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Abstract. The Schrödinger bridge problem (SBP), which can be understood as an entro-

py-regularized optimal transport, seeks to compute stochastic dynamic mappings con-

necting two given distributions. SBP has shown significant theoretical importance and

broad practical potential, with applications spanning a wide range of interdisciplinary

fields. While theoretical aspects of the SBP are well-understood, practical computational

solutions for general cases have remained challenging. This work introduces a compu-

tational framework that leverages continuous normalizing flows and score matching

methods to approximate the drift in the dynamic formulation of the SBP. The learned

drift term can be used for building generative models, opening new possibilities for ap-

plications in probability flow-based methods. We also provide a rigorous Γ−convergence

analysis for our algorithm, demonstrating that the neuron network solutions converge to

the theoretical ones as the regularization parameter tends to infinity. Lastly, we validate

our algorithm through numerical experiments on fundamental cases.

AMS subject classifications: 49Q22, 68T07

Key words: Schrödinger bridge, continuous normalizing flow, Γ -convergence.

1. Introduction

Finding mappings between two probability distributions is the focus of many modern

machine learning applications, from generative modeling to understanding physical sys-

tems [34]. While deterministic methods such as optimal transport (OT) have offered robust

frameworks for addressing this task, many real-world phenomena are inherently governed

by stochastic processes, necessitating more sophisticated approaches. The Schrödinger

bridge problem, originally proposed by Schrödinger [44], addresses this challenge by seek-

ing the most likely stochastic process connecting two probability distributions. SBP is of
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great theoretical importance in mathematical physics, as they provide deeper insights into

the evolution of physical systems and the study of quantum information. It also demon-

strates broad practical potential across various applications in interdisciplinary fields such

as modeling natural stochastic dynamical systems [16, 43], image processing [31] and

shape correspondence [9].

Let Ω ⊂ Rd be a convex domain in Rd with a smooth boundary, which could possibly

be unbounded in general. The Schrödinger problem can be stated as follows [26]: For two

probability distributions ρ0 and ρ1 on Ω, find a path measure P∗ ∈ P (C([0, T ];Ω)) such

that

P∗ = argmin
P∈D(ρ0,ρ1)

KL(P‖Q), (1.1)

where Q ∈ P (C([0, T ];Ω)) is a reference measure. Here, P (C([0, T ];Ω)) indicates the

set of measures on the path space C([0, T ];Ω) (continuous curves taking values in Ω), and

D(ρ0,ρ1) ⊂ P (C([0, T ];Ω)) is the set with marginal measures ρ0 at time t = 0 and ρ1 at

time t = T . The KL divergence between two probability measure µ and ν on Ω is defined

by

KL[µ‖ν] =







∫

Ω

log

�

dµ

dν

�

dµ, if µ≪ ν,

∞, otherwise,

where dµ/dν denotes the Radon-Nikodym derivative of µ with respect to ν. Note that the

KL divergence is non-negative by Jensen’s inequality and achieves zero only if µ = ν. More-

over, it is a convex functional with respect to both arguments. In practice, Q is often taken

to be the path measure induced by Brownian motion or some relatively simple diffusion

process.

Previous research has demonstrated a close relationship between SBP and the optimal

stochastic control problem [40], thereby offering an alternative approach to solving the

SBP. Given that Q =
p

2σW, whereW is the path measure induced by the standard Brown

motion, then solving SBP (1.1) is equivalent to finding the optimal stochastic control of the

optimization problem — cf. [40],

min
u
E

�

1

2

∫ T

0

|ut(X t , t)|2d t

�

,

s.t. dX t = ut(X t , t)d t +
p

2σ dWt ,

X0 ∼ ρ0, XT ∼ ρ1,

(1.2)

or the problem with the Fokker-Planck equation constraint

min
ρ,u

1

2

∫ T

0

∫

Ω

ρ(x , t)|u(x , t)|2 d x d t,

s.t. ∂tρ +∇ · (ρu) = σ2
∆ρ,

ρ(x , 0) = ρ0(x), ρ(x , T ) = ρ1(x).

(1.3)
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Here the single bars | · | represent Euclidean length in Rd . We will use double bars ‖ · ‖
for norms involving the spatial integral

∫

Ω
, and single bars | · | for Euclidean length in Rd ,

and for the absolute values of scalars in the following text. Under mild assumptions on ρ0

and ρ1, Schrödinger bridge problem (1.3) admits a unique minimizer (ρ,u = ∇Φ) [26],

where (ρ,Φ) is the classical solutions of the Euler-Lagrange equations

∂tρ +∇ · (∇Φρ) = σ2
∆ρ,

∂tΦ+
1

2
|∇Φ|2 = −σ2

∆Φ.

If Q is the measure generated by the Langevin diffusion dX t = −∇U(X t)d t +
p

2σdW ,

where U(x) is a given potential, then solving corresponding SBP is equivalent to finding the

optimal control u such that the diffusion process dX t = [u(X t , t)−∇U(X t)] d t +
p

2σdW

bridges the distributions ρ0 and ρ1 and minimizes the L2 cost

min
ρ,u

1

2

∫ T

0

∫

Ω

ρ(x , t)|u(x , t)|2d xd t,

s.t. ∂tρ +∇ ·
�

ρ(u−∇U)
�

= σ2
∆ρ,

ρ(x , 0) = ρ0(x), ρ(x , 1) = ρ1(x).

(1.4)

Traditional approaches to solving the SBP primarily rely on iterative proportional fit-

ting [25] and Sinkhorn-Knopp algorithms [47,52]. Iterative methods suffer from cumula-

tive numerical errors [8], and crucially, reliance on mesh-based discretization makes them

computationally intractable for high-dimensional problems.

Recent advances in deep learning, particularly in the realm of continuous normalizing

flows (CNFs) and diffusion models, have opened new possibilities for addressing such chal-

lenges [5,50], which have demonstrated remarkable success in modeling complex probabil-

ity distributions and have natural connections to differential equations. One can model the

distribution using CNFs and enforce the constraints of the associated PDEs (such as Fokker-

Plank equation or continuity equation) by minimizing the residuals [7,54], or incorporate

regularization during CNF training to ensure the minimizers converge to the target solu-

tions [10, 35]. Thus, the framework of CNFs is particularly promising for the SBP due to

its ability to track density evolution and its natural alignment with transport-based formu-

lations. The recently developed flow-matching technique [29, 32] could effectively find

a particular CNF velocity field to connect two distributions.

Making use of the score-matching and flow-matching techniques, the learning-based ap-

proaches for Schrödinger bridge problems become a very active research direction in recent

years [17,30,31,46,51]. For example, De Bortoli et al. [1] framed score-based generative

models as SBP and proposed the diffusion Schrödinger bridge (DSB), an algorithm that ap-

proximates the classical IPF procedure by iteratively learning the drifts of the forward and

backward SDEs. By decomposing the path measures into a mixture of two-point bridges,

the flow-matching technique has been built in to solve the Schrödinger bridge problems. For

example, Shi et al. [46] has generalized the DSB to the diffusion Schödinger bridge match-

ing method. Related works include the iterated diffusion bridge mixture procedure [38]
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and the unified bridge algorithm [23]. An iterative scheme based on flow-matching for

a class of generalized Schrödinger bridge problems has been proposed in [30]. The itera-

tive schemes, however, could suffer from simulation-inference mismatch, leading to error

accumulation. The iterative Markovian fitting proposed in [46] is claimed to preserve initial

and terminal distributions, but real simulation and sampling also introduce errors which

could still accumulate through iterations. Recently, Tong et al. [51] proposed a simulation-

free method to learn the drift that avoids the iterative process. Using the flow-matching

technique, the problem is then changed to solving the regularized optimal transport prob-

lem. However, solving the OT problem itself is equivalently difficult. Though the Sinkhorn

method could be used, the problem is still challenging if the number of sample points is

large, and moreover sampling from the learned transport plan is also not straightforward.

In this work, we aim to solve the SBP using the framework of original CNFs, employing

the dynamic formulation of the SBP. The terminal distribution has a known density up to

a normalizing constant, while we allow the initial distribution to be represented by some

samples. The hard terminal constraint is replaced by a relaxed soft penalty using the KL

divergence. The Schrödinger bridge problem with relaxed terminal constraint was theo-

retically studied concurrently by Garg et al. [12]. The SDE backbone of the SBP dynamic

formulation introduces challenges in estimating density using the change of variables for-

mula (see the discussion in Section 3). To address this, we propose a hypothetical velocity

field to transform the Fokker-Planck equation into the transport equation form, aligning the

SBP with the framework of CNFs. Building on this, our algorithm introduces a mesh-free

framework that leverages CNFs to solve the dynamic formulation of the SBP. This approach

offers several key advantages:

• Though the terminal constraint is relaxed into a soft penalty based on KL divergence,

the approach is non-iterative and there is no error accumulation for the initial and

terminal constraints.

• It provides a theoretically grounded method for finding the connecting stochastic dif-

ferential equation (SDE) without requiring mesh discretization, making it scalable to

higher dimensions. Since it is mesh-free, the approach learns a continuous represen-

tation of the solution, enabling efficient sampling and density estimation at arbitrary

points in the path.

• The framework naturally incorporates the stochastic aspects of the SBP through a com-

bination of CNFs and score matching, providing a more faithful representation of the

underlying probabilistic dynamics.

A portion of our algorithm draws inspiration from a series of works on regularized CNFs.

By recognizing that both optimal transport and CNFs can be framed within a transport

framework, Finlay et al. [10] were the first to introduce optimal transport regularization in

CNFs and Onken et al. [35] proposed OT-Flow, an improved version of the CNFs combined

with optimal transport. The added regularization enforces the solutions to approximate the

theoretical solutions of the traditional OT problem. Jing et al. [21] also employed a sim-

ilar methodology to design a machine learning framework for learning geodesics under
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the spherical Wasserstein-Fisher-Rao metric based on unbalanced optimal transport theory.

Note that the SBP can be interpreted as an entropy-regularized optimal transport problem,

which motivates us to approach SBP using a framework similar to that of regularized CNFs.

Another fundamental challenge in adapting machine learning approaches to classical

mathematical problems lies in ensuring that the computational solutions faithfully approx-

imate the theoretical ones. In our context, while CNFs provide a feasible computational

framework, we must establish that our numerical solutions converge to the true solution

of the SBP. We address this through the mathematical framework of Γ -convergence, which

allows us to study the convergence of minimizers in optimization problems. By formulating

our computational approach as a sequence of relaxed optimization problems with increas-

ing penalty on the terminal distribution constraint, we can rigorously demonstrate that the

solutions of our algorithm converge to those of the classical SBP. This theoretical foundation

bridges the gap between computational efficiency and mathematical rigor.

The rest of the paper is organized as follows. Section 2 is devoted to a brief review

of the necessary concepts and tools established in previous works. Next, we present our

approach and derive the necessary equations to solve the dynamic formulation of the SBP

in Section 3. In Section 4, we propose our algorithm to solve the SBP, including training

hypothetical velocity field via CNFs and recovering optimal control through score matching.

A convergence analysis is developed in Section 5. In Section 6, we provide some numerical

experiments to validate the algorithm.

2. Preliminaries

In this section, we review several necessary concepts, tools and related preliminary

results for our use later. In particular, we will introduce the CNFs, the Γ -convergence and

the Benamou-Brenier functional.

2.1. Continuous normalizing flows

As mentioned above, we will develop a practical algorithm for the SBP using CNFs. The

CNFs [5, 10, 13] are a class of generative models based purely on particle transportation.

They aim to construct continuous and invertible mappings between an arbitrary distribution

ρ0 and the standard reference distribution ρ1 through the flows induced by a velocity field

v(·, t), which is represented by a neural network.

For a given time T , one is trying to obtain a mapping z : Rd×[0, T ]→ Rd , which defines

a continuous evolution x 7→ z(x , t) driven by the velocity field for every x ∈ Rd such that

the distribution at T matches ρ1. Define

ℓ(x , t) := log |det∇z(x , t)|,

then z(x , t) and ℓ(x , t) satisfy the following ODE system:

∂t

�

z(x , t)

ℓ(x , t)

�

=

�

v(z(x , t), t;θ )

tr(∇v(z(x , t), t;θ ))

�

,

�

z(x , 0)

ℓ(x , 0)

�

=

�

x

0

�

. (2.1)
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Then the density ρ(·, t) = (z(·, t))#ρ0 (the pushforward of ρ0 under the flow map z(·, t))

satisfies

logρ0(x) = logρ
�

z(x , t), t
�

+ log |det∇z(x , t)| for all x ∈ Rd . (2.2)

To train the dynamics, CNFs minimize the expected negative log-likelihood given by the

right-hand-side in (2.1), or equivalently the KL divergence between target distribution and

final distribution under the constraint (2.1) [13,36,37,41]

J = KL
�

ρ(z(x , T ))‖ρ1(z(x , T ))
�

.

Notably, CNFs exhibit strong capability in modeling density changes, and we leverage this

advantage of CNFs to develop our algorithm for solving the SBP.

2.2. Γ− convergence

Another main part of this work is to establish the theoretical foundation for our ap-

proach. Especially, we employ Γ -convergence theory [3] to demonstrate that the relaxed

formulation converges to the original SBP. The Γ -convergence has been proved to be a pow-

erful framework to analyze the convergence of optimization problems and their correspond-

ing optimizers.

Definition 2.1. Let X be a topological space. Let ( fn) be a sequence of functionals on X . Define

Γ − lim sup
n→∞

fn(x) = sup
Nx

lim sup
n→∞

inf
y∈Nx

fn(y),

Γ − lim inf
n→∞

fn(x) = sup
Nx

lim inf
n→∞

inf
y∈Nx

fn(y),

where Nx ranges over all neighbourhoods of x. If there exists a functional f defined on X such

that

Γ − lim sup
n→∞

fn = Γ − lim inf
n→∞

fn = f ,

then we say the sequence ( fn) Γ -converges to f.

Proposition 2.1. Any cluster point of the minimizers of a Γ -convergent sequence ( fn) is a min-

imizer of the corresponding Γ -limit functional f .

The properties of Γ -convergence make it an optimal framework for analyzing the con-

vergence of minimizers across a sequence of optimization problems. While direct verifi-

cation of Γ -convergence through Definition 2.1 often presents significant technical chal-

lenges, the following two propositions offers an alternative approach to establishing Γ -

convergence [4,53].

Proposition 2.2. Suppose that X is a first-countable topological space. It holds that

inf
xn→x

lim sup
n→∞

fn(xn) = Γ - lim sup
n→∞

fn,

inf
xn→x

lim inf
n→∞

fn(xn) = Γ - lim inf
n→∞

fn,
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where infxn→x indicates that the infimum is taken over all sequences {xn} that converge to x.

Consequently, if

inf
xn→x

lim sup
n→∞

fn(xn) = inf
xn→x

lim inf
n→∞

fn(xn) := f

exists, then ( fn) is Γ -convergent to f .

The following gives a criterion for the Γ -convergence of a special case which is applica-

ble for our problem later.

Proposition 2.3. Let fn and f be functionals defined on a first-countable topological space X

such that fn ↑ f pointwise and fn is lower-semicontinuous. Then fn is Γ -convergent to f .

The proof of Proposition 2.3 is attached in Appendix A.

2.3. Benamou-Brenier functional

The Benamou-Brenier functional gives the rigorous definition of the Lp norm
∫

|v|pρ(d x)

of the velocity field with general probability measure ρ in the optimal transport related

problems, which is defined as follows:

Bp(ρ, m) := sup

�∫

X

adρ +

∫

X

b · dm : (a, b) ∈ Cb(X ; Kq)

�

,

where

Kq :=

§

(a, b) ∈ R×Rd : a+
1

q
|b|q ≤ 0

ª

,
1

p
+

1

q
= 1.

The following proposition characterizes key properties of the Benamou-Brenier functional.

Proposition 2.4. The Benamou-Brenier functional Bp is convex and lower semi-continuous

on the space M (X ) ×M d(X ) with the weak convergence topology. Moreover, the following

properties hold:

1. Bp(ρ, m) ≥ 0.

2. If both ρ and m are absolutely continuous with respect to a same positive measure λ

on X , we can write

Bp(ρ, m) =

∫

X

fp

�

ρ(x), m(x)
�

dλ(x),

where ρ(x) and m(x) are densities with respect to λ, and fp : R×Rd → R ∪ {∞} is

defined by

fp(t, x) := sup
(a,b)∈Kq

(at + b · x) =











1

p

|x |p
tp−1

, if t > 0,

0, if t = 0, x = 0,

+∞, if t = 0, x 6= 0 or t < 0.
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3. Bp(ρ, m) < +∞ only if ρ ≥ 0 and m≪ ρ.

4. For ρ ≥ 0 and m≪ ρ, we have m = u ·ρ andBp(ρ, m) =
∫

(1/p)|u|pdρ.

In Section 5, we will employ the Benamou-Brenier functional to define the relevant

functionals and examine the properties of feasible points.

3. Governing Equations in the CNF Framework

The dynamic formulation (1.2) (or (1.4)) of the Schrödinger bridge problem naturally

leads to a stochastic differential equation framework similar to the CNF setting. Below, we

mainly focus on (1.2) as the example, as the generalization to others is similar.

We begin by considering the following SDE:

dX t = u(X t , t)d t +
p

2σdWt . (3.1)

Similar to (2.2), the law at t is given by

ρ(z, t) = EW

�

ρ0

�

X−1
t (z)
��

det∇X t(x)
�−1
�

,

where EW indicates the expectation over the stochastic mapping x 7→ z = X t(x), given by

the strong solution of the SDE (3.1). Exactly due to this expectation, different stochastic

trajectories are then coupled together, making the loss construction using the KL diver-

gence in [5, 35] infeasible. One may use other penalty like the maximum mean discrep-

ancy (MMD) but the practical performance seems not excellent. Hence, our approach is

to transform the SDE into an ODE formulation that gives the same time marginal distribu-

tions. This approach allows us to leverage CNFs to develop an algorithm for solving the

SBP.

Consider the corresponding Fokker-Planck equation of (3.1)

∂tρ +∇ · (ρu) = σ2
∆ρ. (3.2)

By noting that ∆ρ =∇ ·∇ρ, we can rewrite (3.2) in the form of continuity equation

∂tρ +∇ ·
�

ρ
�

u−σ2∇ logρ
��

= 0. (3.3)

The transformation from (3.2) to (3.3) is crucial as it reveals the underlying transport

structure of the problem. By expressing the diffusion term using the score function∇ logρ,

we separate the deterministic and stochastic components of the dynamics, which will be

essential for our neural network approximation. The time-varying hypothetical velocity

field

f := u−σ2∇ logρ

represents a crucial decomposition of the dynamics. While similar transformations have

been used in related contexts [19, 45], our application to the SB problem enables a novel
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computational approach through neural network approximation. It is important to note

that f is not explicit, as we do not have access to the score function ∇ logρ at this stage.

The complete dynamical system we derive combines three key elements: the particle

positions z(x , t), the log-determinant of the transformation

ℓ(x , t) := log |det∇z(x , t)|, (3.4)

and the score function

s(x , t) :=∇ logρ
�

z(x , t), t
�

. (3.5)

This coupled system allows us to simultaneously track the evolution of particles and their

associated probability density, while maintaining the necessary regularity conditions for the

SB problem.

By transforming Fokker-Plank equation (3.2) into the form of transport equation allows

us to track the evolution of particles z(x , t) with corresponding ℓ(x , t) along the trajectories

the same as (2.1). One can also track the score function s(x , t) along the trajectories with

the help of following proposition:

Proposition 3.1. The log-determinant of the transformation ℓ(x , t) introduced in (3.4) sat-

isfies the following ODE:

∂tℓ(x , t) =∇z · f
�

z(x , t), t
�

.

Meanwhile, the score function along the trajectory s(x , t) defined in (3.5) satisfies

∂ts(x , t) = −∇(∇ · f
�

z(x , t), t)
�

−J ⊤
f

�

z(x , t), t
�

s(x , t),

where J f denotes the Jacobian matrix of the vector-valued function f , and is given by J f =

(∇z f (z, t))⊤ with

(∇z f )i j = ∂i f j .

A proof can be found in Appendix A. Thus, the whole ODE system in our framework

can be given by

∂t





z(x , t)

ℓ(x , t)

s(x , t)



 =





f (z, t)

∇z · f (z(x , t), t)

−∇z(∇z · f (z(x , t), t)) −J ⊤
f
(z(x , t), t)s(x , t)



 ,





z(x , 0)

ℓ(x , 0)

s(x , T )



=





x

0

∇ logρ1(z(x , T ))



 .

(3.6)

Here ρ1 is the target distribution whose density expression is known, possibly up to a nor-

malizing constant. In applications, ρ1 is often a standard Gaussian, but clearly other distri-

butions are also allowed in this framework. The first two equations is solved from 0 to T ,

while the third equation is supposed to be solved backward from T to 0 after having the



10 Y. Jing, L. Li and J. Zhang

terminal position z(x , T ) of particles. Recall the dynamic formulation of Schödinger bridge

problem, we are devoted to solve a relaxed version

min
ρ,u

1

2

∫ T

0

∫

Ω

ρ(x , t)|u(x , t)|2d xd t +αKL
�

ρ(x , T )||ρ1(x)
�

,

s.t. ∂tρ +∇ · (ρu) = σ2
∆ρ,

ρ(x , 0) = ρ0(x).

(3.7)

Note that the above formulation can be easily modified if the reference measure Q is given

by other simple diffusion process. For example, if Q is the measure generated by the

Langevin diffusion stated in (1.4), it suffices to adjust the hypothetical velocity field f

by adding the given prior drift. We refer the readers to Section 6.3 for further details and

corresponding numerical experiments.

In above problem, KL divergence plays a soft constraint for terminal condition. As the

regularization coefficient α goes to infinity, the minimizers of (3.7) should converge to the

ones of classical Schödinger bridge problem. We will resolve this in Section 5 with the help

of Γ−convergence.

4. CNF Based Machine Learning Framework

In this section, we propose a machine learning framework to solve the SBP via con-

tinuous normalizing flows and score matching algorithms. The training process of hypo-

thetical velocity field is illustrated in Section 4.1. Additional implementation details and

techniques are also discussed. Then, in Section 4.2, we recover the optimal drift based on

the pre-trained hypothetical velocity field using classical score matching methods.

4.1. Training hypothetical velocity field

In our case, we aim to connect a real data distribution to the normal distribution via

the Schröndinger bridge. A neural network is employed to approximate the hypothetical

velocity field. The network is trained to minimize a loss function that combines the KL

divergence with the L2 norm of the drift as a regularization term

J = αJKL +JB,

JKL = KL
�

ρ(z(x , T ))‖ρ1(z(x , T ))
�

,

JB =
1

2

∫ T

0

∫

Ω

�

� f
�

z(x , t), t
�

+σ2∇ logρ
�

z(x , t), t
��

�
2
ρ0(x)d xd t.

Applying the same push-forward trick as in CNFs [13] to simplify the KL term yields

KL
�

ρ(z(x , T ))‖ρ1(z(x , T ))
�

=

∫

Ω

log

�

ρ(z(x , T ))

ρ1(z(x , T ))

�

ρ
�

z(x , T )
�

det
�

∇z(x , T )
�

dx
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=

∫

Ω

log

�

ρ0(x )

ρ1(z(x , T ))det(∇z(x , T ))

�

ρ0(x )dx

=

∫

Ω

log
�

ρ0(x )
�

ρ0(x )dx +Eρ0(x)

�

− log
�

ρ1(z(x , T ))
�

− log det
�

∇z(x , T )
��

.

Note that the first part is a constant independent of the neural network and can therefore

be dropped during training. By substituting the normal distribution expression for ρ1, we

obtain the final loss function

J = Eρ0(x)

�

αC(x , T ) + B(x , T )
�

,

C(x , T ) = −ℓ(x , T ) +
1

2
|z(x , T )|2 + d

2
log(2π),

B(x , T ) =
1

2

∫ T

0

�

� f (z(x , t), t) +σ2s(x , t)
�

�
2
d t,

(4.1)

which can be approximated with the Monte Carlo approximation. Here, ℓ(x , t) and s(x , t)

are given in (3.4) and (3.5). Algorithm 4.1 presents our training process for the hypothet-

ical velocity field.

Algorithm 4.1 Solving SBP via Normalizing Flow

Require: Data samples {x i}Ni=1
, time interval [0, T ], initializing network fθ .

1: for number of training iterations do

2: Solve ODE system (3.6) with fθ to obtain z(x i , T ), ℓ(x i, T ) and s(x i , t).

3: Calculate cost function J = αJKL +JB.

4: Use ADAM optimizer [24] optimizer to update network parameter of fθ .

5: end for

In training, particularly in high-dimensional cases, several methods can be used to re-

duce the computational cost.

1. Random mini-batch method. Inspired by the random batch method in stochastic

gradient descent [2] and interacting particle systems [20], one can select a mini-batch

of indices to give an estimation of ∇ · f .

2. Unbiased linear-time log-density estimation. In general, for a vector-valued func-

tion f : Rd → Rd , computing the trace of the Jacobian Tr(∇ f ) (or equivalently, the

divergence ∇ · f ) exactly incurs a computational cost of O (d2). To avoid computing

each entry of the diagonal of the Jacobian explicitly, we can leverage Hutchinson’s

trace estimator, as employed in CNFs [10, 13]. This approach enables efficient ap-

proximation of∇· f when solving the second ODE in (3.6), or when estimating data

density during inference. The Hutchinson’s trace estimator provides an unbiased es-

timate of the trace of a matrix A as follows:

Tr(A) = Eρ(λ)
�

λT Aλ
�

,

where λ is a d-dimensional random vector with zero mean E[λ] = 0 and identity
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covariance Cov(λ) = I . Common choices for the distribution ρ(λ) include the stan-

dard Gaussian distribution or the Rademacher distribution. To compute Tr(∇ f ), we

use automatic differentiation to calculate ∇(λT f ) first. Then we get an unbiased

estimate of trace by multiplying λ again

Tr(∇ f ) =∇ · f ≈∇(λT f ) ·λ.

3. Matrix-Free Jacobian Computations. A significant computational challenge in our

method arises from the ODE system in Eq. (3.6), which requires evaluating terms

involving the Jacobian of the neural network J f . Specifically, the dynamics of the

log-determinant ℓ(x , t) and the score s(x , t) depend on the divergence of the vector

field∇· f and products involving J⊤
f

. A naive approach would require explicitly form-

ing the Jacobian matrix J f ∈ Rd×d , an operation with quadratic complexity that is

computationally prohibitive in high dimensions. To overcome this bottleneck, we em-

ploy a matrix-free approach that leverages the automatic differentiation capabilities

of PyTorch. The function torch.autograd.grad allows for the efficient computa-

tion of vector-Jacobian products (VJPs) of the form v⊤J f without instantiating the

full matrix. We also use this capability to implement Hutchinson’s trace estimator for

the divergence, where ∇ · f = Tr(J f ) ≈ λ⊤J f λ is computed with a single VJP per

sample. This matrix-free methodology is critical for the scalability of our algorithm

to high-dimensional problems.

CNFs are trained to minimize the loss function in (4.1), which involves the solution

to an initial value problem with an ODE parameterized by θ . Chen et al. [5] employ the

adjoint method to compute the gradient and subsequently perform backpropagation, which

allows one to train the models with constant memory cost as a function of depth. Typically,

for any scalar loss function which operates on the solution to an initial value problem

L
�

z(t1)
�

= L

�∫ t1

t0

f
�

z(t), t;θ
�

d t

�

.

Then Pontryagin [39] shows that its derivative takes the form of another initial value prob-

lem
d L

dθ
= −
∫ t0

t1

�

∂ L

∂ z(t)

�T ∂ f (z(t), t;θ)

∂ θ
d t. (4.2)

The quantity ∂ L/∂ z(t) is known as the adjoint state of the ODE. Chen et al. [5] proposed to

use a black-box ODE solver to compute z(t1), and then another call to a solver to compute

(4.2) with the initial value ∂ L/∂ z(t1). The adjoint method can be employed to solve high-

dimensional cases of the SBP.

4.2. Recovering the optimal drift

It is important to note that we only have access to the score function along the trajectory.

To recover the drift u, we can employ classical score matching algorithms to approximate

the score function with a pre-trained hypothetical velocity field fθ .
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Given i.i.d. samples {x1, x2, · · · , xN} ⊂ Rd from an underlying distribution π, the clas-

sical score matching [18] uses a neuron network sφ(x) ∈ Rd to approximate the score

function ∇ logπ(x) and minimize the L2 loss function Eπ|sφ(x) −∇ logπ(x)|2
2
/2, which

can be shown to be equivalent to the following up to a constant:

JSM (φ) ¬ Eπ

�

tr
�

∇xsφ(x)
�

+
1

2
|sφ(x)|2
�

.

After applying the Hutchinson’s trace estimator mentioned above, the sliced score matching

[49] minimize the following loss function:

JSSM (φ) ¬ EπEρ(λ)

�

λT∇xsφ(x)λ+
1

2

�

λT sφ(x)
�2
�

,

where∇xsφ denotes the Hessian of the score function. λ ∼ ρλ and x ∼ π are independent.

For the sake of computational convenience, one may model the distribution ρλ of λ as either

a multivariate Rademacher distribution or a multivariate normal distribution, as both satisfy

E(λ) = 0 and Cov(λ) = I .

In our case, to recover the drift, we can parameterize it as a neural network uφ(x , t)

and expect the function

sφ(x , t) :=
uφ(x , t)− fθ (x , t)

σ2
(4.3)

to approximate the ground truth score ∇ logρt(x). Note that the score function sφ(x , t)

here is different from that in Eq. (3.5) as the x variable here indicates a general location at

current time point instead of the initial location for a trajectory. Similar to noise conditional

score networks (NCSNs) [48] and diffusion models [15], the joint score matching objective

is given as follows:

JJSM (φ) ¬ Et∼U (0,1)Ex t∼ρt
Eλ∼ρ(λ)w(t)
�

λT∇xsφ(x t , t)λ+
1

2

�

λT sφ(x t , t)
�2
�

,

where w(t) is a predefined weight function. Thus, as long as we obtain a pre-trained hy-

pothetical velocity field fθ , we can sample from standard Gaussian and generate trajec-

tories, which will be used in the training of score matching to obtain drift function uφ .

Algorithm 4.2 presents the process of recovering optimal control via score matching. We

remark that if σ is very small, one may want to train sφ as an independent neural network

and then recover uφ = fθ +σ
2sφ for better stability.

Algorithm 4.2 Drift Recovering in SBP

Require: Pre-trained hypothetical velocity fθ , a time discretization 0 = t0 < t1 < · · · <
tL = T , initializing network sφ .

1: Sample from Gaussian distribution and use fθ to generate trajectories {x tk

i
}N

i=1
by solv-

ing the first equation of the ODE system (3.6) backward in time.

2: for number of training iterations do

3: Select a batch of sample pairs (x
tk

i
, tk) from trajectories.
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4: Calculate cost function JJSM .

5: Minimize JJSM (φ) with ADAM [24] optimizer.

6: end for

7: Calculate the drift uφ by (4.3) with trained sφ .

8: return Optimal drift uφ .

5. Convergence of the Optimization Problem to SBP

We introduced a relaxation factor α for the terminal distribution in (4.1) to render the

loss function computationally tractable. We now rigorously demonstrate that the solution

to our relaxed optimization problem converges to that of the original Schrödinger bridge

problem asα approaches infinity by leveraging the framework of Γ -convergence, as outlined

earlier. See similar analysis of the convergence from OT-Flow to optimal transport in [22].

For the convenience of analysis, we will assume that Ω ⊂ Rd is a bounded domain with

smooth boundary in this section.

5.1. Mathematical formulation of problems

Following [42], we make use of the variables (ρ, m) where m = ρu so that there is

better convexity. Then the optimization problem of SBP (1.3) can be reformulated as

min
ρ,m

∫ T

0

∫

Ω

|m|2
2ρ

d xd t +χ∞E ,

s.t. ∂tρ +∇ ·m = σ2
∆ρ, x ∈ Ω,

(m−σ2∇ρ) · n= 0, x ∈ ∂Ω,

ρ(x , 0) = ρ0(x), x ∈ Ω,

(5.1)

where E is the set of the terminal constraints ρ(x , T ) = ρ1(x) and χ∞E is the indicator

function

χ∞
E
=

¨

0, if x ∈ E,

+∞, otherwise.

The corresponding optimization problem of our algorithm (3.7) is given by

min
ρ,m

∫ T

0

∫

Ω

|m|2
2ρ

d xd t +αKL
�

ρ(x , T )||ρ1(x)
�

,

s.t. ∂tρ +∇ ·m = σ2
∆ρ, x ∈ Ω,

(m−σ2∇ρ) · n= 0, x ∈ ∂Ω,

ρ(x , 0) = ρ0(x), x ∈ Ω.

(5.2)

In general, ρ and m are measures and ρ(·, T ) may not be well-defined either before the

time regularity in time has been verified. Hence, we need to put the above problem into

a rigorous framework.
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To proceed, we first specify the topological space and associated constraints. The topol-

ogy spaces we work on are

X := L1
�

[0, T ];P (Ω)
�

, Y := L1
�

[0,1];M (Ω)d
�

.

Here, P (Ω) is the set of probability measures on Ω and M (Ω)d is the set of Rd -valued

Radon measures on Ω. Then we equip the product space X × Y for (ρ, m) with the prod-

uct weak topology, i.e., (ρn, mn) → (ρ, m) means: for all f ∈ Cb([0, T ] × Ω;R) and

g ∈ Cb([0, T ]×Ω;Rd), one has

∫ T

0

∫

Ω

f dρn+

∫ T

0

∫

Ω

gdmn →
∫ T

0

∫

Ω

f dρ+

∫ T

0

∫

Ω

gdm.

Obviously X × Y is closed and first-countable. Then the constraint ∂tρ +∇ · m = σ2
∆ρ

introduces a subspaceH of X

H :=

¨

(ρ, m) ∈ X × Y : −
∫ T

0

�∫

Ω

(∂tϕ)ρ(d x) +∇ϕ ·m(d x)

�

d t

−
∫

Ω

ϕ(x , 0)ρ0(d x) = σ2

∫ T

0

∫

Ω

∆ϕ ·ρ(d x) d t,∀ϕ ∈ C2
b

�

[0, T ]×Ω
�

,

∂ ϕ

∂ n

�

�

�

�

∂Ω

= 0,ϕ(·, T ) = 0

«

.

The subspace H contains the boundary conditions implicitly and naturally. This space is

quite large for ρ, compared to the original requirement ρ ∈ P (C([0, T ];Ω)). However,

as we will see later, this space is more convenient for analysis and it will not include more

solutions. ClearlyH is closed due to the fact that the constraints are linear.

Similarly, E can now be rigorously defined as follows:

E :=

¨

(ρ, m) ∈ X × Y : −
∫ T

0

�∫

Ω

(∂tϕ)ρ(d x) +∇ϕ ·m(d x)

�

d t

+

∫

Ω

ϕ(x , T )ρ1(d x)−
∫

Ω

ϕ(x , 0)ρ0(d x)

= σ2

∫ T

0

∫

Ω

∆φ ·ρ(d x) d t,∀ϕ ∈ C2
b(Ω̄× [0, T ]),

∂ ϕ

∂ n

�

�

�

�

∂Ω

= 0

«

.

One should note that E is a closed subspace ofH , and this is the rigorous definition of the

set E introduced in (5.1).

Next, we treat the issue for ρ(·, T ). We following the approach in [22] to resolve this.

We consider the following:

ρ̄(·, T ) := lim
δ→0

1

δ

∫ T

T−δ
ρs ds.
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Clearly, if t 7→ ρt has a version that is continuous at T , ρ̄(·, T ) is well-defined. With this,

we define the functional

G(ρ,ρ1) :=

¨

KL
�

ρ̄(x , T )‖ρ1(x)
�

, if ρ̄(·, T ) exists,

∞, otherwise.

G(ρ,ρ1) actually corresponds to the KL divergence term if we later focus on the feasible

points, for which ρ is actually continuous in time.

We now can define the functionals Fα and F∞ : H → R ∪∞ corresponding to (5.2)

and (5.1) respectively as

Fα(ρ, m) =

∫ T

0

B2(ρt , mt) d t +αG(ρ,ρ1),

F∞(ρ, m) =

∫ T

0

B2(ρt , mt) d t +χ∞
E

.

(5.3)

With Proposition 2.4, optimization for the functional Fα and F∞ are then the rigorous

definitions of the optimization problems (5.2) and (5.1), respectively. Similar as shown

in [22], they are lower semi-continuous with respect to the topology considered.

5.2. Regularity of feasible points

It is well-known that the minimizer of F∞ is the solution of the Schrödinger bridge

problem, and the existence of solution to SBP is a well-established result [26]. Using the

solutions, it is to construct a feasible point of Fα. Hence, the feasible points of Fα and F∞
actually exists.

We show that the feasible points of Fα and F∞ have good time regularity properties by

the following proposition.

Proposition 5.1. If (ρ, m) is a feasible solution of (5.3) (for Fα or F∞), m ≪ ρ and the

Radon-Nikodym derivative u = dm/dρ is in L1([0, T ]; L2(ρt)), and there is a version of ρ

such that t 7→ ρt is continuous in W2(Ω), where

W2 :=

�

µ ∈ P (Ω)
�

�

�

�

∫

|x |2µ(d x)<∞
�

.

Moreover, if the initial entropy is finite

H(ρ0) :=

∫

ρ0 logρ0 d x <∞,

then ρ is absolutely continuous in W2(Ω).

Proof. If (ρ, m) is a feasible solution, then

∫ T

0

B2(ρt , mt) d t < +∞.
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By Proposition 2.4, m≪ ρ for a.e. t and ut = dmt/dρt satisfies

∫ T

0

‖u‖2
L2(ρt)

d t =

∫ T

0

|ut |2ρt(d x) = 2

∫ T

0

B2(ρt , mt) d t < +∞.

So that u ∈ L1([0, T ]; L2(ρt)).

Since Ω is bounded, the continuity in W2 is equivalent to the weak continuity, which

follows from the fact that ρ is a weak solution to ∂tρ +∇ · (ρu) = 0 as it is in H . In fact,

we take ϕ(x , t) = φ(x)h(t) such that h(T ) = 0, φ ∈ C2
b

and ∂ φ/∂ n= 0, one has

−
∫ T

0

h′(t)

∫

Ω

φρt(d x) d t −
∫ T

0

h(t)

∫

∇φ · uρ(d x) d t − h(0)

∫

φ(x)ρ0(d x)

= σ2

∫ T

0

h(t)

∫

∆φρ(d x) d t.

This holds for any h ∈ C1[0, T ] with h(T ) = 0. This means that t 7→ g(t) :=
∫

φρt(d x)

has a weak derivative and the weak derivative is given by

d

d t

∫

φρt(d x) =

∫

∇φ · uρ(d x) +σ2

∫

∆φρ(d x).

Since u ∈ L2(0, T ; L2(ρt)), the right hand side is integrable in (0, T ). Hence, t 7→ g(t)

is absolutely continuous in (0, T ). Moreover, by the equation above, one has g(0+) =
∫

φ(x)ρ0(d x). This indicates that

∫

φρt+h(d x) →
∫

φρt(d x), h→ 0

for any φ ∈ C2
b
(Ω). By a standard density argument, the test function can be generalized

to Cb class and thus t 7→ ρt is weakly continuous and thus continuous inW2(Ω), due to the

boundedness of Ω.

For the absolute continuity of ρ, recall

ft = ut −σ2∇ logρt .

Then, ρt satisfies the continuity equation with this equivalent drift ft . By the standard

result in optimal transport theory [42, Theorem 5.14], if

∫ T

0

‖ ft‖2L2(ρt)
d t <∞,

then ρt is absolutely continuous in W2. By the integrability of ut , it suffices to verify

∫ T

0

‖∇ logρt‖2L2(ρt)
d t <∞.
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Consider the entropy

H(ρt) =

∫

Ω

ρt logρt d x .

Formal calculations give

d

d t
H(ρt) =

∫

Ω

ρtut · ∇ logρt d x −σ2‖∇ logρt‖2L2(ρt)

≤ ‖ut‖L2(ρt)
‖∇ logρt‖L2(ρt)

−σ2‖∇ logρt‖2L2(ρt )

≤ C‖ut‖2L2(ρt)
− 1

2
σ2‖∇ logρt‖2L2(ρt)

.

On bounded domain, H(ρt) is always bounded from below. Integrating over [0, T ], com-

bining the fact that
∫ T

0

‖ut‖L2(ρt)
d t < +∞

and the boundedness of H(ρ0), one has

∫ T

0

∫

Ω

|∇ logρt |2ρt(d x) d t < +∞.

This calculation can be made rigorous by mollification and taking the mollification param-

eter to zero. Hence,
∫ T

0
‖ ft‖2L2(ρt )

d t is bounded, and ρt is absolutely continuous.

According to this proposition, ρt is continuous and thus

G(ρ,ρ1) = KL
�

ρ(x , T )‖ρ1(x)
�

.

That means the functional we considered indeed is the one we desire.

5.3. Convergence of functionals

We now establish the result concerning the Γ -convergence and the behavior of the min-

imizers.

Theorem 5.1. Assume that Fα (resp. F∞) has at least one feasible point over H , then Fα
(resp. F∞) has a unique global minimizer overH . Moreover, Fα Γ -converges to F∞, and for

any sequence αI →∞, the minimizers of FαI
have a subsequence converging to the minimizers

of F∞.

Proof. Since Fα is lower-semicontinuous (by Proposition 2.4), and Fα ↑ F∞ pointwise,

one concludes that by Proposition 2.3 that Fα Γ -converges to F∞.

By Proposition 2.4, we know that B2(ρ, m) ≥ 0, hence Fα and F∞ are bounded from

below. Then there exists F∗α ∈ [0,+∞) such that

F∗α = inf
(ρ,m)∈H

Fα(ρ, m).
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Consider a feasible minimizing sequence (ρn, mn) such that Fα(ρn, mn)→ F∗α. Then by

the Hölder inequality, we have

‖mn‖=
∫ T

0

∫

Ω

|mn(d x , t)| d t

≤
�

2

∫ T

0

∫

Ω

ρn(d x)d t

∫ T

0

B2(ρn, mn)d t

�1/2

=
p

2T

�∫ T

0

B2(ρn, mn)d t

�1/2

≤
Æ

2T Fα(ρn, mn), (5.4)

where mn is signed measure. We have put d x in the first arguments of mn, which in-

dicates integration with respect to x . Eq. (5.4) implies that supn ‖mn‖ < +∞, and fur-

ther supn(‖mn‖ + ‖ρn‖) < +∞. According to the Banach-Alaoglu theorem, there exists

a subsequence (ρnk
, mnk

) converging weakly to (ρ∗, m∗) in H . Together with the lower-

semicontinuity of Fα, we have

F∗α ≤ Fα(ρ
∗, m∗)≤ lim inf

k→∞
Fα(ρnk

, mnk
) = F∗α.

Hence, the minimizer of Fα exists. Similarly, the minimizer of F∞ exists. Moreover, since Fα
is strictly convex (by the strict convexity of the Benamou-Brenier functional), the minimizer

must be unique.

Let (ρα, mα) be the minimizer of Fα, and (ρ∞, m∞) be the minimizer of F∞. It is clear

that

Fα(ρ
α, mα) ≤ Fα(ρ

∞, m∞)≤ F∞(ρ
∞, m∞),

then

sup
α

�

‖mα‖+ ‖ρα‖
�

≤
Æ

2T F∞(ρ∞, m∞) + T < +∞.

Again by the Banach-Alaoglu theorem, there exists a subsequence (ραk , mαk ) converging

weakly to (ρ, m) inH . Since Fα Γ -converges to F∞, (ρ, m) is a minimizer of F∞.

We also note that the original problem requires ρ ∈ P (C([0, T ];Ω)), while we seek

ρ in a much larger space. However, due to the uniqueness of the minimizer, if the origi-

nal Schrödinger bridge problem has a solution, it must be the solution in our framework.

Hence, the mathematical formulation here is fine.

6. Numerical Experiments

In this section, we consider some numerical examples to demonstrate our deep learning

framework for solving the SBP. Our code is available at https://github.com/
sharkjingyang/SchB. In low dimensional experiments, we simply adopted the mul-

tilayer perceptron (MLP) framework, since this architecture already possesses sufficient
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approximation capability to represent the hypothetical velocity field in low dimensional

cases. High order adaptive ODE solver is employed and an implementation of the adjoint

method is utilized for back-propagation. Meanwhile we ensure tolerance is set low enough

so numerical error from ODE solver can be negligible.

Experiment setup

Hyper-parameters. In all experiments, we consider the time interval [0,1], i.e. T = 1. We

take α= 10 as a default choice to make a balance for terms in the cost function.

Architectures. We use sine and cosine functions for time embedding, which are then pro-

cessed through an MLP. The resulting embeddings are concatenated with the input data.

The network architecture consists of three Concat-Squash linear layers with tanh activation

functions.

Optimizer. We choose ADAM [24] with a learning rate of 1e-3.

6.1. 1-D Gaussian mixture

As a first example, we employ the 1-D Gaussian mixture problem to evaluate the per-

formance of our algorithm in solving the SBP, including verifying convergence properties

and observing typical behaviors. We sample from the Gaussian mixture

ρ0(x) =
1

2
· 1p

2π
e−(x+3)2/2 +

1

2
· 1p

2π
e−(x−3)2/2

and use our framework to learn the SB dynamics from ρ0 to standard normal distribu-

tion ρ1. Fig. 1 illustrates the forward process from a Gaussian mixture to a normal distri-

bution, presented in histogram form. With a pre-trained hypothetical velocity field fθ , one

can sample trajectories and employ score matching algorithms to approximate the score

function. As a result, the optimal drift can be recovered as well. Fig. 2 shows ODE trajec-

tories and SDE paths between two marginal distributions.

We also compare our results with a traditional optimization method. We employ a simi-

lar numerical scheme described in [21] to transform the optimization problem into discrete

form and use a primal-dual hybrid algorithm to solve the SBP on the grid. The details of

numerical implementation of the primal-dual algorithm can be found in Appendix B. In

the 1-D case, the minimizer of the discrete SBP optimization problem serves as a reference

Figure 1: Evolution of particle distribution transitioning from Gaussian mixture to standard Gaussian.
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a) ODE trajectories for dX = fθ d t b) SDE paths for dX = vd t +
p

2dW

Figure 2: ODE interpolation trajectories and SDE interpolation paths.

Figure 3: Comparison of score function between score matching solutions and reference ones. The
pre-trained fθ is solved with α = 10.

SchB_drift 

Ref_solutions

Figure 4: Comparison of drift of solutions between our algorithm (α = 10) and tradition primal dual
method.

solution to verify the accuracy of our algorithm. Fig. 3 displays the score function sφ ob-

tained through score matching, compared to the reference score, which is computed from

the solutions of the discrete optimization problem (B.2) using finite differences. The con-

sistency of the score functions suggests that our algorithm provides a good approximation

of the time marginals, as the trajectories used for training score matching algorithms are

generated by the well-trained hypothetical velocity field fθ . Fig. 4 shows the SBP’s op-

timal drift recovered after score matching as suggested in Section 4.2 and the reference

drift. It can be observed that the two drifts match well in the high-density region, particu-

larly within [−3,3]. The reference drift exhibits oscillations near the boundary due to the

boundary conditions imposed in the discrete Schrödinger optimization problem, whereas

our SBP-solving algorithm via normalizing flows does not strictly enforce a bounded domain

or mass conservation.

To assess the performance of the proposed method more quantitatively, we follow the

techniques applied to generative models as in [35]. We compare the samples X = {x i}Ni=1
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obtained with forward process at time T to the samples Q = {qi}Mi=1
drawn from ρ1 via

maximum mean discrepancy [14,28]

MMD(X ,Q) =
1

N2

N
∑

i=1

N
∑

j=1

k(x i , x j) +
1

M2

M
∑

i=1

M
∑

j=1

k(qi,q j)−
2

N M

N
∑

i=1

M
∑

j=1

k(x i,q j),

where we choose Gaussian kernel

k(x i,q j) = exp

�

−1

2

�

�x i − q j

�

�
2
�

.

MMD tests the difference between two distributions in the form of samples. The MMD

provides an external metric to evaluate our model since it is not used in the training. We

set M = N = 10000 for validation and plot the curve of MMD results with respect to differ-

ent α in Fig. 5. It can be observed that an increase in α leads to a smaller MMD between

the push-forward distribution and the terminal distribution. This behavior is expected, as

a larger α imposes a stronger penalty on the KL term, as confirmed by our Γ -convergence

analysis. We also calculate the relative L2([0, T ]; L2[−3,3]) error for the drift for different

values of α compared to the drift by the primal-dual algorithm. The results are shown in

Fig. 5. Each point on the curves represents the average value obtained from five indepen-

dent experiments. The curve indicates quantitatively that the approach could recover the

drift for Schrödinger bridge problem.

We plot the hypothetical velocity field f with different noise scale σ solved by our

algorithm, and the velocity field from optimal transport as computed by OT-Flow as shown

in Fig. 6. A higher noise scale corresponds to a larger velocity in the initial stage, which

Figure 5: Left: the MMD results for different values of α. Middle: the relative L2([0, T]; L2[−3, 3]) error
of u for different values of α. Right: JB with different values of α.

Figure 6: Comparison of SBP hypothetical velocity field with different σ and the velocity field of optimal
transport problem. We fix α = 10 in the experiments.
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aligns with intuitive understanding. In our 1-D experiments, the hypothetical velocity field

f in SBP is quite similar compared with the optimal velocity field in optimal transport

problem. A plausible explanation is that the SBP can be interpreted as a regularized entropy

optimal transport problem. As the noise scale diminishes to zero, the minimizers of SBP

are anticipated to converge to those of optimal transport.

During training, we set a relatively large α as suggested by the Γ -convergence analysis.

In this large α regime, as the training progresses, one can expect KL[ρ(x , T )||ρ1(x)]≈ 0.

To verify the convergence, we plot the curve of the optimization target for different values

of α in Fig. 5. Each point on the curve represents the average value obtained from five

independent experiments, where the settings are the same except for the value of α. As α

increases, we observe that JB has a slower increasing rate, which is expected to eventually

converge the minimum of the SBP. The optimization target computed by the traditional

optimization method is about 3.493.

6.2. 2-D toy problems

We would like to clarify that the main goal of our article is to solve the Schrödinger

bridge problem between two probability distributions. However, the trained model could

clearly be used to generate samples. In this subsection, we visualize the generative per-

formance on classical 2-D synthetic examples to evaluate the potential of our algorithm

as a generative model. In all experiments, we fix α = 10 and choose 10000 samples for

visualization. The hypothetical velocity field is modeled as a neuron network of 4 Concat-

Squash linear layers [5]. We utilize Dopri5 adaptive ODE solver for both the forward and

backward ODEs. The model is trained for 1000 epochs using the ADAM [24] optimizer

with a learning rate of 2e-4 and a batch size of 1024.

We use trained hypothetical velocity field, or alternatively SB drift with diffusion pro-

cess to simulate an inverse transformation (sampling from 2-D standard normal distribution

and pushing particles back to the data distribution), from which one can compare the sim-

ilarity of original data with generative distribution. The high similarity indicates that our

model can generate samples to approximate ρ0 with satisfactory accuracy even though ρ0

has separate supports. Numerical results are illustrated in Fig. 7, which demonstrates the

potential of our model to function as a generative model.

Data

SchB

Figure 7: Comparison of data and generated samples.
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The top two rows of Fig. 8 compare the forward and generation processes of the SchB,

demonstrating the invertibility of the mappings and the stability of the numerical solvers.

The third row presents the generation process of classical CNFs. In comparing the gener-

ation processes of SchB and classical CNFs, we observe that classical CNFs do not follow

a ‘straight’ path, whereas the SchB corresponds to deblurring in the later stages of genera-

tion.

SchB forward

SchB generation

CNFs generation

Figure 8: Top: Forward process from data of moons to the normal distribution. Middle: Generation
process of SchB from Gaussian samples to new data samples. Bottom: Generation process of classical
CNFs from Gaussian samples to new data samples.

6.3. 2-D double well experiment

In this section, we demonstrate our algorithm by solving the optimal control problem

of transitioning from one minimizer to another, a typical application in the field of chem-

ical reactions. Considering the double well potential, we demonstrate how to incorporate

a functional prior of any form and learn the distribution of paths connecting ρ0 and ρ1.

Similar experiments have been researched in [11,52]. To incorporate prior knowledge, we

use a potential field with two local minima, and the boundary distributions ρ0 and ρ1 are

modeled as Gaussian distributions centered at the wells.

The problem is equivalent to find the optimal control u such that the diffusion process

dX t =
�

u(X t , t)−∇U(X t)
�

d t +
p

2dW

bridges the distributions ρ0 and ρ1 and minimizes the L2 cost

min
ρ,u

1

2

∫ T

0

∫

Ω

ρ(x , t)|u(x , t)|2d xd t,

s.t. ∂tρ +∇ ·
�

ρ(u−∇U)
�

= σ2
∆ρ,

ρ(x , 0) = ρ0(x), ρ(x , 1) = ρ1(x).
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The aim of this experiment is to show that, with this prior, the SBP results in low-energy

trajectories (as determined by the well’s potential function) for particle configurations sam-

pled from the wells. Intuitively, the learned paths are expected to avoid the high-energy

peak at x = (0,0) and instead follow the ‘passes’ on either side. Notably, if we were to esti-

mate the optimal transport geodesics between ρ0 and ρ1 or use a Brownian motion prior,

the learned trajectories would pass through the center, which corresponds to the highest

energy path between the wells.

The algorithm remains nearly identical. We parameterized fθ := u − σ2∇ logρ as

a neural network and denotes F(x , t) := fθ (x , t)−∇U(x). Consequently, the corresponding

ODE system becomes

∂t





z

ℓ

s



 =





F

∇ · F
−∇(∇ · F)−J T

F s



 ,





z(x , 0)

ℓ(x , 0)

s(x , T )



=





x

0

∇ logρ1(z(x , T ))



 . (6.1)

The loss function remains unchanged. The parameterized function fθ can be trained by

minimizing this loss function and the ODE trajectories can be recovered by solving

d x t =
�

fθ (x t , t)−∇U(x t)
�

d t.

Additionally the optimal control can be recovered using score matching as described in

Section 4.2, enabling the generation of SDE paths for particles.

Algorithm 6.1 Solving 2-D Double Well Problems

Require: Data samples {x i}Ni=1
, time interval [0, T ], initializing network fθ .

1: for number of training iterations do

2: Solving ODE system (6.1) with fθ to obtain z(x i , T ), ℓ(x i , T ) and s(x i , t).

3: Calculate cost function J = αJKL +JB.

4: Use ADAM optimizer [24] to update network parameter of fθ .

5: end for

6: Use Algorithm 4.2 to recover the optimal control uφ from fθ .

Especially the potential and the marginal distributions in our experiment are set to be

U(x , y) = 0.3

�

1

2
(x2 − 1)2 + y2 + 8 exp

�

−((x − a)2 + y2)

32

��

,

ρ0 =N
��

−1

0

�

,

�

0.0125 0

0 0.15

��

, ρ1 =N
��

1

0

�

,

�

0.0125 0

0 0.15

��

,

where a is a constant controlling the potential barrier in the middle. The learned control

vector field for the SDE at different time is shown in Fig. 9. The white lines indicate the

contour lines (level curves) of the potential function, the black arrows denote the directions

of the control vectors, and the background color represents the magnitude of the control

vectors. We can observe that at t = 0 the control vector in the left region is opposite to



26 Y. Jing, L. Li and J. Zhang

the gradient of the given potential, driving particles away from the left local minima. At

t = 1 the control vector in the right region aligns with the gradient of the potential, guiding

particles toward the target local minima.

Fig. 10 shows the ODE and SDE paths for different a. For a = 0.5 we can observe that

the path of particles bypassing the barrier. The case where a = 0 presents an intriguing

phenomenon: despite the presence of a symmetric potential field, the trained network con-

sistently produces asymmetric results. Note that, however, the probability that the trained

velocity field chooses the upper half region or lower half region is symmetric. This behavior

suggests the presence of implicit regularization mechanisms within the neural network ar-

chitecture. It is unclear at this point whether the original system has the physical symmetry

breaking. Fig. 11 shows the terminal distribution of preset data and sampling from trained

network. The terminal distributions matched the target distribution in both a = 0.5 and

a = 0 cases, demonstrating that our algorithm can always find connecting paths that avoid

high-energy peak and enable transitions between the minimizers.

6.4. High-dimensional LQG bridge

We demonstrate the effectiveness of our approach for a high-dimensional case in this

subsection. The experimental setup is a specific instance of a linear quadratic Gaussian

(LQG) bridge. This terminology is used because the reference dynamics are linear, the

negative log-probabilities of the boundary distributions are quadratic, and the distributions

themselves are Gaussian. We consider a 64-dimensional Ornstein-Uhlenbeck process as the

reference dynamics, described by the following SDE:

dX t = −θX t d t +σdWt , X t ∈ R64.

The Schrödinger bridge problem we consider is between two Gaussian boundary distribu-

tions ρ0 =N (µ0,Σ) and ρ1 =N (µ1,Σ) over the time interval [0, T ]. For this experiment,

we set the hyper-parameters as follows: θ = 1.0, T = 1.0, and the noise coefficientσ =
p

2.

The boundary conditions are centered at µ0 = −1 ∈ R64 and µ1 = 1 ∈ R64, with a shared

covariance matrix Σ= 0.5 · I, where I is the 64-dimensional identity matrix.

A key advantage of this setup is that the mean of the ground-truth distribution µt has

a closed-form solution [6]

µt =
sinh(θ(T − t))

sinh(θT )
e−θ tµ0 +

sinh(θ t)

sinh(θT )
eθ (t−T)µ1,

which allows us to precisely measure the error of our learned solution.

For this high-dimensional problem, we employ a simple MLP architecture for the veloc-

ity field fθ . The network consists of three hidden layers with (128, 256, 128) neurons and

SiLU activations. To ensure stable training, we apply spectral normalization to each linear

layer. Time is incorporated into the network via a sinusoidal positional embedding. Due to

the potential for stiffness in high dimensions, we utilize a fixed-step fourth-order Runge-

Kutta (RK4) solver with 50 integration steps for both the forward and backward passes.
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Figure 9: Optimal control u for different values of a. The white lines represent the contour lines of the
potential function, the black arrows represent the directions of the control vectors, and the background
color represents the magnitude of the control vectors. Upper: a = 0.5. Bottom: a = 0.

(a) ODE trajectories for a = 0.5 (b) SDE paths for a = 0.5

(c) ODE trajectories for a = 0 (d) SDE paths for a = 0

Figure 10: ODE trajectories and SDE interpolation paths for standard and symmetric breaking cases.
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(a) Target distribution ρ1 (b) Sampling with a = 0.5 (c) Sampling with a = 0

Figure 11: Comparison of terminal distributions.

The model is trained for 1000 epochs using the AdamW [33] optimizer with a learning rate

of 1e-4 and a batch size of 512.

A key computational challenge in our method is the evaluation of the divergence term

∇· f required for the log-determinant dynamics, and the computation of Jacobian matrix J f .

In high-dimensional spaces, a direct computation involving d backward passes becomes

prohibitively expensive. To overcome this, we employ Hutchinson’s trace estimator, which

provides an efficient and unbiased stochastic estimate of the divergence, and utilize the

autograd functionality of PyTorch. A detailed description can be found in Section 4.

To quantify the accuracy of our method, we measure the time-averaged relative L2 error

between the mean of the learned particle trajectories µ̂t and the analytical mean µt

E =
�∫ T

0

|µ̂t −µt |22d t

��∫ T

0

|µt |22d t

�−1

.

The results are presented in Fig. 12. We observe that the accuracy of the learned trajectory

is highly dependent on a proper balance between the two loss components. When α is

Figure 12: Relative L2 error of the mean trajectory with respect to different values of α. The error reaches
its minimum at an intermediate value of α, demonstrating the crucial trade-off between matching the
terminal distribution and satisfying the path-regularizing bridge constraint.
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too small, the model is not sufficiently incentivized to match the terminal distribution ρ1,

leading to a high error. Conversely, when α is excessively large, the model may find an

overly aggressive or stiff velocity field to satisfy the terminal constraint, which can lead

to numerical instability and a violation of the bridge dynamics, again increasing the error.

The optimal performance is achieved at an intermediate value α ≈ 10.0, which correctly

balances the boundary conditions and path constraints.

7. Conclusion and Discussion

In summary, we have developed a framework based on CNFs and score matching to

solve the dynamic formulation of the SBP in the first part. Specifically, we introduce a hy-

pothetical velocity field to transform the Fokker-Planck equation into a transport equa-

tion, enabling the use of the CNF framework to solve the dynamic SBP and track density

evolution. In the second part, we employ Γ -convergence to establish the convergence of

minimizers from our neural network solutions to the theoretical ones as the regularization

coefficient α → ∞. Our approach provides a neural network-based solution to the SBP

and contributes to a deeper understanding of the convergence properties of CNF models

with regularization. The convergence analysis also offers theoretical guarantees for the

stability during the training of our algorithm. Future research may explore the applica-

tion of analogous methodologies to design algorithms and establish convergence analyses

for addressing SDE-type mathematical tasks, such as solving optimal control problem and

tracking evolution of physical systems.
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Appendix A Missing Proofs

Proof of Proposition 2.3. According to Proposition 2.2, it suffices to show that

inf
xn→x

lim sup
n→∞

fn(xn) ≤ f (x)≤ inf
xn→x

lim inf
n→∞

fn(xn).

Consider

xn = x , f (x) = lim
n→∞

fn(x) = lim sup
n→∞

fn(xn) ≥ inf
xn→x

lim sup
n→∞

fn(xn).

For the other inequality, consider any xn→ x . Since fn ↑ f pointwise,

f (x) = lim
n→∞

fn(x)≤ lim
n→∞

lim inf
m→∞

fn(xm)≤ lim inf
m→∞

fm(xm).
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The last inequality holds since for any fixed n and any m larger than n, one has fn(xm) ≤
fm(xm). Hence, fn is Γ -convergent to f .

Proof of Proposition 3.1. For the second equation,

∂ ℓ(x , t)

∂ t
=

1

det(∇z(x , t))

∂ det(∇z(x , t))

∂ t

=
1

det(∇z(x , t))
· det
�

∇z(x , t)
�

· tr
�

�

∇z(x , t)
�−1 ∂∇z(x , t)

∂ t

�

=
1

det(∇z(x , t))
· det
�

∇z(x , t)
�

· tr
�
�

∇z(x , t)
�−1∇z(x , t)∇z f

�

z(x , t), t
�
�

= tr
�

(∇z f (z(x , t), t)
�

=∇z · f
�

z(x , t), t
�

,

where we have used following identities:

∂ det(A)

∂ t
= det(A) · tr
�

A−1∂ A

∂ t

�

, tr(AB) = tr(BA).

For the third equation, we first have

d

dt
∇z logρ
�

z(x , t), t
�

=
∂

∂ t
∇z logρ(z, t)|z=z(x ,t) +

dz

dt

∂

∂ z
∇z logρ(z, t)|z=z(x ,t)

=∇z

∂

∂ t
logρ(z, t)|z=z(x ,t) + f (z, t)∇2

z logρ(z, t)|z=z(x ,t). (A.1)

Using the Fokker-Plank equation (3.3) and f = u−σ2∇ logρ, we derive

∂t logρ(z, t) = −∇z · f (z, t)− f (z, t) · ∇z logρ(z, t),

which together with

∇z

�

∇z logρ(z, t) · f (z, t)
�

=
�

∇2
z logρ(z, t)
�

· f (z, t) +∇z f (z, t) · ∇z logρ(z, t),

taking it into (A.1) one get

d

dt
∇z logρ
�

z(x , t), t
�

= −∇z

�

∇z · f (z, t)
�

|z=z(x ,t) −∇z f (z, t) · ∇ logρ(z, t)|z=z(x ,t).

The proof is complete.
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Appendix B Implementation Details for Solving SBP with Optimization

Method

To validate our algorithm, we use a primal-dual hybrid algorithm to solve the SBP on

the grid. This algorithm has been previously employed to compute the earth mover’s dis-

tance [27] and the spherical Wasserstein-Fisher-Rao metric [21], as well as to verify the

convergence from optimal transport to unbalanced optimal transport [53]. We begin by

taking σ = 1 for simplicity and reformulating the optimization problem into a convex form

min
ρ,m

¨∫ T

0

∫

Ω

|m|2
2ρ

d xd t,∂tρ +∇ ·m =∆ρ, ρ(x , 0) = ρ0(x), ρ(x , T ) = ρ1(x)

«

.

We then focus on solving the corresponding min-max problem

max
φ

min
ρ,m

ρ(x ,0)=ρ0(x)
ρ(x ,T)=ρ1(x)

∫ T

0

∫

Ω

|m|2
2ρ

d xd t +

∫ T

0

∫

Ω

φ(x , t)(∂tρ +∇ ·m−∆ρ)d xd t. (B.1)

We employ the same discrete scheme for divergence operator and boundary conditions as

[53]. For simplicity, we consider the space domain Ω= [0,1]d and the time domain [0,1].

LetΩh be the discrete space mesh-grid ofΩwith step size h, i.e. Ωh = {0,h, 2h, · · · , 1}d . The

time domain [0,1] is discreted with step size ∆t. Let Nx = 1/h be the space grid size and

Nt = 1/∆t be the time grid size. All optimization variables (ρ, m and φ ) will be defined

on the grid. To ensure clarity, we first provide some definitions on the discrete space Ωh
∫

Ωh

f (x) :=
∑

x∈Ωh,xi 6=0

f (x)hd , 〈 f , g〉h :=

∫

Ωh

f (x)g(x),

∇h ·m(x) :=

d
∑

i=1

Dh,im(x), x ∈ Ωh,

∆hρ :=
1

h2

d
∑

i=1

ρ(x1, · · · , x i + h, · · · , xd)− 2ρ(x1, · · · , x i, · · · , xd)

+ρ(x1, · · · , x i − h, · · · , xd),

where Dh,i denotes discrete differential operator for i-th component in i-th dimension with

step size h

Dh,im(x) =
�

mi(x1, · · · , x i + h, · · · , xd)−mi(x1, · · · , x i, · · · , xd)
�

/h, 0≤ x i ≤ 1− h.

From the discretized form, we can describe the sizes of the optimization variables indi-

vidually. The sizes of discretized variables are : (Nt + 1)× (Nx )
d for ρ, Nt × (Nx + 1)d × d

for m and Nt × (Nx)
d for φ. The boundary conditions are given as ρ1 = µ, ρNt+1 = ν and

(m−∇ρ) · ~n= 0 for all x ∈ ∂Ωh. Then the discretization of (B.1) can be written as

max
φ

min
ρ,m,ξ

L (m,ρ,φ) =

Nt∑

t=1

¨∫

Ωh

|mt |2
2ρt

d x +

D

φt ,
ρt+1 −ρt

∆t
+∇h ·mt −∆hρt

E

h

«

. (B.2)
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One can add ghost points at the boundary and use discretized boundary condition to deal

with central difference discretion for ρ, which ensures that the problem is well-defined.

For instance, consider the left boundary: one can add a ghost point ρ−1
t and the boundary

condition yields

m0
t −
ρ0

t
−ρ−1

t

h
= 0,

which can then be incorporated into the Laplacian operator

∆hρ
0
t =
ρ−1

t
− 2ρ0

t
+ρ1

t

h2
=
−ρ0

t
+ρ1

t

h2
−

m0
t

h
.

As a result, (B.2) is independent of ρ−1
t .

Then, the primal-dual hybrid algorithm proceeds with the following three steps for the

variables with subscript t:

1.
�

mk+1
t ,ρk+1

t

�

= arg min
m⋆,ρ⋆

L
�

m⋆,ρ⋆,φk
�

+
1

2µ

�

|m⋆ −mk
t |2 + |ρ⋆ −ρk

t |2
�

,

2. m̃k+1
t
= 2mk+1

t
−mk

t
, ρ̃k+1

t
= 2ρk+1

t
−ρk

t
,

3. φk+1
t
= arg max

φ⋆
L
�

m̃k+1
t

, ρ̃k+1
h

,φ⋆
�

− 1

2τ

�

|φ⋆ −φk
t
|2
�

.

The first step of the algorithm is to update ρ and m, which is equivalent to solve the fol-

lowing equations:

m⋆ =
ρ⋆(mk

t −µdiv∗
h
φk

t )

ρ⋆ +µ
,

− m⋆2

2ρ⋆2
+
φk

t−1 −φk
t

∆t
−∆⋆

h
φk

t
+

1

µ

�

ρ⋆ −ρk
t

�

= 0,

(B.3)

where div∗
h

represents the conjugate operator of divergence operator and∆⋆
h

represents the

conjugate operator of Laplacian operator. By the definition of conjugate operator, we have




∇h · f , g
�

h
=



f , div∗
h
g
�

h
=



f ,−∇h g
�

h
,




∆hρ,φ
�

h
=



ρ,∆⋆
h
φ
�

h
=



ρ,∆hφ
�

h
.

Thus, div∗
h
= −∇h and∆∗

h
=∆h, where∇hu = (∂h,1u,∂h,2u, · · · ,∂h,du) and each ∂h,i denotes

discrete differential operator in i-th dimension with step size h

∂h,iu(x) =
�

u(x1, · · · , x i + h, · · · , xd)− u(x1, · · · , x i, · · · , xd)
�

/h, 0≤ x i ≤ 1− h.

Meanwhile, the term φk
t−1 in (B.3) is undefined when t = 1. Observe that the term

(φk
t−1
−φk

t
)/∆t, arising from taking the variation of (B.2) with respect to ρt , which should

be −φk
1
/∆t in the case of t = 1. This naturally suggests the introduction of a boundary
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condition φ0 = 0. Solving above system (B.3) requires us to solve the roots for a third

order polynomial, where ρ⋆ should be the largest real root. The third step of the algorithm

is to update dual variables

φk+1
t
= φk

t
+τ

�

ρ̃k+1
t+1
− ρ̃k+1

t

∆t
+∇h · m̃k+1

t
−∆hρ̃

k+1
t

�

.
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