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Abstract. This paper presents high-order operator-compensation (OC) methods and

the Crank-Nicolson (CN) technology to solve the Zakharov system (ZS). Firstly, the OC

method is used for spatial discretization, and semi-discrete high-order OC schemes are

obtained, which can maintain mass and energy conservation. Subsequently, the CN tech-

nology is adopted for temporal discretization, and full-discrete high-order OC schemes

are obtained, which can inherit mass and energy conservation and achieve arbitrary

even-order accuracy in space and second-order accuracy in time. In the process of solv-

ing ZS, we employ the linearization method to handle the nonlinear ZS, which signifi-

cantly improves the computational efficiency. Considering the large stencil of numerical

schemes, we propose a fast numerical iterative method to deal with the problem, which

saves the computational cost. Numerical experiments are given to test accuracy order,

verify conservation property, and simulate dynamic evolution.
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1. Introduction

Zakharov system is a nonlinear coupled wave equation describing the interaction of

high-frequency Langmuir waves and low-frequency ionic acoustic waves in plasma. It is

regarded as a general model for controlling the interaction between dispersive and non-

dispersive waves [27]. The standard dimensionless form of ZS is

iΨt +∆Ψ =WΨ, x ∈ Rd , t > 0, (1.1)

Wt t −∆W =∆(|Ψ|2), x ∈ Rd , t > 0, (1.2)
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where i =
p
−1 is the imaginary unit, d = 1,2,3 the spatial dimension, x the spatial

coordinate, t the time variable, ∆ the d-dimensional Laplace operator, Ψ := Ψ(x, t) un-

known complex function representing the envelope of a high-frequency electric field, and

W :=W (x, t) unknown real function representing the deviation of the ion density from its

equilibrium value. The initial conditions are

Ψ(x, 0) = Ψ0(x), W (x, 0) =W0(x), Wt(x, 0) =ω(x), x ∈ Rd , (1.3)

where Ψ0(x) represents a given smooth complex function, W0(x) and ω(x) represent two

given smooth real functions.

The Zakharov system possesses the two essential conservation quantities — i.e. the

mass

M(t) :=

∫

Rd

|Ψ(x, t)|2dx≡ M(0), x ∈ Rd , t > 0

and the energy

E(t) :=

∫

Rd

|∇Ψ(x, t)|2dx+
1

2

∫

Rd

|∇u(x, t)|2dx

+
1

2

∫

Rd

|W (x, t)|2dx+

∫

Rd

|Ψ(x, t)|2W (x, t)dx

≡ E(0), t > 0,

where the intermediate variable u(x, t) satisfies

∆u=Wt , x ∈ Rd , t > 0.

This system is applied in various fields such as plasma physics, fluid mechanics, and new

energy. However, since the ZS is nonlinear, obtaining its analytical solutions for general

initial conditions is challenging. It is necessary to study and solve the system through

numerical methods.

Mathematically speaking, ZS can be seen as the coupling of the Schrödinger equation

(1.1) and the wave equation (1.2). In theoretical analysis, there are numerous studies

of the ZS — cf. [1, 16, 19, 20]. The global existence of weak solutions and the existence

and uniqueness of smooth solutions with given smooth initial values for one-dimensional

ZS were proven in [24]. Later, researchers improved the well posedness of ZS [5] and

extended it to the case of generalized nonlinearity [10].

Extensive numerical research has been conducted on the ZS. Payne et al. [22] proposed

the Fourier spectral method for the one-dimensional ZS, which suppresses aliasing errors by

using only two-thirds of the Fourier components for a specific grid during fast Fourier trans-

form. Glassey [11, 12] proposed an implicit finite difference scheme that could preserve

energy conservation and proved its convergence in order O (h+ τ). A conservative differ-

ence scheme for ZS, which was implicit or semi-explicit depending on parameter choice,



High-Order Operator-Compensation Schemes with Mass and Energy Conservation 107

was proposed by Chang and Jiang [9]. Optimal second-order convergence in time and

space was established by them and it was extended to the generalized ZS [8]. The time-

splitting spectral method and the local spectral method were proposed by Bao et al. [4].

Various numerical methods, such as the Fourier pseudo-spectral method, were compared

by them to analyze the generalized ZS and improve the accuracy. Cai et al. [6] proposed

a fourth-order compact finite difference method to study the quantum ZS that could main-

tain mass and energy conservation. Later, multi-symplectic numerical methods [25], locally

discontinuous Galerkin methods [26], exponential-wave-integral spectral methods [4], and

time-splitting spectral methods [4,15]were introduced to solve ZS. In recent years, several

numerical methods have been developed and analyzed ZS in the subsonic limit [2,3,7,23].

There have been more numerical studies on ZS and soliton collisions in [13,14,21].

High-order conservative OC schemes have drawn more attention since they can pro-

vide fine physical details for ZS. This paper proposes high-order conservative OC schemes

for the multi-dimensional ZS based on the OC method which was first presented to solve

the Gross-Pitaevskii equation [18]. High-order numerical schemes can maintain mass and

energy conservation while achieving arbitrary even-order accuracy in space and second-

order accuracy in time. In the process of calculation, a linearization solution technology is

designed for the full-discrete high-order OC schemes for the nonlinear ZS. This simplifies

the complexity of the problem, making it easier to solve and greatly improving computa-

tional efficiency. At the same time, in the process of solving full-discrete high-order OC

schemes, a numerical iteration method is proposed to deal with the complicated system of

linear algebraic equations which results from the large stencil. This method can save the

computational cost.

This paper is organized as follows. In Section 2, we introduce high-order compensation

operators for spatial discretization. We obtain semi-discrete high-order OC schemes and

prove the conservation of mass and energy. Furthermore, the CN technology is adopted for

temporal discretization. Full-discrete high-order OC schemes are obtained that can main-

tain mass and energy conservation. The linearized solution technology and the numerical

iterative method are also given. In Section 3, we provide the numerical results to test

the accuracy order, verify the conservation property, and simulate dynamic behaviors. In

Section 4, some conclusions are drawn.

2. Numerical Method for Zakharov System

Here we focus on high-order OC methods for two-dimensional ZS, which can be directly

generalized to the three-dimensional case. In practical applications, variable (x , y) is typ-

ically defined over the entire space R2. However, for computational purposes, we confine

to a sufficiently large bounded domain Ω= [xL, xR]×[yL , yR], and subject to the boundary

condition Ψ(x , t) = 0,W (x , t) = 0 on ∂Ω, t > 0. The ZS (1.1)-(1.3) is transformed into

the initial-boundary value problem. Now let us consider the general two-dimensional ZS

with periodic initial-boundary conditions

iΨt +Ψx x +Ψy y =WΨ, t ∈ (0, T ], (x , y) ∈ Ω, (2.1)
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Wt t − (Wx x +Wy y) =
∂ 2(|Ψ|2)
∂ x2

+
∂ 2(|Ψ|2)
∂ y2

, t ∈ (0, T ], (x , y) ∈ Ω, (2.2)

Ψ(x , y, 0) = Ψ0(x , y), W (x , y, 0) =W0(x , y), Wt(x , y, 0) =ω(x , y), (x , y) ∈ Ω, (2.3)

where Ψ0(x , y),W0(x , y) andω(x , y) are smooth integrable functions, and periodic bound-

ary conditions for W and Ψ are imposed. For the consistency of initial data, we assume

ω(x , y) satisfies
∫∫

Ω
ω(x , y)d xd y = 0. Eqs. (2.1)-(2.3) have two important conserved

quantities — i.e. the mass

M(t) :=

∫∫

Ω

|Ψ(x , y, t)|2d xd y ≡ M(0), t ∈ (0, T ],

and the energy

E(t) :=

∫∫

Ω

|∇Ψ(x , y, t)|2d xd y +
1

2

∫∫

Ω

|∇u(x , y, t)|2d xd y

+
1

2

∫∫

Ω

|W (x , y, t)|2d xd y +

∫∫

Ω

|Ψ(x , y, t)|2W (x , y, t)d xd y

≡ E(0), t ∈ (0, T ],

where the intermediate variable u(x , y, t) satisfies
∫∫

Ω
u(x , y, t)d xd y = 0 and

ux x + uy y =Wt , (x , y) ∈ Ω, t ∈ (0, T ].

Noticing that
∫∫

Ω
ω(x , y)d xd y leads to

∫∫

Ω
Wt d xd y = 0, it becomes evident that the

intermediate variable u(x , y, t) is uniquely defined.

Before constructing high-order OC schemes of ZS, some notations are introduced. We

divide the domain Ω in the x -direction equally by selecting a positive integer J . The spatial

mesh size in the x -direction is hx = (xR − xL)/J . Similarly, for a given positive integer K ,

the spatial mesh size in the y-direction is hy = (yR− yL)/K . For a given positive integer N ,

the time step size is τ = T/N . The set of the spatial grid points is

Ωh =
�

(x j, yk) | x j = xL + jhx , j = 0,1,2, . . . , J − 1, yk = yL + khy , k = 0,1,2, . . . , K − 1
	

.

The time steps can be expressed as tn = nτ, (0≤ n≤ N ). We denote the index set

ΘJK =
�

( j, k) | j = 0,1,2, . . . , J − 1, k = 0,1,2, . . . , K − 1
	

and introduce the complex periodic grid function space

Ph =
�

ψh |ψh =ψ j,k ∈ CJK , ( j, k) ∈ ΘJK

	

and real periodic grid function space

Qh =
�

ϕh | ϕh = ϕ j,k ∈ RJK , ( j, k) ∈ ΘJK

	

⊂ Ph.
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When the index range exceedsΘJK , the elementψh in Ph satisfiesψ j±J ,k±K =ψ j,k. Ψn
j,k

and

W n
j,k

represent the numerical approximation of Ψ(x j, yk, tn) and W (x j , yk, tn) respectively.

Denote

Ψ
n
h
=
¦

Ψ
n
j,k

, ( j, k) ∈ ΘJK

©

⊂ Ph, W n
h
=
¦

W n
j,k

, ( j, k) ∈ ΘJK

©

⊂Qh

as numerical solution vectors at time t = tn.

For grid functions, we introduce the following difference operators:

δ+t ψ
n
j,k
=
ψn+1

j,k
−ψn

j,k

τ
, δ−t ψ

n
j,k
=
ψn

j,k
−ψn−1

j,k

τ
,

δ2
tψ

n
j,k
= δ+t δ

−
t ψ

n
j,k
=
ψn+1

j,k
− 2ψn

j,k
+ψn−1

j,k

τ2
, ψ

n+1/2

j,k
=
ψn+1

j,k
+ψn

j,k

2
,

δ+xψ
n
j,k
=
ψn

j+1,k
−ψn

j,k

hx

, δ2
xψ

n
j,k
=
ψn

j+1,k
− 2ψn

j,k
+ψn

j−1,k

h2
x

,

δ+yψ
n
j,k
=
ψn

j,k+1
−ψn

j,k

hy

, δ2
yψ

n
j,k
=
ψn

j,k+1
− 2ψn

j,k
+ψn

j,k−1

h2
y

.

By the Taylor expansion, we have

∂x xψ
�

�

(x j ,yk ,t)
= C x

µψ(x j , yk, t) + O
�

h2(µ+1)
x

�

, C x
µ = Bx

µδ
2
x ,

where the difference operators Bx
µ are defined by

Bx
µ = 1+ a1h2

xδ
2
x + a2h4

xδ
4
x + · · ·+ aµh2µ

x δ
2µ
x

with the coefficients al , l = 1,2, . . . having the form

al =
(−1)l

22l

l
∑

j=1

(2 j − 1)!! · (2(l − j)− 1)!!

(2 j)!! · (2(l − j))!!

1

(2 j + 1)(2l − 2 j + 1)
. (2.4)

Similarly, the definition of C
y
µ is as follows:

C y
µ = B y

µδ
2
y , B y

µ = 1+ a1h2
yδ

2
y + a2h4

yδ
4
y + · · ·+ aµh2µ

y δ
2µ
y .

It can be easily proven that Bx
µ and B

y
µ are symmetric and positive definite, while −C x

µ and

−C
y
µ are symmetric and semi-positively definite [18].

2.1. Semi-discrete schemes

By applying high-order OC methods to the spatial discretization of Zakharov system

(2.1)-(2.3), semi-discrete high-order OC schemes can be written as

i
dΨ j,k(t)

d t
+ C x

µΨ j,k + C y
µΨ j,k =Wj,kΨ j,k, ( j, k) ∈ ΘJK , t ∈ (0, T ], (2.5)

d2Wj,k(t)

d t2
− C x

µWj,k − C y
µWj,k = C x

µ |Ψ j,k|2 + C y
µ |Ψ j,k|2, ( j, k) ∈ ΘJK , t ∈ (0, T ] (2.6)
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with the initial conditions

Ψ j,k(0) = Ψ0(x j , yk), Wj,k(0) =W0(x j, yk), Wt(0) =ω(x j, yk), ( j, k) ∈ ΘJK . (2.7)

For consistency, we make the assumption that

J−1
∑

j=0

K−1
∑

k=0

ω(x j, yk) = 0,

which yields
J−1
∑

j=0

K−1
∑

k=0

Wt(x j, yk, t) = 0, t ≥ 0.

Then we shall analyze two important properties of semi-discrete high-order OC schemes.

Discrete inner product and discrete norm are defined as follows. For any grid function

ψh,φh ∈ Ph, we have

〈ψh,φh〉H = hxhy

J−1
∑

j=0

K−1
∑

k=0

ψ j,kφ j,k
, ‖ψh‖2H = 〈ψh,ψh〉H , ‖ψh‖∞ = max

( j,k)∈ΘJK

|ψ j,k|,

where ψ j,k is the complex conjugate of ψ j,k. In addition, the definitions of B norm and

semi-B norm are also given

‖ψh‖2B =
¬

Bx
µψh,ψh

¶

H
+
¬

B y
µψh,ψh

¶

H
,





δ+
x
ψh







2

B
=
¬

−Bx
µδ

2
x
ψh,ψh

¶

H
,





δ+yψh







2

B
=
¬

−B y
µδ

2
yψh,ψh

¶

H
.

Theorem 2.1. Semi-discrete high-order OC schemes (2.5)-(2.7) can keep mass conservation

d

d t
Mh(t) = 0, Mh(t) = ‖Ψh(t)‖2H .

Proof. Calculating the discrete inner product of (2.5) with Ψh and taking the imaginary

part, we obtain

Im

­

i
dΨh(t)

d t
,Ψh

·

H

+ Im
¬

C x
µΨh,Ψh

¶

H
+ Im
¬

C y
µΨh,Ψh

¶

H
= Im 〈WhΨh,Ψh〉H . (2.8)

Due to the symmetry of C x
µ and C

y
µ , through simple calculations, we obtain

Im

­

i
dΨh(t)

d t
,Ψh

·

H

= Re

­

dΨh(t)

d t
,Ψh

·

H

=
1

2

d ‖Ψh(t)‖2H
d t

, (2.9)

Im
¬

C x
µΨh,Ψh

¶

H
= 0, Im
¬

C y
µΨh,Ψh

¶

H
= 0, Im 〈WhΨh,Ψh〉H = 0. (2.10)



High-Order Operator-Compensation Schemes with Mass and Energy Conservation 111

Substituting (2.9)-(2.10) into (2.8) yields

d‖Ψh(t)‖2H
d t

= 0.

The proof is complete.

Theorem 2.2. Semi-discrete high-order OC schemes (2.5)-(2.7) can maintain energy conser-

vation

Eh(t) :=




δ+
x
Ψh(t)






2

B
+




δ+
y
Ψh(t)






2

B
+

1

2





δ+
x
uh(t)






2

B
+

1

2





δ+
y
uh(t)






2

B

+
1

2
‖Wh(t)‖2H + hxhy

J−1
∑

j=0

K−1
∑

k=0

Wj,k(t)
�

�Ψ j,k(t)
�

�

2 ≡ Eh(0),

where the intermediate variable uh satisfies 〈uh, 1〉H = 0,

C x
µu j,k + C y

µ u j,k =
dWj,k

d t
, ( j, k) ∈ ΘJK . (2.11)

Proof. Calculating the discrete inner product of (2.5) with dΨh(t)/d t and then taking

the real part, we can obtain

Re

­

i
dΨh(t)

d t
,
dΨh(t)

d t

·

H

+Re

­

C x
µΨh,

dΨh(t)

d t

·

H

+Re

­

C y
µΨh,

dΨh(t)

d t

·

H

= Re

­

WhΨh,
dΨh(t)

d t

·

H

. (2.12)

Due to the symmetry properties of C x
µ and C

y
µ , it is easy to see

2 Re

­

i
dΨh(t)

d t
,
dΨh(t)

d t

·

H

= 0, 2 Re

­

C x
µΨh,

dΨh(t)

d t

·

H

= − d

d t





δ+xΨh(t)






2

B
, (2.13)

2 Re

­

C y
µΨh,

dΨh(t)

d t

·

H

= − d

d t





δ+yΨh(t)






2

B
, (2.14)

2 Re

­

WhΨh,
dΨh(t)

d t

·

H

=

*

Wj,k(t)
d
�

�Ψ j,k(t)
�

�

2

d t
, 1

+

H

. (2.15)

Substituting (2.13)-(2.15) into (2.12), we can get

d

d t





δ+xΨh(t)






2

B
+

d

d t





δ+yΨh(t)






2

B
+ hxhy

J−1
∑

j=0

K−1
∑

k=0

Wj,k(t)
d |Ψ j,k(t)|2

d t
= 0. (2.16)

Calculating the discrete inner product of (2.6) with uh gives
�

d2Wh(t)

d t2
,uh

�

H

−
¬

C x
µWh,uh

¶

H
−
¬

C y
µWh,uh

¶

H

=
¬

C x
µ |Ψh|2,uh

¶

H
+
¬

C y
µ |Ψh|2,uh

¶

H
. (2.17)
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According to (2.11), we obtain

�

d2Wh(t)

d t2
,uh

�

H

=

�

dC x
µuh(t)

d t
+

dC
y
µuh(t)

d t
,uh

�

H

= −1

2

d

d t





δ+x uh(t)






2

B
− 1

2

d

d t





δ+y uh(t)






2

B
, (2.18)

¬

C x
µWh,uh

¶

H
+
¬

C y
µWh,uh

¶

H

=
¬

Wh, C x
µuh

¶

H
+
¬

Wh, C y
µ uh

¶

H
=

1

2

d

d t
‖Wh(t)‖2H , (2.19)

¬

C x
µ |Ψh|2,uh

¶

H
+
¬

C y
µ |Ψh|2,uh

¶

H

=
¬

|Ψh|2, C x
µuh

¶

H
+
¬

|Ψh|2, C y
µ uh

¶

H

=
¬

|Ψh|2, C x
µuh + C y

µ uh

¶

H
=

­

|Ψh|2,
dWh

d t

·

H

= hxhy

J−1
∑

j=0

K−1
∑

k=0

�

�Ψ j,k(t)
�

�

2 dWj,k(t)

d t
. (2.20)

Substituting (2.18)-(2.20) into (2.17), we get

1

2

d

d t





δ+x uh(t)






2

B
+

1

2

d

d t





δ+y uh(t)






2

B
+

1

2

d

d t
‖Wh(t)‖2H

+ hx hy

J−1
∑

j=0

K−1
∑

k=0

|Ψ j,k(t)|2
dWj,k(t)

d t
= 0. (2.21)

Summing (2.16) and (2.21), we have

d

d t





δ+xΨh(t)






2

B
+

d

d t





δ+yΨh(t)






2

B
+

1

2

d

d t





δ+x uh(t)






2

B

+
1

2

d

d t





δ+y uh(t)






2

B
+

1

2

d

d t
‖Wh(t)‖2H

+ hxhy

J−1
∑

j=0

K−1
∑

k=0

Wj,k(t)
d
�

�Ψ j,k(t)
�

�

2

d t
+ hx hy

J−1
∑

j=0

K−1
∑

k=0

�

�Ψ j,k(t)
�

�

2 dWj,k(t)

d t
= 0,

i.e. (d/d t)Eh(t) = 0. The proof is complete.

2.2. Fully-discrete schemes

By using the CN technology to discretize the time of semi-discrete high-order OC schem-

es (2.5)-(2.7), fully-discrete high-order OC schemes for ( j, k) ∈ ΘJK and n= 0,1, . . . , N −1
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can be written as

iδt
+
Ψ

n
j,k
+

1

2
C x
µ

�

Ψ
n+1
j,k
+Ψn

j,k

�

+
1

2
C y
µ

�

Ψ
n+1
j,k
+Ψn

j,k

�

=
1

4

�

W n+1
j,k
+W n

j,k

��

Ψ
n+1
j,k
+Ψn

j,k

�

, (2.22)

δ2
t W n

j,k
− 1

2

�

C x
µ

�

W n+1
j,k
+W n−1

j,k

�

+ C y
µ

�

W n+1
j,k
+W n−1

j,k

�
�

= C x
µ

�

�Ψ
n
j,k

�

�

2
+ C y

µ

�

�Ψ
n
j,k

�

�

2
(2.23)

with initial conditions

Ψ
0
j,k
= Ψ0(x j , yk), W 0

j,k
=W0(x j, yk),

1

2τ

�

W 1
j,k
−W−1

j,k

�

=ω(x j , yk). (2.24)

The initialization satisfies
∑J−1

j=0

∑K−1

k=0 ω(x j, yk) = 0 (consistency of initial data).

Numerical schemes (2.22)-(2.24) are abbreviated as CNOC schemes. These schemes

are called CNOC2, CNOC4, CNOC6, . . . when µ = 0,1,2, . . . . The spatial accuracy of these

schemes can achieve second-order, fourth-order, sixth-order, . . . , and the temporal accuracy

can achieve second-order. Theoretically, CNOC schemes can achieve arbitrary even-order

accuracy in space and second-order accuracy in time.

CNOC schemes are uniquely solvable at each time step. In the practical computation,

imaginary time grid points W−1
h

are used. W−1
h

can be eliminated by combining (2.23) and

the third equality in (2.24). Choosing n= 0 in (2.23), we can obtain W 1
h

. Setting n= 0 in

(2.22), since W 0
h

,W 1
h

,Ψ0
h

are known, we can solve for Ψ1
h
, and then obtain W 2

h
from (2.23),

etc. Overall, only linear systems need to be solved at each time step.

Algorithm 2.1 Fully-discrete High-order OC Schemes

1: Find W 1
h

to satisfy the following equation by putting n= 0 in (2.23):

δ2
t W 0

j,k
− 1

2

�

C x
µ

�

W 1
j,k
+W−1

j,k

�

+ C y
µ

�

W 1
j,k
+W−1

j,k

�
�

= C x
µ

�

�Ψ
0
j,k

�

�

2
+ C y

µ

�

�Ψ
0
j,k

�

�

2
, ( j, k) ∈ ΘJK .

2: Find Ψ1
h

to satisfy the following equation by putting n= 0 in (2.22):

iδt
+
Ψ

0
j,k
+

1

2
C x
µ

�

Ψ
1
j,k
+Ψ0

j,k

�

+
1

2
C y
µ

�

Ψ
1
j,k
+Ψ0

j,k

�

=
1

4

�

W 1
j,k
+W 0

j,k

��

Ψ
1
j,k
+Ψ0

j,k

�

, ( j, k) ∈ ΘJK .

3: Find W 2
h

,Ψ2
h
, . . . for n≥ 1.

For uniform grids, fast Fourier transform (FFT) can be utilized to solve the resulting

linear systems. On the other hand, due to the large stencils of CNOC schemes with spatial
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accuracy more than second-order, iterative method can be designed based on second-order

OC schemes (block tridiagonal matrix). Since FFT based fast algorithms are easy to im-

plement for the second order OC schemes, such simple iterative procedure could greatly

reduce the computational cost and an iterative solver is presented in Appendix.

CNOC schemes also have two important conserved quantities.

Theorem 2.3. Fully-discrete high-order OC schemes (2.22)-(2.24) maintain mass conserva-

tion, i.e.

M n
h

:=




Ψ
n
h







2

H
= M0

h
, n= 0,1, . . . , N .

Proof. Calculating the discrete inner product of (2.22) with 2Ψ
n+1/2

h
and taking the

imaginary part gives

Im
¬

iδ+t Ψ
n
h
, 2Ψ

n+1/2

h

¶

H
+

1

2
Im
¬

C x
µ

�

Ψ
n+1
h
+Ψn

h

�

, 2Ψ
n+1/2

h

¶

H

+
1

2
Im
¬

C y
µ

�

Ψ
n+1
h
+Ψn

h

�

, 2Ψ
n+1/2

h

¶

H

= Im
¬

W
n+1/2

h
Ψ

n+1/2

h
, 2Ψ

n+1/2

h

¶

H
, (2.25)

where

Im
¬

iδ+
t
Ψ

n
h
, 2Ψ

n+1/2

h

¶

H
= Re
¬

δ+
t
Ψ

n
h
, 2Ψ

n+1/2

h

¶

H
=

1

τ

�

‖Ψn+1
h
‖2

H
− ‖Ψn

h
‖2

H

�

, (2.26)

Im
¬

C x
µ

�

Ψ
n+1
h
+Ψn

h

�

, 2Ψ
n+1/2

h

¶

H
= 0, Im
¬

C y
µ

�

Ψ
n+1
h
+Ψn

h

�

, 2Ψ
n+1/2

h

¶

H
= 0, (2.27)

Im
¬

W
n+1/2

h
Ψ

n+1/2

h
, 2Ψ

n+1/2

h

¶

H
= 0. (2.28)

Substituting (2.26)-(2.28) into (2.25), we arrive at ‖Ψn+1
h
‖2H −‖Ψn

h
‖2H = 0, and the conclu-

sion follows.

Define the discrete total energy

En
h
=

1

2

�




δ+xΨ
n+1
h







2

B
+




δ+yΨ
n+1
h







2

B
+




δ+xΨ
n
h







2

B
+




δ+yΨ
n
h







2

B

�

+
1

2

�




δ+
x
u

n+1/2

h







2

B
+




δ+
y
u

n+1/2

h







2

B

�

+
1

4

�




W n+1
h







2

H
+




W n
h







2

H

�

+
1

4
hxhy

J−1
∑

j=0

K−1
∑

k=0

�

W n+1
j,k
+W n

j,k

�
�
�

�Ψ
n+1
j,k

�

�

2
+
�

�Ψ
n
j,k

�

�

2
�

,

where u
n+1/2

h
satisfying 〈un+1/2

h
, 1〉H = 0 is uniquely determined by (from the initialization

〈ωh, 1〉= 0)

C x
µu

n+1/2

h
+ C x

µu
n+1/2

h
= δ+t W n

h
. (2.29)

Then CNOC schemes (2.22)-(2.24) conserve the above energy.
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Theorem 2.4. Full-discrete high-order OC schemes (2.22)-(2.24) can maintain energy con-

servation — i.e.

En
h
= En−1

h
= · · ·= E0

h
, n= 1,2, . . . , N .

Proof. By calculating the discrete inner product of (2.22) with Ψn+1
h
−Ψn

h
and then taking

the real part yields

Re



iδ+t Ψ
n
h
,Ψn+1

h
−Ψn

h

�

H
+Re
¬

C x
µΨ

n+1/2

h
,Ψn+1

h
−Ψn

h

¶

H

+Re
¬

C y
µΨ

n+1/2

h
,Ψn+1

h
−Ψn

h

¶

H

= Re
¬

W
n+1/2

h
Ψ

n+1/2

h
,Ψn+1

h
−Ψn

h

¶

H
. (2.30)

From summation by parts, we have

Re



iδ+
t
Ψ

n
h
,Ψn+1

h
−Ψn

h

�

H
= 0, (2.31)

Re
¬

C x
µΨ

n+1/2

h
,Ψn+1

h
−Ψn

h

¶

H
= −1

2

�




δ+xΨ
n+1
h







2

B
−




δ+xΨ
n
h







2

B

�

, (2.32)

Re
¬

C y
µΨ

n+1/2

h
,Ψn+1

h
−Ψn

h

¶

H
= −1

2

�







δ+yΨ
n+1
h










2

B
−




δ+
y
Ψ

n
h







2

B

�

, (2.33)

Re
¬

W
n+1/2

h
Ψ

n+1/2

h
,Ψn+1

h
−Ψn

h

¶

H

=
1

4
hxhy

J−1
∑

j=0

K−1
∑

k=0

�

W n+1
j,k
+W n

j,k

�
�
�

�Ψ
n+1
j,k

�

�

2 −
�

�Ψ
n
j,k

�

�

2
�

. (2.34)

Substituting (2.31)-(2.34) into (2.30), we arrive at

1

2

�




δ+xΨ
n+1
h







2

B
+




δ+yΨ
n+1
h







2

B
−




δ+xΨ
n
h







2

B
−




δ+yΨ
n
h







2

B

�

+
1

4

¬

W n+1
h
+W n

h
,
�

�Ψ
n+1
h

�

�

2 −
�

�Ψ
n
h

�

�

2
¶

H
= 0. (2.35)

Taking the discrete inner product of (2.23) with (τ/2)(u
n+1/2

h
+ u

n−1/2

h
), we obtain

I I1 − I I2 − I I3 = 0, (2.36)

where

I I1 =
τ

2

¬

δ2
t W n

h
,u

n+1/2

h
+ u

n−1/2

h

¶

H

=
τ

2

¬

δ−
t

�

C x
µu

n+1/2

h
+ C y

µ u
n+1/2

h

�

,u
n+1/2

h
+ u

n−1/2

h

¶

H

= −1

2

�




δ+x u
n+1/2

h







2

B
+




δ+y u
n+1/2

h







2

B

�

+
1

2

�




δ+x u
n−1/2

h







2

B
+




δ+y u
n−1/2

h







2

B

�

, (2.37)

I I2 =
τ

4

¬

C x
µ

�

W n+1
h
+W n−1

h

�

,u
n+1/2

h
+ u

n−1/2

h

¶

H
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+
τ

4

¬

C y
µ

�

W n+1
h
+W n−1

h

�

,u
n+1/2

h
+ u

n−1/2

h

¶

H

=
τ

4




W n+1
h
+W n−1

h
,δ+

t
W n

h
+δ+

t
W n−1

h

�

H

=
1

4

�




W n+1
h







2

H
−




W n−1
h







2

H

�

, (2.38)

I I3 =
τ

2

¬

C x
µ

�

�Ψ
n
h

�

�

2
+ C y

µ

�

�Ψ
n
h

�

�

2
,u

n+1/2

h
+ u

n−1/2

h

¶

H

=
τ

2

¬
�

�Ψ
n
h

�

�

2
, C x
µ

�

u
n+1/2

h
+ u

n−1/2

h

�

+ C y
µ

�

u
n+1/2

h
+ u

n−1/2

h

�
¶

H

=
τ

2

¬
�

�Ψ
n
h

�

�

2
,δ+t W n

h
+δ+t W n−1

h

¶

H

=
1

2

¬
�

�Ψ
n
h

�

�

2
,W n+1

h
−W n−1

h

¶

H
. (2.39)

Substituting (2.37)-(2.39) into (2.36), we arrive at

1

2

�




δ+x u
n+1/2

h







2

B
+




δ+y u
n+1/2

h







2

B

�

− 1

2

�





δ+x u
n−1/2

h







2

B
+








δ+y u
n−1/2

h










2

B

�

+
1

4

�




W n+1
h







2

H
−




W n−1
h







2

H

�

+
1

2

¬
�

�Ψ
n
h

�

�

2
,W n+1

h
−W n−1

h

¶

H
= 0. (2.40)

Summing (2.35) together for n= n, n− 1, we get

1

2

∑

m=n,n+1

�




δ+
x
Ψ

m
h







2

B
+




δ+
y
Ψ

m
h







2

B

�

− 1

2

∑

m=n−1,n

�




δ+
x
Ψ

m
h







2

B
+




δ+
y
Ψ

m
h







2

B

�

− 1

2

¬

W n+1
h
−W n

h
,
�

�Ψ
n
h

�

�

2
¶

H
+

1

4

¬

W n+1
h
+W n

h
,
�

�Ψ
n+1
h

�

�

2
+
�

�Ψ
n
h

�

�

2
¶

H

− 1

4

¬

W n
h
+W n−1

h
,
�

�Ψ
n
h

�

�

2 −
�

�Ψ
n−1
h

�

�

2
¶

H
= 0. (2.41)

Summing (2.40) and (2.41), we have En
h
= En−1

h
, and the conclusion follows.

Remark 2.1. According to Theorems 2.3 and 2.4, fully-discrete high-order OC schemes

(2.22)-(2.24) are unconditionally stable.

Remark 2.2. For periodic problems (2.1)-(2.3), the conserved quantities are obtained by

CNOC schemes (2.22)-(2.24) which can achieve spectral-order accuracy whether it is a low-

order CNOC scheme or a high-order CNOC scheme (trapezoidal rule for integrating periodic

functions is spectrally accurate), numerical experiments will verify this result in the next

section. For related discussion, readers can refer to [17].

3. Numerical Results

In this section, numerical results are presented to validate the theoretical analysis.

When the iterative solver (see Appendix) is used to compute the linear systems in CNOC
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schemes, the error threshold is set to 10−12, i.e. when the maximum error of two consecu-

tive iterates satisfies

max
j,k∈ΘJK

�

�Ψ
n+1,m+1

j,k
−Ψn+1,m

j,k

�

� < 10−12,

max
j,k∈ΘJK

�

�W
n+1,m+1

j,k
−W

n+1,m

j,k

�

� < 10−12,

we set

Ψ
n+1
j,k
= Ψ

n+1,m+1

j,k
, W n+1

j,k
=W

n+1,m+1

j,k
,

and the iteration is terminated.

In numerical experiments, uniform mesh size is adopted and hx = hy = h in the two

dimensional case. Let Ψ(·, tn), W (·, tn) be the exact solutions, Ψn
h,τ

, W n
h,τ

be the numerical

solutions of (2.22)-(2.24) generated by a numerical method with mesh size h and time

step τ. The grid error functions are

eh,τ(tn) := Ψ(·, tn)−Ψn
h,τ, θh,τ(tn) :=W (·, tn)−W n

h,τ.

The maximum norm errors are

ξh,τ(T ) = max
0≤n≤N=T/τ

�

‖eh,τ(tn)‖∞,‖θh,τ(tn)‖∞
	

,

and the spatial accuracy order is computed by

orderspace =
ln(ξh1,τe

/ξh2,τe
)

ln(h1/h2)

for a very small time step size τe. The temporal accuracy order is defined for a very fine

mesh size he as

ordertime =
ln(ξhe ,τ1

/ξhe ,τ2
)

ln(τ1/τ2)

and the mass error is defined as

errormass = max
0≤n≤N=T/τ

�

�M(tn)−M n
h

�

� .

Example 3.1. We choose a one dimensional computational domain Ω = [−20,20] and

t ∈ [0,6]. The initial conditions for ZS (1.1)-(1.3) are taken as

Ψ(x , 0) =

p
6

2
sech xei x/4, W (x , 0) = −2sech2 x , Wt(x , 0) = −2sech2 x tanh x , x ∈ Ω.

We note that this is a soliton solution.

The spatial convergence order is displayed in Table 1, where a very small time step size

τe = 10−5 is used to make the temporal discretization error negligible. From Table 1, spatial

orders of CNOC4 and CNOC6 schemes are found to be O (h4) and O (h6), respectively. The

temporal convergence order is shown in Table 2, where a very fine mesh size h = 0.01
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is adopted. The temporal accuracy is found to be O (τ2). Table 3 depicts the conserved

quantities of CNOC schemes, which can achieve spectral-order accuracy whether it is a low-

order CNOC scheme or a high-order CNOC scheme. We verify the conservation properties

of CNOC6 and simulate its dynamic behavior. Fig. 1 presents the evolution of the discrete

mass and the discrete total energy and its components over time — i.e.

Epkn
h
=

1

2

�




δ+
x
Ψ

n+1
h







2

B
+




δ+
y
Ψ

n+1
h







2

B
+




δ+
x
Ψ

n
h







2

B
+




δ+
y
Ψ

n
h







2

B

�

,

Ewkn
h
=

1

2

�




δ+x u
n+1/2

h







2

B
+




δ+y u
n+1/2

h







2

B

�

,

Ewpotn
h
=

1

4

�




W n+1
h







2

H
+




W n
h







2

H

�

,

Eintern
h
=

1

4
hxhy

J−1
∑

j=0

K−1
∑

k=0

(W n+1
j,k
+W n

j,k
)
�
�

�Ψ
n+1
j,k

�

�

2
+
�

�Ψ
n
j,k

�

�

2
�

.

Plots for |Ψ| and W are given in Fig. 2 with h= 0.1 and τ = 0.01 at time T = 2,4,6, where

the soliton dynamics is clearly observed.
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Figure 1: Example 3.1: Discrete mass (left) and discrete total energy and its components (right).
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Figure 2: Example 3.1: |Ψ| (left) and W (right) at time T = 2, 4, 6.
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Table 1: Example 3.1: Spatial accuracy orders
with τ = 10−5 at time T = 1 under different mesh
size h.

Schemes h ξh,τ(T = 1) Orderspace

CNOC4 0.4 1.0725E-02 *

0.2 7.2368E-04 3.8895

0.1 4.6675E-05 3.9546

0.05 2.9830E-06 3.9678

CNOC6 0.4 3.3514E-03 *

0.2 6.7629E-05 5.6309

0.1 1.1018E-06 5.8143

0.05 1.7492E-08 5.9770

Table 2: Example 3.1: Temporal accuracy orders
with h = 0.01 at time T = 1 under different time
step τ.

Schemes τ ξh,τ(T = 1) Ordertime

CNOC4 0.04 1.2342E-03 *

0.02 3.0853E-04 2.0001

0.01 7.7131E-05 2.0000

0.005 1.9286E-05 1.9997

CNOC6 0.04 1.2342E-03 *

0.02 3.0852E-04 2.0001

0.01 7.7127E-05 2.0000

0.005 1.9282E-05 2.0000

Table 3: Example 3.1: Mass error with τ= 0.01 at time T = 1 under different time step h.

Schemes h Errormass

CNOC4 0.4 3.0161E-00

0.2 4.3210E-01

0.1 6.1265E-03

0.05 6.3370E-07

CNOC6 0.4 2.7504E-00

0.2 3.9304E-01

0.1 5.6587E-03

0.05 5.8531E-07

Example 3.2. We choose a one dimensional computational domain Ω = [−π,π] and t ∈
[0,6]. The initial conditions for ZS (1.1)-(1.3) are taken as

Ψ(x , 0) = sin(x), W (x , 0) = sin2(x), Wt(x , 0) = 0.

The spatial accuracy is displayed in Table 4 with a sufficiently small time step size τ =

10−5, and the spatial convergence orders of CNOC4 and CNOC6 schemes are found to be

O (h4) and O (h6), respectively. The temporal accuracy order is displayed in Table 5, where

a very small mesh size h = 0.01 is used. The temporal accuracy is clear at O (τ2). Table 6

shows the mass of the numerical solution is very close to the mass of the exact solution for

τ = 0.01 at time T = 1. Indeed, the mass errors of CNOC4 and CNOC6 schemes achieve

spectral-order accuracy. Fig. 3 shows the evolution of the discrete mass and the discrete

total energy with its components over time. Densities |Ψ|2 and W are shown in Fig. 4 to

demonstrate the dynamical evolution of ZS (h= 0.1, τ = 0.01).
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Table 4: Example 3.2: Spatial accuracy orders
with τ = 10−5 at time T = 1 under different mesh
size h.

Schemes h ξh,τ(T = 1) Orderspace

CNOC4 0.4 8.1614E-03 *

0.2 6.3953E-04 3.6737

0.1 4.2878E-05 3.8987

0.05 2.8073E-06 3.9678

CNOC6 0.4 1.8335E-03 *

0.2 4.9074E-05 5.2235

0.1 8.6480E-06 5.8265

0.05 2.2405E-08 5.2705

Table 5: Example 3.2: Temporal accuracy orders
with h = 0.01 at time T = 1 under different time
step τ.

Schemes τ ξh,τ(T = 1) Ordertime

CNOC4 0.04 2.8092E-02 *

0.02 8.2976E-03 1.6928

0.01 2.0907E-03 1.9887

0.005 5.2250E-04 2.0005

CNOC6 0.04 2.1746E-02 *

0.02 8.2976E-03 1.3900

0.01 2.0907E-03 1.9887

0.005 5.2250E-05 2.0005

Table 6: Example 3.2: Mass errors with τ= 0.01 at time T = 1 under different time step h.

Schemes h Errormass

CNOC4 π/2 8.2156E-12

π/4 1.0658E-12

π/8 3.5527E-13

π/16 4.4490E-13

CNOC6 π/2 7.1054E-13

π/4 3.5527E-13

π/8 2.6645E-13

π/16 2.6645E-13

Example 3.3. We choose a two dimensional computational domain Ω = [−20,20]2 and

t ∈ [0,4]. The initial conditions for ZS (1.1)-(1.3) are taken as

Ψ(x , y, 0) =
1p
π

exp

�

− x2 + y2

2

�

, W (x , y, 0) = −pπexp

�

− x2 + y2

2

�

,

Wt(x , y, 0) = 0, (x , y) ∈ Ω.

Fig. 5 shows the evolution of the discrete mass and the discrete total energy and its

components over time with hx = hy = 0.5, τ = 0.1. In Figs. 6-9, time evolutions of |Ψ|2
and W are presented with hx = hy = 0.5, τ = 0.1. Dynamical changes in the peaks and

surface plots of |Ψ|2 and W can be observed.

4. Conclusion

In this work we constructed conservative high-order OC schemes for solving ZS. Semi-

discrete-in-space high-order OC schemes were obtained by applying the OC method to spa-

tial discretization. These schemes can maintain mass conservation and energy conserva-

tion. By applying CN technology for temporal discretization, CNOC schemes were derived
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Figure 3: Example 3.2: Discrete mass (left) and discrete total energy and its components (right).
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Figure 4: Example 3.2: |Ψ| (left) and W (right) at time T = 2, 4, 6.
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Figure 5: Example 3.3: Discrete mass (left) and discrete total energy and its components (right).

and keep maintain mass conservation and energy conservation at the discrete level. The

temporal accuracy of those schemes are second order, and the spatial accuracy can achieve

arbitrary even order. Numerical experiments confirmed the accuracy order and the conser-

vation properties, and demonstrated the dynamic evolution.
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Figure 6: Example 3.3: |Ψ| (left) and W (right) at time T = 1.

Figure 7: Example 3.3: |Ψ| (left) and W (right) at time T = 1.5.

Figure 8: Example 3.3: |Ψ| (left) and W (right) at time T = 2.

Figure 9: Example 3.3: |Ψ| (left) and W (right) at time T = 3.
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Appendix

The proposed iterative algorithm for the CNOC4 scheme is given as follows. To simplify

the expression, we set that hx = hy = h. Letting n = 0 in (2.23), combining with the third

equation in (2.24), we have

ω(x j , yk) =
1

2τ

�

W 1
j,k
−W−1

j,k

�

,

δ2
t W 0

j,k
− 1

2

�

C x
1

�

W 1
j,k
+W−1

j,k

�

+ C
y

1

�

W 1
j,k
+W−1

j,k

�
�

= C x
1

�

�Ψ
0
j,k

�

�

2
+ C

y

1

�

�Ψ
0
j,k

�

�

2
.

W 1
h

can be obtained by eliminating W−1
h

. Letting τ/h= λ, we can get

1

12
λ2W 1

j+2,k
− 4

3
λ2W 1

j+1,k
+ (2+ 5λ2)W 1

j,k
− 4

3
λ2W 1

j−1,k
+

1

12
λ2W 1

j−2,k

+
1

12
λ2W 1

j,k+2
− 4

3
λ2W 1
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+ 2τω(x j, yk)

−τ3
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C x
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1
ω(x j, yk)
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. (4.1)

Further, the Eq. (4.1) can be written as

S2D1
k−2
+ S1D1

k−1
+ S̄D1

k
+ S1D1

k+1
+ S2D1

k+2
= Ok,

i.e.
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where for k = 1,2, . . . , K ,

Ok =
�

γ1,k,γ2,k, · · · ,γJ ,k

�⊤
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The block matrices are

S1 = −
4

3
λ2IJ×J , S2 =

1

12
λ2IJ×J , S̄ = 2Ā,

where

Ā=
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.

In the process of solving W 1
h

, since solving the linear algebraic equation (4.1) of the block

five diagonal matrix requires a large amount of computation, the high-order term is itera-

tively calculated. The Eq. (4.1) can be written in the following iterative schemes:

1
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. (4.2)

Further, the Eq. (4.2) can be written as
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i.e.
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If m= 0, then

D
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.

W 1
h

can be obtained by numerical iterative calculation when the iterative error is smaller

than the given threshold.

Multiplying both sides of (2.21) by τ and let τ/h2 = β , we get
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Further, the Eq. (4.3) can be written as
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where for k = 1,2, . . . , K ,
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The block matrices are

Λ1 =
2

3
β IJ×J , Λ2 = −

1

24
β IJ×J ,
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The numerical solution Ψn+1
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can be obtained.

Multiplying both sides of (2.23) by τ2, we get
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The Eq. (4.4) can be written as

A2Dn+1
k−2
+ A1Dn+1

k−1
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where for k = 1,2, . . . , K ,
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�

2
�

+ C
y

1

�
�

�Ψ
n
j,k

�

�

2
��

+
τ2

2

�

C x
1 W n−1

j,k
+ C

y

1
W n−1

j,k

�

.

The block matrices are A1 = −(2/3)λ2I
J×J

, A2 = (1/24)λ2 I
J×J

. Similar to (4.2), the linear

algebraic equation (4.4) of the block five diagonal matrix can be solved by the iterative

method. If m = 0, then

D
n+1,m

k
=
�

W
n+1,m

1,k
,W

n+1,m

2,k
, · · · ,W n+1,m

J ,k

�⊤
=
�

W n
1,k

,W n
2,k

, · · · ,W n
J ,k

�⊤
.

The numerical solution W n+1
h

can be obtained accordingly.
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