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Abstract

In this paper, we propose a pressure-robust weak Galerkin (WG) finite element scheme
to solve the Stokes-Darcy problem. To construct the pressure-robust numerical scheme, we
use the divergence-free velocity reconstruction operator to modify the test function on the
right side of the numerical scheme. This numerical scheme is easy to implement because
it only need to modify the right side. We prove the error between the velocity function
and its numerical solution is independent of the pressure function and viscosity coefficient.
Moreover, the errors of the velocity function reach the optimal convergence orders under
the energy norm, as validated by both theoretical analysis and numerical results.

Mathematics subject classification: 65N30, 656N15, 65N12, 35B45.
Key words: Weak Galerkin finite element methods, Coupled Stokes-Darcy problems, Pres-
sure-robust error estimate, Divergence preserving.

1. Introduction

This paper considers the Stokes-Darcy model, which couples the Stokes equations in the
free flow region with the Darcy equations in the porous medium region.
In the free flow region €2, the flow is governed by the following Stokes equations:

-V - T(us,ps) =f5 in Qs, (1.1)
V- us =gs in €, (1.2)
u; =0 on Iy, (1.3)

where T'(ug, ps) = 2uD(us)—psI is the symmetric stress tensor and D(uy) = (Vu, + (Vug)T)/2
is the strain tensor. Define p and I as the viscosity coefficient and the identity tensor, respec-

tively.
In the porous medium region 24, the flow is governed by the Darcy equations in the mixed
formulation
ps"tug + Vpg = £ in Qq, (1.4)
V- Ug = gd in Qd, (15)
Uq - Ng = 0 on Fd, (16)

where k is permeability tensor. Denote by g = (gs, g4) the source satisfying

/ gsdQs-i-/ gadQg = 0.
Q. Q4
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This model is coupled with three interface conditions: the mass conservation condition, the
balance of forces, and the Beavers-Joseph-Saffman (BJS) condition

U, N, = Uy - Ny on I'yy, (1.7)
ps — 2uD(ug)ng - ng = py on I'yy, (1.8)
—2D(u)n, -ty = ax " Zuy -ty on L. (1.9)

Here ng and tg are the unit outward normal vector and the unit tangent vector on the inter-
face I'gq, respectively. And « is an empirical parameter obtained through experiments. Let
Q= Q, UQy be an open bounded domain in R?. This model is shown in Fig. 1.1.

This model simulates the transport of pollutants from rivers into aquifers in environmental
science. Moreover, it finds many applications in hydrology, biofluid dynamics and other fields.
So far, various numerical methods have been proposed to numerically solve the Stokes-Darcy
problem, including the mixed finite element method [6,9,17,24], the finite volume method [39],
the discontinuous Galerkin finite element method [10,14,33,38], the virtual element method [35],
the weak Galerkin finite element method [3,19,20, 31, 32], etc.

When using the piecewise linear polynomial combined with the lowest-order Raviart-Thomas
(RT) element to discrete the velocity function in the Stokes equations and the Darcy equations,
the error of the velocity function is independent of viscosity coefficient and the pressure function
in [24]. We call this property of the error as pressure robustness. However, most numerical
methods are not pressure-robust. Consequently, if viscosity coefficient is very small or the ap-
proximation of the pressure function is inaccurate, the approximation of the velocity function
is correspondingly compromised. This non-pressure robustness also occurs when the Stokes
equations are solved numerically. To obtain the pressure-robust numerical results, scholars
have proposed various methods: the mixed finite element method based on an exact de Rham
complex [12,15], grad-div stabilization [8,16,28-30], appropriate reconstructions of test func-
tions [5,18,21-23,40], etc.

The WG method was first proposed in [36] for solving second-order elliptic equation. In
contrast to the finite element method, the WG method employs the discontinuous weak function
space as the approximate function space and replaces the classical differential operators with
the weak differential operators in the variational formulation. In [37], the authors develop

Fig. 1.1. The Stokes-Darcy model.
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a stabilized WG method for the Stokes equations. The errors of velocity function are dependent
on the pressure function and viscosity coefficient. To obtain the pressure-robust WG scheme, the
authors proposed to construct velocity reconstruction operator with lowest-order divergence-free
CW, element in [25]. To obtain higher-order accuracy, the definition of the H(div) element on
polygonal meshes is introduced in [27]. Subsequently, arbitrary order WG schemes on polygonal
meshes are proposed.

In this paper, we propose an unified pressure-robust WG scheme for the Stokes-Darcy prob-
lem. The WG finite element is employed to discrete the velocity functions and pressure functions
in the Stokes equations and Darcy equations, which can simplify the numerical simulation. In
the discrete space, the normal continuity of the velocity function is imposed on the interface.
The strong coupling is achieved. We use the H (div) element to construct a velocity reconstruc-
tion operator. This operator is employed to modify the test function on the right-hand side,
ultimately yielding the pressure-robust WG scheme. In the numerical scheme, we only need
to modify the right side, so this scheme is easy to implement. We obtain the error between
the velocity function and its numerical solution is independent of both the pressure function
and viscosity coefficient. And the error of the pressure function only depends on the velocity
function and viscosity coefficient. Moreover, the numerical solutions of the velocity function
converge optimally to the exact solutions in theoretical analysis and numerical examples.

This paper is mainly divided into the following parts. In Section 2, we give the definitions of
the WG spaces and velocity reconstruction operator, and the WG scheme is proposed. Section 3
is devoted to establishing the stability of the numerical scheme. In Section 4, we present the
error equations for the velocity and pressure functions in both the free flow region and porous
medium region. Subsequently, we derive error estimates in the H' norm in Section 5. In
Section 6, we provide two numerical examples to validate the efficiency of the pressure-robust
WG scheme.

2. The Weak Galerkin Finite Element Scheme

In this section, we introduce the definitions of some WG spaces and weak differential opera-
tors. Next, based on the definition of the velocity reconstruction operator, the pressure-robust
WG scheme is presented.

2.1. Weak Galerkin finite element spaces

Denote by 7s, and 7Tgp the simplicial partitions in the free flow region 2, and porous
medium region 4, respectively, and set 7, = T, U Tq,p. For T' € Ty, define the area and the
diameter of T' as |T| and hr, respectively. Let h = maxre7;, hr be the mesh size. Let Es.h
and &g be the set of all edges in the Stokes domain €25 and Darcy domain {24, respectively.
And set &, = &5, U g p. Denote by 545, all edges on the interface I'sq.

Define the weak function as v = {vq, vy}, where vo and v, are interior function and bound-
ary function, respectively. It should be noted that v; has one unique value on the edges of
En \ Esa,n and has two values v, and vgp on the edge of 54, And there is no relationship
between vy and vy. Let Vy ;, and Vg, be the WG spaces in the free flow region {15 and porous
medium region 24, respectively. Set Vj, = V, ,UVy 5. Define the WG space for pressure function
in the domain 2 as Wj,. For a given integer k > 1,

Von = {Vs,h = {vs0,Vsn}, Vsolr € [Pe(T))? in T € Tan, Vsle € [Pr(e)]* on e € Es,h},
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Van = {van ={va0,vas}, vaolr € [PL(T)]? in T € Tan, Vaple = vapne,
va € Pu(e) on e € Eqp},
vy = {vi €V, vip =0 on e € &, NN, vap-ng =0 on e € &y, NI,
Vb Ng =V4p-Ng ON € € Ssd,h},
Wi={q:q¢ L3(Q), glr € Po(T) in T € Ty},

where n, is the unit outward normal vector on the edge e. Denote by Py(T') the space of

polynomials on T' with degree no more than k. And Pj(e) represents the space of polynomials
on e with degree no more than k.

Then, we define some weak differential operators.

Definition 2.1 ([37]). For any v € Vi and T € Ty, its discrete weak gradient operator
VwV € [Pe—1(T)])?*? satisfies the following equation:

(Vov,@)r = —(vo, V- @)1 + (v, em)ar, Vo € [Py (T)]*", (2.1)
where n is the unit outward normal vector on OT.

Then, define the discrete weak strain tensor as Dy, (v) = (Vv + (V,v)T)/2. Similarly, we
give the definition of the discrete weak divergence operator.

Definition 2.2 ([37]). For each v € V}, and T € Ty, its discrete weak divergence operator
Vv € Pp(T) satisfies the following equation:

(Vo -v,7)r = —(vo,VT)r + (v, -0, T)or, V7€ P(T), (2.2)

where n is the unit outward normal vector on OT.

Next, we introduce the following Sobolev spaces [34]:

H(div,Q) = {v € [L3(Q)]?, V-v e L}(Q)},
Hy(div, ) = {v € H(div, ), v-n|gpq = 0},
RTw(T) = [Pu(T)]* + xP(T), xe€R? TeT;.

Then we give the definition of the H (div)-conforming velocity reconstruction operator Ry .

Definition 2.3 ([26]). Let Ry : Vi|r — RTR(T) be the velocity reconstruction operator. For
all vi, = {vo, vp} € Vi, the operator Ry satisfies

/TRT(Vh) -wdl = /TVO -w dT, Vw € [Py1(T))?, (2.3)
/ (Rr(vh) -m)ods = /(Vb ‘n)p ds, Vo€ Pyle), (2.4)

where T' € T, and e € &y,
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2.2. The numerical scheme

For T € Ty, denote by Qo the L? projection operator from [L?(T)]? onto [Px(T)]?. For
e € &, define Qy, as the L? projection operator from [L?(e)]? onto [Py (e)]2. Set Qn = {Qo, Qp}-
Next we give some bilinear forms as follows:

S(V,W) = Z h;1<vs,0 — Vs b, W50 — Ws,b>6T
TETs,n
+ Z hy ' (Va0 — Vap) - e, (We 0 — Wap) - De)or
T€7_d,h
a(v,w) = Z (2uDw(Vsn), Du(Wsn)), + Z (1r"va,0,Wa0)
T€Ts,n T€Ta,n
as(v,w) = a(v,w) + us(v,w) + Z <04/m7%u57b e, Ve - te) s
e€€sd,n

b(V,p) = - Z (vw 'Vap)T

TETh

for any v,w € V}0.
Based on these bilinear forms, we present the pressure-robust WG scheme in Algorithm 2.1.

Algorithm 2.1: Pressure-robust WG Scheme.

For the Stokes-Darcy problem (1.1)-(1.9), the weak Galerkin finite element scheme is to
find uy, € Vho, Usplr, = 0, ugplr, - ng = 0 and p, € W), to satisty

as(un, vi) +b(vi,pn) = (£, Rr(ven)) + (fa, Rr(vVan)),
b(un, qn) = —(9,qn),

for all v, € VhO and gn € Wy,

Moreover, we introduce the standard WG scheme presented as Algorithm 2.2 for comparison.

Algorithm 2.2: Standard WG Scheme.

For the Stokes-Darcy problem (1.1)-(1.9), the standard weak Galerkin finite element
scheme is to find uy € V2 u,y,

r, =0, ugylr, -ng =0 and p, € W), to satisfy

as(n, vi) +b(vi,pn) = (fs, vs0) + (f2,va0), (2.7)
b(uha qh) = 7(95 qh)7

for all v, € VhO and gn € Wy,

3. Stability and Well-posedness

In this section, we establish the stability of the WG scheme. Let Qp and Qj, be the L2
projection operators onto Py (T) and [Py_1(T)]?*2, respectively.
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Lemma 3.1. Foru € [H*(Q)]? and T € Ty, we have the following properties:
(Vw(Qhu)a SD)T = (Qh(vu)v @)Tv V@ € [Pkfl(T)]2X27 (31>
(Vw . (Qhu),T)T = (Qh(V . u),T)T, V1 e P(T). (3.2)

The proof refers to [37, Lemma 4.2].
Similarly, for ¢ € [Px—1(T)]**2, we get

(Vo@nu, @), = (VuQru, o),
= —(Quu,V-¢") 4+ (Qpu,¢"m),,.
=—(0,V- ")+ (u, ¢ m)or
= (Vu, <PT)T
= (Qu((Va)"),0) .

So the discrete weak strain tensor has the same property as the weak gradient operator

(Dw(@nu), ) = (Qu(D(w)), ) Vo € [Peoa (1)) (3.3)

Now, we define a semi-norm in the WG space V}, as follows:

2 1 _
M= (|Dw(Vs,h)|2T+§hT1|Vs,o—Vs,b||3T
T€7-3,h

1 1
5 (B vl 3 o v nle

T€7-d,h
« _1 2
tg Do vl (3.4)
e€Esd,n
Lemma 3.2. || || provides a norm in V.
Proof. Set ||v4|| = 0 for some vj, € V}, according to the definition of || - ||, we obtain
D, (v h) = 0 inT e T hs
wlVer) > (3.5)
Vs.0 = Vsyb on ec gs,h ) gsd,ha
Vdo = 0 in T e %,h;
0 (3.6)

(Vd707Vd,b) ‘N =0 on eGEd,hUé‘sd,ha

Vsp ts =0 on e € Esq . (3.7)

Based on Eq. (3.6), we get vqp, =0one € &g and vgp-n. =0 on e € Eq,. Combining
Eq. (3.7) with vsp -ns =vgp-ng on e € Esgp, we get vep =vap =0o0n e € Egq .

Using the discrete Korn’s inequality, Egs. (3.5)-(3.7) and [32, Lemma 4.1], we get Vv, =0
on T € Ty . Therefore, v, is a constant on T' € Ty ;. Combing vy g =vspone € Ep NEsan
with vy, = 0 on e € Egq,1, we derive vgg =0 on T € T, 5. And it follows from v49 = 0 and
vap =0 that v, = 0. So || - || is a norm on V). O

Lemma 3.3. For any v,w € V0, we have

la(v,w)[ < IvI[ - [l[wl-
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Lemma 3.4 (Inf-sup Condition). There is a positive constant C such that

sup b(v,q)
vevo vl

> Cllgll, g€ Wh, (3.8)

where C' is independent of the mesh size h.

Proof. According to [1,2,4,11,13,37], it is clear that for ¢ € W}, there is a v € [Hg(Q2)]?
satisfying —V - v = ¢ and the following inequality holds true:

IvllLe < Cllgllo.o-

Now we take v = QpVv to prove [|[v]| < |[V|l1,o. To prove this inequality, we estimate every
term in [||v]|.

For the first term, according to Eq. (3.1) and the properties of L? projection operator, we
have

IDW@)E, = > I1IDu@)F< D IVuQuvlF = D [Qu(VV)[IF < C|lv]

T€Ts,n T€Ts,n TETs,n

2
1198 :

For the second term, based on the triangle inequality, the trace inequality, and the projection
inequality, we get

Y Va0 = Vsolldr
T€7-3,h

= > h'1Qov — Quvl3r

TETs,n

<2 Y hp'Qov = viiEr + b 1Qev — vi3p
TETs,n

< C|vl

2
1,9
Similarly, for the third term, we obtain
1 2 _1 2
lrtQuv]s = 3 [k tQev|i < D IvIE < ClvIZg,.
T€Ta,n T€Ta,n

For the fourth term, it follows from the triangle inequality, the trace inequality and the projec-
tion inequality that

Sl (@ov — (@) -mome) -mely

TeTa,n

<C Y b Qov — QuvllRr < Clv|

TETa,n

2
1,94
For the fifth term, using the property of L? projection operator, the trace inequality and the
Poincaré inequality in 2, we have
1 2 _
575 Quv talfg, < ClQVIE,,, < CIVIE,,, < C(THIVIE, +AIVVIE,) < ClIVIE o

To sum up, we obtain |||V|| < C||v|1,o. Moreover, by Eq. (3.2), we get

(Vo ¥,q) = (V- Qnv,q) = (Qn(V - v),q) = (V- v,q) = —|q]
Therefore, the estimate (3.8) holds true. g

2
0,0
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Lemma 3.5 ([32]). For any vi, € V3, we have

2
Y IVvaollz < llvall® (3.9)

TETs,n

Based on the above lemmas, we obtain the following existence and uniqueness of the WG
scheme in the Algorithm 2.1.

Theorem 3.1. The weak Galerkin finite element scheme (2.5)-(2.6) has a unique solution.

4. Error Analysis

In this section, we first give the properties of the operator Ry. Based on these properties,
we derive the error equations of the velocity function u and the pressure function p.
4.1. The properties of the velocity reconstruction operator

For the operator Ry, we have the following properties.

Lemma 4.1. For any vy, € Vj, we have

V- (RT(Vh)) =Vu - Vh, (4.1)
> IR (vi) = vollF < Ch?[|vall*. (42)
TeThH

Proof. For T € Ty, and q € P(T), according to integration by parts, the definition of the
weak divergence operator and Eqs. (2.3)-(2.4), we have

(V- (Rr(vn)),a) 5
—(Rr(va), VQ)T + (Rr(vn) -1, q)or
= _(VOa VQ)T + <Vba qn>6T
= (Vw  vh, q)1.
Taking ¢ =V - (Rr(vp)) — V- v, yields Eq. (4.1).

Next for T € Tj, denote by TIz and II%! the L? projection operators from [L?(T))]? onto
RT(T) and [Py—1(T)]?, respectively. Since vo € [Pr(T)]> C RTx(T), we have Ilp(vo) = vo.
Therefore, by the [7, Example 12.6], we obtain

1Rz (Vi) = voll7
= [Rr(vi) — Tz (vo) |7
L

+hr Y [[(Br(vi) = Tir(vo)) - ne[2.
e€oT

For the first term, according to the properties of projection operator and Eq. (2.3), we have
115 (R (va) = T (vo) |
= (113" (Br(va) = vo), H’“ HBr(vi) = Vo))
= (H]%_l(RT (vn) vo) Rr(vy —VO) =0.
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For the second term, by the Eqgs. (2.3)-(2.4), we get
|(Rr(va) =TIz (vo)) - me |2
= ((Rr(vh) — vo) - ne, (Rr(vi) — vo) - ne)

= <VO ‘1, Vo * ne>e - 2<VO ‘e, Vp * ne)e + <Vb ‘e, Vp - ne>e

€

= [[(vo = vb) “nc|[2.

To sum up, we have

D NRr(ve) = volF < C D hrll(vo = vo) - me3r < CR2[vall”
TeTh TeTh

The proof of the estimate (4.2) is complete. O

4.2. Error equation

Denote by {up,pr} the numerical solutions of the WG scheme (2.5)-(2.6). Define {u;,p;}
with 4 = s, d as the solutions of the problem (1.1)-(1.9). The errors of u and p are defined by

en =Qpu—up, €p = Qpp — Ph. (4.3)
Lemma 4.2. For the (u;,p;) with i = s,d satisfying the problem (1.1)-(1.9), we derive
a(Qpu,v) +b(v, Qpp) = (£, Rr(visn)) + (f2, Rr(van)) + ou(v), Vv e VY, (4.4)
where
wu(v) = —l1(us,vepn) — 2(ug, van) + l3(us, vs.n), (4.5)
G, ven) = Y (V- (2uD(us)),veo — Br(Ven)) g (4.6)
T€Tsn
b(ug,vap) = Y (s g, Rr(Van) = Vao)p (4.7)
T€Ta,n
l3(us,vep) = Z <VS70 — Vop, 2uD(us) - ng — 2uQp, (D(us)) 'n5>aT5‘ (4.8)
T€ETsn

Proof. Multiplying two sides of Eq. (1.1) by Rr(vs ;) and integrating we obtain
(£, Rr(vs,n)) Q.
= (= V-T(us,ps), RT(Vs,h))QS
= (V- T(us,p5),Vs0) g + (V- T(us,05),Vs0 = Rr(Vn)) .
=1 + .
For I, according to integration by parts and the definition of T'(us, ps), we have

I = Z (= V- -T(us,ps),Vs0)p

T€7-5,}L

= Z (T(us,ps), VVS,O)T - <T(u57ps)n55Vs,0>6T
TETs,n

= Z (QMD(U'S)’ VVS,O)T - (V : Vs,prs)T - <2,U/D(us)nsa Vs0 — Vs,b>6T
T€7-5,}L

+ <psn57Vs,0>6T - <2,U/D(us)nsavs,b>€5,i,ha (49)
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where we have used the fact that

> (@pD(ug)ng, vip)e = 0.
e€€s n\Esd,n

Next, it follows from the property of L? projection operator, integration by parts, the
definition of weak gradient operator and Eq. (3.3) that
(2uD(us), Vvso) 1
(21Qn (D(uy)), Vvao) 1
—(Vs,o, V- (QMQh(D(us))))T + (v4,0,2uQn (D(us))ns) o
= (Ve n, 20Qn (D(us))) p + (V.0 = Vi by 2uQn (D(us))ng)
= (Vs i, 20D (Qn11s)) o + (Vs,0 = Vi by 20Qn (D(us) ) 0is) o . (4.10)

Hence, the first term I; can be rewritten as

Il = Z (vas,h; 2qu(QhuS))T - 63(uvas,h>
TETs,n

- (V : Vs,Ovps)T - <2,LLD(HS>HS,V51b>ngYh + <psn57vs,0>6T~ (411>

As to I, using integration by parts and Egs. (2.3)-(2.4) that

I = (V -T(us,ps),Vs0 — RT(Vs,h))QS
Z (V . (2,LLD(115>);VS,O — RT(Vs,h))T - (Vps, Vs,0 — RT(sth))T

TETs,n
= El(usa Vs,h) + Z (V : Vs,Ovps)T - <psvvs,0 : ns>6T
T€7-3,h
+ ( > (V- Re(ven).ps)p+ (Rr(van) ns,ps>aT)
T€7—s,h
= El(usa Vs,h) + Z (V : Vs,Ovps)T - <psvvs,0 : ns>6T
TETs,n
= > (Ve vemp)r+ Y, (Vep s, ps)or- (4.12)
TETs,n TETs,n

Then by the interface conditions (1.7)-(1.9), we have
L+ 1= Z (QMDw(Qhus)aDst,h)T - Z (vw * Vs h, ths)T
T€Ts,n TETs,n
_1
+ <pd7VS,b : n5>5sd,h + <OZ,L“1 2U; - t57vs,b : ts>53d N

- (f57 RT (Vs,h>)ﬂs - 61 (us; Vs,h) + 63 (uS; Vs,h)- (413>

In the porous medium region, multiply on two sides of Eq. (1.4) by Rp(van) and integrate
to get
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(fa, RT(Vd,h))Qd
= (;uﬁilud, RT(Vdvh))Qd + (Vpd, RT(Vdvh))Q,i
Z (pr~taa, vao), + Z (ps~taa, Rr(Van) = Vao)p

TETa,n TETa,n
+ > (Vpa, Rr(Van)) -
TET,i,h

According to the properties of L? projection operator, we have
-1 _ -1
(e~ tug, vao), = (b~ 'Qoug, Vo), VT € Tan.
It follows from integration by parts, Egs. (2.3)-(2.4), and Eq. (4.1) that

Z (Vpa, Rr(Van))

TET,i,h

= Z (_ (V ) RT(Vd,h)an)T + (R (Va,n) - ndan)BT)
TG’wah

= Z (= (Vo - Van, Qupa)T + (R (Va,p) - 0a, pa)or)-
TeTa,n

Therefore, we get

Z ((pr~"Qoua, va0) p — (Vu - Van, Qnpa)T) + Z (Vd,h - Dg, Dd)e

TeTa,n e€Esd,n

= (4, RT(Vd,h))Qd —la(ug, van)-

Adding Eq. (4.13) to Eq. (4.14) yields

Z (2MDw(Qhus); Dwvs,h)T - Z (vw *Vs.h, ths)T

TETs,n TETs,n
— Z (V- Van, Qupa)T + Z (H’iilQOud,Vd,O)T
TeTa,n T€Ta,n

+ <04M"€7%us e, Vb ts>Fsd

= (£, Rr(vsn)) g, + (fa. Rr(Van)) g, + ¢ulv).
The proof of Eq. 4.4 is complete.
Lemma 4.3. For any v € Vh0 and g € Wy, we have the following error equations:

as(en, v) +b(v,en) = pu(v) + us(Qpu, v),
b(eha q) = 05

where oy (V) is defined in Lemma 4.2.

11

(4.14)

(4.16)

Proof. Since the solutions (u,p) satisfy the problem (1.1)-(1.9), according to Lemma 4.2,

we have

a(Qnu, v) +b(v, Qnp) = (£, R (Vi) o + (fa, Rr(van)) g, + ¢u(v).
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Adding ps(Qpu,v) to two sides of the above equation and subtracting (2.5) yields Eq. (4.15).
Next, by Eq. (3.2), for any ¢ € W),, we get

—(Vu (@), q) = Y —(Vu - (Quu).q),,

TeTh

= > (V- u).q),
TeTh

= ~(V-ugr=—(g9. (4.17)
TeTh

Then, subtracting Eq. (4.17) from Eq. (2.6), we derive
b(en, q) = 0. (4.18)

Hence, the proof of the error equations is complete. O

5. Error Estimates in the Energy Norm

In this section, we obtain the optimal estimates for error e of the velocity function and the

error € of the pressure function.

Lemma 5.1. Suppose u; € [H*T1(Q;)]? with i = s,d, we have

[61.(us, vin)| < uORE[|us k1.0, lIvalll,

|3 (us, Vo) | < HORF |0l Ivall,

(5
€2 (g, van)l < pCR* [uall k1, 0ullvall, (5.
)| (5
[5(Qnu, v)| < CR*(ug [0, + [uallksr.00) [vall, (5
where Vs p = {Vs,0,Vsp} € Van and vap = {va0,Vas} € Van.

Proof. For the estimate (5.1), according to the Cauchy-Schwarz inequality, Eq. (2.3), and
the projection inequality, we get

|€1 (uSa Vs7h>| = Z (v ' (2MD(uS>);RT(Vs,h) - Vs,O)T
TETs,n
=21 > (V-D(u,) =T (V- D(w,)), Rr(Ven) = Veo)
T€7-3,h
< 2u< Z |V - D(u,) Hﬁ—l(v.D(us))}yQT)
TETs,n

X( > ||RT(Vs,h)Vs,o||2T>

TETs,n
vall, (5.5)

< pCh* |[uglky,0,
where we have used the fact that

> (7 (V-D(w), Rr(Van) = Veo)p = 0.
T€eTsn
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Similarly, we have

Z (lm_lud, Rr(van) — Vd,O)T
TETa,n

[la(ug, van)| =

Z [,LK,*l (ud — Hﬁ_l'Ud, RT(Vd,h) — Vd,O)T

T€7—d,h
1 1
2 2
_ 2
<MC< > |jug 105 1ud||T> < >, ||RT(Vd,h)Vd,o||2T>
TETa,n TeTun
< HCR [ualleg . IVall- (5.6)

As to the estimate (5.3), based on the Cauchy-Schwarz inequality, the trace inequality and the
projection inequality, we obtain

[l5(u,v)| = Z (Vs0 — Vi, 2uD(u,) - ng — 2uQp (D(us)) ~n5>6T
TETs,n
< 2M Z ||VS,O - Vs,b”BTHD(U-s) - @h(D(us))HBT
T€7—s,h
<M0< Z |V5,0V5,b||¢23‘T> ( Z HD(US)Qh(D(US))HZT>
TETs,n TETs,n
< pCR* |[us [[11,0, VAl (5.7)

In a similar way, we derive

Z h Ous - Qbusa Vs0 — Vs,b>6T

T€ETsn

|s(Qnu, vp)| =

+ Z ((Qoua — ((Qpug) - me)ne) - me, (Vao — Vap) - Ne)

TeTa,n

> hptllQous — usllorl[Veo — Vausllor

T€7—s,h
+ > hy'llQoua — Quuallor||(Vao — Vas) - nellor
T€7—d,h
%
< ( Z h;1||Q0us - U-S”%T + Z h;anOud - Qbud|%T>
TETs,n TETa,n

1
2
-1 2 -1 2
( > hptlveo = vesldr+ D hr ||<vd,ovd,b>-ne||aT>

T€Ts,n T€Ta,n

< ChM(usllksre. + ludllk+re)llvall. (5-8)

The proof of the above lemma is complete. O
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Theorem 5.1. Let u; € [H*T1(Q;)]? with i = s,d satisfy problem (1.1)-(1.9). Then the errors
en and €y, have the following estimates:

Ch* [usn, (5.9)
HORF . (5.10)

llexll

<
llenll <

Proof. Taking v = e, in Eq. (4.15) and ¢ = ¢, in Eq. (4.16) leads to

as(en,en) +blen,en) = pulen) + us(Qnu, en), (5.11)
b(eh, Eh) =0. (512>

Substituting Eq. (5.12) to Eq. (5.11) yields

as(en,en) = gulen) + ps(Qnu,ep).

By Lemma 5.1, we have 2ujen||> < uCh*||ullgs1]len]]. Therefore, the estimate (5.9) holds
true.

Next, for ), € Wp,, according to the inf-sup condition (3.8) and error equations (4.15)-(4.16),
we have

b s ) — ¥u B )
C”EhH < sup (Vagh) < | sup a (eh V) ¥ (V) MS(Qhu V)

veve VIl VeV, ([Nl
< pCh*ulfi 1.

Hence, the proof of the estimate (5.10) is complete. |

6. Numerical Results

In this section, we give two numerical examples to validate the efficiency of the proposed
WG scheme. First, we take a fixed coefficient p and different mesh size to demonstrate the
orders of convergence. Next, we fix the mesh size and take different coefficients p to verify
that the error of u is independent of the viscosity coefficient p. Finally, we present a numerical
example to confirm the errors of u and p are independent of the pressure function p.

Example 6.1. In this example, we consider the Stokes-Darcy problem on the Stokes domain
Qs = (0,7) x (0,7) and Darcy domain Q4 = (0,7) x (—m,0). The interface is described as
I' = (0,7) x {0}. The exact solutions on the Stokes domain and Darcy domain are as follows:

2siny cosy cosx . .
= .9 . , Dps=sinxsiny,
(sin“y — 2)sinx

_[—(e¥ —e7Y)cosx iy gy
ud_<(ey+ey)sinx , pa=(eY—e Y)sinz.

In this example, we use the uniform triangular meshes which constructed as follows: The
domain is uniformly partitioned into n x n rectangles, and each rectangular element is divided
by a diagonal line with a positive slope. For this example, we compare the accuracy of Algo-
rithms 2.1 and 2.2. We use P; and P, WG elements to solve the problem (1.1)-(1.9). The errors
and convergence orders of Algorithms 2.1 and 2.2 are reported in Tables 6.1-6.7. The errors
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of the velocity function u achieve the optimal convergence orders, which are validated in the
algorithms with different WG spaces and viscosity coefficients. It is easy to see from Table 6.1
that the errors of the velocity function u deteriorate when the viscosity coefficient u is too
small in the Algorithm 2.2. However, as predicted by the theory for Algorithm 2.1, when the
viscosity coefficient y is either too large or too small, the error of the velocity function u remain
a constant, and the error of the pressure function is proportional to the viscosity coefficient.

Table 6.1: The errors of Algorithm 2.2 in Example 6.1 with different pu.

pw=10"°

n | [|Qrus — us n|l|11Qous — usoll | |Qnps — ps,nll | 1Qnua — wanll|[[Qoua — uaoll | | Qupa — pa,nll

2 | 5.7345E+405 5.1507E+05 3.2863E-01 5.9679E+06 4.9345E+06 1.3022E+00

4 1.6224E+05 7.3834E+04 3.9940E-02 1.9347E+06 8.7817E+05 2.1095E-01

8 | 4.2857TE+04 9.7943E+03 5.4783E-03 5.1750E405 1.1431E+05 4.1068E-02

16| 1.0939E+04 1.2514E+03 8.5609E-04 1.3144E+05 1.3907E+04 9.7495E-03

32| 2.7563E+03 1.5773E+02 1.6134E-04 3.2982E+-04 1.6963E4-03 2.4091E-03
=1
2.9695E4-00 2.4334E+00 2.6096E+400 6.4562E+00 5.1485E+00 1.4295E+00

4 1.8525E+00 7.4406E-01 1.9843E+00 2.5613E+00 1.2120E+00 6.2413E-01

8 | 1.0185E+00 1.8042E-01 1.0561E+00 1.0740E+00 2.9355E-01 2.3380E-01

16| 5.5392E-01 5.1637E-02 4.8939E-01 5.0300E-01 7.5433E-02 6.8340E-02

32 2.8774E-01 1.4193E-02 2.1843E-01 2.4584E-01 1.9128E-02 1.7520E-02

u=10%

2 2.8529E4-00 2.3262E+00 2.6998E+03 2.8066E+00 2.4199E+00 1.0869E+03
1.8368E+00 7.3578E-01 1.9913E+03 1.7815E+00 9.5084E-01 6.1345E+02
1.0169E+400 1.7994E-01 1.0563E+03 9.5669E-01 2.7889E-01 2.3169E+-02

16| 5.5376E-01 5.1611E-02 4.8939E+-02 4.8756E-01 7.4679E-02 6.7722E+01

32| 2.8773E-01 1.4192E-02 2.1843E+02 2.4387E-01 1.9086E-02 1.7357E+01

Table 6.2: The errors and convergence orders of Algorithm 2.1 in Example 6.1 with k& = 1.

n ‘ IQrus — us | ‘ Order ‘ |Qous — us 0| ‘ Order ‘ 1Qnps — ps,nll ‘ Order
=1
2.5649E4-00 - 2.0451E+00 - 2.5465E4-00 -
1.8771E+400 0.4504 7.0958E-01 1.5271 1.9940E4-00 0.3529
1.0366E4-00 0.8567 1.8034E-01 1.9762 1.0567E4-00 0.9161
16 5.5714E-01 0.8957 5.1662E-02 1.8036 4.8913E-01 1.1112
32 2.8820E-01 0.9510 1.4193E-02 1.8639 2.1834E-01 1.1636
n 1Qrua — ugrnl| Order [|Qouad — uapol| Order 1Qnpa — pa,nl| Order
6.4637E4-00 - 5.1612E+00 - 1.3990E4-00 -
2.5636E4-00 1.3342 1.2163E+00 2.0852 6.0150E-01 1.2178
1.0741E4-00 1.2550 2.9434E-01 2.0469 2.3044E-01 1.3842
16 5.0300E-01 1.0945 7.5481E-02 1.9633 6.8009E-02 1.7606
32 2.4584E-01 1.0328 1.9130E-02 1.9802 1.7491E-02 1.9591
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Table 6.3: The errors and convergence orders of Algorithm 2.1 in Example 6.1 with & = 1.

n | IQrus — us ul| | Order | |Qous — uso| | Order | 1Qnps — ps,nll | Order
w=10°

2 2.5649E4-00 - 2.0451E+00 - 2.5465E4-03 -

4 1.8771E+400 0.4504 7.0958E-01 1.5271 1.9940E4-03 0.3529

8 1.0366E+4-00 0.8567 1.8034E-01 1.9762 1.0567E+4-03 0.9161

16 5.5714E-01 0.8957 5.1662E-02 1.8036 4.8913E4-02 1.1112

32 2.8820E-01 0.9510 1.4193E-02 1.8639 2.1834E4-02 1.1636
1Qrua — uarnl| Order [|Qouad — uapol| Order 1Qnpa — pa,nll Order

2 6.4637E4-00 - 5.1612E+00 - 1.3990E4-03 -

4 2.5636E4-00 1.3342 1.2163E+00 2.0852 6.0150E+-02 1.2178

8 1.0741E4-00 1.2550 2.9434E-01 2.0469 2.3044E4-02 1.3842

16 5.0300E-01 1.0945 7.5481E-02 1.9633 6.8009E+-01 1.7606

32 2.4584E-01 1.0328 1.9130E-02 1.9802 1.7491E+401 1.9591

Table 6.4: The errors and convergence orders of Algorithm 2.1 in Example 6.1 with & = 1.

n | IQrus — us | | Order | |Qous — us 0| | Order | 1Qnps — ps,nll | Order
p=10"6

2 2.5649E4-00 - 2.0451E+00 - 2.5465E4-00 -

4 1.8771E400 0.4504 7.0958E-01 1.5271 1.9940E4-00 0.3529
8 1.0366E4-00 0.8567 1.8034E-01 1.9762 1.0567E4-00 0.9161
16 5.5714E-01 0.8957 5.1662E-02 1.8036 4.8913E-01 1.1112
32 2.8820E-01 0.9510 1.4193E-02 1.8639 2.1834E-01 1.1636
n 1Qrug — ug,nl| Order [|Qoug — ugol| Order [|1Qrpa — pa,nll Order
2 6.4637E+-00 - 5.1612E+00 - 1.3990E4-00 -

4 2.5636E4-00 1.3342 1.2163E4-00 2.0852 6.0150E-01 1.2178
8 1.0741E4-00 1.2550 2.9434E-01 2.0469 2.3044E-01 1.3842
16 5.0300E-01 1.0945 7.5481E-02 1.9633 6.8009E-02 1.7606
32 2.4584E-01 1.0328 1.9130E-02 1.9802 1.7491E-02 1.9591

Table 6.5: The errors and convergence orders of Algorithm 2.1 in Example 6.1 with k& = 2.

n | IQrus — us | | Order | |Qous — us 0| | Order | 1Qnps — ps,nll | Order
=1

2 1.6010E4-00 - 1.0421E+4-00 - 1.7189E4-00 -

4 5.5517E-01 1.5280 1.9436E-01 2.4226 5.1539E-01 1.7378
8 1.6371E-01 1.7618 3.4563E-02 2.4914 1.2943E-01 1.9935
16 4.5088E-02 1.8603 5.4381E-03 2.6681 2.8766E-02 2.1698
32 1.1754E-02 1.9396 7.5046E-04 2.8573 6.3358E-03 2.1828
n IQrua — uarnl| Order |Qouad — uaoll Order 1Qnpa — pa,nl| Order
2 1.4878E4-00 - 1.0089E+-00 - 2.1803E-01 -

4 2.7884E-01 2.4157 1.1207E-01 3.1704 3.3286E-02 2.7115
8 5.7670E-02 2.2736 1.2795E-02 3.1307 3.5287E-03 3.2377
16 1.3465E-02 2.0987 1.4954E-03 3.0969 3.1932E-04 3.4661
32 3.2858E-03 2.0348 1.7896E-04 3.0629 3.2830E-05 3.2819
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Secondly, we present the results obtained by selecting a fixed mesh size n = 16 and varying
viscosity coefficients p in Figs. 6.1 and 6.2. It can be observed that the errors of the velocity
function in Algorithm 2.1 remain unchanged regardless of the viscosity coefficient, indicating

Table 6.6: The errors and convergence orders of Algorithm 2.1 in Example 6.1 with & = 2.

n | IQrus — us | | Order | |Qous — us 0| | Order | 1Qnps — ps,nll | Order
w=10°

2 1.6010E4-00 - 1.0421E4-00 - 1.7189E+4-03 -

4 5.5517E-01 1.5280 1.9436E-01 2.4226 5.1539E4-02 1.7378
8 1.6371E-01 1.7618 3.4563E-02 2.4914 1.2943E4-02 1.9935
16 4.5088E-02 1.8603 5.4381E-03 2.6681 2.8766E4-01 2.1698
32 1.1754E-02 1.9396 7.5046E-04 2.8573 6.3358E4-00 2.1828
n 1Qrua — ugnl| Order [|Qoug — ugoll Order |1Qrpa — pa,nll Order
2 1.4878E4-00 - 1.0089E+00 - 2.1803E4-02 -

4 2.7884E-01 2.4157 1.1207E-01 3.1704 3.3286E+-01 2.7115
8 5.7670E-02 2.2736 1.2795E-02 3.1307 3.5287E4-00 3.2377
16 1.3465E-02 2.0987 1.4954E-03 3.0969 3.1932E-01 3.4661
32 3.2858E-03 2.0348 1.7896E-04 3.0629 3.2830E-02 3.2819

Table 6.7: The errors and convergence orders of Algorithm 2.1 in Example 6.1 with & = 2.

n | IQrus — us | | Order | |Qous — uso| | Order | 1Qnps — ps,nll | Order
w=10"°

2 1.6010E+4-00 - 1.0421E4-00 - 1.7189E-06 -

4 5.5517E-01 1.5280 1.9436E-01 2.4226 5.1539E-07 1.7378

8 1.6371E-01 1.7618 3.4563E-02 2.4914 1.2943E-07 1.9935

16 4.5088E-02 1.8603 5.4381E-03 2.6681 2.8766E-08 2.1698

32 1.1754E-02 1.9396 7.5046E-04 2.8573 6.3358E-09 2.1828
IQrua — uarnl| Order |Qouad — uaoll Order 1Qnpa — pa,nl| Order

2 1.4878E4-00 - 1.0089E+00 - 2.1803E-07 -

4 2.7884E-01 2.4157 1.1207E-01 3.1704 3.3286E-08 2.7115

8 5.7670E-02 2.2736 1.2795E-02 3.1307 3.5287E-09 3.2377

16 1.3465E-02 2.0987 1.4954E-03 3.0969 3.1932E-10 3.4661

32 3.2858E-03 2.0348 1.7896E-04 3.0629 3.2830E-11 3.2819

—&— Algorithm 2.2(k=1)
Algorithm 2.2(k=2)

Comparison of errors between Algorithms 2.1 and 2.2 in the Stokes domain with different p.
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+— Algorithm 2.1 {k=1)
Algorithm 2.1(k=2)
~—©— Algorithm 2.2(k=1)
Algorithm 2.2(k=2)

Algorithm 2.2(k=2)

i
—+— Algorithm 2.1(k=1)

Algorithm 2.1(k=2)
—6— Algorithm 2.2(k=1)
Algorithm 2.2(k=2)

A

= . ) I
& 10 \\ & 10

10 . > 104
109 104 102 10° 10°
" I "

Fig. 6.2. Comparison of errors between Algorithms 2.1 and 2.2 in the Darcy domain with different .

that Algorithm 2.1 is pressure-robust. However, Algorithm 2.2 does not exhibit pressure robust-
ness. The results presented in the two figures illustrate that the errors of the velocity function
are influenced by the viscosity coefficient. And when the viscosity coefficient is small, the error
deteriorates. As evident from the comparison, Algorithm 2.1 can improve the approximation
of the velocity function and the pressure function.

Example 6.2. In this example, we consider the Stokes-Darcy problem on the Stokes domain
Qs = (0,1/2) x (0,1) and Darcy domain 4 = (1/2,1) x (0,1). The interface is described as
I' = (0,1) x {1/2}. The exact solutions in the free flow region and the porous medium region
are as follows:

us; =

0 I
(o) »= (o0~ 5.

Ug = 0 =
d — 0 y DPd =

(zy)®

In this example, we use the same triangular meshes as in Example 6.1 and set the viscosity

coefficient p = 1.
region are zero. The numerical results of Algorithms 2.1 and 2.2 are presented in Tables 6.8-
6.10. For the velocity function and the pressure function, the errors obtained by Algorithm 2.1

The velocity functions in both the free flow region and porous medium

Table 6.8: The errors of Algorithm 2.1 in Example 6.2 with different k.

k=1
n | [|Qrus — us || [[Qous — us,oll | [12nps — ps,nll | |Qnua — wanlll | [[Qoud — waoll|[|Qrpa — pa,null
2 0.0000E+4-00 0.0000E+00 0.0000E+4-00 0.0000E+00 0.0000E+00 0.0000E+00
4 0.0000E+4-00 0.0000E+00 0.0000E+4-00 1.0000E-15 1.0000E-15 0.0000E+00
8 1.0000E-15 0.0000E+00 1.0000E-15 1.0000E-15 1.0000E-15 0.0000E+00
16| 3.0000E-15 0.0000E+00 3.0000E-15 5.0000E-15 3.0000E-15 1.0000E-15
32 3.0000E-14 2.0000E-15 2.9000E-14 2.2000E-14 8.0000E-15 1.1000E-14
k=2
1.0000E-15 0.0000E+00 0.0000E+4-00 3.0000E-15 4.0000E-15 0.0000E+00
4 1.0000E-15 0.0000E+00 1.0000E-15 7.0000E-15 9.0000E-15 1.0000E-15
1.1000E-14 0.0000E+00 1.1000E-14 2.4000E-14 2.0000E-14 2.0000E-15
16| 1.8000E-14 0.0000E+00 1.8000E-14 6.9000E-14 4.2000E-14 5.0000E-15
32 7.8000E-14 1.0000E-15 7.6000E-14 1.7900E-13 8.9000E-14 2.1000E-14
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Table 6.9: The errors and convergence orders of Algorithm 2.2 in Example 6.2 with k& = 1.

n IQrus — us ul| Order |Qous — uso| Order 1Qnps — ps,nll Order
2 6.8112E-03 - 1.4570E-03 - 1.8508E-03 -
4 1.9684E-03 1.7909 2.1347E-04 2.7709 3.0793E-04 2.5875
8 5.2126E-04 1.9170 2.8576E-05 2.9011 5.9622E-05 2.3687
16 1.3340E-04 1.9662 3.6743E-06 2.9593 1.3053E-05 2.1915
32 3.3686E-05 1.9856 4.6468E-07 2.9831 3.0983E-06 2.0748
n IQrua — ugrnl| Order |Qouad — uaol| Order 1Qnpa — pa,nl| Order
4.8209E-02 - 1.4021E-02 - 6.3653E-03 -
1.2943E-02 1.8972 1.7870E-03 2.9720 1.5962E-03 1.9956
3.2903E-03 1.9758 2.1625E-04 3.0467 3.9769E-04 2.0050
16 8.2676E-04 1.9927 2.6311E-05 3.0390 9.9265E-05 2.0023
32 2.0701E-04 1.9978 3.2373E-06 3.0228 2.4804E-05 2.0007

Table 6.10: The errors and convergence orders of Algorithm 2.2 in Example 6.2 with k£ = 2.

n IQrus — us il Order |Qous — uso| Order 1Qnps — ps,nll Order
2 1.5290E-03 - 2.6384E-04 - 3.2078E-04 -
4 2.0851E-04 2.8744 1.7960E-05 3.8768 3.2147E-05 3.3188
8 2.6774E-05 2.9612 1.1464E-06 3.9696 3.3041E-06 3.2824
16 3.3775E-06 2.9868 7.1905E-08 3.9949 3.5397E-07 3.2226
32 4.2366E-07 2.9950 4.4910E-09 4.0010 3.9705E-08 3.1562
n 1Qrua — uarnl| Order |Qouad — uaoll Order 1Qnpa — pa,nll Order
2 7.9615E-03 - 1.8062E-03 - 8.2251E-04 -
1.0386E-03 2.9384 1.1530E-04 3.9695 1.0318E-04 2.9949
1.3118E-04 2.9850 7.1442E-06 4.0125 1.2894E-05 3.0003
16 1.6440E-05 2.9963 4.4209E-07 4.0144 1.6113E-06 3.0004
32 2.0564E-06 2.9990 2.7450E-08 4.0094 2.0140E-07 3.0002

are almost zero, indicating good approximation of the exact solutions. These results also
show that the error of the velocity function is independent of the pressure function. However,
the errors obtained by Algorithm 2.2 are not zero, but only optimally converge to the exact
solutions. By comparison, Algorithm 2.1 performs better in approximating the exact solutions
than Algorithm 2.2.

7. Conclusion

In this paper, we propose the pressure-robust weak Galerkin finite element scheme to solve
the Stokes-Darcy problem by constructing the divergence-free velocity reconstruction operator.
The proposed WG scheme can improve the velocity function and pressure function simultane-
ously. We prove that the error of the velocity function are independent of the pressure function
and viscosity coefficient. And the numerical solutions of the velocity function converge to the
exact solution at the optimal orders in the H! norm and L? norm. The numerical results agree
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with the theoretical analysis. This observation demonstrates that the proposed WG scheme is
pressure-robust and efficient to solve the Stokes-Darcy problem.
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