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Abstract

In this paper, we present a posteriori error estimates of the weak Galerkin finite ele-
ment method for the steady-state Poisson-Nernst-Planck equations. The a posteriori error
estimators for the electrostatic potential and ion concentrations are constructed. The re-
liability and efficiency of the estimators are verified by the upper and lower bounds of the
energy norm of the error. The a posteriori error estimators are applied to the adaptive
weak Galerkin algorithm for triangle, quadrilateral and polygonal meshes with hanging
nodes. Finally, numerical results demonstrate the effectiveness of the adaptive algorithm
guided by our constructed estimators.
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1. Introduction

The Poisson-Nernst-Planck (PNP) equations, which describe the diffusion process of ions
under the action of an electric field, are well-known ion transport models and play a crucial
role in the study of many physical and biological phenomena. Since the PNP equations were
proposed, their mathematical analysis and numerical approximation have attracted extensive
attention. The existence of solutions to the PNP equations has been presented in [21,24]. Due
to the nonlinear coupling of PNP equations, it is challenging to compute their analytical so-
lutions mathematically. Therefore, numerical methods are usually used to find approximate
solutions [13,17,39]. PNP equations in some practical problems, such as ion channels [6,31],
have singularity due to many charges on the membrane interface, and the accuracy of their
approximate solutions largely depends on the quality of the mesh. If the discrete mesh is not
good, numerical methods such as the finite element method cannot effectively solve the PNP
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equations. In this case, the adaptive algorithm driven by an a posteriori error estimator is
a good choice to improve the efficiency of mesh generation.

The a posteriori error estimator is the basis of the adaptive algorithm. As a computable
quantity, the a posteriori error estimator can guide adaptive mesh refinement so that the adap-
tive algorithm can obtain more accurate numerical solutions with fewer mesh degrees of freedom.
At present, there are some works on solving PNP equations by adaptive algorithms. In [32,37],
the adaptive algorithm is applied to solve the actual ion channel problem described by the
PNP equations. However, in the adaptive algorithm, only the a posteriori error estimator of
the Poisson equation in PNP equations is used to guide the adaptive mesh refinement, and the
influence of the NP equation is not considered. The gradient recovery-type a posteriori error
for a class of steady-state PNP equations is derived in [29], and its error estimator is proven to
be efficient and reliable. Then, by using a local averaging operator which is an extension of the
gradient recovery operator, the locally averaged a posteriori error estimate for the nonlinear
PNP problem is derived in [40]. In [16], a spatial adaptive finite element method considering
geometrical singularities and boundary layer effects is proposed for the steady-state PNP equa-
tions. In [46], the residual-type a posteriori error estimate for time-dependent PNP equations is
studied, the error estimators are established and the computable upper and lower bounds of the
error estimators are derived. These works utilizing adaptive algorithms to solve PNP equations
are suitable for regular triangular or tetrahedral meshes only. To eliminate the hanging nodes
created in adaptive mesh refinement, the traditional finite element method needs to refine ad-
ditional elements, resulting in higher shape regularity conditions [33], which cannot be directly
applied to polygonal meshes. With the improvement of computing power and numerical calcu-
lation levels, PNP equations have been applied to simulate large-scale systems, such as actual
biology and physics [3,38], in recent years, but the cost of computing on traditional structured
meshes is relatively expensive. Adaptive computation on polygonal meshes allows the existence
of hanging points, and no postprocessing is needed to refine the meshes. If the mesh in the
adaptive algorithm has great flexibility, the mesh refinement strategy can be implemented more
effectively. Hence, the convenient use of more general polygonal meshes in complex simulations
has become an attractive feature.

Here, we design a posteriori error estimators of the weak Galerkin finite element method
for steady-state PNP equations. The weak Galerkin finite element method (WGFEM) is a new
numerical method developed in recent years to solve various partial differential equations. It
was first proposed by Mu, Wang and Ye [27,34, 35] for solving second-order elliptic problems.
The WGFEM can be seen as an extension of the standard finite element method, and its
finite element discrete scheme can be derived directly from the weak form of the correspond-
ing PDE. The scheme for WGFEM is constructed by using fully discontinuous finite element
functions. Therefore, compared with other finite element methods, it has the advantages of
flexible approximation functions, a simple and stable numerical scheme, and can deal with un-
structured meshes [20,26]. The WGFEM has developed rapidly since it was proposed and has
been applied to solve many problems [5, 8,22, 30,36,41,42]. Based on the WG-mixed finite
element method (MFEM), a linearized locally conservative scheme for time-dependent PNP
equations is established in [14], and the prior error estimates of semidiscrete and fully discrete
WG-MFEM schemes are given. There are also some works about a posteriori error estimators
for the WGFEM [4,43-45]. However, the adaptive computations of these works are carried
out on regular triangular mesh or tetrahedral mesh. Recently, there have been some research
works devoted to the a posteriori error analysis of WGFEM on general polygonal or polyhedral
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meshes [1,2,19,23,25], but these works are all about linear problems, and as far as we know,
there is no literature on the a posteriori error analysis of WGFEM for nonlinear problems.

In this paper, a posteriori error estimators of WGFEM are established for a class of steady-
state PNP equations. Compared with the proposed works on a posteriori error estimation of
PNP equations, the estimators have several characteristics:

1) Our error estimators are simple. Except for data oscillation and high-order quantities,
they contain a parameterless stabilizer only. In our a posteriori error estimators, there
are no common terms in the previous works on a posteriori error estimation, such as
area residuals and flux jump.

2) Due to the simple composition of the a posteriori error estimators, we can directly obtain
their lower bound estimation in theoretical analysis.

3) In adaptive computation, the main part of the a posteriori error estimators, namely,
the stabilizers, have already been calculated when using WGFEM to solve the PNP
equations. Therefore, when calculating a posteriori error estimators, the stabilizer can
be used directly without additional cost.

4) The adaptive algorithm can be calculated on unstructured meshes such as arbitrary
polygon/polyhedron meshes, mixed meshes and meshes with hanging points, so the
adaptive mesh refinement does not need postprocessing. We construct a posteriori error
estimators for the electrostatic potential and ion concentrations, respectively, and we give
their upper and lower bounds analysis to prove the reliability and efficiency of the error
estimators. Several adaptive computations on different polygonal meshes are presented
to verify the theoretical analysis.

The outline of the paper is organized as follows. In Section 2, we introduce the definition of
WG finite element space and develop the WG discrete scheme of the steady-state PNP equa-
tions. The a posteriori error estimators for the unknown solutions of electrostatic potential ¢
and ion concentrations p’ are constructed in Section 3 by using the WGFEM, and their reli-
ability and efficiency are derived in the energy norm. In Section 4, we report the results of
numerical tests on several different adaptive meshes to validate our theoretical results.

2. The Weak Galerkin Finite Element Method

2.1. Model problem

We consider a class of steady-state PNP equations with Dirichlet boundary conditions as

follows:
2 . .
~V Vo= qp +fs in Q, (2.1)
1=1
~V - (Vp' +¢'p'V¢)=f;, i=1,2 in Q, (2.2)
6=0, p'=0 on 99, (2.3)

where Q is a polygonal or a polyhedral domain in R? (d = 2,3) with boundary 0Q. The
index ¢ represents different ionic species, p* is the concentration of the i-th ionic species with
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charge ¢*, ¢ is the electrostatic potential and f;,7 = 1,2,3 are the reaction source terms. For
simplicity of notation, in the following, we shall assume d = 2. The results can be extended to
three-dimensional space.

Let D be any open region with boundary dD. We adopt the standard notation W#"(D)
(s > 0) to denote the Sobolev space on D. When r = 2, W*"(D) = H*(D) denotes a Hilbert
space with the inner product (-,-)s p, norms || -||s,p and seminorms |- |5, p. When s = 0, H’(D)
coincides with L?(D) equipped with the L?-norm || - || p and the inner product (-,-)p. Further-
more, if D = (), the subscript D is omitted. Let us define

(u,v)Q:/uvdac, <u,’U>aQ=/ uv ds.
Q o9

2.2. The weak Galerkin finite element space

Let 7; be a partition of the domain  consisting of elements that are closed and simply
connected polygons in two dimensions or polyhedra in three dimensions satisfying a set of
conditions specified in [28,35]. We denote by &, the set of all edges or flat faces in T, and
we let &) = E,\0N be the set of all interior edges or flat faces. For any element K € 7y,
with interior K9 and boundary K, we denote by hx the diameter for K and mesh size
h = maxger, hx. A weak function v = {vg,v} on K has two pieces, vg € L*(K) and
vy € H'Y/? (OK). The first piece represents the values of v in the interior K, and the second
piece represents the values on the element boundary 0K . The space of weak functions defined
on K is given by

W(K) = {v={vo, 0} : v9 € L*(K),uvp € H%(aK)}.
The weak gradient defined in [34] is introduced as follows.

Definition 2.1. The weak gradient Vv of a weak function v € W(K) is defined as a linear
functional in the dual space of [H*(K))? satisfying

(Vuv, @)k = —(v0, V- @)k + (v, q-m)ox, Vg€ [H (K) (2.4)
where n is the outward unit normal vector of K.

If the components of v = {vg, v} are restrictions of a function u € H'(K) on K° and 9K,
respectively, then for q € [H!(K)]?, we have

(Vuwv,9)x = —(v0, V- q)x + (vp,q - )oK
=—(u,V-q)x +{u,q-n)sx = (Vu,q)x.

It follows that V,v = Vu is the classical gradient of u, if u € H'(K).
For a given integer k > 1, let V}, be the WG finite element space associated with 7;, defined
as follows:

Vi, = {’U = {Uo,vb} : U0|K S Pk(K), UblBK S Pk(aK), K e 771},
Vi = {v = {vo, v} € Vi, mslox oo =0, VK € T},

where P (K) is the set of polynomials with a degree no more than k on K. We want to
emphasize that any function v € V}, has a single value v, on each edge K € &,. We remark
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that the first component of v, namely, vg, is the value of v in the interior of K°, and the second
component v is the single value on the edges of the boundary of K, which is not necessarily
the trace of vy on the boundary. We adopt [Px_1(K)]? as the discrete weak gradient space.
Specifically, the definition of the discrete weak gradient in [34] can be described as follows.

Definition 2.2. For a weak function v = {vg, vy} € V},, its discrete weak gradient V, p—1v €
[Pe_1(K)]? satisfies

(Vw k10, @k = —(v0, V- @i + (b, - n)or, Vg€ [Pri(K)]. (2.5)
For simplicity, we use V,, as the discrete weak gradient operator in the following analysis.

2.3. The discrete weak Galerkin scheme

The weak formulation of the system (2.1)-(2.3) is given as follows: Find ¢ € Hg(Q) and
p' € HE(Q),i = 1,2, such that

2
(Vo, V) Zqz = (fs,w), Ywe H), (2.6)
(Vp', V) + q’(p Vo, Vo) = (fi,v), Yve Hi(Q), i=1,2. (2.7)

To establish the WG discrete scheme, we define the following inner products:

ap(u,v) = Z (Vwpi, Vo),

KeTy,
)= > > d (o),
KeTy i=1

Ch(U,'U,'w) = Z qi(UQVw’U,vw’w),
KeTh

1)) = Z h;(l <’LLO — Up, Vo — 'Ub>8K7

KeTy

sa(u, v, w) = Z hic q" (uo(vo — vp), wo — we)arc-
KeTh

The WG discrete scheme for (2.6)-(2.7) is to find

on = {dn0, b} € Vs Py = {PhooPip} €ViH 1=1,2

such that
an(dn,wn) — br (Pl wn) + se(Pn, wn) = (f3,wh0), Ywy, € Vp, (2.8)
an (ph,vn) + cn(Ph, dn,vn) + sc(Phsvn) + 8a(Phs Shovn) = (firvn0), You € Vi (2.9)
For the error functions vy, € Vj, we introduce the following energy norm of WG finite element
space:
lfvnlll := V/an(on, vn) + se(on, vn). (2.10)
It is not hard to see that || - || defines a seminorm in the finite element space V3. We claim

that this seminorm becomes a full norm in the finite element space V. Moreover, the following
Poincaré-type inequality holds for functions in V).
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Lemma 2.1 ([28]). Let Ty, be the finite element partition of Q0 satisfying the shape regularity
assumption. Then, for any v, € V), there exists a constant C' independent of the mesh size h
such that

lvnoll < Cllvnll, Yo = {vn0,vas} € V. (2.11)

In the finite element space V,, we introduce a discrete H' seminorm as follows:

1
lonllin = ( > (IVonollk + hillono — vh,blfm)> : (2.12)

KeTy,

The following lemma indicates that ||vg||1,5 is equivalent to the energy norm (2.10).

Lemma 2.2 ([27]). There exist two positive constants Cy and Cz such that for any v, =
{Vn,0,vnp} € Vi, we have

Cillonllrn < llonlll < Callonll1,n- (2.13)

For each element K € Ty, we first define Qv = {Qov, Qpv} € Vj, with Qo and Qp, be the L?
projections from L2(K) to Py(K) and from L%(e) to Py(e), e C OK, respectively. Then, we
denote by Ry, the L? projection from [L?(K)]? to a local weak gradient space [Py_1(K)]>.

Lemma 2.3 ([19]). On each element K € Ty, we have the following commutative property for
ve HY(K):

Vu(Qrv) = Rp(Vv), (2.14)
Vv = Ry (Vo). (2.15)

Lemma 2.4 ([28]). Let Ty be a finite element partition of Q0 that is shape regular. Then, for
any v € H*1(Q), we have

> v =Qovllk + > hkIV(v = Qov)lli < CRPFIju|2, (2.16)
KeTn KeTy,

> Ve = Ru(Vo) % < Ch2¥|[vl7 1. (2.17)
KeTy,

Let ¢,p" and ¢n = {dn,0, P}, D), = {P},0: )} be the solutions of (2.6)-(2.7) and (2.8)-
(2.9), respectively. The L? projections of the solutions ¢ and p* are given by

Qnod = {Qud, Quvd} € Vi, Qup' = {Qop’, Qup'} € Vi

Then, the errors between the L? projections of solutions ¢, p’ and the WG approximation
solutions ¢y, pi, are defined as

ey = {eg0,e40} = {Qod — dn,0, Qvd — dnp},
epi = {€pi.0,€piny = {Qop" — .0, Qup" — Php}-
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3. A Posteriori Error Analysis

In this section, the a posteriori error estimators are described and analyzed for the WG finite
element scheme (2.8) and (2.9). For a scalar-valued function v, we define the curl operator by

v Ov
Vxv=|(—7——].
v < 6902 6951)
Let K be an element with e as an edge. The trace inequality is also used in the following
estimation. It is well known that there exists a constant C' such that, for any function g €
HY(K),
lgll? < C(h gl + hxllVall%)- (3.1)
The positive constant C' is independent of mesh size h and can represent different values at
different positions in this paper.
The following Helmholtz decomposition of an L? function is well known (cf. [9, p. 31],

or [4]). Hence, we can easily obtain the following Helmholtz type decomposition of the function
Vu — Vyup € L*(Q).

Lemma 3.1. For Vu — Vuy, € L2(), there exist ¢ € HY(Q) and ® € H'(Q) such that

Vu— Vyup = Vi) +V x @, (3.2)
Vu = Vyun|? = VY] + |V x &2

Remark 3.1. In three dimensions, the vector potential 1 € H'(Q) satisfying Vu — Vu, =
Vi 4+ V x 9 (cf. [15, p. 45]).

Let us define the following two local stabilizers on the edges of element K to simplify future
proofs:

Se. i (u,v) = hig (uo — up, vo — vp) oK, (3.4)

sa, i (u, v, w) = h'q' (uo(vo — vp), wo — Wy ok -

3.1. Upper bound

In this subsection, we prove the reliability of the a posteriori error estimators for the elec-
trostatic potential ¢ and the ion concentrations pf,i4 = 1,2; that is, the estimators provide
the upper bounds on the true errors. Before proving the reliability of the a posteriori error
estimators, we introduce the lemma developed in [19] to help with the analysis.

Lemma 3.2 ([19]). For uj € V}? and ® € H*(Q), we have
(Vi — Vagun, V x ®) < Cs (up, un)||V x 9. (3.6)

The a posteriori error estimator is first defined before proving the upper bound estimate of
the electrostatic potential ¢. Let f3, — Vi, be the L? projection of f3. Then, we introduce
a local estimator of ¢ as follows:

Mo, ik = Sc.i(On, on) + 05¢(f3, K), (3.7)
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where s¢ i (¢n, ¢n) is defined as in (3.4) and osc(fs, K) is a high-order local data oscillation
if f3 is smooth enough defined by

0sc®(fs, K) = Wl fs — fa.nll%-

Let us define a global error estimator and data oscillation as

2 _ 2
Mg, = Z Ney K>
KeTy,

0sc®(f3,Tn) = Z 0sc?(f3, K).

KeTy
Now, we are ready to state the following reliability result for the error estimator 74.
Theorem 3.1. Let ¢,p" € Hi(Q) be the solutions of (2.1)-(2.3) and ¢p,p, € V¥ be the solu-

tions of (2.8)-(2.9). Then, there exists a positive constant C independent of mesh size h such
that

2
o= @l < (o, + 1o -l ). 33)
i=1
Proof. Tt follows from (3.2) that
V6 — Vbl
= (V¢ = Vuon, Vo — Viydn)
= (Vo —Vudn, V) + (Vo — Vi odn, V X D). (3.9)

For the first term on the right-hand side of the above equation, by using (2.6), Lemma 2.3 and
(2.8), we have

(Vo = Vuon, Vi)
= (v¢7 V’l/}) - (vw¢h7 V’l/})

:(ﬁ;wy+§:q%pi¢>f(vw¢mthQhw»

2
= (f3,0) + Y _ ¢ (0", ¥) = bu (P, Qut) + 5c(n, Qutb) — (f3, Qo)
=1

2

= (f3,%) = (£3, Qo) + Y _d' (0", ¥) = >_ ¢' (h0, %)

=1 i=1

+ Z W (Bh0 — Pnp, Qoo — V)ox
KeTn
2

= (fs = fam ¥ — Q) + Y ' (" — Phos ¥)

=1
+ 37 i bno — S Qotb — Boxc.

KeTh

Thus, by the Cauchy-Schwarz inequality, the trace inequality, the property of the projection
operator and (3.3), the above equation can be rewritten as
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|7/)||K>
K

+s§<¢h,¢h>> 1V

(Vo = Vuon, Vi)
2
> q' 0 — pho)

=1

< Z <|f3f3,h||K|7/)Q07/}|K+

KeTy

+ 57 (bt — dnolZe) * (i1 Qote — ¥li2x)

KeTy

S C (OSC(fg,ﬁl) +

2
> ¢ (0" - pho)
=1

<C <osc(f3,ﬁ) +

2
> a0 = pho)
1=1

+se (én, ¢h)> Vo —Vudnl . (3.10)

It follows from (3.6) and (3.3) that the second term on the right-hand side of (3.9) becomes

(Vo — Vb, V x @) < Csi (9, 1) |V x @ < Csé (én,6n) [V — Vunl.

Substituting (3.10) and the above estimates into (3.9) and by using Young’s inequality, we have

)
2 . _ )
<C <77ih + 1" = holl ) : (3.11)

=1

IV — Vuon?
> ' (0 Do)

i=1

< C(och(fg,ﬁ) + 5c(¢n, ¢n) +

where 1773, = sc(dn, dn) + 0s¢®(f3, Ta).
Now, we easily have

Sc(¢ — dn, ® — dn) = sc(Pn, dn) < 13, - (3.12)
Finally, by combining (3.11) and (3.12), it is easy to obtain that (3.8) holds. O

Next, we give the upper bound analysis of the a posteriori error estimators for ion concen-
trations p’ (i = 1,2). Let f;, — V3 be the L? projection of f;. Then, we introduce a local
estimator of p’ as follows:

Wy i = Se.i (Phs Dh) + 05 (fi, K), (3.13)

where s,k (p,, p},) is defined as in (3.4) and osc(f;, K) is a high-order local data oscillation if f;
is smooth enough defined by

os¢®(fi, K) = hi | fi — finll-

Let us define a global error estimator and data oscillation as

2 _ Z 2
Mpi = i 50
KeTy,

OSCQ(fivﬁl) = Z OSCQ(fi,K).

KeTy,

The reliability of the error estimator M, defined above is analyzed in the following.
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Theorem 3.2. Let ¢,p" € Hi(Q) be the solutions of (2.1)-(2.3) and ¢p,p, € V¥ be the solu-
tions of (2.8)-(2.9). If ¢ € WFTLeo(Q),p' € L>(Q) and the error ey o is small enough, then
there exists a positive constant C independent of mesh size h such that

2
v =il <© (n;f; o, +Zuqi<pipz,o>u?)- 5.14)

i=1

Proof. Tt follows from (3.2) that

VP = Vurh |
= (Vo' = Vup}, V' = Vup})
= (Vp' = Vup),, V) + (VD' = Vup},, V x ). (3.15)

Using Lemma 2.3, (2.7) and (2.9), we have

Vp' — Vup}, Vi)

+ 3 b (pho — Dho Qo — Qutb) e — (fi, Qo)

KeTy,

+ 37 R (Dh o(dno — Pnb), Qovb — Qutb),

KeTh
+ > 0 (Bho = Pl Qotb — Qo)

KeTy,

+ > bt (P o(Sno — Dnb) Qo — Qi)

KeTy,
= (fi = fin: ¥ — Qo) — ¢ (p'V — P}, o Vwdn, Vi)
+ > b (Bho = Dl Qotb — Qo)

KeTy

+ > Bt (P o(Bno — Dnb) Qo — Qi)

KeTy,
4
<> Ll (3.16)
=1

In the following, we estimate |I;|,i = 1,...,4. First, for |I1],

|(fi = fins ¥ — Qo)
Sfi = finlxllv — Qovllx

KeTy,
< Cosc(fi, Tn) IVl (3.17)

|11]

IN

Notably, we shall have
Vel

0,00,92 < C; "pz,O"07m79 < C’
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if ¢ € WETL2(Q), p* € L>(Q) and the error e, ¢ is small enough [16]. For |I5|, we can obtain

L =|— ¢ (p'V¢ = phoVwdn, V)|
= ’ - qi((Pi - PZ,O)Vﬂﬁ +P§1,0(V¢ = Vuwon), VQ/’)‘
< (P ~ BhollIVello.co2 + [Pholly o0 V6 — Vutn ) V9]
< C(|Ip" = Pholl + 1V6 = Vuonl) IV, (3.18)

Similar to the estimate in Theorem 3.1, for |I5], we have

13| = | Y 7 (Pho = Phop Qoo — Qo) e | < 52 (ph 1) IV (3.19)

KeTy

By using the inverse inequality on the boundary and the trace inequality, we have

[La| = Z Wi (Do (Bn0 — D), Qo — Qo) i
KeTy,
<C ) sz,o!\o,ow(hﬂqsh,o— ) (ni )
KETh

< ClIphollo. . ( S b o - ¢h,b|0,aK> < ST b Qot — w|o,aK>

KeTn KeTh

< O3 (¢, o)V (3.20)

Substituting (3.17)-(3.20) into (3.16), we get
(Vp' = Vuph, VO)
< C(ose(fi, To) + 52 (0hoph) + [P = Phooll + 2 (@, 6n) + IV = Vuinl]) V]

1. . . .
< C(oscl(fiy Ta) + s (Bhovh) + [[8 = pholl + 6 = énll ) IV0 (3.21)
Hence, from Theorems 3.1 and (3.3), the above equation can be rewritten as

2
< C<050(fia Tn) + 52 (ph, 1) + [|P* = Phoobigl + ns, + > " (@' p%,o)H) V]|

i=1

2
< C<030(fi, Th) + s (Pho 2h) +10n + Y '’ —pZ,o)H> VD" = Vupi|| (3.22)

i=1
It follows from Lemma 3.2 and (3.3) that
(Vp' = Vup), V x @)
< Csé (ph pi) IV x 2
1, . .
< Csé (p}l,p}l) HVp’ — pr}lH. (3.23)
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Substituting (3.22)-(3.23) into (3.15) and by using Young’s inequality, we have

1V’ = Vurh |
2 i 2 & ifoi i 2
< C(OSC (fis T) + se(ph o) + 05, + D '@ = pho) | )
=1
2
< C(niz +ng, + Y _|d@ pi,o)HQ) (3.24)
=1

where 1% = 0sc?(fi, Tn) + sc (P, P,)-
Next, similar to Theorem 3.1, we can easily obtain

se(p' = o' = Dh) = se(0hph) <1y

Combining (3.24) with the above inequality, it follows that

2
l* = 24 |||” < C(niz +ng, + Y '@ p?;,o)HQ) (3.25)

i=1

It is proved that (3.14) holds.

Remark 3.2. Form Theorems 3.1 and 3.2, if ¢ € W*+120(Q), p* € L>(Q) and ||e,i o < CRF
holds, then we have

o — dnll” < C(n3, + h2*E+D), (3.26)
" = willl” < oy + 13, +n2+D). (3.27)

Note that (3.26) and (3.27) in hold based on the assumption [le,i ol < Ch*™'. The L?
norm error estimate of p* holds when the WG finite element method is used to solve the time-
dependent PNP equations (see [18, Theorem 4.3]). For the steady-state PNP equations, it
is difficult to derive the L? norm error estimate of p’ by using the traditional Aubin-Nitsche
duality technique due to their strong coupling. Although this assumption cannot be proved

theoretically, numerical results show that the error convergence order of p’ in the L? norm can
reach O(h**1). (see Figs. 4.4, 4.7, 4.10 and 4.13 in Example 4.1).

3.2. Lower bound

In this subsection, local lower bound estimates for the a posteriori error estimators for
the electrostatic potential ¢ and ion concentrations p* are presented. The upper bound results
indicate the reliability of the estimators, while the lower bound results indicate the effectiveness
of the estimators. From the constructed a posteriori error estimators and the characteristics
of the energy norm, the local lower bounds for the a posteriori error estimators can be easily
obtained.

Let us define the energy norm on each element K as follows:

lonlle = (Vavn, Vawon) i + se,i (vn, on)- (3.28)

According to the definition of the local energy norm |||vh|||§(, it can be seen that the local
stability term s. g (vn,vp) is only part of it. Therefore, the local lower bound estimate of ¢ can
be obtained from the definition (3.7) of the local error estimator of ¢.
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Theorem 3.3. Let p', ¢ € Hy(Q) and p},¢n € V)Y be the solutions of (2.1)-(2.3) and (2.8)-
(2.9), respectively. The local error estimator ng, x of ¢ satisfies

i < IV0 = Vdnll g + 05 (fs, ).
Proof. Tt follows from (3.7) and (3.28) that we have

Mok = Se.i (O, o) + 0s¢®(fs, K)
S ||v¢ - vw(bhHK + SC,K((bha ¢h) + OSC2(f3, K)
<6 = nlll x + osc?(f3, K),

where 74, & is defined as (3.7). This completes the proof. O

Similarly, it is easy to obtain the local a posteriori error estimator My, K of p* defined in
(3.13) that satisfies the following lower bound estimate.

Theorem 3.4. Let p', ¢ € Hg(Q) and pi,¢n € VP be the solutions of (2.1)-(2.3) and (2.8)-
(2.9), respectively. The local error estimator My, K of p* satisfies

77;271( < H]Vpi—prZ‘]]K+osc2(fi,K). (3.29)
Proof. 1t follows from (3.13) and (3.28) that we have
77;'17[( = Sc,K(PZaPZ) + OSCQ(fia K)
< [|Vp' = Vb + se.ac (Ph: i) + 0s*(fi, K)
<|llp" = pill ¢ +0se*(fi K),

where n,; g is defined as (3.13). This completes the proof. O

4. Numerical Experiment

In this section, the corresponding adaptive algorithm is designed to verify the effectiveness
and reliability of the constructed a posteriori error estimators. In numerical calculations, we
take £k = 1 in the WG finite element space V. To verify the flexibility of the WGFEM on
mesh, different mesh refinement strategies are used for the adaptive algorithm in numerical
calculation. We design the corresponding adaptive algorithm to solve the PNP equations.

Given an initial mesh 7y, an associated finite element space V}, and a tolerance TOL, the
typical adaptive algorithm is then designed as follows. In step 3, the Dorfler strategy [7] is used
to mark the elements that need to be refined. The method of refining the mesh is referred to
in [10-12], and the refinement parameter is A\ = 0.5 in the adaptive algorithm.

In the following, Algorithm 4.1 is used to solve the PNP system (2.1)-(2.3) with singularity
at the origin. The computational domains are Q = [0,1]?> € R? and ¢! = 1,¢*> = —1.

Example 4.1. Let us consider the steady-state PNP equation (2.1)-(2.3). The boundary con-

dition and the right-hand side functions are chosen such that the exact solution (¢, p',p?) is

given by

¢($ y) _ (:L' — :CQ)(y - yQ)
’ 2 + y2

plz,y) =1—¢?,

Pizy) =1-e?

3
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Algorithm 4.1: Adaptive Algorithm for Steady-state PNP Equations.

Step 1. WG finite element solution computing. Find the WG finite element
solutions ¢p, = {¢n,0, Pnp} € V2 and pi, = {p270,p2,b} € V)2 for the WG discrete
scheme (2.8)-(2.9).

Step 2. Error estimation. For all elements K € 7y, the local error estimators 74, x,
Tyi . are computed by (3.7) and (3.13).

Step 3. Local refinement. If (3,7 72, x)"/? > TOL or (3 xcr. 77;2);'“1()1/2 >TOL,
for all K € Tj, refine those elements that satisfy 14, x > Amax{ngs, K, npgb,K} or
Mpi K 2 Amax{ng, x, 77??1=K}’ where A € (0,1) is a given refinement parameter.

Step 4. Generate a new mesh. Generate a new mesh 7, and WG finite element
space V},, and return to Step 1. Otherwise, the computation is terminated.

Algorithm 4.1 is used to compute several different shapes of adaptive meshes, namely, tri-
angular meshes, quadrilateral meshes, triangular meshes with hanging points and quadrilateral
meshes with hanging points. The triangular meshes with hanging points and the quadrilateral
meshes with hanging points are regarded as mixed polygonal meshes in numerical calculation.
For example, if a triangular element has a hanging point, the element is regarded as a quadrilat-
eral. Fig. 4.1 shows the initial mesh of triangles and triangles with hanging points, and Fig. 4.2
shows the initial mesh of quadrilaterals and quadrilaterals with hanging points, where DOF's
represents the mesh node degrees of freedom.

We first show the numerical results of the adaptive computation on the triangular meshes.
Fig. 4.3 shows the final triangle adaptive mesh generated by Algorithm 4.1. The refinement
concentrates on the origin in Fig. 4.3, which matches the singularity of the numerical solutions.
Fig. 4.4 shows the L? norm for p! and p? on the triangular adaptive meshes. Fig. 4.5 shows
the a posteriori error estimators and the energy norms of the error obtained for ¢, p! and p?
on the triangular adaptive meshes, respectively.

In Figs. 4.4 and 4.5, DOF's of the mesh is used instead of the mesh size h to show the
error convergence order; that is, for the two-dimensional problem, O(DOFs~!) means that

Fig. 4.1. Triangular initial mesh, DOF's = 25. Fig. 4.2. Quadrilateral initial mesh, DOFs = 2.
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L? norm error

Fig. 4.3. Triangle adaptive mesh,DOFs = 6580. Fig. 4.4. The L? norms of p* and p® on the triangle
adaptive meshes.

10' ¢

Errors

10*

DOFs

Fig. 4.5. The a posteriori error estimators and the energy norms of ¢, p' and p? on triangle adaptive
meshes.

the convergence order is O(h?). Fig. 4.4 shows the error convergence orders of the errors €pi 0
(i = 1,2) in the L? norm between the L? projection Qop’ of the exact solutions p* and the WG
finite element solutions p!, on the triangular adaptive meshes. The slope of the convergence curve
of the error ey o on the triangular adaptive meshes is close to —1, which indicates that the orders
of convergence are second order, i.e. O(h?). This validates the hypothesis in Theorems 3.1
and 3.2. As seen from Fig. 4.5, the slopes of the convergence curves of the a posteriori error
estimators and the energy norms of the errors of ¢, p' and p? on the triangular adaptive
meshes are close to —0.5, which indicates that the convergence order is O(h), that is, first
order. Figs. 4.4 and 4.5 show that the L? norms of the errors of p’ are higher order than those
of the a posteriori error estimators.

Next, the numerical results computed on the quadrilateral meshes are presented. The quadri-
lateral adaptive mesh obtained by Algorithm 4.1 is shown in Fig. 4.6. Similar to Fig. 4.3, the
estimators can accurately detect the singularity and add refinement focused at the point (0, 0).

The numerical results for the L? norms of p! and p? are given in Fig. 4.7. Their convergence
orders are all O(h?). Fig. 4.8 shows the numerical results for the a posteriori error estimators
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Fig. 4.6. Quadrilateral adaptive mesh, Fig. 4.7. The L? norms of p* and p? on the quadri-
DOFs = 13601. lateral adaptive meshes.
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Fig. 4.8. The a posteriori error estimators and the energy norms of ¢, p' and p? on quadrilateral
adaptive meshes.

and the energy norms of the error obtained for ¢, p' and p? on the quadrilateral adaptive
meshes, respectively. Their convergence orders are all O(h). They both achieve the desired
optimal convergence rates.

Finally, numerical results computed on the triangular adaptive meshes with hanging points
and the quadrilateral adaptive meshes with hanging points are presented. We give the triangular
adaptive mesh with hanging points and the quadrilateral adaptive mesh with hanging points in
Figs. 4.9 and 4.12, respectively. As Figs. 4.9 and 4.12 show that the refinement is focused at the
origin (0, 0). These results indicate that the a posteriori estimators can capture the singularity
accurately.

We also plot the L? norms of errors in Figs. 4.10 and 4.13, while that of the decay of
the a posteriori estimators and energy norms of errors in Figs. 4.11 and 4.14. We can still
observe that Algorithm 4.1 achieves optional convergence orders for the a posteriori estimators,
energy norms and L? norms of the errors. The convergence results agree with our theoretical
conclusions.
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Fig. 4.9. Triangle adaptive mesh with hanging Fig. 4.10. The L? norms of p' and p® on the
points, DOF's = 7433. triangle adaptive meshes with hanging points.

10*

DOFs

Fig. 4.11. The a posteriori error estimators and the energy norms of ¢, p' and p? on the triangle

adaptive meshes with hanging points.
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Fig. 4.12. Quadrilateral adaptive mesh with Fig. 4.13. The L? norms of p' and p® on quadri-

hanging points, DOF's = 15041. lateral adaptive meshes with hanging points.
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Fig. 4.14. The a posteriori error estimators and the energy norms of ¢, p' and p? on quadrilateral
adaptive meshes with hanging points.

5. Conclusion

In this paper, a posteriori error estimation for a class of steady-state PNP equations is
proposed that uses the WGFEM. We construct a posteriori error estimators of electrostatic
potential and ion concentrations; then, we prove the reliability and efficiency of the a posteriori
error estimators. We validate the theoretical analysis by numerical experiments on triangular,
quadrilateral and polygonal meshes with hanging nodes. The numerical results show that
the a posteriori error estimators can locate the singularity accurately and can conduct the
refinement effectively. Our a posteriori error estimators are simple in form and implementation,
which makes them realistic in practical applications.
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