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Abstract. This paper presents high-order operator-compensation (OC) methods and
the Crank-Nicolson (CN) technology to solve the Zakharov system (ZS). Firstly, the OC
method is used for spatial discretization, and semi-discrete high-order OC schemes are
obtained, which can maintain mass and energy conservation. Subsequently, the CN tech-
nology is adopted for temporal discretization, and full-discrete high-order OC schemes
are obtained, which can inherit mass and energy conservation and achieve arbitrary
even-order accuracy in space and second-order accuracy in time. In the process of solv-
ing ZS, we employ the linearization method to handle the nonlinear ZS, which signifi-
cantly improves the computational efficiency. Considering the large stencil of numerical
schemes, we propose a fast numerical iterative method to deal with the problem, which
saves the computational cost. Numerical experiments are given to test accuracy order,
verify conservation property, and simulate dynamic evolution.
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1. Introduction

Zakharov system is a nonlinear coupled wave equation describing the interaction of
high-frequency Langmuir waves and low-frequency ionic acoustic waves in plasma. It is
regarded as a general model for controlling the interaction between dispersive and non-
dispersive waves [27]. The standard dimensionless form of ZS is

W, + AU = W, xeRY, >0, (1.1)
W, —AW =A(¥]?), xeR?Y, >0, (1.2)
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where i = +/—1 is the imaginary unit, d = 1,2,3 the spatial dimension, x the spatial
coordinate, t the time variable, A the d-dimensional Laplace operator, ¥ := ¥(x,t) un-
known complex function representing the envelope of a high-frequency electric field, and
W := W(x, t) unknown real function representing the deviation of the ion density from its
equilibrium value. The initial conditions are

U(x,0) = Py(x), W(x0)=Wy(x), W,(x,0)=0w(x), xeRY (1.3)

where ¥, (x) represents a given smooth complex function, Wy(x) and w(x) represent two
given smooth real functions.

The Zakharov system possesses the two essential conservation quantities — i.e. the
mass

M(t) := J [U(x,t)2dx=M(0), xeRY t>0
R4

and the energy

1
E(t) :=J|V\I/(x, t)|2dx+5J|Vu(x, t)|%dx
R4 R4

1
+3 J [W(x, 0))>dx + J [ (x, t)]*W(x, t)dx
R4 Rd
=E0), t>0,

where the intermediate variable u(x, t) satisfies
Au=W, xeRY t>0.

This system is applied in various fields such as plasma physics, fluid mechanics, and new
energy. However, since the ZS is nonlinear, obtaining its analytical solutions for general
initial conditions is challenging. It is necessary to study and solve the system through
numerical methods.

Mathematically speaking, ZS can be seen as the coupling of the Schrédinger equation
(1.1) and the wave equation (1.2). In theoretical analysis, there are numerous studies
of the ZS — cf. [1,16,19,20]. The global existence of weak solutions and the existence
and uniqueness of smooth solutions with given smooth initial values for one-dimensional
ZS were proven in [24]. Later, researchers improved the well posedness of ZS [5] and
extended it to the case of generalized nonlinearity [10].

Extensive numerical research has been conducted on the ZS. Payne et al. [22] proposed
the Fourier spectral method for the one-dimensional ZS, which suppresses aliasing errors by
using only two-thirds of the Fourier components for a specific grid during fast Fourier trans-
form. Glassey [11,12] proposed an implicit finite difference scheme that could preserve
energy conservation and proved its convergence in order &(h + 7). A conservative differ-
ence scheme for ZS, which was implicit or semi-explicit depending on parameter choice,
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was proposed by Chang and Jiang [9]. Optimal second-order convergence in time and
space was established by them and it was extended to the generalized ZS [8]. The time-
splitting spectral method and the local spectral method were proposed by Bao et al. [4].
Various numerical methods, such as the Fourier pseudo-spectral method, were compared
by them to analyze the generalized ZS and improve the accuracy. Cai et al. [6] proposed
a fourth-order compact finite difference method to study the quantum ZS that could main-
tain mass and energy conservation. Later, multi-symplectic numerical methods [25], locally
discontinuous Galerkin methods [26], exponential-wave-integral spectral methods [4], and
time-splitting spectral methods [4,15] were introduced to solve ZS. In recent years, several
numerical methods have been developed and analyzed ZS in the subsonic limit [2,3,7,23].
There have been more numerical studies on ZS and soliton collisions in [13,14,21].

High-order conservative OC schemes have drawn more attention since they can pro-
vide fine physical details for ZS. This paper proposes high-order conservative OC schemes
for the multi-dimensional ZS based on the OC method which was first presented to solve
the Gross-Pitaevskii equation [18]. High-order numerical schemes can maintain mass and
energy conservation while achieving arbitrary even-order accuracy in space and second-
order accuracy in time. In the process of calculation, a linearization solution technology is
designed for the full-discrete high-order OC schemes for the nonlinear ZS. This simplifies
the complexity of the problem, making it easier to solve and greatly improving computa-
tional efficiency. At the same time, in the process of solving full-discrete high-order OC
schemes, a numerical iteration method is proposed to deal with the complicated system of
linear algebraic equations which results from the large stencil. This method can save the
computational cost.

This paper is organized as follows. In Section 2, we introduce high-order compensation
operators for spatial discretization. We obtain semi-discrete high-order OC schemes and
prove the conservation of mass and energy. Furthermore, the CN technology is adopted for
temporal discretization. Full-discrete high-order OC schemes are obtained that can main-
tain mass and energy conservation. The linearized solution technology and the numerical
iterative method are also given. In Section 3, we provide the numerical results to test
the accuracy order, verify the conservation property, and simulate dynamic behaviors. In
Section 4, some conclusions are drawn.

2. Numerical Method for Zakharov System

Here we focus on high-order OC methods for two-dimensional ZS, which can be directly
generalized to the three-dimensional case. In practical applications, variable (x, y) is typ-
ically defined over the entire space R2. However, for computational purposes, we confine
to a sufficiently large bounded domain Q = [x;, xz] % [y}, Yr], and subject to the boundary
condition ¥(x,t) = 0,W(x,t) = 0 on d€,t > 0. The ZS (1.1)-(1.3) is transformed into
the initial-boundary value problem. Now let us consider the general two-dimensional ZS
with periodic initial-boundary conditions

W+, +¥,, =W¥, t€(0,T], (x,y)eQ, 2.1
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a2(1w*) | a3 (lw*)

Jx2 dy? ’
‘I’(X,.)’,O)z‘llo(xy_)’), W(X,.)’,O)zwo(X,.)’), Wt(X,}’;O)ZCU(X,J’), (X,.)’)EQ, (2-3)

Wi — (W, + Wyy) =

te(0,T], (x,y)eQ, (2.2)

where ¥, (x, y), Wy(x, y) and w(x, y) are smooth integrable functions, and periodic bound-
ary conditions for W and ¥ are imposed. For the consistency of initial data, we assume
w(x,y) satisfies ffg w(x,y)dxdy = 0. Egs. (2.1)-(2.3) have two important conserved
quantities — i.e. the mass

M(t) := ff [W(x,y,t)|*dxdy = M(0), te(0,T],
Q

and the energy

1
E(t):= JJ IVE(x,y, )| dxdy + 2 ff IVu(x, y, t)*dxdy
Q Q

1
+5 JJ (W(x,y,t)|*dxdy + JJ B (x,y, )PW(x,y, )dxdy
Q Q

=E(0), te(0,T],
where the intermediate variable u(x, y, t) satisfies f f qulx,y,t)dxdy =0 and
Upy TUyy =W, (x,y)€Q, t€(0,T]

Noticing that f fﬂ w(x,y)dxdy leads to f f qWidxdy = 0, it becomes evident that the
intermediate variable u(x, y, t) is uniquely defined.

Before constructing high-order OC schemes of ZS, some notations are introduced. We
divide the domain Q2 in the x-direction equally by selecting a positive integer J. The spatial
mesh size in the x-direction is h,, = (xg — x;)/J. Similarly, for a given positive integer K,
the spatial mesh size in the y-direction is h, = (yg —y)/K. For a given positive integer N,
the time step size is T = T /N. The set of the spatial grid points is

Q= {Cxj,y) | xj=x,+jhe, j=0,1,2,...,0 =1, y, =y, +kh,, k=0,1,2,..., K —1}.
The time steps can be expressed as t, = nt,(0 < n < N). We denote the index set
o,x={G,k1j=0,1,2,...,0 -1, k=0,1,2,...,K—1}
and introduce the complex periodic grid function space
Po={yn | Yn=1p; €C’%,(j,k) € O}
and real periodic grid function space

Qn={vnlvn=1v;x €RK,(j,k) €0k} C P,.
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When the index range exceeds 0, the element 1)y, in Py, satisfies Y15 rex = Y k- \I/].”,k and
WJ represent the numerical approximation of W(x;, yx, t,) and W(x;, yi, t,) respectively.
Denote
v = {00, (.k) €@} c P, Wi ={ W, (k) €Oy} cQy
as numerical solution vectors at time t = ¢,,.
For grid functions, we introduce the following difference operators:

n+l _ n wn __afyn—1
+.n _ ik .k —n _ 'ik j.k
5t wj,k_ T ’ 5t wj,k_ T ’
n+1 __ 2"+ n—1 n+1
2.n _ e+e—n _ 'k J.k Jjk n+1/2 _ Tjk  Tjk
0¥ =000,V = 2 s Y= 2 ’
n _ n 2
sy, — 2tk Yok o vk T2 Vi
x Tk h > h2 ’
X X
n __ 2y n _
5t = Vi — ¥k 52 = ik 295+
y kT h > Ty Pk h2 :
Y Y

By the Taylor expansion, we have
— 2(u+1 _ 2
axx¢|(xj,yk,t) = CX(xj, ¥, )+ 0 (R2D), C¥=B62,
where the difference operators Bij are defined by
=1+a,h262 +a,h?6% +-- -+, k5%

with the coefficients q;, l =1,2,... having the form

(—1)! Zl:(zj_l)” S2=j)H—-1N 1 (2.4)

22t = @2pn-@I-mn @2j+1)2l-2j+1)

a; =

Similarly, the definition of Cy is as follows:

Yy —RpYys2 Y — 22 4 4 2u s2u
C Buéy’ B 1+a1h 5 +a2h 5 +auhy 5y .

It can be easily proven that Bﬁ and ij are symmetric and positive definite, while —C‘f and
—Cf; are symmetric and semi-positively definite [18].

2.1. Semi-discrete schemes

By applying high-order OC methods to the spatial discretization of Zakharov system
(2.1)-(2.3), semi-discrete high-order OC schemes can be written as

dq/j,k(t)

S G+ G = W G ey, teT1] @5

—a CxXWip—CYW, g = Cx; [P+ CYW [, (k) €Oy, t€(0,T] (2.6)



110 Y. Li, X. Li, D. Hua and Y. Cai

with the initial conditions

\II],k(O) =\Il0(x]).yk)) W],k(o) = WO(x])yk)) Wt(o) = w(x],.)’k), (]) k) € GJK' (2.7)
For consistency, we make the assumption that

J—1K—

—_

j=0 k=0

which yields

J—1K-1
Wt(xj,ylo t) :05 t=0.

k=0

.
Il
o

Then we shall analyze two important properties of semi-discrete high-order OC schemes.
Discrete inner product and discrete norm are defined as follows. For any grid function
wh, ¢h S ph) we have

J—1K—

(Y, dn)y hxhy wj,kaa ||1/)h||H (Y Yr)us ||¢h||oo= max |¢]k|

20 k=0 k)€0;

._.
,_n

I
o

where ;. is the complex conjugate of 1 ;. In addition, the definitions of B norm and
semi-B norm are also given

w2 = (B ), +(Blwbnn), .
I8l = (=B 82wn ),
84l = (=B 8240, ) .-

Theorem 2.1. Semi-discrete high-order OC schemes (2.5)-(2.7) can keep mass conservation

d
M) =0, My(t) =[0I

Proof. Calculating the discrete inner product of (2.5) with ¥}, and taking the imaginary
part, we obtain

Im<id\ph(t)
dt

Due to the symmetry of C:: and Cﬁ , through simple calculations, we obtain

dw,(t) > _ <d\Ifh(t) > C1d [0l
Im<l it , U H—Re It , U b It , (2.9

Im (W, ) =0, Im(CI¥, %) =0, Im (Wb, )y =0. (2.10)
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Substituting (2.9)-(2.10) into (2.8) yields

dl Ol
dt
The proof is complete. O

Theorem 2.2. Semi-discrete high-order OC schemes (2.5)-(2.7) can maintain energy conser-
vation

B(0) = |51 u,Of; + 5303 + 3 [65u]; + 5 57wl
J—1K-1
+ S IWOIE +hhy 3 > W (0|9, (O] = E,©),
j=0 k=0

where the intermediate variable uy, satisfies (uy, 1)y =0,
Wik
dt ’

Proof. Calculating the discrete inner product of (2.5) with d¥(t)/dt and then taking
the real part, we can obtain

Cotjx+Crujp = (j,k) € ©k. 2.11)

. d¥(t) d‘I’h(t)> < d‘IJh(t)> < d‘I’h(t)>
Re(i—2—2 —122) 4+ Re(CY, +Re(CY,,
e<ldt dtHe“hdtHe“hdtH
d Wy (t)
=Re( W, ¥, ——— ) . (2.12)
dt H
Due to the symmetry properties of C;f and C&' , it is easy to see
d\I’h(t) d\I’h(t) _ d‘ph(t) d + 2
2Re<lT,T =0 2Re{C¥, — — lerwm@lly, @13
d‘I—’h(t) d 2
y — +
2Re<CM\I/h, P > 185805, (2.14)
2
d\l’h(t)> d|®; ()]
2Re( W, =( W, (t)———,1 . 2.15
e< h*h> dt - ],k() dt 5 ( )
H
Substituting (2.13)-(2.15) into (2.12), we can get
J-1K-1 2
d 2 d 2 d|¥; (0l
Tl w ol + 16w, +hchy > W (B) = —— = (2.16)

j=0 k=0

Calculating the discrete inner product of (2.6) with u;, gives

<%’uh>H - <C:4(Wh’uh>H - <C!}A/Wh’uh>H

:<C§|‘I’h|2’uh>H+<Cﬁ’|‘1’h|2,uh>H- (2.17)
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According to (2.11), we obtain

< d*Wi(t) uh>
dt? q

~ <dC;fuh(t) dCluy(t) >
= + > Up
H

dt dt

1d
=L sru ]2 - 22 550

B,

CAfWh’ uh>H + <Cﬁlwh’ Un >H

1d
= (Whs Crun )y, + (W Cun),, = 5 = IWA(OI,

= (1w, G ) + (194 Cuy)

<
<
(catonlun ), + {7 m),
<
<

dw;
= (| Cxuh+cyuh> <|‘I’h| dth>
J—1K-1
k(t)
=hohy > | )|
j=0 k=0

Substituting (2.18)-(2.20) into (2.17), we get

d d d
2 ac 5@+ 1—t||5+uh(t)||§ + SOl

—1K-1 k()
+hxhyZZ| LR —

j=0 k=0

Summing (2.16) and (2.21), we have

d d d
a||5:whm||z+—||5+whm||;+1—||6:uh<t>||z

d
4255w + 5o WO
—1K-1 () J—1K—-1 (t)
+h hyZ W ()~ | . i Ry > (e | LHdt)
j=0 k=0 j=0 k=0

i.e. (d/dt)E,(t) = 0. The proof is complete.

2.2. Fully-discrete schemes

(2.18)

(2.19)

(2.20)

(2.21)

By using the CN technology to discretize the time of semi-discrete high-order OC schem-

es (2.5)-(2.7), fully-discrete high-order OC schemes for (j,k) € ®;x and n=0,1,...,

N-1
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can be written as

1 1
e+ +1 +1
16, 7w, + Ecﬁ(‘I’Zk + ‘I'Jnk) + ch(wzk + \Illnk)
1

= Z(wjfj,jl + W) (e + ), (2.22)
1 _ _
W= 5 (G + W) + G (Wi + W)
=Gl + Gl (2.23)

with initial conditions

‘I’]Q,k = Wo(xj, ¥)s W]-(,)k = Wo(xj, i), i(WJlk — Wj,_kl) = w(xj, Yi)- (2.24)
The initialization satisfies Zj;é Zlkté w(x;, yx) = 0 (consistency of initial data).

Numerical schemes (2.22)-(2.24) are abbreviated as CNOC schemes. These schemes
are called CNOC2, CNOC4, CNOC6, ... when u =0,1,2,.... The spatial accuracy of these
schemes can achieve second-order, fourth-order, sixth-order, ..., and the temporal accuracy
can achieve second-order. Theoretically, CNOC schemes can achieve arbitrary even-order
accuracy in space and second-order accuracy in time.

CNOC schemes are uniquely solvable at each time step. In the practical computation,
imaginary time grid points W, ! are used. W, ! can be eliminated by combining (2.23) and
the third equality in (2.24). Choosing n = 0 in (2.23), we can obtain Whl. Setting n =0 in
(2.22), since W2, Whl, \112 are known, we can solve for \IJ;, and then obtain th from (2.23),
etc. Overall, only linear systems need to be solved at each time step.

Algorithm 2.1 Fully-discrete High-order OC Schemes

1: Find Wh1 to satisfy the following equation by putting n = 0 in (2.23):

) . .
siWp =3 (W W)+ i (w)+ wiih)

- CAJ:|\IIJ0J<|2 + Cm\pjo,k g (J,k) € Ok.

2: Find \I/; to satisfy the following equation by putting n = 0 in (2.22):
5, w0 1cx(\yl W0 )+ (!, + 90
L0t j,k+2 p Wit j,k)+2 u( et j,k)
Lot 0 1 0 .
= Z(ijk W2+ 900), U k) €Oy

3: Find W2, ¥72,... forn>1.

For uniform grids, fast Fourier transform (FFT) can be utilized to solve the resulting
linear systems. On the other hand, due to the large stencils of CNOC schemes with spatial
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accuracy more than second-order, iterative method can be designed based on second-order
OC schemes (block tridiagonal matrix). Since FFT based fast algorithms are easy to im-
plement for the second order OC schemes, such simple iterative procedure could greatly
reduce the computational cost and an iterative solver is presented in Appendix.

CNOC schemes also have two important conserved quantities.

Theorem 2.3. Fully-discrete high-order OC schemes (2.22)-(2.24) maintain mass conserva-
tion, i.e.
— 2 _ a0 _
M=, =M., n=0,1,...,N.
Proof. Calculating the discrete inner product of (2.22) with 2\1;”“/ 2
imaginary part gives

and taking the

Im (i5; oy, 20 1%) 4 ;Im<Cx(\If”+1 + o), 202

+ %m(c%qﬂ“ + o), 20

_ n+1/2 n+1/2 n+1/2
=1m (W, 20 (2.25)
where
ot n+1/2\ _ + n+1/2\ _ 1 +1(12 2
1m<15t w20 >H = Re<5t w20 >H = ;(n\p;; 12 —11e22), (2.26)
m(C(ep+t + o), 20712) =0, Im(c)(grt+9p), 200 ) =0, (227)
n+1/2 ¢ n+1/2 n+1/2 _
Im (W22, >H =o0. (2.28)

Substituting (2.26)-(2.28) into (2.25), we arrive at [[¥7*!]|2, —[|¥]'||, = 0, and the conclu-
sion follows. O

Define the discrete total energy

= It g ool o)

1
g (o™ s+ Doy 15) + 5 w5+ 1w 1)

1 J—1K—1
+1 +1
+ thhy (Wn +Wnk)(|\lln | +| | )
j=0 k=0
where uZH/ 2 satisfying ( n+l/ 2 1)y = 0 is uniquely determined by (from the initialization
(C()h, 1) = 0)

Cru P+ crut = 5wy (2.29)

Then CNOC schemes (2.22)-(2.24) conserve the above energy.
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Theorem 2.4. Full-discrete high-order OC schemes (2.22)-(2.24) can maintain energy con-
servation — i.e.
_pn-1_ _  _ 10 _
E'=E"'=...=E), n=12,...,N

Proof. By calculating the discrete inner product of (2.22) with \IJ}’:H—\IJ}’: and then taking
the real part yields

et +1 n+1/2 +1
Re (i67 Wy, o1 — ), +Re(Crup™/? upet —wn)
+Re(Co 2 gt — )
H
_ n+1/2 1 n+1/2 +1
=Re (W22 g — g (2.30)

From summation by parts, we have

Re (i6] o, upt —gl) =0, (2.31)
<Cx g2 gt ‘I’Z>H:_%(”5+‘1’n+1”12;_”5:%1”;)’ (2.32)
Re<c)’\pn+1/2 \Iln+1 \I,;11>H — _% (‘ 5+\Iln+1 ||5+\I,n|| )’ (2.33)

Re< n+1/2 n+1/2 \I/n+1 \D}?>

H
—1K
_ %hxhyzoz (Wj’j,jl +wr) (e = jen ). (2.34)
Jj=0 k=0

Substituting (2.31)-(2.34) into (2.30), we arrive at

1
5 sz + sy ;= st el — 157 w1ls)

+ % (west wp et P~ g =o. (2.35)
Taking the discrete inner product of (2.23) with (t/2)(u}™"/* +u""/%), we obtain
I, —1II,—II; =0, (2.36)
where
I, = §< WUl +uZ_1/2>H
_ %< Cx n+1/2 Cyun+1/2), Z+1/2 e 1/2>
=5 (a2l + 350 11)
(e A L @37
I, = %( (W W), a2 )
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+ £<CY(W"+1 + WD), uZ_1/2>H

= 2w WL s E W S W N,

(e = w1 (2.38)
(cxlwpl* +cy|wp|?
(o

(o’
= §<|‘I’£

Substituting (2.37)-(2.39) into (2.36), we arrive at

, Z+1/2+un 1/2>
H

Cx( n+1/2+u2_1/2)+Cﬁ’(uZ+1/2+u2_1/2)>

+ +ypn—1
LETW W)

113:
- H

RNaNn][aN]|a -PI’—‘-P

2 +1 -1
Wit —wit) (2.39)

5 (laza G+ Ny 1) = 5 (o™l + ] )
2 (It = e ) + e Pt = we), =o. (2.40)

Summing (2.35) together for n =n,n—1, we get

1 1
> 2 (lerels+lsserls)-5 >0 (lsreyls+lsyerils)

m=n,n+1 m=n—1,n
_%<Whn+1_whn, | > <Wn+1 +Wn |\Il}r11|2>H
1 _
—Z<Wh” = [w?), =o. (2.41)
Summing (2.40) and (2.41), we have E}’: = E}’:_l, and the conclusion follows. O

Remark 2.1. According to Theorems 2.3 and 2.4, fully-discrete high-order OC schemes
(2.22)-(2.24) are unconditionally stable.

Remark 2.2. For periodic problems (2.1)-(2.3), the conserved quantities are obtained by
CNOC schemes (2.22)-(2.24) which can achieve spectral-order accuracy whether it is a low-
order CNOC scheme or a high-order CNOC scheme (trapezoidal rule for integrating periodic
functions is spectrally accurate), numerical experiments will verify this result in the next
section. For related discussion, readers can refer to [17].

3. Numerical Results

In this section, numerical results are presented to validate the theoretical analysis.
When the iterative solver (see Appendix) is used to compute the linear systems in CNOC
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schemes, the error threshold is set to 107!2, i.e. when the maximum error of two consecu-
tive iterates satisfies

+1,m+1 +1 -
max |[¢To" —\Il.k’m|<10 12,

j,k€O,k Jk J
n+1,m+1 _ +1,m —12
 max W W | <1072,

we set
]T'l’_]i—l — \Il;l’zl,m+1’ jr}]jl — er’ll;i-l,m+1’
and the iteration is terminated.

In numerical experiments, uniform mesh size is adopted and h, = h, = h in the two
dimensional case. Let ¥(:,t,), W(:, t,) be the exact solutions, \Il;llﬁ, Wh”’T be the numerical
solutions of (2.22)-(2.24) generated by a numerical method with mesh size h and time
step 7. The grid error functions are

en.(ty) =¥(,t,)— \I/;}’T, O -(t,) :=W(,t,)— Wh’ZT.
The maximum norm errors are

&)= _max {leno(t)loon 160 (1)l )

and the spatial accuracy order is computed by
ln(ghl,re/ghz,re)
In(h,/hy)

for a very small time step size T,. The temporal accuracy order is defined for a very fine
mesh size h, as

orderg,ace =

d ln(ghe,Tl/Ehe,Tz)
orderyj . =
me In(74/75)
and the mass error is defined as
error = max M(t,))—M"|.
mass OSngN:T/T | ( I‘l) h |

Example 3.1. We choose a one dimensional computational domain Q = [—20,20] and
t € [0, 6]. The initial conditions for ZS (1.1)-(1.3) are taken as

VB |
¥(x,0)= - sechxe™/*  W(x,0)=—2sech’x, W,(x,0)=—2sech?xtanhx, x €.

We note that this is a soliton solution.

The spatial convergence order is displayed in Table 1, where a very small time step size
T, = 107° is used to make the temporal discretization error negligible. From Table 1, spatial
orders of CNOC4 and CNOC6 schemes are found to be @(h*) and @(h®), respectively. The
temporal convergence order is shown in Table 2, where a very fine mesh size h = 0.01
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is adopted. The temporal accuracy is found to be @(t2). Table 3 depicts the conserved
quantities of CNOC schemes, which can achieve spectral-order accuracy whether it is a low-
order CNOC scheme or a high-order CNOC scheme. We verify the conservation properties
of CNOC6 and simulate its dynamic behavior. Fig. 1 presents the evolution of the discrete
mass and the discrete total energy and its components over time — i.e.

1
pig = ([la 1|2 + oy |5 + 1w + s 9,
B = = ([l57u 2+ [l55 72 7)),
1
Bwpotf = 5 (W[ + 1wy ),
. 1 g S 2 2
Binterf = Zhehy 3, 0, Wi + Wi ([0 + ).
j=0 k=0

Plots for |¥| and W are given in Fig. 2 with h = 0.1 and T = 0.01 at time T = 2,4, 6, where
the soliton dynamics is clearly observed.

5 T 3
Energy [
451 1 oL % Epk
Ewpot
Al P —=—- Ewk
& 1T =~ = Einter |-
35 5
g
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3 8
@ 2
@25 e
€ @©
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Figure 2: Example 3.1: |¥| (left) and W (right) at time T = 2,4,6.
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Table 1: Example 3.1: Spatial accuracy orders Table 2: Example 3.1: Temporal accuracy orders
with 7 = 107° at time T = 1 under different mesh with h = 0.01 at time T = 1 under different time

size h. step T.

Schemes h En(T =1) | Ordergpe Schemes T Eno(T =1) | Ordergpye

CNOC4 | 0.4 | 1.0725E-02 CNOC4 | 0.04 | 1.2342E-03
0.2 | 7.2368E-04 3.8895 0.02 | 3.0853E-04 2.0001
0.1 | 4.6675E-05 3.9546 0.01 | 7.7131E-05 2.0000
0.05 | 2.9830E-06 | 3.9678 0.005 | 1.9286E-05 | 1.9997

CNOC6 0.4 | 3.3514E-03 * CNOC6 0.04 | 1.2342E-03 *
0.2 | 6.7629E-05 5.6309 0.02 | 3.0852E-04 | 2.0001
0.1 | 1.1018E-06 | 5.8143 0.01 | 7.7127E-05 | 2.0000
0.05 | 1.7492E-08 5.9770 0.005 | 1.9282E-05 2.0000

Table 3: Example 3.1: Mass error with 7 =0.01 at time T =1 under different time step h.

Schemes h Error,

CNOC4 | 0.4 | 3.0161E-00
0.2 | 4.3210E-01
0.1 | 6.1265E-03
0.05 | 6.3370E-07
CNOC6 | 0.4 | 2.7504E-00
0.2 | 3.9304E-01
0.1 | 5.6587E-03
0.05 | 5.8531E-07

Example 3.2. We choose a one dimensional computational domain Q2 =[—n, 7] and t €
[0, 6]. The initial conditions for ZS (1.1)-(1.3) are taken as

W(x,0) =sin(x), W (x,0)=sin?(x), W,(x,0)=0.

The spatial accuracy is displayed in Table 4 with a sufficiently small time step size 7 =
107>, and the spatial convergence orders of CNOC4 and CNOC6 schemes are found to be
0(h*) and 0(h®), respectively. The temporal accuracy order is displayed in Table 5, where
a very small mesh size h = 0.01 is used. The temporal accuracy is clear at &(72). Table 6
shows the mass of the numerical solution is very close to the mass of the exact solution for
7 =0.01 at time T = 1. Indeed, the mass errors of CNOC4 and CNOC6 schemes achieve
spectral-order accuracy. Fig. 3 shows the evolution of the discrete mass and the discrete
total energy with its components over time. Densities |¥|?> and W are shown in Fig. 4 to
demonstrate the dynamical evolution of ZS (h = 0.1, T = 0.01).
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Table 4: Example 3.2: Spatial accuracy orders Table 5: Example 3.2: Temporal accuracy orders

with 7 = 10~° at time T = 1 under different mesh Wwith A = 0.01 at time T = 1 under different time
size h. step 7.
Schemes h Eno(T=1) | Orderg,ce Schemes T Eno(T =1) | Ordergp,e
CNOC4 0.4 | 8.1614E-03 * CNOC4 0.04 | 2.8092E-02 *
0.2 | 6.3953E-04 3.6737 0.02 | 8.2976E-03 1.6928
0.1 | 4.2878E-05 3.8987 0.01 | 2.0907E-03 1.9887
0.05 | 2.8073E-06 3.9678 0.005 | 5.2250E-04 | 2.0005
CNOC6 0.4 | 1.8335E-03 * CNOC6 0.04 | 2.1746E-02 *
0.2 | 4.9074E-05 5.2235 0.02 | 8.2976E-03 1.3900
0.1 | 8.6480E-06 5.8265 0.01 | 2.0907E-03 1.9887
0.05 | 2.2405E-08 5.2705 0.005 | 5.2250E-05 2.0005

Table 6: Example 3.2: Mass errors with T =0.01 at time T =1 under different time step h.

Schemes h Error,.

CNOC4 | m/2 | 8.2156E-12
/4 | 1.0658E-12
/8 | 3.5527E-13
/16 | 4.4490E-13
CNOC6 | m/2 | 7.1054E-13
n/4 | 3.5527E-13
/8 | 2.6645E-13
/16 | 2.6645E-13

Example 3.3. We choose a two dimensional computational domain Q = [—20,20]* and
t € [0,4]. The initial conditions for ZS (1.1)-(1.3) are taken as

1 X2+ 2 x2+ 2
\IJ(x,y,O)zﬁexp(—Ty), W(X,y,0)=—ﬁexp(—Ty )

W.(x,y,0)=0, (x,y)e€q.

Fig. 5 shows the evolution of the discrete mass and the discrete total energy and its
components over time with h, = h, = 0.5, 7 = 0.1. In Figs. 6-9, time evolutions of | |2
and W are presented with h, = h, = 0.5, 7 = 0.1. Dynamical changes in the peaks and
surface plots of [¥|> and W can be observed.

4. Conclusion

In this work we constructed conservative high-order OC schemes for solving ZS. Semi-
discrete-in-space high-order OC schemes were obtained by applying the OC method to spa-
tial discretization. These schemes can maintain mass conservation and energy conserva-
tion. By applying CN technology for temporal discretization, CNOC schemes were derived
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Figure 5: Example 3.3: Discrete mass (left) and discrete total energy and its components (right).

and keep maintain mass conservation and energy conservation at the discrete level. The
temporal accuracy of those schemes are second order, and the spatial accuracy can achieve
arbitrary even order. Numerical experiments confirmed the accuracy order and the conser-

vation properties, and demonstrated the dynamic evolution.
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Figure 6: Example 3.3: [¥| (left) and W (right) at time T =1.

Example

Figure 9: Example 3.3: [¥| (left) and W (right) at time T =3.



High-Order Operator-Compensation Schemes with Mass and Energy Conservation 123
Appendix

The proposed iterative algorithm for the CNOC4 scheme is given as follows. To simplify
the expression, we set that h, =h, = h. Letting n = 0 in (2.23), combining with the third
equation in (2.24), we have

1 1 -1
w(xj, yi) = E(WJ" - Wj,k ),
1 2 2
21470 1 -1 Y(wl 1)) — 0 Y |\gy0
O Wix—3 (Cf(wj,k W)+l (W + Wi )) =Gy [ e[+ Cl W)™
Wh1 can be obtained by eliminating W, ! Letting 7/h = A, we can get
L o2 42001 2wl _ Faap L o201
EA’ Wj+2,k — EA ij+1,k +(2+5A )Wj,k — EA Wj—l,k + EA VVj—Z,k

1
+ —=22w!
12

4 21471
k2 EA w;

4 21471 1 21471
(T EA, Wj,k—l + EA’ W:

j,k—2
=12 (Cf (|‘I'j0,k|2) + Civ (|\I/]0k|2)) + ZWj(’)k + 27 0(xj, yi)
_TB (wa(xp}’k)"‘cf/w(pr’k)) 4.1)

Further, the Eq. (4.1) can be written as

SyD;_,+S81D)_, +SD+5,D; | +S2D,, = Oy,
i.e.

- . (Dl [ o ]

S, S S S, 2 2

S, S S S S, : :

S, 1§ S 5 : :

52 Sl S 5‘1 Dll(—l OK—l

: S2 51 S Mgk D11< Oy

where fork=1,2,...,K,

O = (Y1,k,}’2,k, e ,YJ,k)T,
Dl = (Wi Wi W)
rie=72(C5 ([9f) + ¢ (19l"))

+ 2Wj?k +27w(xj, yi)

— 73 (Cfco(xj,yk) + Clyw(xj,yk)) .
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The block matrices are

Sp= _gAZIJxJ, Sy = 11_2121ij, S =24,
where
(1+34%2 —222 £A? 0 0 =AZ —2A2 ]
—22% 1+32% —2a?2 A2 0 0 2 A2
#AZ —EA%7 14327 =227 ZAT 0 0
_ 0 . . . . o .
A= 0 0
0 : 0 A% —3A% 14322 —5A% 5Af
A2 0 : 0 oo —EA% 1437 32
| —222 £A? 0 0 A2 =3 14+3A%],

In the process of solving W, since solving the linear algebraic equation (4.1) of the block
five diagonal matrix requires a large amount of computation, the high-order term is itera-
tively calculated. The Eq. (4.1) can be written in the following iterative schemes:

20, Lmtl 4o 1mel 2y Lm+l 4o 1m+1 2y L+l
—A Wik ——A Wie @459 /1 +EA Tk
2,m 4 27y Lm+1 4.0 1mt1 2
+_A ]k+2__A' Jj,k+1 __A' ]kl +_A' ]k2
=7 (cx(| 07 )+cy (v ))+2W]ka+2m(xj,yk)
—3 (Cfco(xj,yk) +C co(xj,yk)) . 4.2)
Further, the Eq. (4.2) can be written as
1 m+1 1,m+1 1,m+1
SaDy +Sl +SD +S1D, +82Dk+2 Oy
ie.
- 1,m+17] B 1,m
S g _ D, O1 - SZDS
1 1,m+1 _ 1,m
s, § s D, 0,—S;D,
= 1,m+1 1, 1,
S, S 5 D™ 0, —S,D;"™ —8,D™
G 1,;n+1 1.,m 1,m
S1 : 551 S Dy, Ok_5 —S2Dg"4 — 52Dy
1 1 1,m+1 1,m
S, S Dy~ Ok—1—52D¢"3
- ! - KxK pLm+l 0. _s.pbm
| Mk i 5 K~ °2YK—2 i
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If m=0, then

T T
1,m __ 1,m 1m 1,m _ 0 0 ... 0
Dk - (Wl,k ’ WZ,k ? ’ WJ,k ) - (Wl,k’ WZ,k’ ’ WJ,k) :

Wh1 can be obtained by numerical iterative calculation when the iterative error is smaller
than the given threshold.
Multiplying both sides of (2.21) by 7 and let 7/h? = 8, we get
4 2171, m+1
gl Wj—1,k
L.s 1,m+1 1 +1 2 +1 2 +1 1 +1
T oA Wilak 2_4ﬁ‘I’jn,k+z + Eﬁ\p]r'l,k+l + 3P 2_4/5‘I’?,k—2

+1 . T y
(Wit + Wi o+ 107, — 2GR + Gl ). 4.3)

1 o 1me1 4.2 1mtl 2, lmt1
T2 Witar —3A Wi +2+5A7W 7 —

G
4

Further, the Eq. (4.3) can be written as

N ZP + MZP + AZIT + M ZPH + A 20 =H,

ie.

'Z{H—l' - H -

A M Ay Zn+l "
AL A A, Ay 2 2
Ay Ay A A A :
AZ Al A Al AZ . .
A2 A]_ A A]_ Zn+1 H

A2 Al A < K-1 K-1

L - xK ZE+1 | HK i

where fork=1,2,...,K,

T
Hk = (ﬁl,k,ﬁZ,lo T ’ﬁJ,k) P

n__ n n n\T
Zp = (‘I'l,k’q’z,k"" ’\I"J,k) ’
— E n+1 n) n -y
= (Wit +wn ) or, +ivn,

T
2

V) k

Y
(crum +clen,).
The block matrices are

2 1
A =Z2B1, Ay=——PI,,
1 3[3 JxJ 2 24[3 JxJ
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[ Ak 38 —mP O 0 —5bf 3P ]
2 A 2 L ;
2B Ajx 38 —x3B O 0 —ub
1 2 A 2 L
—5B 3P Ajx 38—z 0 0
0 . .. . 0 :
A=
0 0 ’
. 1 2 A 2 !
0 : 0 —xf 38 Ax 3B -
—Lp 0 : 0 .o 2 Aje 3
2 1 1 2 A
| 25 —Lp 0 0 —5B 3B Ajkd yus

where
A

D v +1
i,k:l_gﬂ_z(”’fk”"fk )
in the block matrix A. Similar to (4.2), the linear algebraic equation (4.3) of block-five

diagonal matrix can be solved by the iterative method. If m = 0, then
nooLL. ’\p;,k)

T
n+l,m __ n+1,m n+1l,m n+1l,m _ n
Zy - (‘I’Lk "I’z,k Tt "I’J,k ) = (‘1’1,1« 2,k
The numerical solution \I/}’Z“ can be obtained.
Multiplying both sides of (2.23) by 72, we get
S 2 n+1 2 2yp7n+1 1 2yp7n+1
et (1 + EA )W]k — gk Wj—1,k + gk Wj—z,k

1 21a7n+1 2 21a7n+1
2_4)L ij+2,k_§7L ij+1,
2 1

n+1 21a7n+1 21a7n+1

Wike2 ™ gk Wik ™ + 2_4k Wi k=2

+ %412 gkzvvj’j,j_ll
2
= 2w —wit+ o2 (cx (Jen ) +¢f (o) + % (crwrt+ciwrt). (44

The Eq. (4.4) can be written as
ADt) + A DM+ ADI + A DI +AD]) = F,,
i.e.
- _ P TR
A A Ay pr+l F
A, A A A 2 2
A, Ay A A A, :
AZ Al A Al AZ . .
Az A1 A A1 .+1 ‘
A A A Dlg—l FK—l
L 2 1 Jd KxK +1
[ Dl L Fe




High-Order Operator-Compensation Schemes with Mass and Energy Conservation 127

where fork=1,2,...,K,

-
F, = (Gl,k,§2,k,"‘ ,GJ,k) >

Dy = (Wfk’ 2rfk"" ’erfk)T,
ci=2wr — w72 (e (Jon ) + ¢ ()

T2

—1 ~Yyn—1
+5 (Gwi - clwi?).
The block matrices are A} = —(2/3)A*I,_, Ay = (1/24)A%I . Similar to (4.2), the linear
algebraic equation (4.4) of the block five diagonal matrix can be solved by the iterative
method. If m =0, then

T T
n+l,m __ n+1,m n+lm n+1,m _ n no. .. n
Dy - (W1,k ’ Wz,k > WJ,k ) B (Wl,k’ 2,k WJ,k) ’

The numerical solution Wh”Jr1 can be obtained accordingly.
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