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Abstract

The Rytov approximation has been commonly used to obtain reconstructed images for
optical tomography. However, the method requires linearization of the nonlinear inverse
problem. Here, we demonstrate nonlinear Rytov approximations by developing the inverse
Rytov series for the time-dependent diffusion equation. The method is verified by a solid-
phantom experiment.
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1. Introduction

Optical tomography obtains reconstructed images similar to the X-ray computed tomogra-
phy [7]. However, the inverse problem for optical tomography becomes nonlinear and severely
ill-posed because near-infrared light, which is used for optical tomography, is multiply scattered
in biological tissue [2]. One way to obtain reconstructed images of optical tomography is to solve
the minimization problem for a cost function by an iterative scheme. Such iterative methods
do not work especially for clinical research, in which less a priori knowledge is available com-
pared with phantom experiments; choosing a good initial guess is difficult and the calculation
is trapped by a local minimum since the cost function of optical tomography has a complicated
landscape with local minima. The other way is to directly reconstruct perturbation of a co-
efficient. The Born and Rytov approximations are known in the direct approach. The Rytov
approximation has been used in practical situations including optical tomography for the breast
cancer [8] and brain function [11]. It was numerically demonstrated that the Rytov approxima-
tion appeared superior [3]. The drawback of the (first) Born and Rytov approximations is that
these methods require linearization of nonlinear inverse problems. That is, nonlinear terms in
the Born and Rytov series are ignored.

In this paper, we will develop the latter approach of perturbation and consider nonlinear
Rytov approximations. Although the Rytov approximation has been commonly used in optical
tomography, it was only recently devised how to solve inverse problems by taking nonlinear
terms in the Rytov series into account [18].
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The inverse Born series has been developed to invert the Born series [27]. The inverse
Born series was considered for the Helmholtz equation [32], the diffusion equation [22,23],
and the inverse scattering problem [28]. Its mathematical properties and recursive algorithm
were developed [25,26]. Furthermore, the inverse Born series was studied for the Calderén
problem [4], scalar waves [14], the inverse transport problem [20], electromagnetic scattering
[15], discrete inverse problems [9], and the Bremmer series [31]. In [6,17], the inverse Born series
was extended to Banach spaces. In [1], a modified Born series with unconditional convergence
was proposed and its inverse series was studied. In [12], the convergence theorem for the inverse
Born series has recently been improved. A reduced inverse Born series was proposed [24]. The
inverse Born series was extended to a nonlinear equation [10]. Its convergence, stability, and
approximation error were proved under H* norm [21].

The comparison of the Born and Rytov approximations has been discussed [13,16]. It
is known that better reconstructed images can be obtained by the Rytov approximation. To
extend the Rytov approximation, the inversion of the Rytov series has been studied. In [33], the
inversion for the Helmholtz equation was performed but no general way of considering nonlinear
terms was obtained. In [29], the inversion of the Rytov series was studied but each term in
the obtained series contains infinitely many higher-order terms and numerical reconstruction
based on the obtained series was not feasible. In [18], the inverse Rytov series was constructed
to invert the Rytov series. Each term in the inverse Rytov series can be recursively computed.
In this paper, by developing [18], we will consider the inverse Rytov series for diffuse optical
tomography in time domain and furthermore verify the inverse series experimentally.

The rest of the paper is organized as follows. In Section 2, the diffuse light is expressed in
the form of a series. In particular, the numerical algorithm for nonlinear Rytov approximations
is explained in Section 2.2. In Section 3, the experimental setup is described. To handle
experimental data, we consider another series by taking difference of the inverse series. Results
are shown in Section 4. Section 5 is devoted to the concluding remarks.

2. Forward and Inverse Series for Diffuse Light

2.1. Time-dependent diffusion equation

Let © be the half-space in R3. The boundary of 2 is denoted by 0. Let ¢ be the speed

of light in Q. Let x5 € Q be the position of the source. The energy density u(z,t;xs) (z € Q,
t € (0,7)) of near-infrared light in biological tissue is governed by the following diffusion
equation [2,5]:

ou — DoAu+au =S, (x,t) € Q x (0,7),

u=0, (x,t) € 02 x (0,T),

u =0, re, t=0,
where S(z,t) is the source term and Dy = ¢/(3pl) > 0 is the diffusion coefficient with the

reduced scattering coefficient u,. The positive constant o = cp, is given by ¢ and the absorption
coefficient p,. Let 6(-) be Dirac’s delta function. The source term is given by

S(x,t) = gé(x — z4)h(t),

where h(t) is the temporal profile of the light source, g > 0 is a constant. We suppose that

measurements are performed at Mgp places x5 = 2 = (zga),zgé),ﬁ),i =1,...,Msp on 0.
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The positive constant ¢ will be set to £ = 1/p/,. We write a as

a(z) = (1+n(z))ao

with constant ag > 0. We assume that 7]zca0 = 0.
When the measurement of diffuse optical tomography is performed, the reflectance T'*)(t)
or the energy current in the normal direction is observed

, 0 i ; i
r® (t) = —Doa—mu(:cg),t;zgz)), zg) € 09.

(@) ()

Here we assume that the out-going light at point x;” € 02 is observed for each source at x

’L—l,...,MSD.
Let ug be the solution to the following diffusion equation:

Orug — DoAug + agug = S, (.T,t) €0 x (0, T),
ug = Oa (SC,t) € 00 x (OvT)v (21)
ug = 0, T € Q, t=0.

We introduce the Green’s function G(x,2’;t —t') as the solution of (2.1) when S is replaced by
§(x — 2')d(t — t'). We obtain

e~ ot (z1—2)) 2+ (mg—2h)? (z3—w})? (z3+a})>
G(-T,.TIQt) = m67 4Dot (67 4Dot  — ¢ 4Dot )
™ Ot
fort >0 and G =0 if ¢t < 0. We note that
0 e~ oot 5 _(@1—ah) 2+ (mp—ah) 2+ (ah)?
—G(x,2'5t) = ————1"21%e Dot

8563 Y (47TD0)3/2D0

for x € 9Q,2' € Q,0 <t < T. Using the Green’s function, ug can be written as

t
uo(x, t;xs) = g/ G(z,zs;t — s)h(s)ds.
0
We introduce operator K,

(K ® - (x,t;x5)

= (—1)"*! ”/ / / / z,y1;t — s1)n(y1)

X G(yla Y2;81 — 52)77(92) XX G(yn—layn; Sp—1 — Sn)
X 0(Yn)uo(Yn, Sn; Ts) dyrdsi - - - dyndsy

for n =1,2,.... Here, the symbol ® means tensor product [30].
Since the measured quantity T'¥) contains the derivative of u, we define

w(zg, t;xs) = u(xg, t;xs), xq €00, zs€Q, 0<t<T.

Dy
We write
L oG
wo(xg, t;xs) =g a—(zd,:cs;t — s)h(s)ds.
0 03
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Correspondingly, we introduce

(K/ zd;t :Cs

— n+1 n .’L' , t—s
/ / / Q 5133 d Y13t 1)77(y1)

X G(yl,y2;51 - 52)77(312) X X G(ynflvyn; Sp—1 — Sn)
X N (Yn )0 (Yn s Sni Ts) dyrdsy - - - dypdsp

form=1,2,....
The following lemma can be proved.

Lemma 2.1. For sufficiently small n,u can be expressed as

oo

u(@, tws) = ug(w, t;ws) = > (Kan® -+~ @n)(, t;2,),
n=1
and w can be expressed as
o]
w(zq, t;xs) = wolxg, t; Ts) Z Qn)(xd,t; Ts).
n=1

Proof. By subtraction, we have

u(z, t;xs) — up(z, t;25) = —o /t /Q Gz, o't — t)n(x yu(a' ¢ x) da’ dt’.
0
Thus, we can construct the Born series
u=ut+u+---,
where .
un(z,t;w5) = —ao/o /QG(:I:,:E';t — (2 up—1 (2, s 2s) da’ dt’
forn=1,2,.... We can write
un(z,t;05) = —(Knn @ -+ @) (2, t; 75)

for n = 1,2,.... Thus, the first part of the lemma is proved. The last half of the lemma can
be proved as follows. We consider another Born series

w=wy+wy+---.

We obtain for n > 1,
Wy (zq,t;xs) = ao/ / 3 (g, 2"t — (@ Yup_1 (2"t 25) da’ dt’.
Q 03
We express w,,n =1,2,... as

Wy (zq,t;25) = — (K n® -+ @n)(xa, t;s).

The proof is complete. O
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Remark 2.1. See [25] for the convergence in Lemma 2.1.
Remark 2.2. We note the relation

(Kon @ - @n)(za, t; 75)

!
=- 0//8 (wa,y;t — s)n(y)(Kn-1m @ --- @) (y, 55 25) dy ds.
X3

The first-order term in the Born series is obtained as the first-order perturbation. It is
called the (first) Born approximation. By applying the Born approximation, we can solve
nonlinear inverse problems with the pseudoinverse. It is known that the Rytov approximation,
which is another first-order approximation, gives better reconstructed images than the Born
approximation [3]. This motivates us to investigate the Rytov and inverse Rytov series.

Let us write

W =1n 20
w
We define
(Jnn K- @ U)(wd, t;xs)
= mwo(za, t; zs)"
x> ((En@-@n)(@atizs)) x - x (K n® - @n)(za,1;74)) -
it tim=n

Theorem 2.1 (Rytov Series). Assume that n is sufficiently small. Then 1 can be ex-

pressed as
oo

.’L'd,f :Cs Z n77® )(md,t;l's)-
n=1
Proof. Let us write w as
w = woe Yr17¥2

By expanding w in — In(w/wg) with the Born series, we have

n
—1)ym
Un(Ta, 75 t) = D % > wi (@a,tas) - w,, (Ta, b )

m=1 O(zd’t;xs) Jittim=n

forn =1,2,.... Hence, we can write
VYo (Td, Tsit) = (Jun @ -+ @) (Ta, 15 T5).

The proof is complete. O

2.2. Recursive algorithm for the inverse series

Considering the experiment in Section 3, we assume that n(z) is independent of zo and
write n = n(x1,23). The light emitted at x5 = (x51,0,¢) is detected at x4 = (x41,0,0). For
spatial variables y1,y3 and time ¢, discretization is done as follows:

ygll) = 1Az, yélg') =l3Az, ) = (k —1)At,
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where At (> 0) is the temporal resolution of measurements, Az > 0, and
1< <Ny, 1<I3<N3, 1<k<Nr.

In our optical tomography, (N1, N3, Az) = (60,40,0.5 mm), (30,20,1 mm), or (15,10,2 mm).
Moreover, At = 10 ps, No = 200.
Let us define vectors Ko € RMso Nt K( € RMsoNr K ¢ RMspNt K, ¢ RViNsMsp Nt ng

£(F) ]
{Ko}it(i—1)Nr = —g/ G(:I:Sl),O 0+,:I:gzl),0,0+;t(k) — s)h(s) ds,
0

e
{Ko et (i—)Ng = —9/0 025 (wdf,O,xil, 20 0t — s)h(s) ds,

Ny
l 1
{Ki 0Dkt i-1ne = c0(Aa)? ) Z/ (2),0,0,41),0,552:4® — )

U =11,=1
x {b}l’-l-(l’—l)NlUO( (1) ,0 y(ld), Sl,() l;s)ds,
{Kl(b }k+ ifl)NTJr(llfl)MSDNTJr(lg—l)NlMSDNT
o(Az)? Z Z / (29,0, 1) 0,5 08); 44 _ )
=11,=1
x {b}y 1, —1)n, o (y§ v ,0 y(l3), :1),0 l;s)ds.
For n > 2, we define K/, (by,...,b,) € RMsoNr K, (by,...,b,) € RMNsMsoNr g

{K/ (bla s 7b )}k-i—(i l)NT
Nr N,

— —ap(Ar?At S Z OG (401 0,0, 58,0, 51 40

k'=11,= 11/3_1
x b}y, —1yn AKn-1(b1, ..., buo1) b,

{Ku(b1,...,bn) b i—l)NT+(llfl)MSDNT+(1371)N1MSDNT

1

Nt
= —ag(Ax)?At Z Z Z G ll) ,0 x3l3 ,y%l v O,y§l3);t(k) —t(k/))
k=111=11,=1

X {bp sy —1)ny {Kn-1(b1,...,bn_1)}m
Here, we introduced the notation
m=FkK + (Z — 1)NT + (lll — 1>MSDNT + (lé — 1)N1MSDNT.

We set
ng=ng —ni+1,

where t; = n1 At and to = noAt. We introduce J,(b1,...,b,) € RMsp(ne+1) g

{Jn (bl,---vb )}k n1 414 (i—1)(ne+1)

Z m{Ko}k+(z 1)Nr

x Y AK (b, b)) e imyve X X {KG (Bn 1y ) e (1) N
Jitetim=n
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for k = nq,...,n2 + 1. We note that

1

_{K/O}k—i-(' N {K/l(b)}kJr(zfl)NT
1= T

{J1(P) ki 414 (=) (e 41) =
for k =mny,...,ny + 1. Let us define matrix J, € RMsp(+1)xN1iNs 5q

{1 hny 14 (= D) (e 1)+ (s 1) N,
_ a(Ax)?
{K:)}kﬁ’(i*l)NT

T
oG , | . ) ; i i
. /0 8_553 (:Cz(11)7 0,0, ygl )’07 yéld); t(k) - S)uo (ygl )’ 0, yéld)’ zgl)’ng)’g; S) ds

fork=mn1,...,na+1,9=1,..., Msp. Then we can write

Ji(n) =JIyn.

Let J, € RN1NsxMsp (n:41) he g regularized pseudoinverse of Ji.
Let us define vector ¥ as
COin ('rgl)v 05 07 t(k))
Ciw(xgi), 0,0, t(k))

(¥ ni 11— (1) = In

fork=mnq,...,no+1,i=1,..., Msp. By taking the time difference, we obtain
{D b +1+G-1n = {¥ —nit2+-1)(ne+1) — {414 (= 1) (nu+1)
for k=mnq,...,n9,i=1,..., Msp. We have (k=1,...,n.,i=1,..., Msp)
{D}er(i—vyn, = L) et i—vyn, + L2 eri—1yn, + -

Here, for each n=1,2,...,

{In(n)}kfnlJrlJr(ifl)nt = {Jn(n)}k7n1+2+(i71)(nt+1) - {Jn(U)}k—n1+1+(i71)(nt+1)
for k =ny,...,n9,i=1,..., Msp. The matrix I, € RMsonexNilNs jg introduced similarly
{1y omny 14— D i+ (1s—1) Ny

= {ll}k7n1+2+(i71)(nt+1)7ll+(13*1)N1

A1 e+ 14 (= 1) (4 1), 1+ (13— 1)V
for k=nq,...,n9,i=1,..., Msp. Then we can write
Li(n) =Iin.
Let Z, € RN1NsxMspne he g regularized pseudoinverse of I,. We write
m =Z7,9,

where
11 1
{T’l}lri-(ls—l)Nl = 771(:65 ),O,Sng)).
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To solve the inverse problem, we introduce

1 .
77;):1133" lea"'an

for vectors aq, ..., a, € RMsP™ The inverse series for the forward series I) + Is + --- can be
recursively constructed as follows. Let us introduce vectors Z(ai,...,a,) € RMY: which have
a recursive structure

I (a1) = 0",

n—1
In(ala"'aan) = - Z Z I’m (I_h ("79);---7"7;1)),---anm("”ISzjerp---ang)))

m=1 ji+-tjm=n

for n > 2. We note that the number of compositions for j; + -+ + jm, = n is (n — 1)!/[(m — 1)!
(n —m)!.
Let us express the N-th-order Rytov approximation as

n™ =mn + 4y, (2:2)
where

n:In(¢77¢); 7’1,:1,_,_7]\7_

Then the reconstructed absorption coefficient is written as

pa(2{,0,25) = (14 (™}, 41— 1), ) Haos

where pqa0 = ao/c.

2.3. Time-independent diffusion equation

The reconstruction (2.2) requires fewer N if the perturbation n is smaller. In [18], the
convergence of the inverse series was numerically investigated for different values of 7. Indeed,
the convergence also depends on |w], i.e. the size of the support of . Here we study this with
a relatively simple radial problem.

Let Q C R? a disk of radius R centered at the origin. In the polar coordinate system we
have & = (r,6). The diffusion equation is given by

—DogAu+au=S, x€q,
L0yu+u =0, r € 09,

where the Robin boundary condition is imposed with a constant ¢ > 0 and the directional
derivative d, with the outward unit vector v normal to 0€2. The source term S is given by

S(r,0) = eikO%(S(r — R),

where k € N. Assuming an absorber disk of radius r, (< R) in Q, we write « as

a(z) = (1+n(r))ao

with constant oy > 0. Here,

Na, 071 <71y,
n(r) =
0, rqe<r<R.
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Suppose that we measure the detected light u at (r,0) = (R,0).
Let ug be the solution to the following diffusion equation:
ool
—DoAug + agug = e*=§(r — R), z€Q

T ’ (2.3)
L0, ug + ug = 0, x € 08

We introduce the Green’s function G(z,z’) as the solution of (2.3) when the source term is
replaced by d(r — 17)6(60 — 0")/r. Let us express the Green’s function as

1 & ,
G(ZE, ,CCI) — % ezn(@—@ )gn(r’ T/).
Let us write
o
B = Do’

Noting that
A=02+r"t0, +r 203, Z e = 2716(0),

n=—oo

we find

207 gn (r,1") + 10 gn(r,1") — (8% +n?) gu(r, 1) = _DL(S(T — 1),
0
00,90 (R, 7") + gn(R, ") =
Let us change the variable as z = r. Then we have

ZQaggn(T, T/) + Zazgn(ra 7“/) - (Z2 + n2)gn(ra 7“/) = —Di(S(Z - Z/)a 0<z< BR,
0
B0, gn (Rv T/) + gn (Ra T/) =0,
where z/ = 8. In this numerical test, we set Dy = 1. We can write
, AL, (2), r<r,
gn(r,7') =
BI,(z) + CK,(z), r>7'.

We have
Al (2") = BI,(?') + CK,(%).

Moreover, the jump condition and boundary condition read

(B A) %2 Ii ()=,
Be (Bdin) (ﬂR)) 4 BL(8R) + CKn(BR) = 0,

Coefficients are calculated as (—K, I}, + I, K] = —1/2')
Kn(BR) + pU(dKy/dx)(BR)
I,(BR) + p(dl, /dz)(5R)

_ KulBR) + BUAKJdr)BR) |
1,(BR) + UL, /dz) (BF) "

C =1,(2").

A=K,() - L, (%),

B=
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Thus,

K,.(BR) + BU(dK, /dx)(BR)

I,(BR) + Be(dI, /dz)(BR) I,(2) 1, ().

gn(r,7") = K, (max(z,2")) I, (min(z,2")) —

We obtain
I,(Br) L, (Br")

I.(BR)

where I,,, K,, are modified Bessel functions of the first and second kinds, and

_ Kn(BR) + BLK,(BR)

gn(r,7") = Ky (Bmax(r,r")) I, (B min(r, ")) — d,,

d, = 1, (BR).
1.(5m) + e, (om) )
We obtain
uo(r,0) = uo(r,0; k) = gi(r, R)eike.
Let us set
_ (1 + Ua)Oéo
8o = [,

The Green’s function G, for u can be written as

1 & ; ,
N — in(0—6 )I
Ga(Z, 4 ) o n;()o ane n(ﬁar); re [Oa ra]a
I = . ,
Ga(z,z') = on enf=0 )In(ﬂT)Kn(ﬂR)
T =—00
R ,
i in(0—0") K I
+ o n;m (bnKn(Br) + cnln(Br)), 7€ [ra, R]

where the first term on the right-hand side is the fundamental solution with the source at
(R,0"). Here, coeflicients ay, by, c, are computed as the solution to the following system of
linear equations, which is derived from the interface and boundary conditions:

In(ﬁara) _Kn(ﬁra) _In(ﬁra) Gn,
ﬁalé(ﬁara) _BK;L(ﬁra) _Blé(ﬁra) bn
0 Kn(BR) + BLK! (BR) I.(BR)+ BT, (BR)) \cn

( B, (Bra) Kn(BR)
AU (BR)K, (BR) + In(BR)Kn(BR)

In(ﬁra)Kn(ﬁR) )

We obtain
u(r, 0) = u(r,0; k) = ™ (I (Br) Ky (BR) + bp Ky (Br) + eIk (Br)), 1o <7 <R.
Let M be the number of spatial frequencies (k =1,...,M). We have

UO(RaO;k)
u(R,0; k)

(Kk(BR) — dn)Ix(BR) b1
Ik(ﬁR)Kk(ﬁR) +kak(ﬁR) +Ckfk(ﬁR), oo

’L/Jk:hl

=In M.

9
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The reconstruction can be done as follows. Let us introduce
G (r,r") = gn(r, 7" )r'.

We obtain

R R
(Kn77®n) (x) _ (_1)n+1ﬁ2nezk9 /O . /O G(k) (R, Tl)G(k) (Tla 7“2) . G(k) (rn_l’ Tn)
X G(k)(Tan)n(Tl)'"U(Tn)dﬁ dna HANS aQ;

and define

(k™) @) = (o Ko™ ) ) = Gy (Ko™ @), @ €00

The Rytov series is expressed as

Z > (Kyn®h) - (Kj,n®m)

= j1+ +Jjm=n

We set

R
oiyNn, Ar= -2,
) ) r N,’,‘

Let b € RYN" be a vector. We define Ky € RM K, € RMNr a5

=iAr, i=1

{Ko}r = ~GW(R, R),
N
{Kl(b)}i+(k—1)Nr = BQAT Z G(k) (Ti, TZ)G(k) (Tla R){b}l
=1
for 1 <k < M,1<1i<N,. Moreover,

{Kn(blv SRR bn)}i-i—(k—l)Nr
Ny

=—32Ar Y G®(ry, 1) {bn b {Kn1(b1,. .., bu 1)} ooy,
=1

We introduce

Jn(by,...
{n(bn mZ:1 m{KO}k
X Z {Kjl(blw"?bjl)}kNr”'{ij(bn*]-m‘i’l?"'abn>}kNT
Jittjm=n
for k=1,..., M. Let us focus on the linear term
{J1(0)}k = — e {Ki(b) }rn,

{K}

fork=1,...,M,i=1,...,N,. We can define a matrix J,; € RM*¥r guch that J1(b) = J;b
with elements
B2Ar

=L GW(R, )2
G(k)(R,R) ( ,7’)

{il}k,i =
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The linear inverse problem can be solved with J,, which is a regularized Moore-Penrose pseu-
doinverse
—_ 7t N,.xM
11 - ll,reg €eR .

The observed data is stored in vector ¥ = (¢,) € RM. The linear inverse problem is solved as

m = 11¢a

where n; = (91(r;)),4i = 1,..., N, is the solution within the linear (conventional) approxima-
tion. The calculation can be done as follows using the singular value decomposition. Below,
we assume the underdetermined case (M < N,.) but the overdetermined case (M > N,.) can be
considered similarly. We have

ny = J3 (111{);%1#7

where * denotes the Hermitian conjugate and (-).q

means the pseudoinverse with regularization.
We perform the regularization by discarding singular values that are smaller than a certain
value 0. Let 02 and v,, be the eigenvalues and eigenvectors of the matrix J,.J]

(L1J7)2n = Uizn-

We obtain )
771 = Z (Z:z,‘/})l?zn

2
n Un
on =00

Let ai,...a, be vectors in R™. Let us introduce
(1) _ o
;' =Ja;, j=1...,n
Moreover we introduce vector J,(ai1,...,a,) € RN~ which has a recursive structure

Ti(ar) =ni",

jn(ala---;an>:*2 Z Jm (le(ngl)a"'an_g‘}))v'-'a']jm(nfll_)jm-i-la-._577511)))

m=1j14+jm=n

n—1

for n > 2. We note that for each pair of (n,m), there are (m71) compositions which satisfy

J1+ -+ Jm = n. Using the functions J,, the n-th term in the inverse Rytov series is can be
computed as

Ny =Tn(¥,....9).
Then the N-th-order approximation is given by

n™ =n +- oy

The approximate function 7(r;) can be drawn by plotting elements of the vector n¥).

2.4. Convergence of the inverse Rytov series

To consider the convergence of the inverse Rytov series, we consider the following diffusion
equation in a bounded domain 2 C R™ (n > 2) with a smooth boundary 9:

Ou— DoAu+ (1+n)apu=f, z€Q, 0<t<T,

L0,u+u =0, x€edf), 0<t<T, (2.4)
u =0, x €, t=0,
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where T is the observation time and f = f(x,t) is the source term. We suppose that the
support of 7 is contained in a closed ball w C Q and n € L% (w) (¢ > 2). For the inverse
problems, measured data u € LP(92) on the boundary is used (p > 1). Let us introduce

p=agsup ||G(z,-; ')HLl(O,T;LQ/(q*l)(w))a
TrTEW

o uo(y2,t)
Gl )uO(',t)

1—1
v=aoT|w| "¢ sup
Y1,Y2€w
0<t<T

0<s<T

LP(8Q) -

Here, ug(z, t) is the solution of the diffusion equation (2.4) in which 7 is set to zero and G(z, y; t)
is the Green’s function which satisfies (2.4) when n = 0 and f is replaced by d(z — y)d(t). We
note that the Born series can be written as

’U,(:C,t) = Z Knyn® - U)(z,t%

where

(Knfi® @ fn)(x,t)

= (—1)"+! "/ /Q //Q z,y15t — s1) fr(y1) G (Y1, y2; 51 — s2)

X f2(y2) - - G(Yn—1:Yni Sn—1—5n) frn(Yn)to(Yn, Sn) dyrds1 - - - dynds,

forn=1,2,..., where f; € LY(w),j = 1,...,n. The Rytov series is expressed as

o0

n77® )(m,t),

n=1
where

(Jnn @ -~ @) (z,1)

n

1
- Z mug(z, t)"

m=1
<y (e @n)(a,t) x o x (K, n @ ©n)(a,t)).
Ji++Iim=n
Lemma 2.2. Forn=1,2,..., |[|[(1/ug)K,| < vu"!.

Proof. Using Holder’s inequality, we have

1 p
Uo LP(99)
T T
= (aZ})”/ / // /G(iﬁayl;t—81)G(y1,y2;S1—82)"'G(yn—1ayn;8n—1—Sn)
alJo Ja o Ja

UO(ynat) b
ZO\gny ) o folyn) dyrdsy - - - dynds,| d
wo(z.0) fi(y1) -+ fu(yn) dyids: Yndsy| dx

<, (// |f1(y1)'"f”(yn)|qdy1---dyn)
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T T
/ e / G(iﬂ, Yi1; t—81)G(y1, Y23 81—82) T G(yn—layn; Sn—1—8n)
0 0
q

. 1-1p
not o ’
xwdsl~~dsn dyl"'dyn> du
uo(x,t)
P
<a™|f|P I fall? / sup G(z yl-s)w dx
= -0 La() La() N y1,un €Q o ’U’O('T’t)

0<t<T, 0<s<T

T T
/ / G(yhyg;sl*SQ)"'G(ynflyyn;Snfl757’1)
0 0
q

-1 P(l_%)
dyl ... dyn) .

X dsy---dsy,

We define

(-

T T
/ / G(yl,yQ;Sl*SQ)"'G(ynflyyn;Snfl75”)
0 0
q

T 1-3
X dsy---dsy, dy1 dyn)
We have
1
€n1 S pbn—z, & STl op.
Hence,
bt < P Tw|' T, m=2,3,....
We obtain )
1 _
I S VTS P
Uo Lr(09)
Therefore,
1 uo anl ® ® fn‘ Lr(09) i
—K,|| = sup <v .
ug froctneri@) [ fillna) - 1fnll o)
Fi#0, i=1,...,n
The proof is complete. O
Lemma 2.3. Forn=1,2,..., ||J.|]| <v(p+v)" L.
Proof.
| 1 1
[Tl <> m Z u—OKjl u_Oij
m=1 JittIim=n
|
< -~ m, n—m
S D= DR
m=1 Jit o tIim=n
= n—1
< - mon—m _ n—1
<> () vt

The proof is complete. O
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We obtain the inverse Rytov series by inverting the Rytov series
N=Nt+DNVIV+TBYIYIYP+---.
Here, 77 is a regularized pseudoinverse of J; and for n > 2,
n—1
jn(ij Z Jj ®"'®J'm>j1®"'®~71-
m=1 Jitt+im=n

Lemma 2.4. We assume that there exists M € (0,1) such that (i + 2v)||J1|| < M. Then

1
17 < exp (1 . M) (w42 Al 02,3,

Proof. Using Lemma 2.3, we have

n—1
<ij > Jﬁ@---@J»m)Jl@---@Jl
m=1

JitFim=n

[Tl =

n—1
-1 —m n
=S S EAY ) PR e K
m=1

< ||J1||"< > ||Jm|> ( > () u>"-m>

m=1

= ||«71|"< i ||Jm|> (v(p +2v)" " = ")

n—1
<Al +20)" > 1 Tmll-
m=1

Thus,
17all < en((u+20)| A N) " 1AM,

where c¢,, are recursively given by

Cn4+1 = Cn + ((M + 2V)||j1||)ncna Co = 1.
We obtain

en=[[ (1+ (42| TI)™), n>3.

Hence, for n > 3,

n—1

Inc, =Y In(1+ ((u+20)|A])")
m=2
n—1

<> ((u+ 2| l)"

m=2

< 1

T 1= (w420
1

1-—M

<

15

We obtain ¢,, < el/(1=M) (n > 3). We note that 1 < el/(A=M) Thus, the lemma is proved. [
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Theorem 2.2. We assume that there exists M € (0,1) such that (p + 2v)||J1]] < M. Then
the inverse Rytov series converges if (p + 2v)|[¢|| ey < 1.

Proof. We have
llzar = 32 100%™ |y < S Il 16020 o0
n=1 n=1

< em | D (w4 20) W) e o0 -

n=1

Thus, the proof is complete. O

3. Phantom Experiments

To test the proposed algorithm, the following phantom experiment was performed using
TRS-21 (Hamamatsu Photonics K. K., Japan). A solid phantom with an absorber rod (INO,
Canada) was prepared and optical fibers for the source and detector were attached with a holder
as shown in the left panel of Fig. 3.1. As shown in the middle panel of Fig. 3.1, the absorber
rod of diameter 6 mm was embedded 6 mm below the surface of the phantom. The right panel
of Fig. 3.1 shows a photo of the actual experiment setup.

The optical properties of the phantom were p/, = 1 mm~!, y, = 0.0l mm~!, and n = 1.51
(n is the refractive index of the phantom). The absorber rod shares the same p/ and n but
ta = 0.03 mm~! (This means n = 2).

Given that the absorber rod penetrated the phantom in one direction (from front to back),
the holder was moved in another direction (from left to right, perpendicular to the rod) with
a pitch 3 mm. That is, time-resolved photon counts were taken three times at one position and
the holder was moved 3 mm to the right. At each position, the average( c;f three measurements
2

was taken. There were nine measurement points (Mgp = 9): x(ll) =0,2,, =3 mm, xfj) =6 mm,

xfﬁ) =9 mm,xg?) = 12 mm, xfj) =15 mm,xs? = 18 mm, xfjﬁ = 21 mm, and :I:g) = 24 mm
both for the SD distance zgl) - zgzl) =2cmand 3cm,i=1,..., Msp.
At each point (zgzl),zgl)),i =1,..., Mgsp, arrived photons are scored every 10 ps with 7' =

10.23 ns. To obtain I'g, ', we took the moving average for every temporal profile by taking five
points before and after each time (average of 11 temporal points). Here, Iy is the reflectance
which corresponds to ug.

S D
90 mm l
L 42mm® ™42 mm

40mm g mm

40 mm

—
90 mm 90 mm

Fig. 3.1. The phantom. Left: Schematic figure of the phantom experiment. Middle: A cross section of
the phantom. Right: The experimental setup.
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In each temporal profile, we considered the time period during t; < ¢t < t9 for which the
peak of the temporal profile lies. We set t; = 0.25 ns,t; = 0.45 ns. Indeed, the peak of the
source h(t) is approximately at ¢;. Define

U (2, 20:t) = t <t <t

where Féi) (t), T (t) are reflectances Ty, T for the i-th SD (source-detector) pair. With unknown
positive constants Cy;, C;, we can write

Féz) (t) = COZ"LUO (acg) y t; .Tgl)),

rO(t) = Ciw(z((;),t; z(®

for t; <t < ty. The constants Cy;, C; depend on experimental conditions and in many cases
take different values for different i. We have

O (29 20t :hlwo(zo_l—”%ﬂn& = (2, 20;¢) + In =2
( d ) w(x&z),t;xgz)) Ci ( d ) Ci

Let us define

¢(x,(ii>,x(i>;t) = ‘I’(SES),iES);tJr 7) - \I,(z((;'),z(i), 1)

= (20t +7) — (@), 20;1),
where 7 > 0 is a constant. We set 7 = 20 ps. Then we have
oz a)5t) = L) () 2it) + () (2, 2D58) + -
where
L) (2, 2058) = Tu(m) (23, 23t +7) = () (2, 23 2)

forn=1,2,....
We will reconstruct n from the data gb(xgz),t) using the series for I,,(n).

4. Reconstructed Images

4.1. Time-resolved measurements

Reconstructed images are shown in Figs. 4.1 through 4.4. In each figure, the left panel
shows the linear reconstruction (IV = 1), i.e. the conventional Rytov approximation, the center
panel shows the reconstruction for NV = 2, and the right panel is the reconstructed image when
N = 3. The black circle in each panel shows the true position of the absorber rod. In all cases,
9 largest singular values were used. The SD distance dsp was 2 cm for Figs. 4.1-4.3. In Fig. 4.4,
dsp = 3 cm. For the resolution, Ax = 2 mm in Fig. 4.1, Az = 1 mm in Fig. 4.2, Az = 0.5 mm
in Fig. 4.3, and Az = 1 mm for Fig. 4.4.

4.2. Dependence on the target size

Here we consider the radial problem in Section 2.3. Let usset Dy = 1,9 =1, R = 3,¢ = 0.3,
ne = 0.5. We take r, = 1,1.5,2. For these cases, we set gg such that 23 singular values are used
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m (linear) n (2nd order) m (3rd order)
| | |
20 20 20
5 n W2 a 10 N
T 10 T - 10 T \ — 10
E 10 E 10 E 10
" 0 " 0 ¥ 0
15 15 15
-10 -10 -10
20 20 20
40 45 50 55 60 65 40 45 50 55 60 65
x [mm] x[mm] x [mm]

Fig. 4.1. In the case of dsp = 2 cm and Az = 2 mm. Reconstructed images, from the left, N = 1

(the conventional Rytov approximation), N = 2, and N = 3. The true position of the absorber rod is
shown by a black circle.

m (linear) n (2nd order) m (3rd order)

40 45 50 55 60 65
x[mm] x[mm]

Fig. 4.2. In the case of dsp = 2 cm and Az = 1 mm. Reconstructed images, from the left, N =1
(the conventional Rytov approximation), N = 2, and N = 3. The true position of the absorber rod is
shown by a black circle.

m (linear) n (2nd order) m (3rd order)

40 45 50 55 60 65
x [mm] x [mm]

Fig. 4.3. In the case of dsp = 2 cm and Az = 0.5 mm. Reconstructed images, from the left, N =1

(the conventional Rytov approximation), N = 2, and N = 3. The true position of the absorber rod is
shown by a black circle.

7 (linear) 1 (2nd order) m (3rd order)
5000 5000
4000 4000
5 3000 3000
2000 2000
= 1000 1000
E 10 0 0
~ -1000 -1000
-2000 -2000
15 -3000 -3000
-4000 -4000
2 -5000 -5000
40 45 50 55 60 65 40 45 50 55 60 65 40 45 50 55 60 65
x [mm] x [mm] x [mm]

Fig. 4.4. In the case of dsp = 3 cm and Az = 1 mm. Reconstructed images, from the left, N = 1

(the conventional Rytov approximation), N = 2, and N = 3. The true position of the absorber rod is
shown by a black circle.

for reconstruction. Reconstructed figures are shown in Fig. 4.5. Since the inverse problem is
ill-posed, the projection J;J17 is the best reconstruction within the regularization. In all panels
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— true n — true n

— projection — projection
— linear reconstruction — linear reconstruction

—— 2nd order —— 2nd order

— 3rd order

\ AL A AAM 4th order

— 3rd order

A AL A AAL 4th order 1 4 A
05 10 15 X VA "0 a4 Y !
o v N4 M| — 5th order o 03 19 15\/ 2/ W A V| 30 — sthorder
o8 /\ — true
o A_A_A o
P \V — projection

— linear reconstruction
—— 2nd order
— 3rd order

4th order

— 5th order

20 . AAAAA
05 10 15 208 T 28 VTV 30

Fig. 4.5. The radius r, of the target is, from the up left, 1,1.5, and 2. The parameter 7, is set to 0.5.

of Fig. 4.5, the ground truth n and projection are shown in black and red, respectively. The
linear reconstruction (the conventional Rytov approximation) 17 is shown in blue. Moreover,
the light green, purple, coral, and ocher lines denote ®,n®) n*  and n®) respectively. In
Fig. 4.5, when r, = 1 and the support of 7 is small (the left panel), the third-order reconstruction
1n®) already gives an almost converged value. When r, = 2 and the support of 7 is large (the
right panel), the fifth-order reconstruction 1n®) is close but still different from the projection.
In the intermediate case when 7, = 1.5 (the center panel), the fifth-order reconstruction () is
almost identical to the projection.

5. Concluding Remarks

Since the ratio of the absorption coefficients inside and outside the absorber rod is large
(e = 0.03 mm~! and 0.01 mm~!) and n = 2, the inverse series does not converge and the
reconstruction of the value of 7 is difficult. However, Figs. 4.1-4.3 show that the target is more
clearly reconstructed if nonlinear terms are added.

We found in [19] that the depth of the center of the banana is dsp/(2v/2), where dsp is the
distance between the source and detector. According to this formula, the depth of the banana
is 7.1 mm. When the SD distance 3 cm, the depth of the banana is 10.6 mm, which is deeper
than the depth of the absorber rod. This explains why the reconstruction in Fig. 4.4 was not
successful.

When the absorber rod was reconstructed for the phantom experiment, it was assumed
a priori that the rod penetrated the phantom. Three dimensional reconstruction is necessary
unless this fact is used. In this case, the formulation developed in this paper can be extended
in a straightforward manner.

We note that in many cases diffuse optical tomography in time domain can be formulated
using the time-independent diffusion equation by the Laplace or Fourier transform. In this
case, the reconstruction can be done using the inverse Rytov series for the time-independent
diffusion equation as was developed in Section 2.3.

In [18], the inverse Rytov series was first constructed for the time-independent diffusion
equation. In this paper, we have also developed the inverse Rytov series in time domain. To
handle experimental time-resolved data, we considered the forward series by the subtraction
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of the Rytov series. Then the corresponding inverse series could be computed recursively. We
used nonlinear Rytov approximations which are proposed in this paper to obtain reconstructed
images for the phantom experiment. By this, the use of the inverse Rytov series was demon-
strated. In addition, the dependence of the reconstruction on |w| was numerically studied in
Sections 2.3 and 4.2.
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