast + a6) ,

qg=2 [k1a4 sinh (a4x + \/16a1[5 —4aﬁa —raut+ a3)

2
—kyay sin (a4x + \/16ajr/3 —4afa—yayt + a6)] ,

r = ky cosh (a4x + \/16a2[5 —4afa—yayt + ag)

+ k, cos (a4x + \/16aj'r[5 —4a§ra —vast+ a6) .

Case 2.

— — 4 2 — — —
a; =0, az—\/—[ja4+aa4+ya4, az;=das, a4=2a4, as=0,

—16fBaj +4aa? +y (3.10)
ag=as, ay=0, kj=1|— B —adi—y ¥ ko = kg,
4 4

where ay, a, 3,y are real numbers that satisfies ﬁaj — aai —y #0.

Similarly, substituting expression (3.10) into (3.7) and employing the transformation
u =2(Inf),,, we obtain another interaction solution of the Eq. (1.2), viz.

2k2ai cos(asx + ag) 2k§a‘2‘ sin(asx + ag)?
f f? '

Thus, we constructed two different interaction solutions (3.9) and (3.11) based on hyper-
bolic cosine and cosine. In order to provide a succinct and clear description of the charac-
teristics and capabilities of the interaction phenomenon, we have selected particular values
for the relevant parameters mentioned above and they are plotted with the help of Maple
software, both two-dimensional and three-dimensional representations were employed to
provide a more comprehensive perspective.

For the interaction solution (3.9), we use the parameters a; = 2,a¢ = 2, = 2,3 =
1,y=1,and a4 = 1,5/4,3/2. Three-dimensional surfaces and associated two-dimensional
density profiles of (3.9) are shown in Figs. 1 and 2. We indicate that the Eq. (3.9) can be
observed as a set of sharp peaks. When a, = 1, the amplitude of the peaks remains stable.
However, increasing the value of a4 leads to a rise in amplitude, while the effective area of
the Eq. (3.9) decreases as a, increases.

u(x,t)=— (3.11)

3.3. Lump-soliton solutions

In order to illustrate the interaction of the lump and soliton of Eq. (1.2), we assume
that the function f = f(x, t) has the following form:

f =g?+h?®+kcosh(n) + a, (3.12a)
g =a;x +ast +as, (3.12b)
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Figure 1. The interaction solution (3.9) takes a; =2,a,=2,a=2, =1,y =1at (a) a, =1, (b) a, =5/4,
(c) ay=3/2.

@ () ©
Figure 2: Associated density profiles of Fig. 1.

h=a,x +ast + ag, (3.120)
n=k1x+k2t+k3, (312d)

where k, k;, i =1,2,3 and a;, j = 1,2,3,4,5,6,7 are constants to be determined.

Substituting (3.12) into (3.6), we obtain a set of nonlinear algebraic equations involv-
ing k, k;, i =1,2,3 and a;, j = 1,2,3,4,5,6,7 by selecting all of the coefficients of x2,t?,
x,t,xt,cosh(n),sinh(n) and letting these coefficients to be equal to zero. Solving the alge-
braic equations by Maple, we obtain two sets of intriguing solutions — viz.

Case 1.
a; =liay, a,=ias, as3=iag, a4=ay, as=as, ag=ag ay;=0,

V2y/B—a+ V@ +4p) (3.13)
= 4/5 N kz = O, k3 = k3,

where 8 # 0 is a real number and i the imaginary unit. Substituting (3.13) into (3.12),
one has

k=k, k

f = (lagx +iast +iag)* + (asx + ast + ag)?
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+ kcosh(ﬁ\/ﬂ(_a—i_ i +4/3Y)x + k3).

4

Using the transformation u = 2(In f),.,., we obtain a lump-soliton solution of the Eq. (1.2),
viz.

k(—a+ v/ a2 +4By)cosh(k;x + k)  2[kky sinh(k;x + k3)]?
u= -

, (3.14)
4B f f?
where
= ﬁ\/ﬁ(—a+ vaz+4py)
1= 46 .
Case 2.
a; =liay, a,=1las, az=adas, as=4ay, das=4das, dg=—idas,
\/5\/[5(—(1+ vaz+3py)
a7=0, k=k, k1= N k3=k3,
3B (3.15)
o = \J —39Byv a2+ 3By —40a2y/ a2+ 3By +99afy +40a3
2 - )
2732

where f§ # 0 is a real number. Substituting expression (3.15) into (3.12), one has
f = (iayx +iagt + as)* + (asx + ast —ias)* + k cosh(k; x + kot + k3).

Using the transformation u = 2(Inf),,, we obtain another lump-soliton solution of the
Eq. (1.2), viz.

o 2kk? cosh(kyx + kot +ks)  2(kky sinh(kyx + Kyt + k3))

7 B (3.16)

where

_ 1/§\//3(-0L+ v az+3py)
= 3 ,

X _\J —39B71+v a2+ 3By —40a2+/ a2+ 3By +99afy +40a3
2 = - .

ky

2782

Similarly, choosing particular values of relevant parameters, we present three-dimen-
sional surfaces and associated two-dimensional density figures of lump-soliton solutions.
This helps to have a comprehensive understanding of the interaction of lump and soliton
solutions. In this section, we focus on lump-soliton solutions based on Case 1. The sets
of parameters in (3.15) are chosen as ag =2,a4 = l,a5 = 1,k =3, ks =1,a=1, =2
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Figure 3: Interaction solution (3.16) and associated density profiles. (a) a3 =2,a,=1,a5=1,k=3,k; =
l,a=1,=2. (c) a3 =2,a,=4,a5=3,k=2,k;=1,a=5,5=2.

and a3 = 2,a4 = 4,a5 = 3,k = 2,k3 = 1,a = 5,8 = 2. Three-dimensional surfaces and
associated two-dimensional density profiles of Eq. (3.16) are shown in Fig. 3.

There is no doubt that under the constraint of parameters mentioned above, (3.16)
demonstrate a typical soliton solutions, the reason for this phenomenon could be explained
by the lump was dissolved by the action of retest i while leaving nothing but the soliton
solution, could be recognized as a localized wave packet with a positive amplitude that is
stable in a non-linear medium.

4. Exact Solutions of New Higher-Order Boussinesq-Like Equation

4.1. New higher-order Boussinesq-like equation

In this section, we consider a new higher-order Boussinesg-like equation. According to
the definition of generalized bilinear operators (2.2), for p = 3, for the D5 operator the
bilinear representation of the Eq. (1.2) is

(p2,+yD2,—aDi —pDS )f f =0
and it can be expanded as
(p2,+yD2,—aD} —pDS )f  f
=2fuf =22 +71(2fucf —2f2)
—6af? — B (2frxxxxxf +20f2 ) =0. (4.1)

Using the transformation u = 2(In f )., we obtain a new higher-order Boussinesq-like equa-

tion — viz.
J Ugedx +yu, —a (gu + oW U + oW

11 75 135 15
—[3( u® + 16114ux— 3 u2u +10u +u5x+7ui+3uu4x

3 15 , 15
+5u’u,, + 30uu, u,, — Zu Uyrx — ?uxuxxx =0. 4.2)
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To the best of our knowledge, this equation has not been studied before. The lump solutions
and the breather solutions of (4.2) are given in the following sections.
4.2. Lump solutions
In order to generate the lump solution of Eq. (4.2), we take the function f = f(x,t) as
f=g"+h*+ay, 4.3)
where

g=alx+a2t+a3,

h=asx + ast + ag,

and the constants a;, j =1,2,3,4,5,6,7 to be determined.

Substituting (4.3) into (4.1), we obtain a set of nonlinear algebraic equations for aj,
j =1,2,3,4,5,6,7 by selecting all of the coefficients of x2,t2, x,t,xt and letting these
coefficients to zero. Solving the algebraic equations Maple, we get the following two sets
of solutions.

Case 1.
a;=a;, ay=4/va4, a3=4as, a4=4ay,
3(aj +a})a 4.4)
as =—4/Ya;, ag= as, a7:—y )

where y # 0 is a real number. Applying the transformation u = 2(In f ), gives the following
lump solution of the Eq. (4.2):
2(2(a1x + vast +as)a; +2(asx — J/rat + ag)ay)
u= .
(a1x + Tagt +az)? + (agx — yyast +ag)? + 3(af + a)a/y

(4.5)

Case 2.

a, =day, a2=0, as =ds, a4=0,
2
3aja

as = ra;, ag=as a;= » s

where y # 0 is a real number. Applying the transformation u = 2(In f),. leads to another
lump solution — viz.

Lo 4(a;x +asz)a,
(a1x + a3)*> + (yra t + ag)*> +3a2a/y

(4.6)

For the two lump solutions mentioned above, (4.5) is taken into consideration to plot the
three-dimensional surface with associated two-dimensional density profiles in order to in-
vestigate the lump solution for the higher-order Boussinesq-like equation (4.2). Specific
values of the relevant parameters are selected to illustrate different situations — i.e. set-
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@ b)
Figure 4: Lump solutions of (4.5), a; =6,a;=1,a,=2,a6=1,a=2. (a) y=2. (b) y=4. (c) y=6.
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Figure 5: Associated density profiles of Fig. 4.

ting a; = 6,a3 =1,a4 =2,a5 = 1,a = 2 while y = 2,4,6 in (4.4). The three-dimensional
surface and associated two-dimensional density profiles of Eq. (4.5) are shown in Figs. 4
and 5.

It clearly forms figures that under the constraint of the above parameters, (4.5) demon-
strate a typical lump solution form that could be identified as a symmetrical, localized
waveform with a peak and a trough. The authors also discovered that the increase of y
causes the peak or trough’s amplitude to increase and the tip’s waveform to sharpen.

The critical points of the lump wave solutions, needed in the consequent analysis, are
obtained by solving the following equations:

du(x,t) —0 du(x,t) _

s 0.
dx at

For the lump solution (4.5), the authors found that u attains the maximum and minimum
at the points

—ajasy —asa6y — /3yy/ (@} +a3)? aya4—aza,

y(a% + aﬁ) ’ ﬁ(a% + aﬁ)

(xlz tl) =

2
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—ayasy — a4a6y + /3ry/alal +a3)? ajaq—asa,
(x2,t5) = )

2, 2 ) 2, 2
y(af + ay Vr(af+ ay

respectively. The critical points are symmetrical with respect to the point

_ [ T41d3Y —d4deY d1dp —d3d4
(XO, tO) - 2 P ) P 9 .
y(aj +aj) Vrlaf +a;

4.3. Breather solutions

In order to generate breather solutions of the Eq. (4.2), we take function f = f(x,t) as
f = e P& 4+ bycos(pyh) + bieP? 4.7)
with nonzero real numbers by, b, p,p;, and g and h defined by

g=alx+a2t+a3,

h=a4x +ast + ag,

where constants a;, j = 1,2,3,4,5,6,7 to be determined.

Substituting (4.7) into (4.1), we obtain a set of nonlinear algebraic equations for by, by,
p,p1 and aj, j = 1,2,3,4,5,6,7. Selecting all of the coefficients of ™7, eP$, sin(p,h),
cos(p;h) and letting these coefficients to be zero. The algebraic equations solved by Maple
produce three sets of solutions.

Case 1.

1 3a

a; =0, a:=0, a3=as, ag=ags by=Dby, as=— s
1 5 3 3 6 6 0 0 4 p1 11/3
_ V3Y9f+ 121afy , _ bj(90a” +121y)
- 121pp » 1T 3602+ 4848y

where p,p;,a, 3,7 are real numbers such that p; # 0,pf8 # 0 and —36a? + 484y # 0.
Substituting (4.8) into (4.7), one has

(4.8)

as

b2(90a? + 121By)
= e P8 4 by cos(prh) + — PE,
f=e 0 oS ) ¥ e agapy ¢
where
v/33y/—9a3 +121 1 3
= v 151 aﬁyt+a3, h=— —ax+a6
pp p1 118

Using of transformation u = 2(In f),, we obtain a breather solution of the Eq. (4.2), viz.

- —(2byv/33v/a/B sin(p1h))
11f '

4.9)
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Case 2.

1 3a

a,==\|——%, a=0, az=as a;=0, ag=as bg= by,
p\ 11P

, ) (4.10)

V33+v/9a3 —121aBy ) bs(—9a“ +121fy)

as = > = >

5 121p, 8 | 360a2+484fy

where p,p;,a, 3,y are real numbers such that p # 0,p;8 # 0 and 360a? + 484y # 0.
Substituting (4.10) into (4.7), one has

b2(—9a* +121py) bg
e

=e P&+b h) +
f=e 0 cos(pih) + = T 4sapy

with

+ dg.

g==
P 121p.f3

Applying the transformation u = 2(In f ), gives another breather solution of Eq. (4.2), viz.

. 2(b;v/334/—a/BePé — +/33y/—a/BePE)
B 11f '

1 3a v/33a(90a2 + 1218y) 1.| 3a
a; = — - 5 ao) = ) as =das, ag = — 4
7o\ 1157 2 121pp SR R T

_ 4/33y/—90a® —121afy
N 121p, 3

where p, p;, B are real numbers such that p # 0, p; # 0 and 8 # 0. Substituting (4.12) into
(4.7), we get

1 3a v334/9a3 —121afy
—mx+a3, h= t

(4.11)

(4.12)

as N dg = dg, bO = bo, b1 = bl’

f =e P8+ bycos(p h) + biePé

with
1 3a v/33a(90a2 +1218y)
g=—\|— X+ t+as,
p 1168 121pf
1.| 3a V334/—90a3 —121afy
= — X+ t+ dg.
p1 \ 115 121p, B

Applying the transformation u = 2(In f ), gives another breather solution of the Eq. (4.2),
viz.

. 2(—+/33+v/—a/Be P& — byv/334/a/B sin(p;h) + by v/33v/—a/BePE)

11/ (4.13)
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Similarly, specific values for the relevant parameters are selected carefully in order to
plotted the three-dimensional surface with associated two-dimensional density and contour
figures of breather solutions while (4.9) is taken into consideration in this section, that is,
as =2,a6 =1,by =2,p=1,p; = 2,8 = 2,y = 2 while a = 2 and 4, respectively. The
three-dimensional surface and associated two-dimensional density and contour profiles of
Eq. (4.9) are shown in Figs. 6 and 7.

Eventually, we analyze the evolution of the breather solutions mentioned by compre-
hending various profiles of (4.9). Seven peaks or troughs with same amplitudes alternate
in a straight line across the (x, t) plane. If a = 2, the structure is recognized as a common
breather. If @ = 4, the number of peaks or troughs increases (rising from seven to ten)
while the amplitudes decrease, we also conclude that the three-dimensional surface of the
breather solution (4.9) could be recognized as a collection of several lump solutions — cf.

Fig. 4.

@ () ©
Figure 6: Breather solution (4.9), associated density profile and contour profile, a; = 2,a4 = 1,b, =

2,p=1Lp=2a=2F=2y=2.

(a) (b) ©

Figure 7: Breather solution (4.9), associated density profile and contour profile, a; = 2,a5 = 1,b, =
2;P=1;P1=2,0‘=4;I5 =21Y=2

L

L
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5. Conclusion

In this paper, higher-order Boussinesq equations are investigated by employing Hirota’s
bilinear technique. Based on the Bell polynomials theory, the Hirota’s bilinear representa-
tion of Eq. (1.2) is constructed in (3.5). This helps to obtain various explicit solutions and
to consider different interaction phenomena.

Utilizing hyperbolic cosine and cosine, two different interaction solutions are shown
in (3.9) and (3.11) while (3.9) is considered to plot the three-dimensional surfaces with
associated two-dimensional density profiles and a collection of sharp peaks are obtained,
displayed in Figs. 1 and 2. Additionally, the interaction phenomenon between lump and
soliton is investigated utilizing test function (3.12), two different lump-soliton are given in
(3.14) and (3.16), respectively. Accordingly, (3.16) is used to plot different profiles in order
to explore the interaction phenomenon, the authors conclude that lump was dissolved by
the action of retest “i” so (3.16) could be recognized as a typical soliton, demonstrated in
Fig. 3.

Furthermore, utilizing the generate Hirota’s bilinear operators performed by Professor
Ma with p = 3, a new higher-order Boussinesg-like equation is constructed and studied by
employing Hirota’s bilinear technique. Lump solutions could be identified as a symmetrical,
localized waveform with a peak and a trough, two different lumps are obtained in (4.5) and
(4.6) while (4.5) is considered to plot the three-dimensional surfaces with associated two-
dimensional density profiles, displayed in Figs. 4 and 5. For further analysis, the Eq. (4.5)
is used to calculate the critical points. It reaches its maximum value at (x;,t;) and its
minimum value at (x,,t,), respectively. Eventually, three different breather solutions —
viz. (4.9), (4.11) and (4.13) are constructed. Additionally, the Eq. (4.9) is used to plot
various profiles of the solution. Figs. 6 and 7 illustrate peaks and troughs, recognized as
typical form of breather solutions.

Eventually, we have expressed a strong desire to investigate Eq. (1.2) utilizing other
technique. Since the Bell polynomials theories are thoroughly introduced in this work,
one could try to constructing the bilinear Backlund transformation with associated lax pair
of Eq. (1.2) which further guarantee the integrability of the system. Once the Lax pair
is obtained, one could investigate the long-time asymptotics behavior of the Eq. (1.2) by
Riemann-Hilbert approach and Deift-Zhou steepest-descent method. Hope the results of
this paper can be used to further study of more general nonlinear differential equations.
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