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Abstract. An energy-stable full discretization for the modified elastic flow of closed
curves is proposed. This is a gradient flow of a modified elastic energy combining bend-
ing and Dirichlet energies. The minimization of Dirichlet energy can lead to improved
mesh quality. Gradient flows for both isotropic and anisotropic cases are considered. We
derive new evolution equations for the parameterization and curvature vector of curves
in arbitrary codimension. The proposed formulation is discretized by a parametric finite
element method in space and a first-order implicit scheme in time. We establish the
unconditional energy stability for the fully discretized scheme. Additionally, the second-
order accuracy of the BDF2 scheme is demonstrated. Numerical examples in two and
three dimensions illustrate the efficiency, energy stability, and asymptotic mesh distribu-
tion of the method for simulating the modified elastic flow.
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1. Introduction

The elastic energy functional is of great importance in various fields, including differ-
ential geometry, computer graphics, and mathematical modeling [10, 11, 26,36]. Elastic
flow describes the dynamic motion of a curve driven by elastic energy minimization. The
equilibrium shapes associated with critical points of the elastic energy are known as elas-
tic curves. In this paper, we present energy-stable numerical schemes for the simulation
of elastic flow of closed curves with isotropic and anisotropic energies in R", n € N* and
nz=2.

Isotropic case. Recall that the classical isotropic elastic energy is defined by

E; (t) = E(t) + A L(t), (1.1)

*Corresponding author. Email addresses:  mcl1024@stu.xju.edu.cn (C.L. Ma), xiaoxufenglil@
sina.com (X.E Xiao), fxImath@xju.edu.cn (X.L. Feng)

http://www.global-sci.org/eajam 527 ©2026 Global-Science Press



528 C.L. Ma, X.E Xiao and X.L. Feng

where E(t) = fr |k|?ds/2 and L(t) = fﬂ |x,|dp are respectively the bending energy and

the length functional, il >0 is a constant, s denotes the arc-length of a curve T}, ds =
lx,ldp, p € I=10,1]is a time-independent variable, and I = R/Z represents the periodic
unit interval. Besides, the isotropic curvature vector k is defined by

K=Xxg, (1.2)

and x(-) = (x1(-), x5(-), -+, x,(-)) : I —» R" denotes the parameterization of a curve. Let
7 = x; be the tangent vector and V,f := f. — (f, - 7)7 denote the normal projection of
a vector-valued function f. The L2-gradient flow of E il(t) is given by

1 <
x; = —VSZK— §|K|2K + K.

It is called the isotropic elastic flow. Here we consider a modified isotropic elastic energy
E,, (t) penalized by the Dirichlet energy D(t) as follows:

1
E; () =E(t)+A,D(¢t), D(t):= Ef |xp|2dp, (1.3)
I

where A; > 0 is a constant. The minimization of D(t) is effective for improving the mesh
quality in evolving interface problems, as shown in [17-19]. The L2-gradient flow of the
isotropic energy functional E; (t) is given by

1
X, :—VSZK—§|K|2K+AlxpS. 1.4)

We refer to (1.4) as the modified isotropic elastic flow. In the previous work [33], the
authors illustrated that the set of stationary points of E, (t) is equivalent to that of the
classical isotropic elastic energy E il(t)' This observation is beneficial for analyzing error
estimates and improving the mesh quality, since it allows minimizing the Dirichlet energy.
Therefore, we consider the energy functional (1.3) instead of (1.1).

Anisotropic case. The classical anisotropic elastic energy E 5, is defined as
Ej, (t) = E, () + A, L, (1), (1.5)

where E, (t) := fft |KY|2dS/2 and L,(t) := fﬂ v(x,)dp are respectively the anisotropic

bending energy and the weighted length functional, and A, > 0 is a constant. Moreover,
the anisotropic function y € C2(R"\{0},R*) N C(R",R") is convex, and positively homo-
geneous of degree one — i.e.

y(Ap)=Ay(p) forall pe€R" andall AeR*.

This yields
Y(P)-p=7(p), Y'(p)p=0 forall peR"\{0}, (1.6)



