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Abstract

The Hamiltonian and multi-symplectic formulations for RLW equation are considered
in this paper. A new twelve-point difference scheme which is equivalent to multi-symplectic
Preissmann integrator is derived based on the multi-symplectic formulation of RLW equa-
tion. And the numerical experiments on solitary waves are also given. Comparing the
numerical results for RLW equation with those for KdV equation, the inelastic behavior
of RLW equation is shown.
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1. Introduction

We consider the regularized long-wave (RLW) equation [1]
u+ (V' (u))y — otggr = 0, (1)

where V(u) = 2u®. The equation was first put forward by Peregrine (1966) [2] to describe
the development of long wave behaviour. B. Benjamin, J. L. Bona and J. J. Mahoney (1972)
[1] studied in detail the existence, uniqueness and stability of solutions of equation (1) and
considered it as a more suitable posed model for long wave. (1) was called as BBM equation
by P. J. Olver (1979) [6], who studied the conservation laws of equation (1) and proved that it
possesses only three independent conservation laws. At the same year, the comparative numer-
ical experiments between RLW equation and KdV equation were given by M. E. Alexander and
J. L. Morris [5], the results showed that the interaction of two-solitary wave is inelastic during
evolution process. It was known very well that KdV equation as a completely integrable model
has infinite family of conservation laws, so the interaction between solitons is elastic. Therefore,
it was clear that RLW equation and KdV equation describe different physical phenomena.

The purpose of this paper is to present a multi-symplectic formulation for RLW equation,
then by using multi-symplectic Preissmann scheme to derive a new twelve-point scheme. At
last we give the comparative numerical experiments on solitary waves for RLW equation and
KdV equation by using the new twelve-point scheme given in this paper and the twelve-point
scheme given by Pingfu Zhao and Mengzhao Qin [11]. These numerical results obtained in this
paper further confirm the inelastic behaviour of the RLW equation and show that the multi-
symplectic twelve-point scheme given in [11] treats the KdV equation more successfully than
the Galerkin method got in [5]. In addition, we simulate the interaction of three solitary waves.

An outline of this paper is as follows. In section 2, we present the Hamiltonian formulation
and the multi-symplectic formulation for RLW equation. In section 3, we derive a new twelve
-point difference scheme based on multi-symplectic Preissmann scheme. Numerical experiments
are presented in section 4.
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2. Symplectic and Multi-symplectic Formulations of RLW Equation

In this section, we discuss symplectic and multi-symplectic formulations for RLW equation.
First, (1) can be written as the classical Hamiltonian formulation

0H
=—(1-o¢D*)"'D=—
Ut (1-0D") 5w
where the Hamilton operator is —(1 — ¢D?)7'D, D = 2 and the Hamiltonian function is
H = [ tu’dz.
Let u = ¢, (1) can be rewritten as the Euler-Lagrange equation
d 6L oL
dt Sp; S
with Lagrangian functional
1 1 1
L(p, 1) = /(;ms% + 50 PrtPrr + 5 Ps)dT

Here, the canonical 1-form on infinite dimensional functional space T'Q) with coordinates (¢, ©¢)
can be considered as
oL 1

1
_ ok, Lt 2 _ 1 2 1
0= ; tdgof 2(1 oD*)p.dp = 2(1 oD*)uD™ " du.

Now, the canonical two-form on T'Q) is
1 1
Q=—-df = —5(1 —oD?*du A D tdu = a(adu A dug — du A D™ du).
Second, we can describe (1) by using multi-symplectic language. According to the multi-

symplectic concept introduced by Bridges [6], the RLW equation can be reformulated as the
following

Mz 4+ Kz, =v7.5(2), z€R® (x,t) € R? (2)

with state variable z = (¢, u,v,w,p)? and the Hamiltonian function
1 1
H = p—6u3+§avw,

where

0 -3 0 00 00 0 0 -1

10 —10 00 0 0 0 -0 0

M=|0 40 0 0 0 K=|0 0 0 0 0 [,
00 0 00 0 ic0 0 0
0 0 0 0 0 1 0 0 0 0
1 1,
U=Pz, V="Ug, W=1U, P= 59015"_59095 — 0@Pzxat- (3)

Taking exterior derivative on the two side of (2), we have
Mdz; + Kdz, = 725(2)dz.

Then take the wedge product with dz on the two side of the equality above, a multi-symplectic
conservation law can be derived

%(du/\dg@—i—adv/\du) + %(2dp/\d<p+adw/\du) =0. (4)
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Let a fiber bundle mxy : Y — X be the covariant configuration bundle, in which the coordi-
nates of the base space X is denoted by (z,t), the coordinates of the bundle space Y = X x R
is denoted by (z,t,y). Denote J2(Y) as the 2t" jet bundle of Y, if ¢ : X — Y is a section
of Y, then the coordinates of the third jet prolongation j3(¢) of the section ¢ can be given by
(@, 0y Ppuy Pput s Pruspapus )» Where g, = 0, is the first partial derivative, @, = 0u, Oy 1S
the second partial derivative, @, yopus = Ouy O, Ous 0 is the third partial derivative. According
to Marsden’s Lagrangian theory [7], (2) are equivalent to an Euler-Lagrange equation with the
Lagrangian density on J2(Y)

1 1 1

;C(J),t, P Pty Pxs Pats @xz) = (Ewﬂpx + EUSO:CtSO:c;c + gsﬁi)dﬂ? Adt. (5)

The Cartan form on J3(Y') can be taken as

0r = —%gpxdgo Adx + (%gpt + %api — 0Pzt )do A dt + %mpxtdgom A dt
_%U@zdeOx A d(E - (%pr@t + %9050’,; — 0PzatPx + %Usazz@xt)dx A dtv

then the corresponding multi-symplectic form is 2, = —df,.
In Lagrangian sense, (1) has multi-symplectic form formula

/U P AV (V)] Q2) = 0, (6)

where U is a smooth manifold with smooth closed boundary. Taking V,W € mx y-vertical
vector V = got%, W = @x%, then

jB(V) = (Sﬁu Ptty Pty Pttty Ptat, Ptax, Ptttt, Ptttx, Pttxx, @txxx),

]3(W) = (Soz; Sozt; Sozz; Soztt; Sozztv @xmx; Sozttt; Sozttzv @xtzz; @zzzz);

and computing (6), the Marsden’s multi-symplectic form formula for RLW equation is

. ./ - 1 1
]3(¢) (]3(V)J]3(W)JQ£) = (SDtISOx — PaaPt + OPtegPaz — Usozzzsotx)dx + 5(@”5030 - SOxtSOt)dt

2
1

+ 5(20¢ttzz§0z - QUsﬁzzthﬁt -+ OPtte Pox — Jmet¢tx)dt

+ (9091390151501 - Sﬁzsﬁzmsﬁt)dt.

Using Stokes theorem, we have

o:/UDt(
+/UD9¢(

Since U is arbitrary, thus a conservation law

(@tﬁc%px — PPt + OPtrxPrax — U‘pxmx@tm)) + Dgc( (@tt@x - @xt%pt))dx Adt

N = N =
N

(200t10aPe — 200eaztPt + 0Pt Pre — OPratPta + 202PtaPe — 202 Paapr))dr A dt.

0= Dt(%(@tﬁc@x — QraPt + OOtz Pra — U@xmx@tm)) + D:c(%(@tt@x - @xt@t))dx Adt
+D:(3(200tt0cPes — 20 0scatPt + OPtePor — OPrat Pt + 20ePtaPe — 202 Pactpr))d A dt
(7)
can be obtained. By using the transformation (3), we notice that (7) is the Bridges’s multi-
symplectic conservation law (4) for RLW equation, i.e., conservation law (7) is equivalent to
conservation law (4).
Finally, we show that the multi-symplectic structure on J3(Y) can be induced to a symplectic
structure on a infinite-dimensional manifold. Let @) be the infinite-dimensional manifold with
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coordinates ¢ and i : z — (z,t) be the inclusion map of ¥ into X, J3(Y )y is the collection of

restrictions of holonomic sections of J3(Y) to ¥, then we may define the canonical 1-form on
T (Y)s

b5(°(0) o)V = [ 75%()" (V160 ®)
where V' € Tja(,)0i(J3(Y)s). Taking V € mx ya(y)-vertical vector,
V = (V<P7 Vs@wv Vs@ta V@xwv V@ww Vtha Vtht ) Vthx? Vs@tmv V%uu)v
then we have
1

. N 1 1
.73(80) (V]0c) = —5(% — 0Pgaz)Vodr + V¢(§§0t + 5

1
P2 — OPaat)dt + §U<thV<pmdt,
] (‘P) (VJHL) = §sﬂxV¢d$ - anxxxvgadxv

05 (% (p) 0 i)V = /%(1 — o D*)uV,dx. (9)
The equality (9) implies
Os = /%(1 — oD*)uD ™ *dudz,
it follows

1
Qs = —dfy, = / §(O'Clu Adug — du A D_ldu)dx.

3. Multi-symplectic Scheme Based on Multi-symplectic Preissmann
Scheme

Multi-symplecticity as a geometric property of the PDEs is noticed recently in [9,10,11], and
a natural way to discrete the PDEs is to preserve the property. Based on this idea, Bridges
and Reich [8-9] introduced the concept of multi-symplectic integrators, i.e., numerical methods
which preserve a discrete version of multi-symplectic conservation law. As a example, we
discretize (2) by using Preissmann scheme and obtain

1 1

i+l i i+d itd
Sty Ty Piri TP T 10
2Nt Az - (10)
i+l i+l i+3 i+3
Yitd ¥+l _Uijr% Uit Wil —wp t g _l(ui-'r%)Q (11)
N 2Nt 2 Az Lits 2l
i+l it3
Yirr T %y Yl 12
28t 27 (12)
¢i+§ - SDH% .
j+1 j i+1
Rz T Uk (13)

. . . . . . i+ 1 . . . .
where pj & p(j Aw,i At), p o= 305 + i), Py 3 = 10 + Pjya + o5 +051), Az and
At are the space step length and time step length respectively.

It is clear, Integrator (9)-(12) preserves the discrete multi-symplectic conservation law

dusill Adtp;’_:ll 7du’7",+% Adtp;+% (Idv;'*'ll Adu;"‘*'ll 7crdv;‘;+ 1 Adu:+%
2 2 : : 2 2 p Iy
1 1 25t 1 1 N 1 1 25t 1 1 (14)
it it itd it it % it % it it
dzr)j+1 /\dcpj+1 —dp] /\dcpj adwj+1 /\duj+1 —adwj /\duj -0
+ Ax + 2Ax - Y
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In practice, we usually need to know the values of u only, which inspires us to eliminate @, v,
w, p, and obtain a twelve-point difference scheme for u. Define difference operator 5‘tu &mtu
=1

Uy

oy’ = uttt — u;fl,

J J
i i+l it1 i—1 i—1 z+1 i+1 -1 -1
8xxtuj—uj+1_uj — Ui +’Uw +U +u I—Uj 2
1 . .
=t (1 i+1 i+1
u]f4(uj+uj +uity +ub),

then a twelve-point scheme

) A . A A .
a7 Oty + 30huf + 30iu;_y + Ohu_y) = moragOratt

- i1 s . i (15)
= ax (V@) = V' (@zy) + V'(a) — V' (@) _,))
can be obtained. Discretizing the Lagrangian (5) by using
N 0 +<P;il1 @ g — @;Hl
& WANG
i 20 b+ T — 200 i
Yz 2Azx ’
o) il — gt — ot ol
o Az At ’
o~ AR
‘ 2Nt ’
we get the following scheme from the discrete variational principle
roasar (#53 ~ %+2 200 — W“l— 2051+ 265 soé“a +¢5)
1 1
st (ks — 2005+ 2@” P = Pt 2%+1 26571+ ¢j0) y
iy +
Fak V() ¢ el gioel 1)
V/(‘PJ e5 21‘5 %—2) _ V/(‘Pj 42‘;% %‘—2)) —0.

In the equality above, if let = u', we have that (16) is equivalent to (15).

‘PJ+1 ‘PJ
Az J’

4. Numerical Experiments

In this section, we present these plots of the one-, two- and three-solitary wave solutions for
RLW equation, and compare the numerical results with the ones given in [11] for KdV equation.
The following initial boundary conditions are used:
One-solitary wave
0) = 3csech?(kx +d), u(0,t) = u(2,t), (17)
d=—k,c=0.3, m=4.84(10"%).

1
where k = %(%)2 = %(%) ,
Two-solitary wave

u(z,
1
2

u(x,0) = 3cysech?(kyx + dy) + 3casech? (kox + da),

uw(—2+3,t)=u(2+2,1), (18)
where k‘l = %(%)%, k‘g = %(%)%, d1 = d2 = —5, Cc1 = 03, Cy — 0.1.
Three-solitary wave
u(x,0) = 3cysech?(kyx + dy) + 3casech? (kox + dg) + 3czsech?(ksx + d3), (19)

u(_2+ %7t) = u(2+ gvt)a
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where k; = %(%)%, ky =
c3 = 0.15.

(2)3, ks = 3(2)2, dy = dy = dy = =5, ¢1 = 0.6, ¢z = 0.3,

First, we consider the propagation of a solitary wave, and use (17) to do this. The compu-
tation is done for x € [0, 2], with the time step At = 0.05 and the space step Ax = 2/201, see
Fig.1.

Next, we consider the interaction of two colliding solitary waves by using (18). The com-
putation is done for z € [—-2 + 4/3,2 + 4/3], with the time step At = 0.01 and the space step
Az = 4/301. Comparing Fig.2, Fig.3 with Fig.4, Fig.5, we notice an emergence of a third small
amplitude solitary wave which is similar to that showed in [5] for RLW equation.

Finally, we also test our integrators on a boundary state of three solitary waves with the
initial boundary condition (19). The computation is done for © € [-2 +2/3,2 4 2/3], with the
time step At = 0.002 and the space step Az = 4/301. Comparing Fig.6, Fig.7 with Fig.8, Fig.9,
we observe the emergence of a small amplitude wave in negative direction for RLW equation.

In conclusion, these numerical results given in this section further confirm the inelastic
behavior of RLW equation, and show that RLW equation and KdV equation describe the
different physical behaviour.
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Figure 1. A three dimensional version of the evolutions of one-solitary wave for RLW equation
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Figure 2. The temporal developments of two-solitary wave for KdV equation

0.8

0.6

0.4

0.2

-0.2
150

Figure 3. A three dimensional version of the evolutions of two-solitary wave for KdV equation
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Figure 4. The temporal developments of two-solitary wave for RLW equation

Figure 5. A three dimensional version of the evolutions of two-solitary wave for RLW equation
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Figure 6. The temporal developments of three solitary wave for KdV equation
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Figure 7. A three dimensional version of the evolutions of three-solitary wave for KdV equation
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Figure 8. The temporal developments of three-solitary wave for RLW equation
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Figure 9. A three dimensional version of the evolutions of three-solitary wave for RLW equation
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