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Abstract

In this paper, we propose a pressure-robust weak Galerkin (WG) finite element scheme

to solve the Stokes-Darcy problem. To construct the pressure-robust numerical scheme, we

use the divergence-free velocity reconstruction operator to modify the test function on the

right side of the numerical scheme. This numerical scheme is easy to implement because

it only need to modify the right side. We prove the error between the velocity function

and its numerical solution is independent of the pressure function and viscosity coefficient.

Moreover, the errors of the velocity function reach the optimal convergence orders under

the energy norm, as validated by both theoretical analysis and numerical results.

Mathematics subject classification: 65N30, 65N15, 65N12, 35B45.

Key words: Weak Galerkin finite element methods, Coupled Stokes-Darcy problems, Pres-

sure-robust error estimate, Divergence preserving.

1. Introduction

This paper considers the Stokes-Darcy model, which couples the Stokes equations in the

free flow region with the Darcy equations in the porous medium region.

In the free flow region Ωs, the flow is governed by the following Stokes equations:

−∇ · T (us, ps) = fs in Ωs, (1.1)

∇ · us = gs in Ωs, (1.2)

us = 0 on Γs, (1.3)

where T (us, ps) = 2µD(us)−psI is the symmetric stress tensor andD(us) = (∇us + (∇us)
T )/2

is the strain tensor. Define µ and I as the viscosity coefficient and the identity tensor, respec-

tively.

In the porous medium region Ωd, the flow is governed by the Darcy equations in the mixed

formulation

µκ−1ud +∇pd = fd in Ωd, (1.4)

∇ · ud = gd in Ωd, (1.5)

ud · nd = 0 on Γd, (1.6)

where κ is permeability tensor. Denote by g = (gs, gd) the source satisfying
∫

Ωs

gs dΩs +

∫

Ωd

gd dΩd = 0.
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This model is coupled with three interface conditions: the mass conservation condition, the

balance of forces, and the Beavers-Joseph-Saffman (BJS) condition

us · ns = ud · ns on Γsd, (1.7)

ps − 2µD(us)ns · ns = pd on Γsd, (1.8)

−2D(us)ns · ts = ακ− 1

2us · ts on Γsd. (1.9)

Here ns and ts are the unit outward normal vector and the unit tangent vector on the inter-

face Γsd, respectively. And α is an empirical parameter obtained through experiments. Let

Ω = Ωs ∪Ωd be an open bounded domain in R2. This model is shown in Fig. 1.1.

This model simulates the transport of pollutants from rivers into aquifers in environmental

science. Moreover, it finds many applications in hydrology, biofluid dynamics and other fields.

So far, various numerical methods have been proposed to numerically solve the Stokes-Darcy

problem, including the mixed finite element method [6,9,17,24], the finite volume method [39],

the discontinuous Galerkin finite element method [10,14,33,38], the virtual element method [35],

the weak Galerkin finite element method [3, 19, 20, 31, 32], etc.

When using the piecewise linear polynomial combined with the lowest-order Raviart-Thomas

(RT) element to discrete the velocity function in the Stokes equations and the Darcy equations,

the error of the velocity function is independent of viscosity coefficient and the pressure function

in [24]. We call this property of the error as pressure robustness. However, most numerical

methods are not pressure-robust. Consequently, if viscosity coefficient is very small or the ap-

proximation of the pressure function is inaccurate, the approximation of the velocity function

is correspondingly compromised. This non-pressure robustness also occurs when the Stokes

equations are solved numerically. To obtain the pressure-robust numerical results, scholars

have proposed various methods: the mixed finite element method based on an exact de Rham

complex [12, 15], grad-div stabilization [8, 16, 28–30], appropriate reconstructions of test func-

tions [5, 18, 21–23,40], etc.

The WG method was first proposed in [36] for solving second-order elliptic equation. In

contrast to the finite element method, the WG method employs the discontinuous weak function

space as the approximate function space and replaces the classical differential operators with

the weak differential operators in the variational formulation. In [37], the authors develop

ts

ns

Ωs

Ωd

Γs

Γd

Γsd

Fig. 1.1. The Stokes-Darcy model.
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a stabilized WG method for the Stokes equations. The errors of velocity function are dependent

on the pressure function and viscosity coefficient. To obtain the pressure-robustWG scheme, the

authors proposed to construct velocity reconstruction operator with lowest-order divergence-free

CW0 element in [25]. To obtain higher-order accuracy, the definition of the H(div) element on

polygonal meshes is introduced in [27]. Subsequently, arbitrary order WG schemes on polygonal

meshes are proposed.

In this paper, we propose an unified pressure-robust WG scheme for the Stokes-Darcy prob-

lem. The WG finite element is employed to discrete the velocity functions and pressure functions

in the Stokes equations and Darcy equations, which can simplify the numerical simulation. In

the discrete space, the normal continuity of the velocity function is imposed on the interface.

The strong coupling is achieved. We use the H(div) element to construct a velocity reconstruc-

tion operator. This operator is employed to modify the test function on the right-hand side,

ultimately yielding the pressure-robust WG scheme. In the numerical scheme, we only need

to modify the right side, so this scheme is easy to implement. We obtain the error between

the velocity function and its numerical solution is independent of both the pressure function

and viscosity coefficient. And the error of the pressure function only depends on the velocity

function and viscosity coefficient. Moreover, the numerical solutions of the velocity function

converge optimally to the exact solutions in theoretical analysis and numerical examples.

This paper is mainly divided into the following parts. In Section 2, we give the definitions of

the WG spaces and velocity reconstruction operator, and the WG scheme is proposed. Section 3

is devoted to establishing the stability of the numerical scheme. In Section 4, we present the

error equations for the velocity and pressure functions in both the free flow region and porous

medium region. Subsequently, we derive error estimates in the H1 norm in Section 5. In

Section 6, we provide two numerical examples to validate the efficiency of the pressure-robust

WG scheme.

2. The Weak Galerkin Finite Element Scheme

In this section, we introduce the definitions of some WG spaces and weak differential opera-

tors. Next, based on the definition of the velocity reconstruction operator, the pressure-robust

WG scheme is presented.

2.1. Weak Galerkin finite element spaces

Denote by Ts,h and Td,h the simplicial partitions in the free flow region Ωs and porous

medium region Ωd, respectively, and set Th = Ts,h ∪ Td,h. For T ∈ Th, define the area and the

diameter of T as |T | and hT , respectively. Let h = maxT∈Th
hT be the mesh size. Let Es,h

and Ed,h be the set of all edges in the Stokes domain Ωs and Darcy domain Ωd, respectively.

And set Eh = Es,h ∪ Ed,h. Denote by Esd,h all edges on the interface Γsd.

Define the weak function as v = {v0,vb}, where v0 and vb are interior function and bound-

ary function, respectively. It should be noted that vb has one unique value on the edges of

Eh \ Esd,h and has two values vs,b and vd,b on the edge of Esd,h. And there is no relationship

between v0 and vb. Let Vs,h and Vd,h be the WG spaces in the free flow region Ωs and porous

medium region Ωd, respectively. Set Vh = Vs,h∪Vd,h. Define the WG space for pressure function

in the domain Ω as Wh. For a given integer k > 1,

Vs,h =
{

vs,h = {vs,0,vs,b},vs,0|T ∈ [Pk(T )]
2 in T ∈ Ts,h, vs,b|e ∈ [Pk(e)]

2 on e ∈ Es,h
}

,



4 J.W. JIA, L. YANG AND Q.L. ZHAI

Vd,h =
{

vd,h = {vd,0,vd,b}, vd,0|T ∈ [Pk(T )]
2 in T ∈ Td,h, vd,b|e = vd,bne,

vd,b ∈ Pk(e) on e ∈ Ed,h
}

,

V 0
h =

{

vh ∈ Vh, vs,b = 0 on e ∈ Es,h ∩ ∂Ω, vd,b · nd = 0 on e ∈ Ed,h ∩ ∂Ω,

vs,b · ns = vd,b · ns on e ∈ Esd,h
}

,

Wh =
{

q : q ∈ L2
0(Ω), q|T ∈ Pk(T ) in T ∈ Th

}

,

where ne is the unit outward normal vector on the edge e. Denote by Pk(T ) the space of

polynomials on T with degree no more than k. And Pk(e) represents the space of polynomials

on e with degree no more than k.

Then, we define some weak differential operators.

Definition 2.1 ([37]). For any v ∈ Vs,h and T ∈ Ts,h, its discrete weak gradient operator

∇wv ∈ [Pk−1(T )]
2×2 satisfies the following equation:

(∇wv, ϕ)T = −(v0,∇ · ϕ)T + 〈vb, ϕn〉∂T , ∀ϕ ∈ [Pk−1(T )]
2×2, (2.1)

where n is the unit outward normal vector on ∂T .

Then, define the discrete weak strain tensor as Dw(v) = (∇wv+ (∇wv)
T )/2. Similarly, we

give the definition of the discrete weak divergence operator.

Definition 2.2 ([37]). For each v ∈ Vh and T ∈ Th, its discrete weak divergence operator

∇w · v ∈ Pk(T ) satisfies the following equation:

(∇w · v, τ)T = −(v0,∇τ)T + 〈vb · n, τ〉∂T , ∀ τ ∈ Pk(T ), (2.2)

where n is the unit outward normal vector on ∂T .

Next, we introduce the following Sobolev spaces [34]:

H(div,Ω) = {v ∈ [L2(Ω)]2, ∇ · v ∈ L2(Ω)},

H0(div,Ω) = {v ∈ H(div,Ω), v · n|∂Ω = 0},

RTk(T ) = [Pk(T )]
2 + xPk(T ), x ∈ R2, T ∈ Th.

Then we give the definition of the H(div)-conforming velocity reconstruction operator RT .

Definition 2.3 ([26]). Let RT : Vh|T → RTk(T ) be the velocity reconstruction operator. For

all vh = {v0,vb} ∈ Vh, the operator RT satisfies

∫

T

RT (vh) ·w dT =

∫

T

v0 ·w dT, ∀w ∈ [Pk−1(T )]
2, (2.3)

∫

e

(

RT (vh) · n
)

φds =

∫

e

(vb · n)φ ds, ∀φ ∈ Pk(e), (2.4)

where T ∈ Th and e ∈ Eh.
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2.2. The numerical scheme

For T ∈ Th, denote by Q0 the L2 projection operator from [L2(T )]2 onto [Pk(T )]
2. For

e ∈ Eh, define Qb as the L
2 projection operator from [L2(e)]2 onto [Pk(e)]

2. Set Qh = {Q0, Qb}.

Next we give some bilinear forms as follows:

s(v,w) =
∑

T∈Ts,h

h−1
T 〈vs,0 − vs,b,ws,0 −ws,b〉∂T

+
∑

T∈Td,h

h−1
T 〈(vd,0 − vd,b) · ne, (ws,0 −ws,b) · ne〉∂T

a(v,w) =
∑

T∈Ts,h

(

2µDw(vs,h), Dw(ws,h)
)

T
+

∑

T∈Td,h

(

µκ−1vd,0,wd,0

)

T
,

as(v,w) = a(v,w) + µs(v,w) +
∑

e∈Esd,h

〈

αµκ− 1

2us,b · ts,vs,b · ts
〉

e
,

b(v, p) = −
∑

T∈Th

(∇w · v, p)T

for any v,w ∈ V 0
h .

Based on these bilinear forms, we present the pressure-robust WG scheme in Algorithm 2.1.

Algorithm 2.1: Pressure-robust WG Scheme.

For the Stokes-Darcy problem (1.1)-(1.9), the weak Galerkin finite element scheme is to

find uh ∈ V 0
h , us,b|Γs

= 0, ud,b|Γd
· nd = 0 and ph ∈ Wh to satisfy

as(uh,vh) + b(vh, ph) =
(

fs, RT (vs,h)
)

+
(

fd, RT (vd,h)
)

, (2.5)

b(uh, qh) = −(g, qh), (2.6)

for all vh ∈ V 0
h and qh ∈ Wh.

Moreover, we introduce the standardWG scheme presented as Algorithm 2.2 for comparison.

Algorithm 2.2: Standard WG Scheme.

For the Stokes-Darcy problem (1.1)-(1.9), the standard weak Galerkin finite element

scheme is to find uh ∈ V 0
h ,us,b|Γs

= 0, ud,b|Γd
· nd = 0 and ph ∈ Wh to satisfy

as(uh,vh) + b(vh, ph) = (fs,vs,0) + (fd,vd,0), (2.7)

b(uh, qh) = −(g, qh), (2.8)

for all vh ∈ V 0
h and qh ∈ Wh.

3. Stability and Well-posedness

In this section, we establish the stability of the WG scheme. Let Qh and Qh be the L2

projection operators onto Pk(T ) and [Pk−1(T )]
2×2, respectively.
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Lemma 3.1. For u ∈ [H1(Ω)]2 and T ∈ Th, we have the following properties:

(

∇w(Qhu), ϕ
)

T
=
(

Qh(∇u), ϕ
)

T
, ∀ϕ ∈ [Pk−1(T )]

2×2, (3.1)
(

∇w · (Qhu), τ
)

T
=
(

Qh(∇ · u), τ
)

T
, ∀ τ ∈ Pk(T ). (3.2)

The proof refers to [37, Lemma 4.2].

Similarly, for ϕ ∈ [Pk−1(T )]
2×2, we get

(

∇T
wQhu, ϕ

)

T
=
(

∇wQhu, ϕ
T
)

T

= −
(

Q0u,∇ · ϕT
)

T
+
〈

Qbu, ϕ
Tn
〉

∂T

= −(u,∇ · ϕT )T + 〈u, ϕTn〉∂T

= (∇u, ϕT )T

=
(

Qh

(

(∇u)T
)

, ϕ
)

T
.

So the discrete weak strain tensor has the same property as the weak gradient operator

(

Dw(Qhu), ϕ
)

T
=
(

Qh

(

D(u)
)

, ϕ
)

T
, ∀ϕ ∈ [Pk−1(T )]

2×2. (3.3)

Now, we define a semi-norm in the WG space Vh as follows:

|||v|||
2
=

∑

T∈Ts,h

(

‖Dw(vs,h)‖
2
T +

1

2
h−1
T ‖vs,0 − vs,b‖

2
∂T

)

+
∑

T∈Td,h

(

1

2

∥

∥κ− 1

2vd,0

∥

∥

2

T
+

1

2
h−1
T ‖(vd,0 − vd,b) · ne‖

2
∂T

)

+
α

2

∑

e∈Esd,h

∥

∥κ− 1

4vs,b · ts
∥

∥

2

e
. (3.4)

Lemma 3.2. ||| · ||| provides a norm in V 0
h .

Proof. Set |||vh||| = 0 for some vh ∈ V 0
h , according to the definition of ||| · |||, we obtain

Dw(vs,h) = 0 in T ∈ Ts,h,

vs,0 = vs,b on e ∈ Es,h ∪ Esd,h,
(3.5)

vd,0 = 0 in T ∈ Td,h,

(vd,0 − vd,b) · ne = 0 on e ∈ Ed,h ∪ Esd,h,
(3.6)

vs,b · ts = 0 on e ∈ Esd,h. (3.7)

Based on Eq. (3.6), we get vd,b = 0 on e ∈ Ed,h and vd,b · ne = 0 on e ∈ Esd,h. Combining

Eq. (3.7) with vs,b · ns = vd,b · ns on e ∈ Esd,h, we get vs,b = vd,b = 0 on e ∈ Esd,h.

Using the discrete Korn’s inequality, Eqs. (3.5)-(3.7) and [32, Lemma 4.1], we get ∇vs,0 = 0

on T ∈ Ts,h. Therefore, vs,0 is a constant on T ∈ Ts,h. Combing vs,0 = vs,b on e ∈ Es,h ∩ Esd,h
with vs,b = 0 on e ∈ Esd,h, we derive vs,0 = 0 on T ∈ Ts,h. And it follows from vd,0 = 0 and

vd,b = 0 that vh = 0. So ||| · ||| is a norm on V 0
h . �

Lemma 3.3. For any v,w ∈ V 0
h , we have

|a(v,w)| 6 |||v||| · |||w|||.
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Lemma 3.4 (Inf-sup Condition). There is a positive constant C such that

sup
v∈V 0

h

b(v, q)

|||v|||
> C‖q‖, q ∈ Wh, (3.8)

where C is independent of the mesh size h.

Proof. According to [1, 2, 4, 11, 13, 37], it is clear that for q ∈ Wh, there is a v ∈ [H1
0 (Ω)]

2

satisfying −∇ · v = q and the following inequality holds true:

‖v‖1,Ω 6 C‖q‖0,Ω.

Now we take ṽ = Qhv to prove |||ṽ||| 6 ‖v‖1,Ω. To prove this inequality, we estimate every

term in |||ṽ|||.

For the first term, according to Eq. (3.1) and the properties of L2 projection operator, we

have

‖Dw(ṽ)‖
2
Ωs

=
∑

T∈Ts,h

‖Dw(Qhv)‖
2
T 6

∑

T∈Ts,h

‖∇wQhv‖
2
T =

∑

T∈Ts,h

‖Qh(∇v)‖2T 6 C‖v‖21,Ωs
.

For the second term, based on the triangle inequality, the trace inequality, and the projection

inequality, we get
∑

T∈Ts,h

h−1
T ‖ṽs,0 − ṽs,b‖

2
∂T

=
∑

T∈Ts,h

h−1
T ‖Q0v −Qbv‖

2
∂T

6 2
∑

T∈Ts,h

h−1
T ‖Q0v − v‖2∂T + h−1

T ‖Qbv − v‖2∂T

6 C‖v‖21,Ωs
.

Similarly, for the third term, we obtain
∥

∥κ− 1

2Q0v
∥

∥

2

Ωd
=

∑

T∈Td,h

∥

∥κ− 1

2Q0v
∥

∥

2

T
6 C

∑

T∈Td,h

‖v‖2T 6 C‖v‖21,Ωd
.

For the fourth term, it follows from the triangle inequality, the trace inequality and the projec-

tion inequality that
∑

T∈Td,h

h−1
T

∥

∥

(

Q0v −
(

(Qbv) · ne

)

ne

)

· ne

∥

∥

2

∂T

6 C
∑

T∈Td,h

h−1
T ‖Q0v −Qbv‖

2
∂T 6 C‖v‖21,Ωd

.

For the fifth term, using the property of L2 projection operator, the trace inequality and the

Poincaré inequality in Ω, we have
∥

∥κ− 1

4Qbv · ts
∥

∥

2

Esd,h
6 C‖Qbv‖

2
Esd,h

6 C‖v‖2Esd,h
6 C

(

h−1‖v‖2Ωd
+ h‖∇v‖2Ωd

)

6 C‖v‖21,Ω.

To sum up, we obtain |||ṽ||| 6 C‖v‖1,Ω. Moreover, by Eq. (3.2), we get

(∇w · ṽ, q) = (∇w ·Qhv, q) =
(

Qh(∇ · v), q
)

= (∇ · v, q) = −‖q‖20,Ω.

Therefore, the estimate (3.8) holds true. �
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Lemma 3.5 ([32]). For any vh ∈ Vh, we have

∑

T∈Ts,h

‖∇vs,0‖
2
T 6 |||vh|||

2. (3.9)

Based on the above lemmas, we obtain the following existence and uniqueness of the WG

scheme in the Algorithm 2.1.

Theorem 3.1. The weak Galerkin finite element scheme (2.5)-(2.6) has a unique solution.

4. Error Analysis

In this section, we first give the properties of the operator RT . Based on these properties,

we derive the error equations of the velocity function u and the pressure function p.

4.1. The properties of the velocity reconstruction operator

For the operator RT , we have the following properties.

Lemma 4.1. For any vh ∈ Vh, we have

∇ ·
(

RT (vh)
)

= ∇w · vh, (4.1)
∑

T∈Th

‖RT (vh)− v0‖
2
T 6 Ch2|||vh|||

2
. (4.2)

Proof. For T ∈ Th and q ∈ Pk(T ), according to integration by parts, the definition of the

weak divergence operator and Eqs. (2.3)-(2.4), we have

(

∇ ·
(

RT (vh)
)

, q
)

T

= −
(

RT (vh),∇q
)

T
+ 〈RT (vh) · n, q〉∂T

= −(v0,∇q)T + 〈vb, qn〉∂T

= (∇w · vh, q)T .

Taking q = ∇ · (RT (vh))−∇w · vh yields Eq. (4.1).

Next for T ∈ Th, denote by ΠT and Πk−1
T the L2 projection operators from [L2(T )]2 onto

RTk(T ) and [Pk−1(T )]
2, respectively. Since v0 ∈ [Pk(T )]

2 ⊂ RTk(T ), we have ΠT (v0) = v0.

Therefore, by the [7, Example 12.6], we obtain

‖RT (vh)− v0‖
2
T

= ‖RT (vh)−ΠT (v0)‖
2
T

6
∥

∥Πk−1
T

(

RT (vh)−ΠT (v0)
)
∥

∥

2

T

+ hT

∑

e∈∂T

∥

∥

(

RT (vh)−ΠT (v0)
)

· ne

∥

∥

2

e
.

For the first term, according to the properties of projection operator and Eq. (2.3), we have

∥

∥Πk−1
T

(

RT (vh)−ΠT (v0)
)∥

∥

2

T

=
(

Πk−1
T

(

RT (vh)− v0

)

,Πk−1
T

(

RT (vh)− v0

))

T

=
(

Πk−1
T

(

RT (vh)− v0

)

, RT (vh)− v0

)

T
= 0.
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For the second term, by the Eqs. (2.3)-(2.4), we get
∥

∥

(

RT (vh)−ΠT (v0)
)

· ne

∥

∥

2

e

=
〈(

RT (vh)− v0

)

· ne,
(

RT (vh)− v0

)

· ne

〉

e

= 〈v0 · ne,v0 · ne〉e − 2〈v0 · ne,vb · ne〉e + 〈vb · ne,vb · ne〉e

= ‖(v0 − vb) · ne‖
2
e.

To sum up, we have
∑

T∈Th

‖RT (vh)− v0‖
2
T 6 C

∑

T∈Th

hT ‖(v0 − vb) · ne‖
2
∂T 6 Ch2|||vh|||

2
.

The proof of the estimate (4.2) is complete. �

4.2. Error equation

Denote by {uh, ph} the numerical solutions of the WG scheme (2.5)-(2.6). Define {ui, pi}

with i = s, d as the solutions of the problem (1.1)-(1.9). The errors of u and p are defined by

eh = Qhu− uh, εh = Qhp− ph. (4.3)

Lemma 4.2. For the (ui, pi) with i = s, d satisfying the problem (1.1)-(1.9), we derive

a(Qhu,v) + b(v,Qhp) =
(

fs, RT (vs,h)
)

+
(

fd, RT (vd,h)
)

+ ϕu(v), ∀v ∈ V 0
h , (4.4)

where

ϕu(v) = −ℓ1(us,vs,h)− ℓ2(ud,vd,h) + ℓ3(us,vs,h), (4.5)

ℓ1(us,vs,h) =
∑

T∈Ts,h

(

∇ ·
(

2µD(us)
)

,vs,0 −RT (vs,h)
)

T
, (4.6)

ℓ2(ud,vd,h) =
∑

T∈Td,h

(

µκ−1ud, RT (vd,h)− vd,0

)

T
, (4.7)

ℓ3(us,vs,h) =
∑

T∈Ts,h

〈

vs,0 − vs,b, 2µD(us) · ns − 2µQh

(

D(us)
)

· ns

〉

∂Ts
. (4.8)

Proof. Multiplying two sides of Eq. (1.1) by RT (vs,h) and integrating we obtain
(

fs, RT (vs,h)
)

Ωs

=
(

−∇ · T (us, ps), RT (vs,h)
)

Ωs

= −
(

∇ · T (us, ps),vs,0

)

Ωs
+
(

∇ · T (us, ps),vs,0 −RT (vs,h)
)

Ωs

= I1 + I2.

For I1, according to integration by parts and the definition of T (us, ps), we have

I1 =
∑

T∈Ts,h

(

−∇ · T (us, ps),vs,0

)

T

=
∑

T∈Ts,h

(

T (us, ps),∇vs,0

)

T
− 〈T (us, ps)ns,vs,0〉∂T

=
∑

T∈Ts,h

(

2µD(us),∇vs,0

)

T
− (∇ · vs,0, ps)T − 〈2µD(us)ns,vs,0 − vs,b〉∂T

+ 〈psns,vs,0〉∂T − 〈2µD(us)ns,vs,b〉Esd,h
, (4.9)
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where we have used the fact that

∑

e∈Es,h\Esd,h

〈2µD(us)ns,vs,b〉e = 0.

Next, it follows from the property of L2 projection operator, integration by parts, the

definition of weak gradient operator and Eq. (3.3) that

(

2µD(us),∇vs,0

)

T

=
(

2µQh

(

D(us)
)

,∇vs,0

)

T

= −
(

vs,0,∇ ·
(

2µQh

(

D(us)
))

)

T
+
〈

vs,0, 2µQh

(

D(us)
)

ns

〉

∂T

=
(

∇wvs,h, 2µQh

(

D(us)
))

T
+
〈

vs,0 − vs,b, 2µQh

(

D(us)
)

ns

〉

∂T

=
(

∇wvs,h, 2µDw(Qhus)
)

T
+
〈

vs,0 − vs,b, 2µQh

(

D(us)
)

ns

〉

∂T
. (4.10)

Hence, the first term I1 can be rewritten as

I1 =
∑

T∈Ts,h

(

∇wvs,h, 2µDw(Qhus)
)

T
− ℓ3(us,vs,h)

− (∇ · vs,0, ps)T − 〈2µD(us)ns,vs,b〉Esd,h
+ 〈psns,vs,0〉∂T . (4.11)

As to I2, using integration by parts and Eqs. (2.3)-(2.4) that

I2 =
(

∇ · T (us, ps),vs,0 −RT (vs,h)
)

Ωs

=
∑

T∈Ts,h

(

∇ ·
(

2µD(us)
)

,vs,0 −RT (vs,h)
)

T
−
(

∇ps,vs,0 −RT (vs,h)
)

T

= ℓ1(us,vs,h) +
∑

T∈Ts,h

(∇ · vs,0, ps)T − 〈ps,vs,0 · ns〉∂T

+

(

∑

T∈Ts,h

−
(

∇ · RT (vs,h), ps
)

T
+ 〈RT (vs,h) · ns, ps〉∂T

)

= ℓ1(us,vs,h) +
∑

T∈Ts,h

(∇ · vs,0, ps)T − 〈ps,vs,0 · ns〉∂T

−
∑

T∈Ts,h

(∇w · vs,h, ps)T +
∑

T∈Ts,h

〈vs,b · ns, ps〉∂T . (4.12)

Then by the interface conditions (1.7)-(1.9), we have

I1 + I2 =
∑

T∈Ts,h

(

2µDw(Qhus), Dwvs,h

)

T
−
∑

T∈Ts,h

(∇w · vs,h,Qhps)T

+ 〈pd,vs,b · ns〉Esd,h
+
〈

αµκ− 1

2us · ts,vs,b · ts
〉

Esd,h

=
(

fs, RT (vs,h)
)

Ωs
− ℓ1(us,vs,h) + ℓ3(us,vs,h). (4.13)

In the porous medium region, multiply on two sides of Eq. (1.4) by RT (vd,h) and integrate

to get
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(

fd, RT (vd,h)
)

Ωd

=
(

µκ−1ud, RT (vd,h)
)

Ωd
+
(

∇pd, RT (vd,h)
)

Ωd

=
∑

T∈Td,h

(

µκ−1ud,vd,0

)

T
+

∑

T∈Td,h

(

µκ−1ud, RT (vd,h)− vd,0

)

T

+
∑

T∈Td,h

(

∇pd, RT (vd,h)
)

T
.

According to the properties of L2 projection operator, we have

(

µκ−1ud,vd,0

)

T
=
(

µκ−1Q0ud,vd,0

)

T
, ∀T ∈ Td,h.

It follows from integration by parts, Eqs. (2.3)-(2.4), and Eq. (4.1) that

∑

T∈Td,h

(

∇pd, RT (vd,h)
)

T

=
∑

T∈Td,h

(

−
(

∇ · RT (vd,h), pd
)

T
+ 〈RT (vd,h) · nd, pd〉∂T

)

=
∑

T∈Td,h

(

− (∇w · vd,h,Qhpd)T + 〈RT (vd,h) · nd, pd〉∂T
)

.

Therefore, we get

∑

T∈Td,h

((

µκ−1Q0ud,vd,0

)

T
− (∇w · vd,h,Qhpd)T

)

+
∑

e∈Esd,h

〈vd,h · nd, pd〉e

=
(

fd, RT (vd,h)
)

Ωd
− ℓ2(ud,vd,h). (4.14)

Adding Eq. (4.13) to Eq. (4.14) yields

∑

T∈Ts,h

(

2µDw(Qhus), Dwvs,h

)

T
−
∑

T∈Ts,h

(∇w · vs,h,Qhps)T

−
∑

T∈Td,h

(∇w · vd,h,Qhpd)T +
∑

T∈Td,h

(

µκ−1Q0ud,vd,0

)

T

+
〈

αµκ− 1

2us · ts,vs,b · ts
〉

Γsd

=
(

fs, RT (vs,h)
)

Ωs
+
(

fd, RT (vd,h)
)

Ωd
+ ϕu(v).

The proof of Eq. 4.4 is complete. �

Lemma 4.3. For any v ∈ V 0
h and q ∈ Wh, we have the following error equations:

as(eh,v) + b(v, εh) = ϕu(v) + µs(Qhu,v), (4.15)

b(eh, q) = 0, (4.16)

where ϕu(v) is defined in Lemma 4.2.

Proof. Since the solutions (u, p) satisfy the problem (1.1)-(1.9), according to Lemma 4.2,

we have

a(Qhu,v) + b(v,Qhp) =
(

fs, RT (vs,h)
)

Ωs
+
(

fd, RT (vd,h)
)

Ωd
+ ϕu(v).
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Adding µs(Qhu,v) to two sides of the above equation and subtracting (2.5) yields Eq. (4.15).

Next, by Eq. (3.2), for any q ∈ Wh, we get

−
(

∇w · (Qhu), q
)

=
∑

T∈Th

−
(

∇w · (Qhu), q
)

T

=
∑

T∈Th

−
(

Qh(∇ · u), q
)

T

=
∑

T∈Th

−(∇ · u, q)T = −(g, q). (4.17)

Then, subtracting Eq. (4.17) from Eq. (2.6), we derive

b(eh, q) = 0. (4.18)

Hence, the proof of the error equations is complete. �

5. Error Estimates in the Energy Norm

In this section, we obtain the optimal estimates for error eh of the velocity function and the

error εh of the pressure function.

Lemma 5.1. Suppose ui ∈ [Hk+1(Ωi)]
2 with i = s, d, we have

|ℓ1(us,vs,h)| 6 µChk‖us‖k+1,Ωs
|||vh|||, (5.1)

|ℓ2(ud,vd,h)| 6 µChk‖ud‖k+1,Ωd
|||vh|||, (5.2)

|ℓ3(us,vs,h)| 6 µChk‖us‖k+1,Ωs
|||vh|||, (5.3)

|s(Qhu,v)| 6 Chk(‖us‖k+1,Ωs
+ ‖ud‖k+1,Ωd

)|||vh|||, (5.4)

where vs,h = {vs,0,vs,b} ∈ Vs,h and vd,h = {vd,0,vd,b} ∈ Vd,h.

Proof. For the estimate (5.1), according to the Cauchy-Schwarz inequality, Eq. (2.3), and

the projection inequality, we get

|ℓ1(us,vs,h)| =

∣

∣

∣

∣

∣

∑

T∈Ts,h

(

∇ ·
(

2µD(us)
)

, RT (vs,h)− vs,0

)

T

∣

∣

∣

∣

∣

= 2µ

∣

∣

∣

∣

∣

∑

T∈Ts,h

(

∇ ·D(us)−Πk−1
h

(

∇ ·D(us)
)

, RT (vs,h)− vs,0

)

T

∣

∣

∣

∣

∣

6 2µ

(

∑

T∈Ts,h

∥

∥∇ ·D(us)−Πk−1
h

(

∇ ·D(us)
)∥

∥

2

T

)
1

2

×

(

∑

T∈Ts,h

‖RT (vs,h)− vs,0‖
2
T

)
1

2

6 µChk‖us‖k+1,Ωs
|||vh|||, (5.5)

where we have used the fact that
∑

T∈Ts,h

(

Πk−1
h

(

∇ ·D(us)
)

, RT (vs,h)− vs,0

)

T
= 0.
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Similarly, we have

|ℓ2(ud,vd,h)| =

∣

∣

∣

∣

∣

∑

T∈Td,h

(

µκ−1ud, RT (vd,h)− vd,0

)

T

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∑

T∈Td,h

µκ−1
(

ud −Πk−1
h ud, RT (vd,h)− vd,0

)

T

∣

∣

∣

∣

∣

6 µC

(

∑

T∈Td,h

∥

∥ud −Πk−1
h ud

∥

∥

2

T

)
1

2

(

∑

T∈Td,h

‖RT (vd,h)− vd,0‖
2
T

)
1

2

6 µChk‖ud‖k+1,Ωd
|||vh|||. (5.6)

As to the estimate (5.3), based on the Cauchy-Schwarz inequality, the trace inequality and the

projection inequality, we obtain

|ℓ3(u,v)| =

∣

∣

∣

∣

∣

∑

T∈Ts,h

〈

vs,0 − vs,b, 2µD(us) · ns − 2µQh

(

D(us)
)

· ns

〉

∂T

∣

∣

∣

∣

∣

6 2µ
∑

T∈Ts,h

‖vs,0 − vs,b‖∂T
∥

∥D(us)−Qh

(

D(us)
)
∥

∥

∂T

6 µC

(

∑

T∈Ts,h

‖vs,0 − vs,b‖
2
∂T

)
1

2

(

∑

T∈Ts,h

∥

∥D(us)−Qh

(

D(us)
)∥

∥

2

∂T

)
1

2

6 µChk‖us‖k+1,Ωs
|||vh|||. (5.7)

In a similar way, we derive

|s(Qhu,vh)| =

∣

∣

∣

∣

∣

∑

T∈Ts,h

h−1
T 〈Q0us −Qbus,vs,0 − vs,b〉∂T

+
∑

T∈Td,h

h−1
T

〈(

Q0ud −
(

(Qbud) · ne

)

ne

)

· ne, (vd,0 − vd,b) · ne

〉

∂T

∣

∣

∣

∣

∣

6
∑

T∈Ts,h

h−1
T ‖Q0us − us‖∂T ‖vs,0 − vs,b‖∂T

+
∑

T∈Td,h

h−1
T ‖Q0ud −Qbud‖∂T ‖(vd,0 − vd,b) · ne‖∂T

6

(

∑

T∈Ts,h

h−1
T ‖Q0us − us‖

2
∂T +

∑

T∈Td,h

h−1
T ‖Q0ud −Qbud‖

2
∂T

)
1

2

×

(

∑

T∈Ts,h

h−1
T ‖vs,0 − vs,b‖

2
∂T +

∑

T∈Td,h

h−1
T ‖(vd,0 − vd,b) · ne‖

2
∂T

)
1

2

6 Chk(‖us‖k+1,Ωs
+ ‖ud‖k+1,Ωd

)|||vh|||. (5.8)

The proof of the above lemma is complete. �
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Theorem 5.1. Let ui ∈ [Hk+1(Ωi)]
2 with i = s, d satisfy problem (1.1)-(1.9). Then the errors

eh and εh have the following estimates:

|||eh||| 6 Chk‖u‖k+1, (5.9)

‖εh‖ 6 µChk‖u‖k+1. (5.10)

Proof. Taking v = eh in Eq. (4.15) and q = εh in Eq. (4.16) leads to

as(eh, eh) + b(eh, εh) = ϕu(eh) + µs(Qhu, eh), (5.11)

b(eh, εh) = 0. (5.12)

Substituting Eq. (5.12) to Eq. (5.11) yields

as(eh, eh) = ϕu(eh) + µs(Qhu, eh).

By Lemma 5.1, we have 2µ|||eh|||
2
6 µChk‖u‖k+1|||eh|||. Therefore, the estimate (5.9) holds

true.

Next, for εh ∈ Wh, according to the inf-sup condition (3.8) and error equations (4.15)-(4.16),

we have

C‖εh‖ 6 sup
v∈Vh

b(v, εh)

|||v|||
6

∣

∣

∣

∣

sup
v∈Vh

as(eh,v)− ϕu(v) − µs(Qhu,v)

|||v|||

∣

∣

∣

∣

6 µChk‖u‖k+1.

Hence, the proof of the estimate (5.10) is complete. �

6. Numerical Results

In this section, we give two numerical examples to validate the efficiency of the proposed

WG scheme. First, we take a fixed coefficient µ and different mesh size to demonstrate the

orders of convergence. Next, we fix the mesh size and take different coefficients µ to verify

that the error of u is independent of the viscosity coefficient µ. Finally, we present a numerical

example to confirm the errors of u and p are independent of the pressure function p.

Example 6.1. In this example, we consider the Stokes-Darcy problem on the Stokes domain

Ωs = (0, π) × (0, π) and Darcy domain Ωd = (0, π) × (−π, 0). The interface is described as

Γ = (0, π)× {0}. The exact solutions on the Stokes domain and Darcy domain are as follows:

us =

(

2 sin y cos y cosx

(sin2 y − 2) sinx

)

, ps = sinx sin y,

ud =

(

−(ey − e−y) cosx

−(ey + e−y) sinx

)

, pd = (ey − e−y) sinx.

In this example, we use the uniform triangular meshes which constructed as follows: The

domain is uniformly partitioned into n× n rectangles, and each rectangular element is divided

by a diagonal line with a positive slope. For this example, we compare the accuracy of Algo-

rithms 2.1 and 2.2. We use P1 and P2 WG elements to solve the problem (1.1)-(1.9). The errors

and convergence orders of Algorithms 2.1 and 2.2 are reported in Tables 6.1-6.7. The errors
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of the velocity function u achieve the optimal convergence orders, which are validated in the

algorithms with different WG spaces and viscosity coefficients. It is easy to see from Table 6.1

that the errors of the velocity function u deteriorate when the viscosity coefficient µ is too

small in the Algorithm 2.2. However, as predicted by the theory for Algorithm 2.1, when the

viscosity coefficient µ is either too large or too small, the error of the velocity function u remain

a constant, and the error of the pressure function is proportional to the viscosity coefficient.

Table 6.1: The errors of Algorithm 2.2 in Example 6.1 with different µ.

µ = 10−6

n |||Qhus − us,h||| ‖Q0us − us,0‖ ‖Qhps − ps,h‖ |||Qhud − ud,h||| ‖Q0ud − ud,0‖ ‖Qhpd − pd,h‖

2 5.7345E+05 5.1507E+05 3.2863E-01 5.9679E+06 4.9345E+06 1.3022E+00

4 1.6224E+05 7.3834E+04 3.9940E-02 1.9347E+06 8.7817E+05 2.1095E-01

8 4.2857E+04 9.7943E+03 5.4783E-03 5.1750E+05 1.1431E+05 4.1068E-02

16 1.0939E+04 1.2514E+03 8.5609E-04 1.3144E+05 1.3907E+04 9.7495E-03

32 2.7563E+03 1.5773E+02 1.6134E-04 3.2982E+04 1.6963E+03 2.4091E-03

µ = 1

2 2.9695E+00 2.4334E+00 2.6096E+00 6.4562E+00 5.1485E+00 1.4295E+00

4 1.8525E+00 7.4406E-01 1.9843E+00 2.5613E+00 1.2120E+00 6.2413E-01

8 1.0185E+00 1.8042E-01 1.0561E+00 1.0740E+00 2.9355E-01 2.3380E-01

16 5.5392E-01 5.1637E-02 4.8939E-01 5.0300E-01 7.5433E-02 6.8340E-02

32 2.8774E-01 1.4193E-02 2.1843E-01 2.4584E-01 1.9128E-02 1.7520E-02

µ = 103

2 2.8529E+00 2.3262E+00 2.6998E+03 2.8066E+00 2.4199E+00 1.0869E+03

4 1.8368E+00 7.3578E-01 1.9913E+03 1.7815E+00 9.5084E-01 6.1345E+02

8 1.0169E+00 1.7994E-01 1.0563E+03 9.5669E-01 2.7889E-01 2.3169E+02

16 5.5376E-01 5.1611E-02 4.8939E+02 4.8756E-01 7.4679E-02 6.7722E+01

32 2.8773E-01 1.4192E-02 2.1843E+02 2.4387E-01 1.9086E-02 1.7357E+01

Table 6.2: The errors and convergence orders of Algorithm 2.1 in Example 6.1 with k = 1.

n |||Qhus − us,h||| Order ‖Q0us − us,0‖ Order ‖Qhps − ps,h‖ Order

µ = 1

2 2.5649E+00 – 2.0451E+00 – 2.5465E+00 –

4 1.8771E+00 0.4504 7.0958E-01 1.5271 1.9940E+00 0.3529

8 1.0366E+00 0.8567 1.8034E-01 1.9762 1.0567E+00 0.9161

16 5.5714E-01 0.8957 5.1662E-02 1.8036 4.8913E-01 1.1112

32 2.8820E-01 0.9510 1.4193E-02 1.8639 2.1834E-01 1.1636

n |||Qhud − ud,h||| Order ‖Q0ud − ud,0‖ Order ‖Qhpd − pd,h‖ Order

2 6.4637E+00 – 5.1612E+00 – 1.3990E+00 –

4 2.5636E+00 1.3342 1.2163E+00 2.0852 6.0150E-01 1.2178

8 1.0741E+00 1.2550 2.9434E-01 2.0469 2.3044E-01 1.3842

16 5.0300E-01 1.0945 7.5481E-02 1.9633 6.8009E-02 1.7606

32 2.4584E-01 1.0328 1.9130E-02 1.9802 1.7491E-02 1.9591
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Table 6.3: The errors and convergence orders of Algorithm 2.1 in Example 6.1 with k = 1.

n |||Qhus − us,h||| Order ‖Q0us − us,0‖ Order ‖Qhps − ps,h‖ Order

µ = 103

2 2.5649E+00 – 2.0451E+00 – 2.5465E+03 –

4 1.8771E+00 0.4504 7.0958E-01 1.5271 1.9940E+03 0.3529

8 1.0366E+00 0.8567 1.8034E-01 1.9762 1.0567E+03 0.9161

16 5.5714E-01 0.8957 5.1662E-02 1.8036 4.8913E+02 1.1112

32 2.8820E-01 0.9510 1.4193E-02 1.8639 2.1834E+02 1.1636

n |||Qhud − ud,h||| Order ‖Q0ud − ud,0‖ Order ‖Qhpd − pd,h‖ Order

2 6.4637E+00 – 5.1612E+00 – 1.3990E+03 –

4 2.5636E+00 1.3342 1.2163E+00 2.0852 6.0150E+02 1.2178

8 1.0741E+00 1.2550 2.9434E-01 2.0469 2.3044E+02 1.3842

16 5.0300E-01 1.0945 7.5481E-02 1.9633 6.8009E+01 1.7606

32 2.4584E-01 1.0328 1.9130E-02 1.9802 1.7491E+01 1.9591

Table 6.4: The errors and convergence orders of Algorithm 2.1 in Example 6.1 with k = 1.

n |||Qhus − us,h||| Order ‖Q0us − us,0‖ Order ‖Qhps − ps,h‖ Order

µ = 10−6

2 2.5649E+00 – 2.0451E+00 – 2.5465E+00 –

4 1.8771E+00 0.4504 7.0958E-01 1.5271 1.9940E+00 0.3529

8 1.0366E+00 0.8567 1.8034E-01 1.9762 1.0567E+00 0.9161

16 5.5714E-01 0.8957 5.1662E-02 1.8036 4.8913E-01 1.1112

32 2.8820E-01 0.9510 1.4193E-02 1.8639 2.1834E-01 1.1636

n |||Qhud − ud,h||| Order ‖Q0ud − ud,0‖ Order ‖Qhpd − pd,h‖ Order

2 6.4637E+00 – 5.1612E+00 – 1.3990E+00 –

4 2.5636E+00 1.3342 1.2163E+00 2.0852 6.0150E-01 1.2178

8 1.0741E+00 1.2550 2.9434E-01 2.0469 2.3044E-01 1.3842

16 5.0300E-01 1.0945 7.5481E-02 1.9633 6.8009E-02 1.7606

32 2.4584E-01 1.0328 1.9130E-02 1.9802 1.7491E-02 1.9591

Table 6.5: The errors and convergence orders of Algorithm 2.1 in Example 6.1 with k = 2.

n |||Qhus − us,h||| Order ‖Q0us − us,0‖ Order ‖Qhps − ps,h‖ Order

µ = 1

2 1.6010E+00 – 1.0421E+00 – 1.7189E+00 –

4 5.5517E-01 1.5280 1.9436E-01 2.4226 5.1539E-01 1.7378

8 1.6371E-01 1.7618 3.4563E-02 2.4914 1.2943E-01 1.9935

16 4.5088E-02 1.8603 5.4381E-03 2.6681 2.8766E-02 2.1698

32 1.1754E-02 1.9396 7.5046E-04 2.8573 6.3358E-03 2.1828

n |||Qhud − ud,h||| Order ‖Q0ud − ud,0‖ Order ‖Qhpd − pd,h‖ Order

2 1.4878E+00 – 1.0089E+00 – 2.1803E-01 –

4 2.7884E-01 2.4157 1.1207E-01 3.1704 3.3286E-02 2.7115

8 5.7670E-02 2.2736 1.2795E-02 3.1307 3.5287E-03 3.2377

16 1.3465E-02 2.0987 1.4954E-03 3.0969 3.1932E-04 3.4661

32 3.2858E-03 2.0348 1.7896E-04 3.0629 3.2830E-05 3.2819
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Secondly, we present the results obtained by selecting a fixed mesh size n = 16 and varying

viscosity coefficients µ in Figs. 6.1 and 6.2. It can be observed that the errors of the velocity

function in Algorithm 2.1 remain unchanged regardless of the viscosity coefficient, indicating

Table 6.6: The errors and convergence orders of Algorithm 2.1 in Example 6.1 with k = 2.

n |||Qhus − us,h||| Order ‖Q0us − us,0‖ Order ‖Qhps − ps,h‖ Order

µ = 103

2 1.6010E+00 – 1.0421E+00 – 1.7189E+03 –

4 5.5517E-01 1.5280 1.9436E-01 2.4226 5.1539E+02 1.7378

8 1.6371E-01 1.7618 3.4563E-02 2.4914 1.2943E+02 1.9935

16 4.5088E-02 1.8603 5.4381E-03 2.6681 2.8766E+01 2.1698

32 1.1754E-02 1.9396 7.5046E-04 2.8573 6.3358E+00 2.1828

n |||Qhud − ud,h||| Order ‖Q0ud − ud,0‖ Order ‖Qhpd − pd,h‖ Order

2 1.4878E+00 – 1.0089E+00 – 2.1803E+02 –

4 2.7884E-01 2.4157 1.1207E-01 3.1704 3.3286E+01 2.7115

8 5.7670E-02 2.2736 1.2795E-02 3.1307 3.5287E+00 3.2377

16 1.3465E-02 2.0987 1.4954E-03 3.0969 3.1932E-01 3.4661

32 3.2858E-03 2.0348 1.7896E-04 3.0629 3.2830E-02 3.2819

Table 6.7: The errors and convergence orders of Algorithm 2.1 in Example 6.1 with k = 2.

n |||Qhus − us,h||| Order ‖Q0us − us,0‖ Order ‖Qhps − ps,h‖ Order

µ = 10−6

2 1.6010E+00 – 1.0421E+00 – 1.7189E-06 –

4 5.5517E-01 1.5280 1.9436E-01 2.4226 5.1539E-07 1.7378

8 1.6371E-01 1.7618 3.4563E-02 2.4914 1.2943E-07 1.9935

16 4.5088E-02 1.8603 5.4381E-03 2.6681 2.8766E-08 2.1698

32 1.1754E-02 1.9396 7.5046E-04 2.8573 6.3358E-09 2.1828

n |||Qhud − ud,h||| Order ‖Q0ud − ud,0‖ Order ‖Qhpd − pd,h‖ Order

2 1.4878E+00 – 1.0089E+00 – 2.1803E-07 –

4 2.7884E-01 2.4157 1.1207E-01 3.1704 3.3286E-08 2.7115

8 5.7670E-02 2.2736 1.2795E-02 3.1307 3.5287E-09 3.2377

16 1.3465E-02 2.0987 1.4954E-03 3.0969 3.1932E-10 3.4661

32 3.2858E-03 2.0348 1.7896E-04 3.0629 3.2830E-11 3.2819

Fig. 6.1. Comparison of errors between Algorithms 2.1 and 2.2 in the Stokes domain with different µ.
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Fig. 6.2. Comparison of errors between Algorithms 2.1 and 2.2 in the Darcy domain with different µ.

that Algorithm 2.1 is pressure-robust. However, Algorithm 2.2 does not exhibit pressure robust-

ness. The results presented in the two figures illustrate that the errors of the velocity function

are influenced by the viscosity coefficient. And when the viscosity coefficient is small, the error

deteriorates. As evident from the comparison, Algorithm 2.1 can improve the approximation

of the velocity function and the pressure function.

Example 6.2. In this example, we consider the Stokes-Darcy problem on the Stokes domain

Ωs = (0, 1/2) × (0, 1) and Darcy domain Ωd = (1/2, 1) × (0, 1). The interface is described as

Γ = (0, 1)× {1/2}. The exact solutions in the free flow region and the porous medium region

are as follows:

us =

(

0

0

)

, ps = (xy)3 −
1

16
,

ud =

(

0

0

)

, pd = (xy)3 −
1

16
.

In this example, we use the same triangular meshes as in Example 6.1 and set the viscosity

coefficient µ = 1. The velocity functions in both the free flow region and porous medium

region are zero. The numerical results of Algorithms 2.1 and 2.2 are presented in Tables 6.8-

6.10. For the velocity function and the pressure function, the errors obtained by Algorithm 2.1

Table 6.8: The errors of Algorithm 2.1 in Example 6.2 with different k.

k = 1

n |||Qhus − us,h||| ‖Q0us − us,0‖ ‖Qhps − ps,h‖ |||Qhud − ud,h||| ‖Q0ud − ud,0‖ ‖Qhpd − pd,h‖

2 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00

4 0.0000E+00 0.0000E+00 0.0000E+00 1.0000E-15 1.0000E-15 0.0000E+00

8 1.0000E-15 0.0000E+00 1.0000E-15 1.0000E-15 1.0000E-15 0.0000E+00

16 3.0000E-15 0.0000E+00 3.0000E-15 5.0000E-15 3.0000E-15 1.0000E-15

32 3.0000E-14 2.0000E-15 2.9000E-14 2.2000E-14 8.0000E-15 1.1000E-14

k = 2

2 1.0000E-15 0.0000E+00 0.0000E+00 3.0000E-15 4.0000E-15 0.0000E+00

4 1.0000E-15 0.0000E+00 1.0000E-15 7.0000E-15 9.0000E-15 1.0000E-15

8 1.1000E-14 0.0000E+00 1.1000E-14 2.4000E-14 2.0000E-14 2.0000E-15

16 1.8000E-14 0.0000E+00 1.8000E-14 6.9000E-14 4.2000E-14 5.0000E-15

32 7.8000E-14 1.0000E-15 7.6000E-14 1.7900E-13 8.9000E-14 2.1000E-14
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Table 6.9: The errors and convergence orders of Algorithm 2.2 in Example 6.2 with k = 1.

n |||Qhus − us,h||| Order ‖Q0us − us,0‖ Order ‖Qhps − ps,h‖ Order

2 6.8112E-03 – 1.4570E-03 – 1.8508E-03 –

4 1.9684E-03 1.7909 2.1347E-04 2.7709 3.0793E-04 2.5875

8 5.2126E-04 1.9170 2.8576E-05 2.9011 5.9622E-05 2.3687

16 1.3340E-04 1.9662 3.6743E-06 2.9593 1.3053E-05 2.1915

32 3.3686E-05 1.9856 4.6468E-07 2.9831 3.0983E-06 2.0748

n |||Qhud − ud,h||| Order ‖Q0ud − ud,0‖ Order ‖Qhpd − pd,h‖ Order

2 4.8209E-02 – 1.4021E-02 – 6.3653E-03 –

4 1.2943E-02 1.8972 1.7870E-03 2.9720 1.5962E-03 1.9956

8 3.2903E-03 1.9758 2.1625E-04 3.0467 3.9769E-04 2.0050

16 8.2676E-04 1.9927 2.6311E-05 3.0390 9.9265E-05 2.0023

32 2.0701E-04 1.9978 3.2373E-06 3.0228 2.4804E-05 2.0007

Table 6.10: The errors and convergence orders of Algorithm 2.2 in Example 6.2 with k = 2.

n |||Qhus − us,h||| Order ‖Q0us − us,0‖ Order ‖Qhps − ps,h‖ Order

2 1.5290E-03 – 2.6384E-04 – 3.2078E-04 –

4 2.0851E-04 2.8744 1.7960E-05 3.8768 3.2147E-05 3.3188

8 2.6774E-05 2.9612 1.1464E-06 3.9696 3.3041E-06 3.2824

16 3.3775E-06 2.9868 7.1905E-08 3.9949 3.5397E-07 3.2226

32 4.2366E-07 2.9950 4.4910E-09 4.0010 3.9705E-08 3.1562

n |||Qhud − ud,h||| Order ‖Q0ud − ud,0‖ Order ‖Qhpd − pd,h‖ Order

2 7.9615E-03 – 1.8062E-03 – 8.2251E-04 –

4 1.0386E-03 2.9384 1.1530E-04 3.9695 1.0318E-04 2.9949

8 1.3118E-04 2.9850 7.1442E-06 4.0125 1.2894E-05 3.0003

16 1.6440E-05 2.9963 4.4209E-07 4.0144 1.6113E-06 3.0004

32 2.0564E-06 2.9990 2.7450E-08 4.0094 2.0140E-07 3.0002

are almost zero, indicating good approximation of the exact solutions. These results also

show that the error of the velocity function is independent of the pressure function. However,

the errors obtained by Algorithm 2.2 are not zero, but only optimally converge to the exact

solutions. By comparison, Algorithm 2.1 performs better in approximating the exact solutions

than Algorithm 2.2.

7. Conclusion

In this paper, we propose the pressure-robust weak Galerkin finite element scheme to solve

the Stokes-Darcy problem by constructing the divergence-free velocity reconstruction operator.

The proposed WG scheme can improve the velocity function and pressure function simultane-

ously. We prove that the error of the velocity function are independent of the pressure function

and viscosity coefficient. And the numerical solutions of the velocity function converge to the

exact solution at the optimal orders in the H1 norm and L2 norm. The numerical results agree
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with the theoretical analysis. This observation demonstrates that the proposed WG scheme is

pressure-robust and efficient to solve the Stokes-Darcy problem.
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