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Abstract. In this paper, we introduce a new hybrid weighted essentially non-oscillatory

(WENO) scheme grounded in trigonometric polynomials for the solution of Hamilton-

Jacobi equations. This innovative approach utilizes trigonometric polynomial recon-

struction as an alternative to the conventional algebraic polynomial reconstruction. No-

tably, the proposed scheme demonstrates reduced truncation errors in smooth regions

and enhanced resolution in nonsmooth regions, outperforming the classical trigonomet-

ric WENO scheme — cf. [J. Zhu and J.X. Qiu, Commun. Comput. Phys. 8 (2010)]. In

particular, we have designed a novel streamlined hybrid strategy aimed at improving the

computational efficiency of the scheme, which surpasses the classical WENO scheme in

this regard. A comprehensive suite of numerical experiments has been undertaken to

demonstrate the merits of the proposed scheme.

AMS subject classifications: 65M06, 35L99
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1. Introduction

In this paper, our primary focus is on developing high-order numerical approximations

for the Hamilton-Jacobi (HJ) equations

ψt +H(x1, . . . , xn, t,ψ,∇ψ) = 0, (x1, . . . , xn) ∈ Ω, (1.1)

where H is the Hamiltonian function. This equation holds a paramount significance and oc-

cupies a pivotal position in numerous fields, including seismic wave propagation, geometric
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optics, and optimal control. Despite the smoothness of the initial conditions and the Hamil-

tonian, Eqs. (1.1) often have no classical solution or the solution is not unique. To tackle

the issue of well-posedness, Crandall et al. [11–13] laid the groundwork for the entropy

conditions and viscous solutions, clarifying their properties and constructing a first-order

monotone scheme [14]. Building on this, further research emerged. Recognizing issues

with accuracy and dissipation in the monotone approach, Osher and Sethian [31] intro-

duced advanced, higher-order upwind schemes. This advancement paved the way for the

modification of a multitude of numerical schemes originally designed for solving hyperbolic

conservation laws, enabling them to address HJ equations as well.

The ENO methods [35,36] effectively addressed numerical oscillations in problems with

discontinuities. Harten et al. [17, 18] and Shu [34] tailored these high-order methods to

HJ equations, resulting in the production of monotone fluxes [32]. Subsequently, Lafon

and Osher [23] extended the methods to unstructured grids. In addition, weighted ENO

schemes have been also used in [21,29]. Later on, Jiang and Peng [20] introduced a WENO-

JP scheme, followed by central [5], Hermite [33], mapped [6], and unequal-sized WENO

schemes [41] for structured meshes. At the same time, alternative numerical methods

[8,15,16,28,30], including finite element methods [1,4,19,24], have been developed.

In the real world, high-frequency oscillating phenomena are widespread and pose sig-

nificant challenges for accurate simulation. It is worth mentioning that numerical methods

based on trigonometric polynomial functions offer a superior approach to capturing these

complexities. Trigonometric interpolation, first explored by Baron [3], laid the ground-

work for the development of more advanced numerical schemes. Building on this foun-

dation, trigonometric polynomials have been successfully incorporated into both ENO [9]

and WENO [40] frameworks. These methods turned out to be very efficient in simulating

high-frequency phenomena. Wang and Zhang [37–39] further refined the trigonometric

weighted essentially non-oscillatory (TWENO) framework by introducing concept of non-

uniform stencils. This led to the creation of the US-TWENO scheme [37], MR-TWENO

scheme [38], and MUS-TWENO scheme [39], each offering unique advantages in capturing

high-frequency oscillations. While these advanced schemes provide remarkable accuracy,

their inherent nonlinearity can diminish computational efficiency. Therefore, ongoing re-

search continues to explore ways to optimize these methods, striking a balance between

accuracy and performance.

Zhu and Qiu [40] applied a TWENO scheme to Hamilton-Jacobi equation, devising

a comprehensive framework tailored specifically for this purpose. They adopted the same

stencil as in the WENO-JP scheme [20] and reconstructed the numerical flux using trigono-

metric polynomials. However, numerical results show that the TWENO scheme does not

exhibit exceptional performance in solving the Hamilton-Jacobi equations. To highlight its

potential advantages, we develop a hybrid strategy, blending it with high-order trigonomet-

ric polynomials. A wide array of hybrid schemes exist for WENO schemes, encompassing

approaches like TVB [10], KXRCF [22], etc. Li and Qiu [25–27] have thoroughly examined

and studied various hybrid WENO schemes, totaling in dozens. Among the myriad hybrid

schemes for the WENO scheme, the one proposed by Zhu [42] stands out due to its straight-

forward construction and practical ease of application, capturing widespread attention and
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adoption. However, a pivotal step in this scheme involves identifying extreme points of

high-order polynomials, which poses a formidable challenge when dealing with high-order

trigonometric polynomials. To seamlessly integrate this hybrid approach into the TWENO

scheme, modifications and enhancements are imperative.

In order to circumvent the complexity of determining the extreme points of high-order

trigonometric polynomials, we dissect the high-order polynomial into three manageable

low-order polynomials, subsequently identifying the hybrid strategy through the solution of

the extreme points of these simplified polynomials. To further elevate the resolution of the

hybrid TWENO scheme, we integrate not merely with a quartic trigonometric polynomial,

but also with two cubic trigonometric polynomials. This innovative hybrid approach marks

a substantial advancement. The comprehensive construction procedure of this scheme will

be elaborated in the subsequent section.

This paper introduces a novel fifth-order finite difference scheme, specifically a hybrid

trigonometric weighted essentially non-oscillatory (HTWENO) method, tailored for solving

Hamilton-Jacobi equations on structured grids. The scheme boasts several key advantages.

Firstly, it adopts a novel approach to spatial reconstruction, leveraging trigonometric poly-

nomials as basis functions for the reconstruction process. Secondly, it introduces an in-

novative hybrid strategy, significantly enhancing the scheme’s resolution and robustness.

Lastly, it exhibits remarkable computational efficiency, offering notable improvements over

traditional WENO schemes.

The structure of this paper is as follows. Section 2 elaborates on the comprehensive spa-

tial construction methods employed in a hybrid trigonometric WENO scheme for Hamilton-

Jacobi equations. In Section 3, we evaluate the efficacy of a novel finite difference hybrid

trigonometric WENO scheme by using various benchmark examples. Finally, Section 4 con-

tains concluding observations.

2. A WENO Finite Difference Method

In this section, we offer an exhaustive explanation of the construction methodology for

the innovative finite difference hybrid trigonometric weighted essentially non-oscillatory

approach tailored to solve the Hamilton-Jacobi equations. We commence by concentrat-

ing on the one-dimensional control equations (1.1). To ensure clarity and streamline the

explanation, the computational domain Ω is partitioned into a uniform grid, where each

interval Ii is defined as [x i−1/2, x i+1/2] for i varying from 1 to N . Here, x i represents the

midpoint of the interval, calculated as (x i−1/2+ x i+1/2)/2, and |Ii | denotes the length of Ii ,

specifically∆x . Subsequently, we reformulate the one-dimensional version of the Eq. (1.1)

as

ψt +H(x , t,ψ,ψx ) = 0, ψ(x , 0) =ψ0(x).

Introducing the notationψi ≡ψi(t) =ψ(x i, t), we define△+ψi asψi+1−ψi and consider

the following numerical approximation of the Hamiltonian H:

dψi(t)

d t
= L(ψi) = −Ĥ
�

x i, t,ψi ,ψ
+
x ,i ,ψ

−
x ,i

�

. (2.1)
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In this context, Ĥ represents a Lipschitz continuous and monotone flux that is consistent

with H such that

Ĥ(x , t,ψ,ψ+,ψ−) = H

�

x , t,ψ,
ψ+ +ψ−

2

�

,

whenever ψ+ = ψ−. We employ the Lax-Friedrichs numerical flux — viz. the monotone

numerical Hamiltonian

Ĥ(x , t,ψ,ψ+,ψ−) = H

�

x , t,ψ,
ψ+ +ψ−

2

�

−αψ
+ −ψ−

2
,

where α is the maximum of the absolute value of H ′(ψx), with H ′ representing the partial

derivative of H concerning ψx . In the semi-discrete formulation (2.1), ψ−
x ,i

and ψ+
x ,i

re-

spectively denote the left and right approximations of (ψx)i at the point x i. To clarify the

spatial reconstruction process, we will focus on ψ−
x ,i

as an example. To demonstrate the

advantages of our newly designed scheme, we conducted comparisons with the traditional

WENO-JP scheme, WENO-Z scheme, and TWENO scheme. However, since the WENO-Z

and TWENO schemes have not been previously used to solve the HJ equations, we also

present their reconstruction processes below.

2.1. The WENO-Z reconstruction

Firstly, we do a WENO-Z type reconstruction. This reconstruction is based on classic

WENO-JP reconstruction [7] and is obtained by adding global smoothness indicators to

nonlinear weights. We choose the same set of equal-sized spatial stencils T1 = {x i−3, x i−2,

x i−1, x i}, T2 = {x i−2, x i−1, x i, x i+1}, and T3 = {x i−1, x i , x i+1, x i+2} as in the WENO-JP re-

construction. Then we construct three quadratic polynomials such that

1

∆x

∫ xm+1

xm

pk(x)d x =
∆
+ψm

∆x
, m= i − 4+ k, . . . , i − 2+ k, k = 1,2,3.

From each spatial stencils Tk, we can individually derive a third-order approximation of

ψ−
x ,i

on the left side of x i

ψ
−,1
x ,i
= p1(x i) =

2∆+ψi−3 − 7∆+ψi−2 + 11∆+ψi−1

6∆x
,

ψ
−,2

x ,i
= p2(x i) =

−∆+ψi−2 + 5∆+ψi−1 + 2∆+ψi

6∆x
,

ψ
−,3

x ,i
= p3(x i) =

2∆+ψi−1 + 5∆+ψi +∆
+ψi+1

6∆x
.

We employ the smoothness indicators βk to assess the smoothness of the function pk(x)

within the interval [x i−1, x i]. The principle for calculating it is similar to the one in [2,21].

The formula used in the calculation has the form

βk =

2
∑

α=1

∫ xi

xi−1

∆x2α−1

�

dαpk(x)

d xα

�2

d x , k = 1,2,3. (2.2)
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The nonlinear weights ωZ
k

are computed by a formula that incorporates predefined linear

weights dk and smoothness indicators βk, viz.

ωZ
k
=

ωk
∑3

m=1
ωm

,

where

ωk = dk

�

1+
|β1 − β3|
βk + 10−6

�

, k = 1,2,3.

The linear weights are specified as d1 = 1/10, d2 = 6/10, and d3 = 3/10. The final

WENO-Z type reconstruction is

ψ−x ,i =ω
Z
1ψ
−,1

x ,i
+ωZ

2ψ
−,2

x ,i
+ωZ

3ψ
−,3

x ,i
.

2.2. The TWENO reconstruction

This scheme utilizes identical spatial stencils as the one introduced in the preceding

section, albeit with distinct bases employed for the reconstruction of the polynomial. Re-

constructing three quadratic trigonometric polynomials pk(x) within the span{1, sin(x −
x i−1/2), cos(x − x i−1/2)− sin(∆x/2)/(∆x/2)} on stencils Tk that fulfill the condition given

by Eq. (2.3) is straightforward. The equation ensures that

1

∆x

∫ xm+1

xm

pk(x)d x =
∆
+ψm

∆x
, m= i − 4+ k, . . . , i − 2+ k, k = 1,2,3. (2.3)

This allows for accurate and efficient polynomial reconstruction. The explicit formulas for

pk(x i) are

ψ
−,1
x ,i
= p1(x i) =

−∆x

sin(2∆x)(2+ 4 cos(∆x))

×
�

2∆+ψi−1 − 3∆+ψi + (3∆
+ψi−1 −∆+ψi−2 − 5∆+ψi) cos(∆x)

+ (∆+ψi−1 −∆+ψi−2 − 3∆+ψi) cos(2∆x) +∆+ψi−1 cos(3∆x)
�

,

ψ
−,2
x ,i
= p2(x i) =

∆x

sin(2∆x)(2+ 4 cos(∆x))

×
�

2∆+ψi +∆
+ψi+1 − (∆+ψi−1 − 2∆+ψi −∆+ψi+1) cos(∆x)

+ (∆+ψi cos(2∆x)
�

,

ψ
−,3

x ,i
= p3(x i) =

∆x

sin(2∆x)(2+ 4 cos(∆x))

×
�

∆
+ψi + 2∆+ψi+1 + (∆

+ψi + 2∆+ψi+1 −∆+ψi+2) cos(∆x)

+ (∆+ψi+1 cos(2∆x)
�

.
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Subsequently, a quartic trigonometric polynomial p5(x) ∈ span{1, sin(x − x i−1/2), cos(x −
x i−1/2)− sin(∆x/2)/(∆x/2), sin(2(x − x i−1/2)), cos(2(x − x i−1/2))− sin(∆x)/(∆x)} such

that
1

∆x

∫ xm+1

xm

p5(x)d x =
∆
+ψm

∆x
, m= i − 3, i − 2, i − 1, i, i + 1

is calculated to determine linear weights γk. More exactly, using the equation

p5(x i) = γ1p1(x i) + γ2p2(x i) + γ3p3(x i),

we get

γ1 =
1

2+ 4 cos(∆x) + 2 cos(2∆x) + 2 cos(3∆x)
,

γ2 =
cos(∆x) + cos(2∆x) + cos(3∆x)

1+ 2 cos(∆x) + cos(2∆x) + cos(3∆x)
,

γ3 =
1+ 2 cos(∆x)

2+ 4 cos(∆x) + 2 cos(2∆x) + 2 cos(3∆x)
.

(2.4)

Then, the smoothness indicators βk can be computed employing formula (2.2). Integrating

this with the weights (2.4), we determine nonlinear weights ωT
k

, viz.

ωT
k
=

ωk
∑3

m=1ωm

, ωk =
γk

(βk + 10−6)2
, k = 1,2,3. (2.5)

The final reconstruction has the form

ψ−
x ,i
=ωT

1
ψ
−,1
x ,i
+ωT

2
ψ
−,2
x ,i
+ωT

3
ψ
−,3
x ,i

.

Remark 2.1. The accuracy of the TWENO scheme has been studied in [40].

2.3. The HTWENO reconstruction

This approach improves TWENO schemes by direct application of a linear scheme in

smooth regions and TWENO scheme in non-smooth ones. The main difference between this

and traditional hybrid schemes consists in the hybridization of the TWENO scheme with

three linear schemes simultaneously. This approach enables higher resolution in areas of

discontinuity. The specific construction method is outlined as follows. Firstly, three spatial

templates, T1, T2 and T3, identical to those used in the TWENO scheme, are selected.

We reconstruct quadratic trigonometric polynomials p1(x), p2(x), p3(x) ∈ span{1, sin(x −
x i−1/2), cos(x − x i−1/2)− sin(∆x/2)/(∆x/2)} and cubic trigonometric polynomials p4

1
(x),

p4
2
(x) ∈ span{1, sin(x − x i−1/2), cos(x − x i−1/2) − sin(∆x/2)/(∆x/2), sin(2(x − x i−1/2))}

which satisfy

1

∆x

∫ xm+1

xm

pk(x)d x =
∆
+ψm

∆x
, m= i − 4+ k, . . . , i − 2+ k, k = 1,2,3,

1

∆x

∫ xm+1

xm

p4
k
(x)d x =

∆
+ψm

∆x
, m = i − 4+ k, . . . , i − 1+ k, k = 1,2.
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The polynomials pk(x) and p4
k
(x) can be readily computed, and linear weights can be ob-

tained from the following equations:

p4
1
(x i) = γ4p1(x i) + γ5p2(x i), p4

2
(x i) = γ6p2(x i) + γ7p3(x i).

The coefficients γ4, γ5, γ6, and γ7 are linear weights. They have the form

γ4 =
∆x −∆x cos(∆x)

2 cos(∆x)(2 cos(∆x) + 1)(∆x cos(∆x) + sin(∆x))
,

γ5 = 1− ∆x −∆x cos(∆x)

2 cos(∆x)(2 cos(∆x) + 1)(∆x cos(∆x) + sin(∆x))
,

γ6 =
∆x −∆x cos(∆x)

2 cos(∆x)(2 cos(∆x) + 1)(∆x − sin(∆x))
,

γ7 = 1− ∆x −∆x cos(∆x)

2 cos(∆x)(2 cos(∆x) + 1)(∆x − sin(∆x))
.

To find extreme point of the function pm(x), we set the derivative p′m(x) to zero and arrive

at the equation

bm cos(x − x i−1/2) = cm sin(x − x i−1/2).

The solution of this equation is

Rootm = x i−1/2 + arctan

�

bm

cm + ǫ

�

.

The solution incorporates a small parameter ǫ introduced to avoid zero denominator. In

what follows, ǫ = 10−10. We also note that three extreme points, referred to as Rootm, may

not necessarily lie within their respective stencils Tm, i.e.

bm

cm + ǫ
/∈
��

2m− 7

2

�

∆x ,

�

2m− 1

2

�

∆x

�

, m = 1,2,3.

To reconstruct the numerical flux ψ−
x ,i

at x = x i, we employ the following linear approxi-

mation:

ψ−x ,i = γ1p1(x i) + γ2p2(x i) + γ3p3(x i).

Besides, if Root1 and Root2 are outside of their respective stencils T1 and T2, but Root3 is

within T3, then the flux is redefined as

ψ−
x ,i
= γ4p1(x i) + γ5p2(x i).

Similarly, if Root2 and Root3 are exterior to T2 and T3, while Root1 is interior to T1, we set

ψ−
x ,i
= γ6p2(x i) + γ7p3(x i).

If none of the extreme points satisfies all the conditions, linear approximation becomes in-

feasible for ψ−
x ,i

. Instead, the following trigonometric weighted essentially non-oscillatory

scheme should be adopted for reconstruction:

ψ−
x ,i
=ωH

1
p1(x i) +ω

H
2

p2(x i) +ω
H
3

p3(x i).
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The nonlinear weights ωH
k

take the form

ωH
k =

ω̄k
∑3

l=1 ω̄l

, ω̄k = γk

�

1+
| β1 − β3 |
βk + 10−6

�

, k = 1,2,3. (2.6)

Smoothness indicators βk and linear weights γk in Eq. (2.6) are identical to their counter-

parts in Eq. (2.5). We summarize the hybrid reconstruction procedure as follows.

Algorithm 2.1 Procedure for the Hybrid Reconstruction

Procedure HTWENO scheme

Give the values ∆+ψm/(∆x) for all m.

Calculate Root1, Root2, Root3 of the reconstruction polynomial for all stencil.

if Root1 /∈ T1, Root2 /∈ T2, Root3 /∈ T3 then

ψ−
x ,i
=
∑3

k=1 γkpk(x i)

else

if Root1 /∈ T1, Root2 /∈ T2, Root3 ∈ T3 then

ψ−
x ,i
= γ4p1(x i) + γ5p2(x i)

else

if Root1 ∈ T1, Root2 /∈ T2, Root3 /∈ T3 then

ψ−
x ,i
= γ6p2(x i) + γ7p3(x i)

else

ψ−
x ,i
=
∑3

k=1ω
H
k

pk(x i).

end if

end if

end if

After applying different WENO reconstructions, we substitute ψ±
x ,i

into the Eq. (2.1)

and obtain the ordinary differential equation

dψi(t)

d t
= L(ψi).

To solve this ODE, we can employ the total variation diminishing Runge-Kutta scheme —

cf. [35]

ψ(1) =ψn +∆t L(ψn),

ψ(2) =
3

4
ψn +

1

4
ψ(1) +

1

4
∆t L
�

ψ(1)
�

,

ψn+1 =
1

3
ψn +

2

3
ψ(2) +

2

3
∆t L
�

ψ(2)
�

.

For two-dimensional governing equations, computational approach is analogous to that in

the one-dimensional case — cf. [20].

Remark 2.2. This hybrid scheme is defined by its use of linear weights in smooth regions,

bypassing the need for computationally expensive nonlinear weights. This design offers

multiple benefits and maintains the scheme order of accuracy. Consequently, the accuracy

analysis matches that of the conventional TWENO scheme and is thus omitted.
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3. Numerical Experiments

In this section, we evaluate the HTWENO scheme, affirming its outstanding perfor-

mance by comparing it with WENO-JP, WENO-Z, and TWENO schemes.

Example 3.1 (One-Dimension Accuracy). We test the accuracy of the new HTWENO scheme

by considering the following one-dimensional linear equation:

ψt +ψx = 0, (x , t) ∈ [−1,1]× [0,2] (3.1)

with the initial condition

ψ(x , 0) = sin

�

πx − sin(πx)

π

�

and periodic boundary conditions. The exact solution of the Eq. (3.1) is

ψ(x , t) = sin

�

π(x − t)− sin(π(x − t))

π

�

.

Table 1 shows the errors and numerical accuracy associated with this solution. Note that

the HTWENO scheme not only exhibits smaller truncation errors but also achieves higher

computational efficiency. Fig. 1 clearly illustrates this point.

Table 1: Example 3.1. L1 and L∞ errors, orders and CPU time. HTWENO, TWENO, WENO-JP and
WENO-Z schemes at t = 2.0.

HTWENO TWENO

N L1 error order L∞ error order L1 error order L∞ error order

10 3.57E-02 – 6.68E-02 – 7.47E-02 – 1.98E-01 –

20 1.80E-03 4.31 4.96E-03 3.75 6.99E-03 3.42 1.49E-02 3.73

40 6.52E-05 4.79 1.77E-04 4.81 3.25E-04 4.43 8.39E-04 4.15

80 2.12E-06 4.94 5.99E-06 4.89 1.23E-05 4.72 3.25E-05 4.69

160 6.67E-08 4.99 1.88E-07 4.99 4.13E-07 4.90 1.02E-06 5.00

320 2.09E-09 5.00 5.89E-09 5.00 1.24E-08 5.06 2.88E-08 5.14

640 7.05E-11 4.89 2.21E-10 4.74 3.55E-10 5.13 9.34E-10 4.94

WENO-JP WENO-Z

N L1 error order L∞ error order L1 error order L∞ error order

10 7.76E-02 – 2.06E-01 – 3.66E-02 – 6.67E-02 –

20 7.21E-03 3.43 1.58E-02 3.70 1.81E-03 4.33 5.01E-03 3.73

40 3.35E-04 4.43 8.78E-04 4.17 6.58E-05 4.78 1.80E-04 4.80

80 1.26E-05 4.73 3.22E-05 4.77 2.12E-06 4.95 5.99E-06 4.91

160 4.22E-07 4.90 1.01E-06 5.00 6.67E-08 4.99 1.88E-07 4.99

320 1.27E-08 5.06 3.01E-08 5.07 2.09E-09 5.00 5.89E-09 5.00

640 3.62E-10 5.13 9.48E-10 4.99 7.23E-11 4.99 2.10E-10 4.95
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Figure 1: Example 3.1. Computing time and error.

Example 3.2 (Two-Dimension Accuracy Test). Now we test the accuracy of the HTWENO

scheme for the two-dimensional Burgers’ equation

ψt +
(ψx +ψy + 1)2

2
= 0, (x , y) ∈ [−2,2]× [−2,2] (3.2)

with the initial condition

ψ(x , y, 0) = − cos

�

π(x + y)

2

�

and periodic boundary constraints. The computation terminates at t = 0.5/π2, preserving

solution smoothness throughout. Table 2 outlines L1 and L∞ errors, along with the nu-

Table 2: Example 3.2. L1 and L∞ errors, orders and CPU time. HTWENO, TWENO, WENO-JP and
WENO-Z schemes at t = 0.5/π2.

HTWENO TWENO

N × N L1 error order L∞ error order L1 error order L∞ error order

20× 20 1.10E-04 – 4.83E-04 – 2.22E-04 – 1.44E-03 –

40× 40 5.76E-06 4.25 6.29E-05 2.94 1.17E-05 4.24 1.38E-04 3.38

80× 80 2.10E-07 4.78 2.57E-06 4.61 4.72E-07 4.64 5.95E-06 4.54

160× 160 6.96E-09 4.91 8.85E-08 4.86 1.72E-08 4.78 2.03E-07 4.87

320× 320 2.21E-10 4.97 2.83E-09 4.96 5.64E-10 4.93 6.48E-09 4.97

640× 640 6.94E-12 5.00 8.91E-11 4.99 1.77E-11 4.99 2.05E-10 4.98

WENO-JP WENO-Z

N × N L1 error order L∞ error order L1 error order L∞ error order

20× 20 2.70E-04 – 1.73E-03 – 1.18E-04 – 6.30E-04 –

40× 40 1.36E-05 4.32 1.56E-04 3.48 6.01E-06 4.30 6.58E-05 3.26

80× 80 5.31E-07 4.68 6.57E-06 4.57 2.22E-07 4.76 2.83E-06 4.54

160× 160 1.90E-08 4.80 2.23E-07 4.88 7.34E-09 4.92 9.71E-08 4.87

320× 320 6.22E-10 4.94 7.12E-09 4.97 2.34E-10 4.97 3.11E-09 4.97

640× 640 1.81E-11 5.10 2.24E-10 4.99 7.37E-12 4.99 9.77E-11 4.99
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Figure 2: Example 3.2. Computing time and error.

merical accuracy orders, for four distinct finite difference WENO schemes. Fig. 2 clearly

demonstrates that the HTWENO scheme continues to exhibit its characteristics of high com-

putational efficiency and low truncation errors.

Example 3.3 (Linear Equation with Discontinue Initial Condition). We test the simulation

capability of the scheme for discontinuous problems starting with the linear equation

ψt +ψx = 0

with periodic boundary conditions and the initial condition

ψ(x , 0) =ψ0(x − 0.5),

where

ψ0(x) = −
�p

3

2
+

9

2
+

2π

3

�

(x + 1)

+

























2 cos

�

3πx2

2

�

−
p

3, x ∈ [−1,−1/3),

3

2
+ 3 cos(2πx), x ∈ [−1/3,−0),

15

2
− 3 cos(2πx), x ∈ [0,1/3),

28+ 4π+ cos(3πx)

3
+ 6πx(x + 1), x ∈ [1/3,1].

The grid points are set to 100. Fig. 3 shows numerical solutions obtained by four differ-

ent WENO schemes at final times of 2 and 8, respectively. It can be observed that the

HTWENO scheme yields the closest approximation to the exact solution, followed closely

by the WENO-Z scheme in terms of numerical performance.
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(b) T = 8

Figure 3: Example 3.3. Exact solution: solid line; HTWENO: squares; TWENO: upward triangles;
WENO-JP: downward triangles; WENO-Z: rightward triangles.

Example 3.4 (One-Dimensional Nonlinear Burgers’ Equation). Next we evaluate the per-

formance of the HTWENO scheme for the nonlinear equation

ψt +
(ψx + 1)2

2
= 0,

subject to periodic boundary constraints and the initial profile

ψ0(x) = − cos(πx).

Based on the tests conducted in previous examples, we have found that, apart from the

HTWENO scheme, the WENO-Z scheme exhibits the best numerical performance. There-

fore, in subsequent examples, we will only compare it with the WENO-Z scheme. The

numerical results of HTWENO and WENO-Z schemes are shown in Fig. 4 at t = 3.5/π2
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Figure 4: Example 3.4. Exact solution: solid line; HTWENO: crosses; WENO-Z: squares.
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with different grids. At this specific moment, the solution exhibits certain discontinuities.

Notably, the newly introduced finite difference HTWENO scheme demonstrates commend-

able performance for this particular test case.

Example 3.5 (A Nonlinear Equation Characterized by a Non-Convex Flux Function). We

conduct a study of a specific equation

ψt − cos(ψx + 1) = 0,

subject to initial conditions ψ0(x) = − cos(πx) and periodic boundary constraints. The

simulation runs until t = 1.5/π2. The shape of the solution at the final time is displayed in

Fig. 5. Notably, the newly proposed finite difference HTWENO scheme exhibits excellent

performance for this particular example.
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Figure 5: Example 3.5. Exact solution: solid line; HTWENO: crosses; WENO-Z: squares.

Example 3.6 (One-Dimensional Riemann Problem). We delve into the 1D Riemann prob-

lem, formulated as

ψt +
1

4

�

ψ2
x − 1
��

ψ2
x − 4
�

= 0 for x ∈ (−1,1),

ψ0(x) = −2|x |.

This example presents a considerable hurdle, as numerous numerical approaches lacking

adequate resolution struggle to attain a solution that aligns with the viscosity criteria. To

validate our numerical approach, we present the results obtained at t = 1 using a grid

of 80 points in Fig. 6. Remarkably, the newly devised finite difference HTWENO scheme

demonstrates exceptional performance in tackling this intricate problem.

Example 3.7 (Two-Dimensional Burgers’ Equation). We investigate the characteristics of

a 2D Burgers’ equation (3.2), initiating with the initial state

ψ0(x , y) = − cos
�π

2
(x + y)
�

.
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Figure 6: Example 3.6. Exact solution: solid line; HTWENO: crosses; WENO-Z: squares.
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Figure 7: Example 3.7. Left: the surface of the solution. Right: contours of the solution.

Initially, the solution exhibits a smooth profile, making it an ideal candidate for accuracy

testing at t = 0.5/π2. As time progresses to t = 1.5/π2, a notable discontinuity emerges

in the derivative of the solution. To visualize this development, we present the numerical

results obtained at t = 1.5/π2 in Fig. 7, which clearly depicts the discontinuous behavior

in the solution.

Example 3.8 (Two-Dimensional Riemann Problem). We explore a particular mathematical

model, characterized by a nonlinear partial differential equation, within a square region
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Figure 8: Example 3.8. Left: the surface of the solution. Right: contours of the solution.

defined by −1≤ x , y ≤ 1

ψt + sin(ψx +ψy) = 0 for (x , y) in the domain,

ψ0(x , y) = π(|y| − |x |) at the initial time.

This equation poses a significant challenge due to its complex behavior and the need for

numerical methods to accurately capture its solution. In Fig. 8, we display the numerical

results obtained using the HTWENO scheme at t = 1. This simulation yields high-resolution

outcomes.

Example 3.9 (Two-Dimensional Optimal Control Problem). We evaluate the equation

ψt + sin(y)ψx +
�

sin(x) + sign(ψy)
�

ψy

− 1

2
sin2(y)−
�

1− cos(x)
�

= 0, −π≤ x , y ≤ π,

ψ0(x , y) = 0,

subject to periodic boundary conditions. This equation often arises in the context of optimal

control theory. Utilizing the new finite difference HTWENO scheme, we plot the numerical

solutions at t = 1 and depict the optimal control ω = sign(ψy) in Fig. 9.

Example 3.10 (Eikonal Equation). A mathematical model relevant to geometric optics,

characterized by a nonlinear wavefront propagation equation, can be formulated as

ψt +
Ç

ψ2
x +ψ

2
y + 1= 0, (x , y) ∈ [0,1]× [0,1],

ψ0(x , y) =
1

4

�

cos(2πx)− 1
��

cos(2πy)− 1
�

− 1.

Fig. 10 demonstrates numerical results obtained by novel finite difference HTWENO scheme

at t = 0.6. These results demonstrate a high degree of resolution for the numerical simu-

lation in question.
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Figure 9: Example 3.9. Left: the surface of the solution. Right: the optimal control.
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Figure 10: Example 3.10. Left: contours of the solution. Right: the surface of the solution.

Example 3.11 (A Problem Involving the Progression of a Surface). The advancement of

a surface described in [31], involves the equation

ψt − (1− ǫT )
Ç

ψ2
x
+ψ2

y
+ 1= 0, (x , y) ∈ [0,1]× [0,1],

ψ0(x , y) = 1− 1

4

�

cos(2πx)− 1
��

cos(2πy)− 1
�

,

where T denotes the mean curvature — i.e.

T = −
ψx x (1+ψ

2
y)− 2ψx yψxψy +ψy y(1+ψ

2
x )

(1+ψ2
x +ψ

2
y)

3/2
,

and ǫ represents a minute constant and boundary conditions are periodic in both directions.

Fig. 11 displays the numerical results obtained using the new finite difference HTWENO

scheme at various time, comparing cases with ǫ = 0 (representing pure convection) and

ǫ = 0.1.
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Figure 11: Example 3.11. Left: ǫ = 0. Right: ǫ = 0.1. 60× 60 points.

4. Concluding Remarks

We propose a hybrid TWENO scheme for solving HJ equations on structured grids. This

scheme innovatively hybridizes it with three linear schemes to achieve higher resolution

near discontinuities. The main advantages of this scheme are its robustness and computa-

tional efficiency compared to the traditional WENO-JP scheme [20]. The hybrid approach

also demonstrates excellent scalability and can be easily combined with other schemes such

as the US-WENO and MR-WENO schemes. In future work, we plan to combine this method

with radial basis function (RBF) polynomials to develop a higher-order WENO scheme with

enhanced robustness and higher resolution.
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