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Abstract

It is one of the most challenging issues in applied mathematics to approximately solve
high-dimensional partial differential equations (PDEs) and most of the numerical approx-
imation methods for PDEs in the scientific literature suffer from the so-called curse of
dimensionality in the sense that the number of computational operations employed in the
corresponding approximation scheme to obtain an approximation precision € > 0 grows
exponentially in the PDE dimension and/or the reciprocal of €. Recently, certain deep
learning based methods for PDEs have been proposed and various numerical simulations
for such methods suggest that deep artificial neural network (ANN) approximations might
have the capacity to indeed overcome the curse of dimensionality in the sense that the
number of real parameters used to describe the approximating deep ANNs grows at most
polynomially in both the PDE dimension d € N and the reciprocal of the prescribed ap-
proximation accuracy € > 0. There are now also a few rigorous mathematical results
in the scientific literature which substantiate this conjecture by proving that deep ANNs
overcome the curse of dimensionality in approximating solutions of PDEs. Each of these
results establishes that deep ANNs overcome the curse of dimensionality in approximat-
ing suitable PDE solutions at a fixed time point 7' > 0 and on a compact cube [a,b]d
in space but none of these results provides an answer to the question whether the entire
PDE solution on [0,7] x [a,b]* can be approximated by deep ANNs without the curse
of dimensionality. It is precisely the subject of this article to overcome this issue. More
specifically, the main result of this work in particular proves for every a € R, b € (a, o)
that solutions of certain Kolmogorov PDEs can be approximated by deep ANNs on the
space-time region [0,7] X [a, b]¢ without the curse of dimensionality.
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1. Introduction

It is one of the most challenging issues in applied mathematics to approximately solve high-
dimensional partial differential equations (PDEs) and most of the numerical approximation
methods for PDEs in the scientific literature suffer from the so-called curse of dimensional-
ity in the sense that the number of computational operations employed in the corresponding
approximation scheme to obtain an approximation precision ¢ > 0 grows exponentially in the
PDE dimension and/or the reciprocal of ¢ (for such concepts cf., e.g., Bellman [7], Novak &
Ritter [52], Novak & Wozniakowski [53, Chapter 1] and Novak & WozZniakowski [54, Chapter 9]
and for methods which do not suffer from the curse of dimensionality in the case of some special
classes of nonlinear PDEs cf., e.g., [16,17,31, 33,34, 36], [5, Section 4], [15, Sections 2 and 6],
and the references therein).

Recently, certain artificial neural networks (ANNs) based approximation methods for PDEs
have been proposed and various numerical simulations for such methods suggest (cf., e.g., [9,11,
13,14,19,21,22,24,29,30,32,35,38,40,41,46,47,49-51,55-57,59,60] and the references mentioned
therein) that deep ANNs might have the capacity to indeed overcome the curse of dimensionality
in the sense that the number of real parameters used to describe the approximating deep ANNs
grows at most polynomially in both the PDE dimension d € N = {1,2,...} and the reciprocal
of the prescribed approximation accuracy € > 0.

There are now also a few rigorous mathematical results in the scientific literature which
substantiate this conjecture by proving that deep ANNs overcome the curse of dimensionality
in approximating solutions of PDEs; cf., e.g., [20,23,25,27,39,45,58]. Each of the references
mentioned in the previous sentence establishes that deep ANNs overcome the curse of dimen-
sionality in approximating suitable PDE solutions at a fixed time point T > 0 and on a compact
cube [a,b]? in space but none of the results in these references provides an answer to the ques-
tion whether the entire PDE solution on [0, 7] x [a,b]¢ can be approximated by deep ANNs
without the curse of dimensionality.

It is precisely the subject of this article to overcome this issue. More specifically, the main
result of this work, Theorem 4.1 in Subsection 4.6 below, in particular proves for every a € R,
b € (a,00) that solutions of certain Kolmogorov PDEs can be approximated by deep ANNs
on the space-time region [0, 7] x [a,b]¢ without the curse of dimensionality. To illustrate the
findings of this work in more details we now present in Theorem 1.1 below a special case of
Theorem 4.1.

Theorem 1.1. LetN = ULENUlo,ll,...,lLEN(Xézl(leXlk71 XRl")), let A: (UdeNRd) — (UdeNRd)
satisfy for alld €N, x = (21,...,14) € R? that

A(z) = (max{x1,0},...,max{xq,0}), (1.1)

let P: N = N and R: N — (Ug ey C(R*,RY)) satisfy for all L € N, lg,l1,...,l, €N, & =
((Wl,Bl),...,(WL,BL)) € (Xézl(leXlkfl X le)), o € Rlo,l'l c ]Rll,...,SCL c R with
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