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Abstract. This paper proposes a model order reduction method for a class of para-

metric dynamical systems. Using a temporal Fourier transform, we reformulate these

systems into complex-valued elliptic equations in the frequency domain, containing

frequency variables and parameters inherited from the original model. To reduce the

computational cost of the frequency-variable elliptic equations, we extend the variable-

separation-based domain decomposition method to the complex-valued context, result-

ing in an offline-online procedure for solving the parametric dynamical systems. At the

offline stage, separate representations of the solutions for the interface problem and the

subproblems are constructed. At the online stage, the solutions of the parametric dy-

namical systems for new parameter values can be directly derived by utilizing the sep-

arate representations and implementing the inverse Fourier transform. The proposed

approach is capable of being highly efficient because the online stage is independent

of the spatial discretization. Finally, we present three specific instances of parametric

dynamical systems to demonstrate the effectiveness of the proposed method.
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1. Introduction

Parametric dynamical systems have been widely adopted in science and engineering to

model complex real-world problems characterized by various uncertainties. These uncer-

tainties may stem from multiple sources, including physical properties, geometric config-

urations, initial conditions, and boundary conditions. The numerical simulation of such
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parametric systems poses substantial computational challenges, especially in the case of

repeated parameter evaluation for design optimization, control analysis, and uncertainty

quantification. Although traditional high-fidelity numerical approaches such as finite ele-

ment method (FEM), finite difference method, and finite volume method can provide accu-

rate solutions, they often entail extreme-scale computations with prohibitive computational

costs.

To overcome arising computational bottlenecks in the simulation of parametric dynam-

ical systems, a variety of innovative numerical approaches have been developed over past

few decades. In particular, the model order reduction (MOR) technique has emerged as

a powerful tool — cf. Refs. [1, 2, 16, 18, 33, 42, 46]. It is used to construct reduced-

order models by approximating solutions in a low-dimensional subspace, which signifi-

cantly reduces the computational cost. A prominent MOR approach is the reduced basis

(RB) method — c.f. [12, 17, 19, 20, 24, 25], which follows an offline-online computational

strategy. In the offline phase, high-fidelity solutions for a carefully selected parameter set

are precomputed and stored. The online phase then efficiently approximates solutions for

new parameters via a linear combination of these precomputed solutions. In this method,

the key challenge lies in constructing an optimal set of basis functions that accurately cap-

ture the essential features of the full order model. Having the reduced basis functions

obtained, one can use intrusive or non-intrusive approach to construct a reduced order

model. Non-intrusive MOR shows the flexibility and efficiency because the full order nu-

merical systems are not required. To enhance the applicability of MOR to nonlinear sys-

tems and describe relationship between the inputs and outputs, MOR methods based on

various machine or deep learning techniques have been proposed [7, 27, 49, 50]. These

methods roughly contain data-driven machine learning [32,38,53], physical-informed ma-

chine learning [7, 27, 49], and physics-data combined machine learning [15, 41]. Among

these methods, the most effective and easiest approach is the data-driven machine learning,

which usually converges rapidly because the loss functions are often simple. The physically-

informed machine learning can demonstrate strong theoretical constraints and inductive

biases by integrating governing physical rules and domain knowledge into the learning

process. The physics-data combined machine learning has been used to study nonlinear dy-

namical systems in small-data regimes [15]. It has adopted a step-by-step training scheme,

which seamlessly integrates the governing physical laws and the limited labeled data into

feedforward neural networks.

An alternative approach for effective reducing the computational cost of dynamical sys-

tems is the frequency-domain method, which relies on two key transformations — viz. the

Fourier transform [10,11,14,28,29] and the Laplace transform [30,31] in the time dimen-

sion. The Fourier transform stands out as a significant discovery in mathematical sciences,

playing a crucial role in modern scientific and technological advancements, which has been

widely applied in the analysis of continuous-time systems, including signal and image pro-

cessing, analog circuit analysis, and communication systems. The fundamental principle

behind this approach is to convert time-dependent PDEs into frequency-dependent elliptic

problems, which are stationary in time but parameterized by frequency. The time-domain

solution is then reconstructed by applying an inverse Fourier transform to the frequency-
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domain solutions. A major advantage of this framework is its inherent suitability for par-

allel computation — i.e. each frequency can be solved independently as the resulting

frequency-domain equations are decoupled. For the frequency-domain equations that re-

quire numerous solutions, the MOR technique has demonstrated its effectiveness [1,8,23].

A low-order Galerkin proper orthogonal decomposition basis is employed to approximate

solutions for frequency-domain equations in [45]. It adopts the Gaussian quadrature rule

based on Legendre-Gauss-Lobatto (LGL) points to enable a precise numerical integration

of the inverse Fourier transformation.

Motivated by these developments, we focus on the frequency-domain method based

on the Fourier transform. Specifically, we reformulate time-dependent parametric PDEs

as a family of frequency-dependent parametric elliptic equations. Although this transfor-

mation eliminates the time variable, the resulting equations remain dependent on spatial

discretization, and must be solved repeatedly for multiple frequencies to recover the full

solution via inverse transformation. However, for large number of frequencies the overall

computational cost is prohibitively high. Hence, the reduction of the model order is es-

sential for improving efficiency. As one of the MOR methods, the variable-separation (VS)

method [34] has been verified to be able to provide accurate and efficient approximate

solutions to stochastic PDEs. Then, Jiang and Li [26] has extended the VS to stochastic

saddle point problems. For nonlinear PDEs with random input, the VS method also very

efficient [35]. Moreover, it has been used in non-overlapping domain decomposition meth-

ods (DDM) for stochastic PDEs [5] and in parametric dynamical systems [6]. To improve

the computational efficiency of the frequency-variable parametric elliptic equations, we

consider a variable-separation-based domain decomposition (DD-VS) method [5] instead

of VS method. It is well-suited to heterogeneous problems and enables efficient online

computations.

The DD-VS method is developed based on the framework of non-overlapping DDM

[3, 9, 21, 36, 41, 43, 47, 51, 52]. In this approach, the computational domain is split into

non-overlapping subdomains, where the degree of freedom in each subdomain are classified

into interior and interface parts. Applying block Gaussian elimination, one reduces global

system to a Schur complement system with interface unknowns only [22, 37, 44]. This

step constitutes the core and the most technically challenging part of the entire method.

The DD-VS method constructs a mapping between the input parameters and the interface

system of the parametric PDEs. It adopts an offline-online decomposition strategy to im-

prove computational efficiency. In the offline phase, the extended VS method is used to

transform the interface problem into a reduced-order algebraic system. A surrogate model

is then built for this reduced interface system. In the online phase, the surrogate model

is utilized to rapidly evaluate new parameter samples. The online computation is highly

efficient, as its cost is entirely independent of the spatial discretization.

To apply the DD-VS method to frequency-dependent elliptic equations, it is first nec-

essary to extend the VS method to handle complex-valued problems, since the solutions

of such equations, as well as their associated interface and subdomain problems, are in-

herently complex-valued. To address this, we decompose the complex-valued problem

into its real and imaginary parts, and formulate a coupled real-valued system accordingly.
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By following the standard procedures of the VS method developed for real-valued elliptic

equations, we construct separate affine surrogate models for the real and imaginary compo-

nents. This extension allows the DD-VS method to be effectively applied to complex-valued

frequency-dependent elliptic problems, while preserving computational efficiency in both

the interface and subdomain problems during the online phase.

By combining the complex-valued DD-VS method with Fourier transformation, we de-

velop a reduced order method for time-dependent problems, which can be regarded as an

extension of the DD-VS method. The process begins with applying the Fourier transform

to reformulate the time-dependent problems into a set of frequency-variable elliptic equa-

tions. Subsequently, utilizing the complex-valued DD-VS method, we construct efficient

surrogate models for both the interface and subdomain problems during the offline phase.

The resulting online stage is highly efficient — viz. for any new input parameter, the com-

putation involves only evaluating the parametric coefficients of the surrogate model and

performing the inverse Fourier transform. Importantly, the online phase is completely in-

dependent of the spatial discretization and requires no additional time-domain simulation,

thereby enabling efficient solutions of time-dependent problems.

This paper is organized as follows. Section 2 contains necessary notation and prelimi-

naries and introduces the Fourier transform for the time variable. Section 3 introduces a VS

method for parametric complex-valued systems and the domain decomposition method for

deterministic complex-valued PDEs. In Section 4, we present a new DD-VS method with key

steps and procedures. Three numerical examples in Section 5 demonstrate the performance

and computational advantages of the method proposed. Finally, we draw conclusions and

offer some remarks on the method and its potential applications.

2. Preliminaries

Let Ω be the set representing the parameter domain. We use ξ ∈ Ω to represent a vector

of parametric inputs. Given an open and bounded spatial domain D ⊂ Rd (d = 1,2,3) with

Lipschitz continuous boundary ∂ D, we consider the parametric dynamical system

∂ u

∂ t
(x , t;ξ) =F

�

u(x , t;ξ);ξ
�

, x ∈ D, t ∈ [0, T ], ξ ∈ Ω,

u(x , 0;ξ) = u0(x ;ξ), x ∈ D, ξ ∈ Ω,

B
�

u(x , t;ξ)
�

= g(x , t;ξ), x ∈ ∂ D, t ∈ [0, T ], ξ ∈ Ω,

where T is the end time of the computation, F the spatial differential operator, B the

boundary condition operator, u(·, t;ξ) the system solution, g(·, t;ξ) the boundary term,

and u0(·;ξ) the initial function. To simplify the presentation, we illustrate our methodology

using the following parametric parabolic partial differential equation as a representative

example:

∂ u

∂ t
(x , t;ξ)−∇ ·

�

c(x ;ξ)∇u(x , t;ξ)
�

= f (x , t;ξ), x ∈ D, t ∈ [0, T ], ξ ∈ Ω, (2.1a)

u(x , 0;ξ) = u0(x ;ξ), x ∈ D, ξ ∈ Ω, (2.1b)
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u(x , t;ξ) = g(x , t;ξ), x ∈ ∂ D, t ∈ [0, T ], ξ ∈ Ω, (2.1c)

where c(x ;ξ) is the diffusion coefficient and f (x , t;ξ) the source term.

Let

V := L2(D;C) =

�

û(x )

�

�

�

�

∫

D

|û(x )|2d x < +∞
�

.

Besides, the inner product on V and the associated norm are defined by

〈û(x ), v̂(x )〉 :=
∫

D

û(x )v̂(x )dx , ‖û(x )‖ :=
Æ

〈û(x ), û(x )〉.

2.1. The frequency-domain method

To tackle the dynamical system (2.1), we apply the Fourier transformation to get the

following set of complex-valued elliptic equations depending on the frequency ω:

iωû(x ,ω;ξ)−∇ ·
�

c(x ;ξ)∇û(x ,ω;ξ)
�

= f̂ (x ,ω;ξ), x ∈ D, ξ ∈ Ω,

û(x ,ω;ξ) = ĝ(x ,ω;ξ), x ∈ ∂ D, ξ ∈ Ω,
(2.2)

where i =
p
−1 is the imaginary unit. The Fourier transform û(x ,ω;ξ) of a function

u(x , t;ξ) in time and its inverse are

û(x ,ω;ξ) :=

∫ ∞

−∞
u(x , t;ξ)exp(−iωt)dt,

u(x , t;ξ) :=
1

2π

∫ ∞

−∞
û(x ,ω;ξ)exp(iωt)dω.

For the Fourier transformation, the function u is extended by zero outside of the interval

[0, T ] with the functions f and g being treated identically to derive Eq. (2.2).

The weak formulation of (2.2) is: For all ω ∈ R and ξ ∈ Ω, find û(·,ω;ξ) such that

û = ĝ on ∂ D and

iω〈û(·,ω;ξ), v̂〉+ 〈c(·;ξ)∇û(·,ω;ξ),∇v̂〉 = 〈 f̂ (·,ω;ξ), v̂〉 for all v̂ ∈ V . (2.3)

Consider the finite element approximation of problem (2.3) in an n-dimensional subspace

Vh ⊂ V . If {ψ j}nj=1
is a set of basis functions of the space Vh, then the solution û(x ,ω;ξ)

can be approximated as

û(x ,ω;ξ) ≈ ûh(x ,ω;ξ) :=

n
∑

j=1

û j(ω;ξ)ψ j(x ),

where

û j(ω;ξ) := ûRe
j
(ω;ξ) + iûIm

j
(ω;ξ), j = 1, . . . , n
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is a complex-valued function. For the approximation of the Fourier inverse, we employ

the Gaussian quadrature based on the LGL-points with an appropriate interval [0,ω∗] for

a sufficiently large ω∗, where û(·,ω; ·) is negligible for |ω| > ω∗. Let {ω j}Nωj=1
be the set

of LGL-points on the interval [0,ω∗]. Then, the time-variable approximate u(x , t;ξ) to

problem (2.1) is

u(x , t;ξ) =
1

π
Re

 

Nω∑

j=1

ûh(x ,ω j;ξ)exp(iω j t)w j

!

, (2.4)

where w j is the Gaussian quadrature weight of the LGL-points ω j.

Note that, for different values of ω and ξ, one has to solve (2.3) repetitively to obtain

the solution ûh(x ,ω;ξ). This process requires a large amount of computation when dealing

with a large number of parameters ω and ξ, especially for more complex problems. To re-

duce the computational cost, the frequency variableω will be treated as a one-dimensional

parameter in this paper. We aim to construct the reduced order model of ûh(x ,ω;ξ). With

this reduced order model, (2.4) can be computed in a computationally economical fashion,

and the implementation details will be elaborated in the following sections.

3. VS and Domain Decomposition Methods

In this section, we will present in detail the VS method and the domain decomposition

method for the complex-valued problem (2.3), where the VS method will be utilized in the

next section to construct surrogate models for domain decomposed problems.

3.1. VS method for complex-valued problems

As already mentioned, our goal is the construction of a reduced order model when ω

is considered as one of the parameters. In this section, the VS method will be extended to

derive a separate representation of the solutions û(x ,ω;ξ) for the complex-valued elliptic

problem (2.3). For convenience, define µ := (ω,ξ), Ω̃ := R×Ω. Then the equality (2.3)

can be rewritten as

a(û, v̂;µ) = b(v̂;µ), (3.1)

where a(·, ·;µ) and b(·;µ) are complex-valued bilinear and linear forms on V , respectively.

Assume that a(·, ·;µ) and b(·;µ) are affine with respect to µ, i.e.

a(û, v̂;µ) =

ma∑

j=1

α j(µ)a j(û, v̂) + iγ(µ)m(û, v̂) for all û, v̂ ∈ V , µ ∈ Ω̃,

b(v̂;µ) =

mb∑

j=1

�

βRe
j (µ)b

Re
j (v̂) + iβ Im

j (µ)b
Im
j (v̂)

�

for all v̂ ∈ V , µ ∈ Ω̃,

(3.2)

where γ(µ) = ω, m(û, v̂) = 〈û, v̂〉, α j(µ) : Ω̃ → R is µ-dependent function and a j : V ×
V → R is a bilinear form independent of µ, for each j = 1, . . . , ma, βRe

j
(µ) : Ω̃ → R and
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β Im
j
(µ) : Ω̃→ R are µ-dependent functions, bRe

j
: V → R and bIm

j
: V → R, j = 1, . . . , mb are

linear forms independent of µ. Our analysis shows that affine decompositions play a crucial

role in enabling the offline-online decomposition.

When (3.2) holds, the matrix form of Eq. (2.3) in a finite element space Vh is given by
 

ma∑

j=1

α j(µ)A j + iγ(µ)M

!

û(µ) =

mb∑

j=1

�

βRe
j (µ)F

Re
j + iβ Im

j (µ)F
Im
j

�

, (3.3)

where û(µ) = ûRe(µ) + iûIm(µ), and

(A j)kl = a j(ψk,ψl), Mkl = 〈ψk,ψl〉,
�

ûRe(µ)
�

k
= ûRe

k
(µ),

�

ûIm(µ)
�

k
= ûIm

k
(µ),

�

FRe
j

�

k
= bRe

j (ψk),
�

F Im
j

�

k
= bIm

j (ψk), 1≤ k, l ≤ n.

Now, we introduce the VS method for the problem (3.3) to obtain a separate approxi-

mation of the solution — i.e.

û(µ) ≈ ûN (µ) :=

N
∑

j=1

�

ζRe
j (µ)c

Re
j + iζIm

j (µ)c
Im
j

�

, (3.4)

where ζRe
j
(µ) and ζIm

j
(µ) are real-valued parametric functions, and cRe

j
and cIm

j
are real-

valued vectors independent of µ, with N (≪ n) denoting the number of the separate terms.

We define the error of the VS method by

e(µ) := eRe(µ) + ieIm(µ) = û(µ)− ûk−1(µ), (3.5)

where ûk−1(µ) ≡ 0 at k = 1. Substituting (3.5) into the Eq. (3.3) yields

−γ(µ)MeIm(µ) +

ma∑

j=1

α j(µ)A je
Re(µ) = rRe

k
(µ), (3.6)

γ(µ)MeRe(µ) +

ma∑

j=1

α j(µ)A je
Im(µ) = rIm

k
(µ), (3.7)

where

rRe
k
(µ) :=















mb∑

j=1

βRe
j (µ)F

Re
j , k = 1,

mb∑

j=1

βRe
j (µ)F

Re
j + γ(µ)M ûIm

k−1(µ)−
ma∑

j=1

α j(µ)A j û
Re
k−1
(µ), k ≥ 2,

(3.8)

rIm
k
(µ) :=















mb∑

j=1

β Im
j (µ)F

Im
j , k = 1,

mb∑

j=1

β Im
j (µ)F

Im
j − γ(µ)M ûRe

k−1
(µ)−

ma∑

j=1

α j(µ)A j û
Im
k−1
(µ), k ≥ 2.

(3.9)
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At the k-th step we choose µk as follows:

µk =







chosen randomly in Ξ, k = 1,

argmax
µ∈Ξ

|rk(µ)|, k ≥ 2,

where Ξ is a collection of a finite number of samples in Ω̃ and rk(µ) = rRe
k
(µ) + irIm

k
(µ).

Solving the Eqs. (3.6)-(3.7) with µ = µk, we derive cRe
k
= eRe(µk) and cIm

k
= eIm(µk)

in (3.4).

Let ẽRe(µ) = ζRe
k
(µ)cRe

k
and ẽIm(µ) = ζIm

k
(µ)cIm

k
. By taking eRe = ẽRe and eIm = ẽIm

in (3.6)-(3.7), the linear systems involving the unknowns ζRe
k
(µ) and ζIm

k
(µ) are as follows:

−γ(µ)McIm
k
ζIm

k
(µ) +

ma∑

j=1

α j(µ)A jc
Re
k
ζRe

k
(µ) = rRe

k
(µ), (3.10)

γ(µ)McRe
k
ζRe

k
(µ) +

ma∑

j=1

α j(µ)A jc
Im
k ζ

Im
k (µ) = rIm

k (µ). (3.11)

Taking the dot product of (3.10) with cRe
k

and (3.11) with cIm
k

yields the affine representa-

tions of ζRe
k
(µ) and ζIm

k
(µ) as

ζRe
k
(µ) =

 

ma∑

j=1

α j(µ)
�

cIm
k

�T
A jc

Im
k
·
�

cRe
k

�T
rRe

k
(µ) + γ(µ)

�

cRe
k

�T
McIm

k
·
�

cIm
k

�T
rIm

k
(µ)

!

×
 

ma∑

j=1

α j(µ)
�

cRe
k

�T
A jc

Re
k
·

ma∑

j=1

α j(µ)
�

cIm
k

�T
A jc

Im
k

+γ(µ)
�

cRe
k

�T
McIm

k · γ(µ)
�

cIm
k

�T
McRe

k

!−1

, (3.12)

ζIm
k
(µ) =

 

ma∑

j=1

α j(µ)
�

cRe
k

�T
A jc

Re
k
·
�

cIm
k

�T
rIm

k
(µ)− γ(µ)

�

cIm
k

�T
McRe

k
·
�

cRe
k

�T
rRe

k
(µ)

!

×
 

γ(µ)
�

cRe
k

�T
McIm

k
· γ(µ)

�

cIm
k

�T
McRe

k

+

ma∑

j=1

α j(µ)
�

cIm
k

�T
A jc

Im
k
·

ma∑

j=1

α j(µ)
�

cRe
k

�T
A jc

Re
k

!−1

, (3.13)

where both rRe
k
(µ) and rIm

k
(µ) are affine functions of µ, as defined by the Eqs. (3.8)-(3.9).

The iteration procedure ends when |rk(µk)| is small enough. The above procedure of

the VS method for the complex-valued elliptic problem is summarized in Algorithm 3.1. We

emphasize that the coefficients {cRe
j
}N

j=1
and {cIm

j
}N

j=1
(independent of µ) can be calculated
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Algorithm 3.1 VS Method for the Complex-Valued Elliptic Problem

Input: The complex-valued elliptic problem (3.3), a set of samples Ξ ∈ Ω̃, and the error

tolerance ǫ.

Output: The approximation ûN (µ) :=
∑N

j=1(ζ
Re
j
(µ)cRe

j
+ iζIm

j
(µ)cIm

j
).

Step 1. Initialize the iteration counter k = 1, a random µ1 ∈ Ξ.

Step 2. Calculate cRe
k

and cIm
k

by solving (3.6) and (3.7) with µ = µk; compute ζRe
k
(µ)

and ζIm
k
(µ) by (3.12) and (3.13).

Step 3. Update Ξ= Ξ\µk, and take ûk(µ) :=
∑k

j=1(ζ
Re
j
(µ)cRe

j
+ iζIm

j
(µ)cIm

j
).

Step 4. Set k→ k + 1.

if |r(µ)| ≥ ǫ and Ξ 6= ; then

Choose µk ∈ argmaxµ∈Ξ |rk(µ)|, and go to Step 2;

else

Set N = k and terminate.

end if

during the offline stage of the VS method and used directly in the online stage. Then we only

need to calculate the parametric functions in Eq. (3.4) for anyµ ∈ Ω̃ during the online stage.

This procedure is highly efficient, since it only involves the separate representation (3.4).

Although the VS method allows constructing reduced-order models for frequency-do-

main problems, its application to time-domain dynamical problems in complex geometries

remains challenging. In particular, employing the Fourier transform in such scenarios often

necessitates a large N to achieve sufficient approximation accuracy, leading to high compu-

tational costs. To address this limitation and enhance computational efficiency, we propose

incorporating a domain decomposition strategy.

3.2. Domain decomposition method for complex-valued problems

In this section, we introduce the non-overlapping domain decomposition method for

complex-valued problems. For real-valued problems, the reader can consult Refs. [39,48].

Here the complex-valued problem (2.2) is considered for a fixed µ̄ ∈ Ω̃.

Suppose that the domain D is split into Ns non-overlapping subdomains {Dj}Ns

j=1
, i.e.

D = ∪Ns

j=1
Dj and Dj ∩ Dk = ; if j 6= k. Restricting the weak formulation (3.1) to subdo-

main Dj, we write

a(û, v̂; µ̄) j = b(v̂; µ̄) j for all v̂ ∈ V j,

where V j is the Hilbert space V restricted to the subdomain Dj. The finite element dis-

cretization of the above equation leads the local linear system

Ajû j = f j , (3.14)

where Aj, f j , and û j are respectively the local system matrix, local load vector, and local

unknown solution. All of those are complex-valued — i.e.

Aj := Aj,Re + iAj,Im, û j := û j,Re + iû j,Im, f j := f j,Re + i f j,Im.
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Similar to the real-valued case, the local system (3.14) is singular due to the lack of

boundary conditions. To address this, we decompose û j into two parts — viz. the interface

part û
j

Γ
, where nodes are shared by two or more adjacent subdomains, and the interior part

û
j

I belonging to the subdomain Dj. As a result, the Eq. (3.14) can be written as





A
j,Re

I I + iA
j,Im

I I A
j,Re

IΓ + iA
j,Im

IΓ

A
j,Re

Γ I + iA
j,Im

Γ I A
j,Re

Γ Γ
+ iA

j,Im

Γ Γ





(

û
j,Re

I + iû
j,Im

I

û
j,Re

Γ
+ iû

j,Im

Γ

)

=

(

f
j,Re

I + i f
j,Im

I

f
j,Re

Γ
+ i f

j,Im

Γ

)

.

The system shows that once the interface unknowns û
j

Γ
are determined, the interior un-

knowns û
j

I can be determined by solving the interior problem

�

A
j,Re

I I + iA
j,Im

I I

�¦

û
j,Re

I + iû
j,Im

I

©

=
¦

f
j,Re

I + i f
j,Im

I

©

−
�

A
j,Re

IΓ + iA
j,Im

IΓ

�¦

û
j,Re

Γ
+ iû

j,Im

Γ

©

.

Let S j and F j be respectively the local Schur complement matrix and the corresponding

right-hand side vector — i.e.

S j =
�

A
j,Re

Γ Γ
+ iA

j,Im

Γ Γ

�

−
�

A
j,Re

Γ I + iA
j,Im

Γ I

��

A
j,Re

I I + iA
j,Im

I I

�−1 �

A
j,Re

IΓ + iA
j,Im

IΓ

�

,

F j =
¦

f
j,Re

Γ
+ i f

j,Im

Γ

©

−
�

A
j,Re

Γ I + iA
j,Im

Γ I

� �

A
j,Re

I I + iA
j,Im

I I

�−1 ¦

f
j,Re

I + i f
j,Im

I

©

.

Then the global interface unknowns ûΓ can be obtained by solving the global interface

problem

SûΓ = F, (3.15)

where

S =

Ns∑

j=1

RT
j S jR j, F =

Ns∑

j=1

RT
j F j .

The restriction matrix R j acts as a scatter operator that maps the global interface unknowns

ûΓ to the local interface unknowns û
j

Γ
, satisfying the relation R jûΓ = û

j

Γ
. This operator

enables the consistent transfer of interface information from the global domain to each

local subdomain within the domain decomposition framework.

Note that the primary computational cost of the construction of S and F arises from

inverting the complex-valued matrices A
j,Re

I I + iA
j,Im

I I , j = 1, . . . , Ns. In this work, we in-

vestigate the application of the domain decomposition method to parametric dynamical

systems. Using the Fourier transform, these systems can be converted into complex-valued

parametric elliptic problems. For each random input µ ∈ Ω̃, all the matrices mentioned

are µ-dependent, which leads to significant computational challenges when solving the

interface system.

4. Domain Decomposition Based on Variable-Separation

In this section, we will first present an offline-online method for the interface problem

of the complex-valued elliptic problem. This builds a relation between random input and
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global interface solution — cf. Sections 4.1-4.2. After that we present separate representa-

tions of the subproblems solutions. According to the Eq. (3.15), the interface problem for

the complex-valued elliptic equation can be written as

S(µ)ûΓ (µ) = F(µ),

where

S(µ) =

Ns∑

j=1

RT
j S j(µ)R j , F(µ) =

Ns∑

j=1

RT
j F j(µ),

and

S j(µ) =
�

A
j,Re

Γ Γ
(µ) + iA

j,Im

Γ Γ
(µ)
�

−
�

A
j,Re

Γ I (µ) + iA
j,Im

Γ I (µ)
� �

A
j,Re

I I (µ) + iA
j,Im

I I (µ)
�−1 �

A
j,Re

IΓ (µ) + iA
j,Im

IΓ (µ)
�

, (4.1)

F j(µ) =
¦

f
j,Re

Γ
(µ) + i f

j,Im

Γ
(µ)
©

−
�

A
j,Re

Γ I (µ) + iA
j,Im

Γ I (µ)
� �

A
j,Re

I I (µ) + iA
j,Im

I I (µ)
�−1 ¦

f
j,Re

I (µ) + i f
j,Im

I (µ)
©

. (4.2)

To simplify the presentation of the method, we split the domain D into two subdomains D1

and D2 and denote their interface by Γ instead of Γ12. Let us point out that two-subdomain

analysis extends naturally to multiple number of subdomains. The corresponding interface

problem for the complex-valued elliptic equation takes the following form:

�

S1(µ) + S2(µ)
�

ûΓ (µ) = F1(µ) + F2(µ). (4.3)

4.1. Affine representations of S and F

To enhance the computational efficiency, we develop an affine reformulation strategy

for (4.3) that guarantees the affine parameter dependence of both S(µ) and F(µ). The

implementation details of this approach are presented in this section. Using the affine

decomposition (3.2), we write the parametric matrices in Eqs. (4.1)-(4.2) as

A
j,Re

I I (µ) =

ma j
∑

n=1

α jn(µ)A
jn

I I , A
j,Im

I I (µ) = γ
j(µ)M

j

I I ,

A
j,Re

IΓ (µ) =

ma j
∑

n=1

α jn(µ)A
jn

IΓ , A
j,Im

IΓ (µ) = γ
j(µ)M

j

IΓ ,

A
j,Re

Γ I (µ) =

ma j
∑

n=1

α jn(µ)A
jn

Γ I , A
j,Im

Γ I (µ) = γ
j(µ)M

j

Γ I ,

A
j,Re

Γ Γ
(µ) =

ma j
∑

n=1

α jn(µ)A
jn

Γ Γ
, A

j,Im

Γ Γ
(µ) = γ j(µ)M

j

Γ Γ
,

(4.4)
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where the matrices A
jn

I I , A
jn

IΓ , A
jn

Γ I , A
jn

Γ Γ
and M

j

I I , M
j

IΓ , M
j

Γ I , M
j

Γ Γ
do not depend on µ. Note

that the first term of S j(µ) has the structure affine with respect to µ as required. Next, we

discuss how to obtain the affine approximation of the term

−
�

A
j,Re

Γ I (µ) + iA
j,Im

Γ I (µ)
� �

A
j,Re

I I (µ) + iA
j,Im

I I (µ)
�−1 �

A
j,Re

IΓ (µ) + iA
j,Im

IΓ (µ)
�

in (4.1).

Step 1. Construct the low-rank approximation of

X j(µ) =
�

A
j,Re

I I
(µ) + iA

j,Im

I I
(µ)
�−1 �

A
j,Re

IΓ
(µ) + iA

j,Im

IΓ
(µ)
�

(4.5)

such as

X
j

N (µ) :=

NS j
∑

n=1

�

φ j,Re
n (µ)X j,Re

n + iφ j,Im
n (µ)X j,Im

n

�

. (4.6)

Indeed, under the assumption (4.4), one can rewrite (4.5) as

 ma j
∑

n=1

α jn(µ)A
jn

I I + iγ j(µ)M
j

I I

!

X j(µ) =

 ma j
∑

n=1

α jn(µ)A
jn

IΓ + iγ j(µ)M
j

IΓ

!

.

Let nΓ be the number of the interface unknowns. The unknown parametric matrix

X j(µ) can be expressed as X j(µ) = [x
j

1
(µ), x

j

2
(µ), . . . , x

j
nΓ
(µ)], and each element x

j

k
(µ), k =

1, . . . , nΓ can be obtained by solving

 ma j
∑

n=1

α jn(µ)A
jn

I I
+ iγ j(µ)M

j

I I

!

x
j

k
(µ) = δ

j

k
(µ), (4.7)

where δ
j

k
(µ) denotes the k-th column of the matrix (

∑ma j

n=1
α jn(µ)A

jn

IΓ + iγ j(µ)M
j

IΓ ).

Applying Algorithm 3.1, we can derive the low-rank approximation for each component

x
j

k
(µ). Then, the approximate solution X

j

N (µ) in (4.6) is constructed by rearranging the

low-rank approximations of {x j

k
(µ)}nΓ

k=1
.

Step 2. Assemble affine expression for

X j(µ) = −
�

A
j,Re

Γ I
(µ) + iA

j,Im

Γ I
(µ)
� �

A
j,Re

I I
(µ) + iA

j,Im

I I
(µ)
�−1 �

A
j,Re

IΓ
(µ) + iA

j,Im

IΓ
(µ)
�

.

Using the low-rank representation of X j(µ) and the Eq. (4.4), we write

X j(µ) ≈ −





ma j
∑

n=1

α jn(µ)A
jn

Γ I + iγ j(µ)M
j

Γ I









NS j
∑

n=1

�

φ j,Re
n
(µ)X j,Re

n
+ iφ j,Im

n
(µ)X j,Im

n

�





=

(ma j
+1)NS j
∑

n=1

�

η j,Re
n
(µ)X j,Re

n
+ iη j,Im

n
(µ)X j,Im

n

�

, (4.8)
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where

η j,Re
n (µ) = α jn1(µ)φ j,Re

n2
(µ), X j,Re

n = −A
jn1

Γ I X j,Re
n2

,

η j,Im
n (µ) = α jn1(µ)φ j,Im

n2
(µ), X j,Im

n = −A
jn1

Γ I X j,Im
n2

, n= 1,2, . . . , ma j
NS j

,

η j,Re
n
(µ) = γ j(µ)φ j,Im

n2
(µ), X j,Re

n
= M

j

Γ I
X j,Im

n2
,

η j,Im
n (µ) = γ j(µ)φ j,Re

n2
(µ), X j,Im

n = −M
j

Γ I X
j,Re
n2

, n= ma j
NS j
+ 1, . . . , (ma j

+ 1)NS j
,

where n1 = 1,2, . . . , ma j
and n2 = 1,2, . . . , NS j

.

Subsequently, the low-rank representation of S j(µ) takes the form

S j(µ) =
�

A
j,Re

Γ Γ
(µ) + iA

j,Im

Γ Γ
(µ)
�

+X j(µ)

≈
ma j
∑

n=1

α jn(µ)A
jn

Γ Γ
+ iγ j(µ)M

j

Γ Γ
+

(ma j
+1)NS j
∑

n=1

�

η j,Re
n (µ)X j,Re

n + iη j,Im
n (µ)X j,Im

n

�

,

so that the low-rank representation of S(µ) is

S(µ) = S1(µ) + S2(µ) ≈
mS∑

n=1

�

η̂Re
n (µ)X̂ Re

n + iη̂Im
n (µ)X̂ Im

n

�

, (4.9)

where the sum term comes from stacking the variables and sorting the corresponding in-

dices via a single one, and

mS = ma1
+ma2

+ (ma1
+ 1)NS1

+ (ma2
+ 1)NS2

.

Note that mS is the number of the real part of S(µ), and the number of its imaginary part is

equal to 2+(ma1
+1)NS1

+(ma2
+1)NS2

, which is less than or equal to mS . For convenience,

we also use mS to denote the number of the imaginary part, since for the imaginary part,

the terms with the index n = 3 + (ma1
+ 1)NS1

+ (ma2
+ 1)NS2

, . . . , mS can be set to 0.

Algorithm 4.1 outlines the assembling process of S(µ).

Algorithm 4.1 The Assemble Process of S(µ)

Input: The complex-valued matrices A
j

I I(µ), A
j

IΓ (µ), A
j

Γ I(µ), A
j

Γ Γ
(µ), j = 1,2.

Output: The low-rank representation S(µ) =
∑mS

n=1
(η̂Re

n (µ)X̂ Re
n + iη̂Im

n (µ)X̂ Im
n ).

Step 1. Get the approximation of

X j(µ) =
�

A
j,Re

I I
(µ) + iA

j,Im

I I
(µ)
�−1 �

A
j,Re

IΓ
(µ) + iA

j,Im

IΓ
(µ)
�

by solving Eq. (4.7) with Algorithm 3.1.

Step 2. Assemble the affine expression of

−
�

A
j,Re

Γ I (µ) + iA
j,Im

Γ I (µ)
� �

A
j,Re

I I (µ) + iA
j,Im

I I (µ)
�−1 �

A
j,Re

IΓ (µ) + iA
j,Im

IΓ (µ)
�

by (4.8).
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Step 3. Assemble S j(µ) based on (4.4) and the expression derived in Step 2.

Step 4. Assemble the low-rank representation of S(µ) by (4.9).

Similarly, with the assumption (3.2) of affine decomposition, we have

f
j,Re

I
(µ) =

mb j
∑

n=1

β jn,Re(µ) f
jn,Re

I
, f

j,Im

I
(µ) =

mb j
∑

n=1

β jn,Im(µ) f
jn,Im

I
,

f
j,Re

Γ
(µ) =

mb j
∑

n=1

β jn,Re(µ) f
jn,Re

Γ
, f

j,Im

Γ
(µ) =

mb j
∑

n=1

β jn,Im(µ) f
jn,Im

Γ
,

(4.10)

where f
jn,Re

I , f
jn,Im

I , f
jn,Re

Γ
and f

jn,Im

Γ
are independent ofµ. Following the assemble strategy

of S(µ), one can derive the low-rank representation for F(µ) as follows:

F(µ) = F1(µ) + F2(µ) ≈
mF∑

n=1

�

ρ̂Re
n
(µ)F̂Re

n
+ iρ̂Im

n
(µ)F̂ Im

n

�

, (4.11)

where

mF = mb1
+mb2

+ (ma1
+ 1)NF1

+ (ma2
+ 1)NF2

.

The detailed procedure of assembling F(µ) is presented in Algorithm 4.2.

Algorithm 4.2 The Assemble Process of F(µ)

Input: The complex-valued matrices A
j

I I(µ), A
j

Γ I(µ) and vectors f
j

I (µ), f
j

Γ
(µ), j = 1,2.

Output: The low-rank representation F(µ) =
∑mF

n=1
(ρ̂Re

n (µ)F̂
Re
n + iρ̂Im

n (µ)F̂
Im
n ).

Step 1. Get the approximation of [A
j,Re

I I (µ) + iA
j,Im

I I (µ)]
−1{ f j,Re

I (µ) + i f
j,Im

I (µ)} by Algo-

rithm 3.1.

Step 2. Assemble the affine expression of

−
�

A
j,Re

Γ I (µ) + iA
j,Im

Γ I (µ)
� �

A
j,Re

I I (µ) + iA
j,Im

I I (µ)
�−1 ¦

f
j,Re

I (µ) + i f
j,Im

I (µ)
©

.

Step 3. Assemble F j(µ) based on (4.10) and the expression derived in Step 2.

Step 4. Assemble the low-rank representation of F(µ) by (4.11).

4.2. Reduced model for the interface problem

Based on the separate approximations of S(µ) and F(µ) derived in Section 4.1, the

interface problem (4.3) can be expressed as

mS∑

n=1

�

η̂Re
n (µ)X̂ Re

n + iη̂Im
n (µ)X̂ Im

n

�

ûΓ (µ) =

mF∑

n=1

�

ρ̂Re
n (µ)F̂

Re
n + iρ̂Im

n (µ)F̂
Im
n

�

, (4.12)
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which is a linear complex-valued system with nΓ unknowns. Although solving (4.12) re-

quires much less computation effort than that of the original model (4.3), this may not

be a very small-scale problem. This persistence stems from the fact that the reformulated

model (4.12) inherits the discretization-dependent characteristics of the original full-order

system. Therefore, we again employ the VS method from Section 3.1 to derive the following

reduced model representation of the interface problem:

ûΓ (µ) ≈
NΓ∑

k=1

�

ζ
k,Re
Γ
(µ)c

k,Re
Γ
+ iζ

k,Im
Γ
(µ)c

k,Im
Γ

�

, (4.13)

where NΓ is the number of the separate terms, c
k,Re
Γ

and c
k,Im
Γ

, k = 1, . . . , NΓ are nΓ -

dimension vectors. Using this separate representation for new random inputs, we can

directly obtain the solution to the interface problem without solving the Eq. (4.3) or the

Eq. (4.12) again. This approach has the potential of very high efficiency, since it only re-

quires computing the coefficients ζ
k,Re
Γ
(µ) and ζ

k,Im
Γ
(µ) for new parameter values while

reusing the precomputed spatial basis c
k,Re
Γ

and c
k,Im
Γ

.

4.3. Reduced model for subdomain problems

As discussed in Section 3.2, once having the solution û
j

Γ
(µ) of the interface problem, the

interior solution û
j

I(µ) in the subdomain Dj can be obtained by solving the complex-valued

equation

�

A
j,Re

I I (µ) + iA
j,Im

I I (µ)
�¦

û
j,Re

I (µ) + iû
j,Im

I (µ)
©

=
¦

f
j,Re

I (µ) + i f
j,Im

I (µ)
©

−
�

A
j,Re

IΓ (µ) + iA
j,Im

IΓ (µ)
� ¦

û
j,Re

Γ
(µ) + iû

j,Im

Γ
(µ)
©

.

To reduce the computational cost, we apply the VS method in order to construct an efficient

surrogate model. Using the affine decomposition of the matrices A
j,Re

I I (µ), A
j,Im

I I (µ), A
j,Re

I T (µ),

A
j,Im

I T (µ) in (4.4) and the vectors f
j,Re

I (µ), f
j,Im

I (µ) in (4.10) and the affine surrogate model

of the interface solutions û
j,Re

Γ
(µ), û

j,Im

Γ
(µ) in Eq. (4.13), we get

û
j

I (µ) ≈
NI∑

k=1

�

ζ
jk,Re

I (µ)c
jk,Re

I + iζ
jk,Im

I (µ)c
jk,Im

I

�

,

where NI is the number of the separate terms, c
jk,Re

I and c
jk,Im

I , k = 1, . . . , NI are vectors

independent of µ.

In summary, for time-dependent problems, after computing the corresponding solutions

using the preconstructed surrogate models for both the interface problem and subproblems

with new parameter inputs, we can obtain the temporal solution through an inverse Fourier

transform. The entire computational process is independent of the spatial discretization of

the original system and requires no time-stepping iterations, thus demonstrating remark-

able efficiency.
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Notably, the online stage of the proposed approach can be much more efficient, as

the surrogate models of the interface problem and subproblems (as well as their real and

imaginary parts) allow parallel computation across various frequency values.

Remark 4.1. The proposed method can be extended to non-affine, nonlinear, and multi-

physical parameterized problems. For the non-affine case, the VS method [34] for a multi-

variable function and the empirical interpolation method can be used to obtain the affine

form. In multi-physical parameterized problems, we can use the domain decomposition to

reduce a global multi-physical problem to a local single-physical problem. Then we perform

the VS method for each local problem. To obtain the Fourier transform of the nonlinear

case, the convolution property will be used.

5. Numerical Experiments

Here we present three numerical examples. The corresponding numerical results de-

monstrate the applicability and efficiency of the method proposed. In Section 5.1, the

method is applied to the heat equation. After that we apply it to the reaction diffusion

equation in Sections 5.2.1 and 5.2.2 with different settings. All numerical experiments

were run in Python on a Dell workstation with Intel Xeon W-2295 CPU @3.00GHz and

64GB of RAM.

To quantify the accuracy of the proposed method, the average relative error εu for the

solution of the original dynamical systems is defined by

εu :=
1

M

M
∑

k=1

‖u(x , t;ξk)− uN (x , t;ξk)‖L2([0,T];Vh)

‖u(x , t;ξk)‖L2([0,T];Vh)

, (5.1)

where M is the number of samples, uN (x , t;ξk) the approximate solution obtained by the

proposed method which is denoted FT-DD-VS, and u(x , t;ξk) the reference solution. In the

following examples, the reference solution is calculated by FEM in space and the backward

Euler scheme in time, denoted as FEM-BE.

Furthermore, we define the average relative error εû for the complex-valued equations

as

εû :=
1

M

M
∑

k=1

|û(µk)− ûN (µk)|
|û(µk)|

, (5.2)

where ûN (µk) is the approximate solution obtained by the VS method and û(µk) the refer-

ence solution determined by FEM.

5.1. Heat equation

On the domain D = [0,1]× [0,1], we consider the following heat equation:

∂ u

∂ t
(x , t;ξ)−∇ ·

�

c(x ;ξ)∇u(x , t;ξ)
�

= f (x , t;ξ),
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where
u(x , 0;ξ) = 0, (x ,ξ) ∈ D ×Ω,

u(x , t;ξ) = 0, (x , t;ξ) ∈ ∂ D× [0, T ]×Ω.
(5.3)

The analytical solution of this problem is

u(x , t;ξ) =
1

π

t

t2 + 1
sinπx1 sinπx2,

so that the source function f has the form

f (x , t;ξ) =

�

1

π

1− t2

(t2 + 1)2
+ 2π

t

t2 + 1
c(x ;ξ)

�

sinπx1 sinπx2.

The original domain D is divided into the subdomains D1 = [0,0.5] × [0,1] and D2 =

[0.5,1]× [0,1], and the coefficient c(x ;ξ) is defined as

c(x ;ξ) =

¨

ξ1, x ∈ D1,

2ξ2, x ∈ D2.

Therefore, the source function has different representations in subdomains D1 and D2. Note

that ξ := (ξ1,ξ2) ∈ [1,2]2 and T = 1. The reference solution is obtained by FEM in space

with the mesh size h = 0.02 and the backward Euler scheme in time with the step size

τ = 5×10−4. Besides, |Ξ| denotes the cardinality of the sample set Ξ and is set to |Ξ|= 10

for the offline stage in Algorithm 3.1. In this problem, we take ω∗ = 20 and Nω = 20,

which suffices for determining an effective approximation.

First, we quantify the assembly errors for S and F in Step 1, which coincide with their

affine approximation errors. Taking S1 as an example, Fig. 1 plots the average relative error

versus the number of separate terms NS1
, computed as (5.2) with 103 samples. Note that

the error diminishes monotonically as NS1
increases. This implies that the VS method effec-

tively approximates complex-valued problems. To construct an efficient surrogate model

for the interface problem, we select NS1
= 4, ensuring the relative approximation error of S1

remains below 10−6. Correspondingly, we set NS2
= 4, NF1

= 4, and NF2
= 4.
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Figure 1: Average relative error versus the number of separate terms NS1
.
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Based on the affine approximations of S and F , Fig. 2 shows the average relative error

versus the number of separate terms for interface problem NΓ and subdomain problems NI .

The errors εuΓ
and εuI

are calculated by formula (5.2) with 103 samples.

We find that the relative error of subdomain problems decreases rapidly and stabilizes

when NI ≥ 4. The results demonstrate that the VS method yields accurate approximations

for both interface and subdomain solutions, a capability critical for ensuring the reliability

of our proposed method in parametric dynamical systems.

Fig. 2 shows that the number of separate terms NΓ = 1 for the interface problem and

NI = 4 for the subdomain problems yields a surrogate model with the desired relative

error while maintaining computational efficiency. Under this configuration (NΓ = 1 and

NI = 4), we compute the relative error of the original dynamical system by (5.1). Fig. 3(a)

illustrates the relative errors of the first 100 samples. Along with the temporal evolution,

the relative error decreases — cf. Fig. 3(b). Notice that the proposed method can provide

a good approximation for the solution of the original problem.

Fig. 4 presents the mean solutions at t = 1, computed by the proposed method and

the FEM-BE scheme in two subdomains. The top row shows the reference solutions, while
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Figure 2: Average relative error versus the number of separate terms.
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(a) Errors for the first 100 samples

0.0 0.2 0.4 0.6 0.8 1.0
Time t

10−5

10−4

10−3

10−2

Re
la

tiv
e 

er
ro

r

(b) Average relative errors versus the time

Figure 3: Comparison of the errors.
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Figure 4: Comparison of the solutions in subdomains for the FEM-BE and FT-DD-VS methods.

the bottom row displays the corresponding results obtained using the proposed approach.

It can be observed that the solution profiles and magnitudes produced by the proposed

method closely match those of the reference.

Table 1 presents CPU time based on M = 103 random samples, which includes the

offline CPU time (Toff), online CPU time (Ton), total CPU time (Ttot), and the average total

CPU time (Ttot). The magnitude of the average total CPU time by the proposed method is

much smaller than that of the FEM-BE method. It demonstrates that the proposed method

can achieve a good trade-off in both approximation accuracy and computational efficiency

for this numerical experiment.

Table 1: Comparison of the CPU time for FT-DD-VS and FEM-BE.

Algorithm Toff Ton Ttot Ttot

FT-DD-VS 2.90× 102s 9.39× 102s 1.23× 103s 1.23s

FEM-BE \ \ 3.98× 105s 3.98× 102s
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5.2. Reaction diffusion equation

In this subsection, we consider the reaction diffusion equation

∂ u

∂ t
(x , t;ξ) =∇ ·

�

c1(x ;ξ)∇u(x , t;ξ)
�

− c2(x ;ξ)u(x , t;ξ) + f (x , t;ξ) (5.4)

with the initial and boundary conditions (5.3). The original domain D = [0,1]× [0,1] is

divided into two subdomains D1 = [0,0.5]× [0,1] and D2 = [0.5,1]× [0,1].

5.2.1. The first scenario

First, we consider the source function

f (x , t;ξ) = e−t2

e5(x1+x2)
2

,

and the coefficients

c1(x ;ξ) =

¨

100ξ1, x ∈ D1,

10ξ2, x ∈ D2,
c2(x ;ξ) =

¨

ξ3, x ∈ D1,

0.1ξ4, x ∈ D2,

where ξ := (ξ1,ξ2,ξ3,ξ4) ∈ [1,2]4. The reference solution is calculated by FEM in space

with the mesh size h = 0.05 and the backward Euler scheme in time with the step size

τ = 5 × 10−4. We take ω∗ = 15, Nω = 15, and |Ξ| = 10 for training in the offline stage

of Algorithm 3.1. In this problem, we select NS1
= NS2

= NF1
= NF2

= 4 and focus on the

results of the interface problem and the subproblems.

Fig. 5 plots the average relative errors of the interface problem and the subproblems

against the number of the separate terms N , where the average relative errors are com-

puted based on 103 samples. The relative error decreases as the number of separate terms

increases, as shown in Fig. 5(a) for the interface problem. For the subdomain problems,

the relative error stabilizes when the number of separate terms is no less than 2. From the
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Figure 5: Average relative error versus the number of separate terms.
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Figure 6: Errors for the first 100 samples.

0.0 0.2 0.4 0.6 0.8 1.0
Time t

10−6

10−5

10−4

10−3

10−2

10−1

100

Re
la

tiv
e 

er
ro

r

Figure 7: Average relative errors versus time.

figures, we can see that as the number of the separate terms increases, the approximation

first becomes more accurate and then stable.

To illustrate the individual relative error of the approximation in Fig. 6, we set NΓ = 3

and NI = 2. Fig. 6 demonstrates the relative errors of the first 100 samples at t = 0.2 and

t = 0.8. The range of the relative errors against the sample index at t = 0.2 is wider than

that at t = 0.8. Besides, we also plot the average relative errors versus time in Fig. 7. Here,

the relative error first decreases and then increases one order of magnitude compared to

that at t = 0.6. This illustrates the proposed method can provide a good approximation for

the original problem (5.4) after t = 0.02 with the relative error less than 10−5.

Finally, we present the CPU times based on M = 103 random samples for both the

proposed method and the FEM-BE method in Table 2. The average total CPU time is reduced

Table 2: Comparison of the CPU time for FT-DD-VS and FEM-BE.

Algorithm Toff Ton Ttot Ttot

FT-DD-VS 2.87× 101s 2.48× 102s 2.77× 102s 2.77× 10−1s

FEM-BE \ \ 7.56× 104s 7.56× 101s
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from 7.56× 101s to 2.77× 10−1s using the proposed method. In summary, the proposed

method significantly reduces computational time compared to the FEM-BE method, while

maintaining high accuracy.

5.2.2. The second scenario

In this example we set

f (x , t;ξ) =
1− t2

(1+ t2)2
e5(x1+x2)

2

,

c1(x ;ξ) =

¨

0, x ∈ D1,

10ξ1, x ∈ D2,

c2(x ;ξ) =

¨

100ξ2, x ∈ D1,

0, x ∈ D2,

and ξ := (ξ1,ξ2) ∈ [3,4]2. The reference solution is calculated using FEM in space with

a mesh size h= 0.05 and the backward Euler scheme in time with a step size τ = 10−3. In

this problem, we take ω∗ = 15, Nω = 15, |Ξ|= 10, and set NS1
= NS2

= NF1
= NF2

= 4.

Fig. 8 presents the average relative errors of the interface problem and the subproblems

against the number of the separate terms N . The average relative errors are calculated from

103 random samples. The figures show that the approximation accuracy for the interface

problem improves as N increases. However, the error of the subproblems first decreases

and then plateaus as N increases. Based on the results, we set NΓ = NI = 4 to perform the

Fourier inversion and ensure the approximation accuracy.

To illustrate the approximation accuracy, the relative errors of the first 100 samples

along with the errors versus the time are plotted in Fig. 9. The results in Fig. 9(a) demon-

strate that the proposed method provides accurate approximations for the first 100 random

samples, because the curve of relative errors stay below the threshold of 10−3. In Fig. 9(b),
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Figure 8: Average relative error versus the number of separate terms.
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(b) Average relative errors versus the time

Figure 9: Comparison of the errors.

we can see that the relative errors within t ∈ [0.1,0.9] exhibits a clear periodic varia-

tion pattern. Moreover, the average relative errors lies in the interval [10−6, 10−4] when

t ∈ [0.02,0.96]. In this example, the proposed method shows a good performance for

t ∈ [0.02,0.96].

Finally, Table 3 compares the proposed method with the FEM-BE approach in terms

of the computational cost. We find that the CPU time of the proposed method is orders

of magnitude smaller than that of the FEM-BE method. The results demonstrate that the

proposed method maintains high accuracy while achieving significant computational time

reduction compared to the FEM-BE approach.

Table 3: Comparison of the CPU time for FT-DD-VS and FEM-BE.

Algorithm Toff Ton Ttot Ttot

FT-DD-VS 2.81× 101s 2.02× 102s 2.30× 102s 2.30× 10−1s

FEM-BE \ \ 3.69× 104s 3.69× 101s

6. Conclusions

We propose a model order reduction method for parametric dynamical systems, in

which time-dependent problems are first transformed into frequency-variable elliptic equa-

tions using the Fourier transform. The converted equations become time-independent, al-

lowing for parallel computation across different frequency values. To construct an efficient

and accurate separable approximation for the resulting complex-valued elliptic equations,

we employ the variable-separation-based domain decomposition method. This approach

leverages domain decomposition to convert the solution of the complex elliptic problem

into solving interface problem and subproblems, making it well-suited for handling com-

plex scenarios. Subsequently, the VS method is applied to establish surrogate models for

both the interface problem and the subproblems. Based on this framework, the solution to
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the time-dependent problem is obtained by applying the inverse Fourier transform to the

elliptic equation solutions. A key advantage of the method is its ability to decouple offline

and online computations, ensuring that the online phase remains entirely independent of

spatial discretization, thus achieving high efficiency. As a result, the overall computational

cost of the proposed method is significantly lower than that of standard finite element

method, a fact supported by numerical experiments. Nevertheless, the Fourier transform

has inherent limitations, since the functions to be transformed should satisfy certain as-

sumptions. Consequently, this method faces significant constraints when applied to time-

dependent problems. In future work, we aim to explore domain decomposition directly

on time-dependent problems to achieve efficient computation, and focus on extending to

general parameter distributions by adapting the subdomain partitioning strategy.
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