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Abstract. This paper explores integrable modified Korteweg-de Vries (mKdV) models
using dual similarity transformations. Two representative examples involving distinct
similarity transformations are presented, along with their corresponding reduced Ablo-
witz-Kaup-Newell-Segur matrix spectral problems. These examples illustrate how re-
duced matrix mKdV integrable models can be systematically generated through such
transformations.

AMS subject classifications: 37K10, 35Q53, 37K40

Key words: Lax pair, AKNS matrix spectral problem, zero-curvature equation, integrable hierarchy,
similarity transformation.

1. Introduction

The Lax pair formulation in soliton theory is a fundamental tool for constructing inte-
grable models [18]. To gain deeper insights into the structure of integrable systems, espe-
cially multi-component ones, it is essential to explore a wide range of illustrative examples.
These examples help classify integrable models within the Lax pair framework. A natural
starting point is to consider matrix spectral problems built from matrix loop algebras [48].
Lax pairs often lead to bi-Hamiltonian structures [41], which ensure the existence of in-
finitely many commuting symmetries and conservation laws, key features of integrability.
Furthermore, the Lax pair formulation provides a basis for solving Cauchy problems via the
inverse scattering transform [4, 8].
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Similarity transformations have proven effective in deriving reduced matrix spectral
problems and their associated integrable models [13, 23, 25, 42], with notable examples
including nonlocal integrable models involving reflection-type symmetries [3]. Starting
from the matrix Ablowitz-Kaup-Newell-Segur (AKNS) spectral problems, classical equa-
tions such as the nonlinear Schrédinger (NLS) and modified Korteweg-de Vries equations
can be obtained as reduced models. More recently, dual similarity transformations have led
to novel reduced integrable models [27]. A key challenge in this framework is to carefully
handle the reductions imposed on the potential matrices by both transformations, while
maintaining the invariance of the zero-curvature condition [29]. A recent comprehensive
classification of lower-order nonlocal integrable models associated with the matrix AKNS
framework has identified three types of nonlocal NLS models and two types of nonlocal
mKdV models [28].

The inverse scattering transform remains a powerful and effective tool for solving Cau-
chy problems, including those arising in nonlocal integrable models [2,40]. In addition
to this method, various other analytical techniques have proven valuable for studying re-
duced integrable models, particularly in the construction of soliton solutions. Classical ap-
proaches such as the Hirota bilinear method, Backlund transformations, Darboux transfor-
mations, and the Riemann-Hilbert method continue to play important roles. Furthermore,
several mathematical frameworks have been developed to address nonlocal reductions of
integrable models (see, e.g., [14-16,28,44,45,50]).

The aim of this study is to construct dual similarity transformations of distinct forms and
to derive the corresponding reduced integrable mKdV models based on the matrix AKNS
spectral problems. In Section 2, we revisit the matrix AKNS spectral problems and the
associated integrable mKdV hierarchies. A general framework is presented for implement-
ing dual similarity transformations and obtaining reduced integrable models. Section 3
explores two representative cases that yield consistent similarity transformations, one in-
volving off-diagonal matrices and the other involving diagonal matrices. These transfor-
mations are then applied to the matrix AKNS spectral problems to generate novel reduced
integrable mKdV models. The examples underscore the structural diversity and richness
of the reduced matrix AKNS integrable systems. The closing section synthesizes the main
contributions and offers final remarks.

2. Dual Similarity Reductions of AKNS Integrable Models

2.1. Revisiting matrix AKNS hierarchies: Toward reduced integrable models

Within the AKNS framework for integrable models, the dependent variable u = u(p, q)
is a column vector composed of two matrix-valued potentials, defined as follows:

p=p0, ) =@jdmxn 9=90¢,t) = (Qkj)nxm>

where m and n are two natural numbers. For each r > 0, a pair of matrix AKNS spectral
problems is given by

—ip, =U¢p, —ip, =V, 2.1
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Here the Lax pairs is defined as
U=U(,A)=2A+P VIl=vIg =217 0+ql,

where the matrices involved are defined by

aql 0 [0
A= 1im , P= p ,
0 asl, L g O
r—1 r[r—s] [r—s]
q_| PIm 0 ol :Z” a b .
0 Bl el clr=sl glr=]
In this formulation, I; denotes the identity matrix of size k, A is the spectral parameter,

and a,,a, and By, B, are two pairs of arbitrary but distinct constants. The matrix Q% is
understood to be the zero matrix of order m + n. The Laurent series

(] pls)
=S Awbl =S| ¢
W_Z;sts_z,xs[c[s] d[s]] (2.2)

s=0 s=0

and

solves the stationary zero-curvature equation
W, =i[U,W] (2.3)

with the initial condition W = Q. This unique series expansion is used to formulate the
Lax pairs of hierarchies of commuting integrable models (see, e.g., [57,58]).
The compatibility of the two matrix spectral problems in (2.1), i.e., the zero-curvature
equations
U —viil+i[u, vl =0, rx>o,

present the matrix AKNS hierarchy of integrable models
p, =iabl™ g =—iacl™ r>o, (2.4)

where a = a; — a,. The classical AKNS integrable hierarchy with scalar potentials p and
q corresponds to the simplest case, m = n = 1 [1]. Every system within the matrix AKNS
integrable hierarchy possesses a bi-Hamiltonian structure and admits infinitely many sym-
metries and conserved quantities (see, e.g., [19,49,59]).

When r = 2s + 1, with s > 1, the matrix AKNS integrable hierarchy in (2.4) results in
the matrix mKdV integrable hierarchy. Particularly, setting s = 1 yields the Lax matrix V!

B B

VBl =23+ =A%P — DAL, (P +iP,) — ﬁ(i[P, P.]+P,, +2P3%), (2.5)
a a ’ al

where I, , = diag(I,,,,—I,,). This corresponds to the first nontrivial integrable system — the
matrix mKdV integrable model

B B
pr = —E@W +3pqpy +3pxqp), qr = —g(qm +3q,Pq + 3qpqy),

where 3 = f3; — 5. These equations serve as foundational examples for the subsequent
analysis. We also note that numerous higher-order matrix AKNS integrable models can be
systematically derived using similar techniques (see, e.g., [26]).
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2.2. Dual similarity transformations of different forms

We are concentrated on the case m = n, which correspond to two square potential
matrices, p and g. Furthermore, we assume that

1 1

Q) =—0y = E, B1=—P2 :_E’

to simplify the subsequent computations. Taking two invertible block matrices of different

forms
[ o A = o
A_[Az 0 ] Z_[ 0 22]’

where X is assumed to be symmetric, the dual similarity transformations are given by

AUM)A =—UT() =—(u)', 06
SUA)E ! =—UT(—A) = —(U(=1)’, '

where A~! and AT denote the inverse and transpose of a matrix A, respectively. The above
similarity transformations impose the following constraints on the potential matrix P:

APA™!'=—pT  wpyl=_pT 2.7)
which equivalently gives rise to

pl =—A,pATY, qT =—AqATE, (2.8)

and
p' =-%,qx', ¢"=-%;p%;", (2.9)

respectively. Under the symmetric condition of ¥ and the compatibility condition
AT'D =351, (2.10)

the constraints on p and q imposed by the dual similarity transformations in (2.6) become
consistent. The resulting reduced AKNS matrix spectral problem takes the form

1
=Al, p
. 2
—ip,=U¢, U= , (2.11)
—1,T 1
—X T —ZAL
where p must satisfy the first constraint in (2.8), or alternatively,
1 —1.T
e 27T,
—ip,=U¢p, U= . (2.12)

1
q _EAIH

where g must satisfy the second constraint in (2.8).
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2.3. Reduced integrable hierarchies of matrix mKdV type

Since

AW(A)A_I |A=oo = _(W(A))Th:oo = _Q’

-1 _ T —
ZW(A)Z |A:oo - (W(_A')) |)L=oo =1,
it follows from the uniqueness of solutions to the stationary zero-curvature equation that

AW)A =—wT () =—(Ww)',
WS =wT (=) = (W),

where W, defined by (2.2), is the solution to the stationary zero-curvature equation (2.3)
with Wil = Q.

Consequently, for each s > 0, we obtain the following relations from the dual similarity
transformations:

AVIETI)ATT = —y[24H0T(2) — —(vI2+1](2))T

(2.13)
nv2HIo)nt =~y ) = (vl )T

where VIZ+1 = (A%+1w), represents the polynomial part of A**'W, as previously de-

fined. Further, we have the following invariance property:

A(Ut _ V)£25+1] + l[U, V[25+1]])(A)A_1 — _((Ut _ Vx[23+1] + l[U, V[25+1]])(A))T,
Z(Ut _ Vx[25+1] +i[U, V[25+1]])(A)2_1 - _ ((Ut _ Vx[25+1] +i[U, V[25+1]])(_A))T )

This implies that the matrix AKNS integrable models, defined by (2.4) with r = 25+ 1,
become the following reduced mKdV integrable models:

p, = 2ib>*2)| 5>0, (2.14)

q=—%;'p"%y’
where p satisfies the first constraint in (2.8), or alternatively,

= —2icl2+2]] >0, (2.15)

_ S =
q: p:_zl 1qT225

where g satisfies the second constraint in (2.8). The corresponding temporal matrix spectral
problems are

—ig, = vI=H]| s>0, (2.16)

o=z, @ $Z

and alternatively,

—ig, = vI=H]| s>0. (2.17)

p=—ZI1qT22¢’

Together with (2.11) and (2.12), these equations describe the reduced mKdV integrable
hierarchy.
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Based on the Lax operator algebra theory (see, e.g., [22]), these reduced integrable
models form an Abelian algebra, which guarantees an infinite sequence of commuting sym-
metries. Since three of A, A,, X1, and X, are arbitrary, selecting specific forms for these
matrices enables the construction of a wide range of mKdV integrable models. A key re-
quirement is that both 3; and ¥, must be symmetric. These models serve as representative
examples of reduced matrix AKNS integrable models. However, when r = 2s with s > 0, the
similarity properties defined in (2.13) no longer hold, and consequently, such reductions
are not valid for those systems.

3. Two Representative Cases

In this section, we examine two representative cases by choosing distinct sets of dual
similarity transformations. Each case demonstrates a reduced matrix AKNS spectral prob-
lem with arbitrary constants, along with its corresponding mKdV integrable model. We
focus on the specific scenario where m = n = 3, with the spectral matrix given by

1
—113 )%
U=UwA)=| 2 1 :
q —EMS

where the potential matrix p satisfies the first constraint in (2.8), and q is determined by
either the first or second constraint in (2.9). In our analysis, we first select specific forms
for A, A, ad X4, and then construct X, using the compatibility condition given in (2.10).

Example 3.1. We begin by examining the first case through the selection of the following
specific pairs of matrices:

6; 63 O 6; 0 O
Ap=1| 0 63 0 |, Ay=]| 63 065 063 |,
0 63 6&; 0 0 &,
- 5 -
, s 4
01 01
0 0 o, 2 2
26 o
Y= 0 oy 0 |, Ep= 0103 —2 42 0103 >
o, 0 0 01 01 02 O3
52 5,6
91 193 0
L 01 01 J

where 6,6, and 0, 0, are arbitrary non-zero constants, while &5 is totally arbitrary. Note
that ¥; and X, are symmetric. After specifying these matrices, the dual similarity transfor-
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mations in (2.6) yield the explicit expressions for p and g

0 P2 P1
03p1 —01py  O63p1 —61p2+ 65p3 »
p= 5, 5,65 0,
—p, _53P1;‘ 62P3 0
| 1
[ 030109P3 0103P3 q i
T e Ty 13
5%52 5%
q= 0102P3 0 0105(63p1 —61p2)
6,04 515§ ’
01(0501p1 —0302p3) 0102(01p2—03p1) 030105(81p2 —3p1)
i 516, 516, 5163 ]

where

01(616302p5 — 5301171 - 53%02171)

qi3 =
6163

Consequently, the reduced matrix mKdV integrable model system, with u = (p;, p2,p3)7,
can be expressed as follows:
304 9
D1t =Pixxx t 525, {(25201171 —30309p1P3 + 251°'2P2P3)P1,x
1Y2
+02p1[81P3pax +(81p2 — 53P1)P3,x]},

30
Dot = D2xxx T ﬁ{Pz[(%Ulpl —8309pP3)P1,x + 02(81p2 — 53P1)P3,x:|
1Y2

+ (520'119% —2030,p1P3 + 3510'2p2P3)p2,x},
30'1

D3t = P3xxx t %[(5201131173 - 5302P§)P1,x + 5102P§P2,x
1Y2

+ (520'119% —3030,p1P3 + 3510'2P2P3)p3,x],

where 6,,06,,0; and o, are arbitrary nonzero constants, whereas &5 is arbitrary and not
required to be nonzero.
Fixing
51=52=1, 53:_1, O'1=O'2=1,
we obtain the following two square potential matrices:
0 P2 p1 Ps3 —P3  —2p1—PD2

p=| —P1—P2 P1+P2—P3 P3 |, q= D3 0 —P1—D2
—P1 P1—P3 0 p1+p3 Pi1+p2 —P1—DP2
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The corresponding integrable simplified mKdV model system is given by
P1e = Praxx +3(207 +3p1p3 +2paps3)pyx +3p1P3Pax +3P1(P1 + P2)P3 s

Pt = Paxxx +3(P1 + P3)Pap1x + 3(p% + 2p1ps + 3p2ps3 )Pax + 3(P1 + P2)P2Ps s
Pt = P3xxx +3(P1 + P3)PsP1x +3P2pay + 3(p2 + 3p1ps + 3p2ps )P -

Example 3.2. Secondly, we investigate the other scenario by introducing the following two
specific matrix pairs:

5 0 0 5, 85 0
Ayj=| 63 63 63 [, Ay=]| 0 &6, 0 |,
0 0 & 0 6, 6,
- 2 2 £2 7
B o B0
o o o, O
0 0 oy 5; 2
1= 0 oy 0 |, %,= 2273 22 5(2753 ,
o, 0 0 02 02 :
2 2 2
%% 55 8
L 01 02 Oy O3 d

where 6,0, and 0,0, are arbitrary non-zero constants, while 65 is arbitrary and not
required to be non-zero. Note that we have simply swapped A; and A, compared to the
previous example, and once again, both %; and X, are symmetric. With these matrices in
place, the dual similarity transformations described in (2.6) provide the explicit formulas

for p and ¢

O3p2 P p i
5, 2 1
01P2
= 0
p 62 p3 >
_01p1+03p3 | O3pa  Op3  O3p3
6, P 01 6,
0 _0103p3 03(53132 —085p1)
5% 5%52
_ q 630102(65p3 —61P2) q
0%(52171 —63P2) 010D 0
5%52 516,
where
o1 = 01[61650,p3 —6301(63p1 — 63p3)]
21 — )

5165
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01(626301p1 — 5502132 - 5501132)
252 :
6105

d23 =
Consequently, the associated reduced matrix mKdV integrable model for the vector u =
(p1,P2,p3)" takes the form

30

P, :pl,xxx 5252

[(25201171 36,6301P1P2 + 6301p; +2816502p3D3)P1x

- (52530117% - 5301P1P2 - 515202P1p3)P2,x
+0610202P1P2P3 x],

P2t = Poxxx t 5252 {5201(52171 —63D2)P2P1,x
+ [530'113% +365(6109p3 —6301p1)p2 + 25301p§]p2,x
+ 515202P§p3,x},
30
P3t =Psxxx T 303 {5201(52171 03P2)P3P1 x
656
192
+ [515202173 —6301(62p1 — 53P2)]p3P2,x
+ [3515202132173 +01(62p71 — 53p2)2]p3,x},

where 6,,6,,07,04 are arbitrary non-zero constants, while 64 is completely arbitrary and
not necessarily non-zero.

Selecting
51=52=1, 53=_1, O'1=O'2=1,
we obtain
—P2 P> P1 0 —P3 —P1—D2
p= —D2 O p3s |, q=| p1+p2+ps p2—pP3 —P1—2p2 |,
—P1—P2t+P3 —DP3 P3 D1+ P2 D> 0

and the corresponding integrable simplified mKdV model system is given as follows:

P1c = P1xxx + 3(20% + 3p1ps + P2 + 2pop3)P1x + 3p1[ (P1 + P2 + P3)Pax + PaP3x s
Pat = Paxxx +3(p% + 3p1ps + 2p2 + 3paps)Pax + 3P2[ (P1 + P2)P1x + PaP3x s
Pa.t = Paexx +3[(P1 4 P2)? +3paps ps.« + 3ps[ (P1 + P2)P1x + (P1 + P2 + P3)Pa |-

It is worth noting that the computation of the Lax matrix V(3] as defined in (2.5), is
straightforward in both examples. This matrix serves as the temporal component of the
Lax pairs corresponding to the reduced mKdV integrable models. Furthermore, one can
derive the complete integrable hierarchies described by (2.14) (or (2.15)), along with their
associated Lax pairs given by (2.11) and (2.16) (or (2.12) and (2.17)).
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4. Concluding Remarks

This paper presents two representative examples of dual similarity transformations and
applies them to matrix AKNS spectral problems to construct reduced matrix mKdV inte-
grable models. The associated reduced spectral problems and resulting integrable systems
are explicitly derived with the aid of Maple. By employing dual similarity transformations
of distinct forms, a systematic methodology emerges for generating new integrable mod-
els. These constructions also contribute to a broader understanding of the structure and
classification of mKdV-type integrable systems (see, e.g., [24,29,32]).

By applying various dual similarity transformations to zero-curvature equations, a broad
spectrum of integrable reductions can be obtained (see, e.g., [47,54-56]). Certain reduced
mKdV-type integrable systems of this kind can be solved by means of the inverse scattering
transform [53]. The examples presented in this study underscore the versatility and depth
of reduced Lax pairs in constructing integrable models. A key step involves designing di-
agonal and off-diagonal block matrices within these transformations, which fundamentally
shape the structure of the resulting systems. Furthermore, these techniques contribute to
ongoing developments in integrable models associated with higher-order matrix spectral
problems, as discussed in [10-12,31,34-36]. Comparative investigations with other inte-
grable systems may provide deeper insights into the algebraic and geometric underpinnings
of such models.

Rogue waves, lump solutions, and soliton waves are well-known and intriguing non-
linear wave phenomena (see, e.g., [5,6,9,17,20,21,30,33,43,46,51,52]). An exciting
direction for future research is to investigate such phenomena within the framework of
the reduced integrable models presented in this work. Analytical techniques such as the
inverse scattering transform and the Riemann-Hilbert method serve as powerful tools for
this purpose. It would also be of significant interest to explore the existence and structure
of Darboux transformations associated with these models. Given the distinct structure of
reduced integrable systems [37-39], their nonlinear wave dynamics could offer new op-
portunities for applications in applied mathematics and engineering sciences.

In summary, this research establishes a robust framework for the formulation and anal-
ysis of integrable models. The developed models are expected to provide valuable new
insights into the classification of multi-component integrable systems within the zero-cur-
vature formulation. The structural results presented here may contribute meaningfully to
future developments and applications of integrable models in both the physical and engi-
neering sciences.
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