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Abstract

In this paper, we present a posteriori error estimates of the weak Galerkin finite ele-

ment method for the steady-state Poisson-Nernst-Planck equations. The a posteriori error

estimators for the electrostatic potential and ion concentrations are constructed. The re-

liability and efficiency of the estimators are verified by the upper and lower bounds of the

energy norm of the error. The a posteriori error estimators are applied to the adaptive

weak Galerkin algorithm for triangle, quadrilateral and polygonal meshes with hanging

nodes. Finally, numerical results demonstrate the effectiveness of the adaptive algorithm

guided by our constructed estimators.
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1. Introduction

The Poisson-Nernst-Planck (PNP) equations, which describe the diffusion process of ions

under the action of an electric field, are well-known ion transport models and play a crucial

role in the study of many physical and biological phenomena. Since the PNP equations were

proposed, their mathematical analysis and numerical approximation have attracted extensive

attention. The existence of solutions to the PNP equations has been presented in [21,24]. Due

to the nonlinear coupling of PNP equations, it is challenging to compute their analytical so-

lutions mathematically. Therefore, numerical methods are usually used to find approximate

solutions [13, 17, 39]. PNP equations in some practical problems, such as ion channels [6, 31],

have singularity due to many charges on the membrane interface, and the accuracy of their

approximate solutions largely depends on the quality of the mesh. If the discrete mesh is not

good, numerical methods such as the finite element method cannot effectively solve the PNP
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equations. In this case, the adaptive algorithm driven by an a posteriori error estimator is

a good choice to improve the efficiency of mesh generation.

The a posteriori error estimator is the basis of the adaptive algorithm. As a computable

quantity, the a posteriori error estimator can guide adaptive mesh refinement so that the adap-

tive algorithm can obtain more accurate numerical solutions with fewer mesh degrees of freedom.

At present, there are some works on solving PNP equations by adaptive algorithms. In [32,37],

the adaptive algorithm is applied to solve the actual ion channel problem described by the

PNP equations. However, in the adaptive algorithm, only the a posteriori error estimator of

the Poisson equation in PNP equations is used to guide the adaptive mesh refinement, and the

influence of the NP equation is not considered. The gradient recovery-type a posteriori error

for a class of steady-state PNP equations is derived in [29], and its error estimator is proven to

be efficient and reliable. Then, by using a local averaging operator which is an extension of the

gradient recovery operator, the locally averaged a posteriori error estimate for the nonlinear

PNP problem is derived in [40]. In [16], a spatial adaptive finite element method considering

geometrical singularities and boundary layer effects is proposed for the steady-state PNP equa-

tions. In [46], the residual-type a posteriori error estimate for time-dependent PNP equations is

studied, the error estimators are established and the computable upper and lower bounds of the

error estimators are derived. These works utilizing adaptive algorithms to solve PNP equations

are suitable for regular triangular or tetrahedral meshes only. To eliminate the hanging nodes

created in adaptive mesh refinement, the traditional finite element method needs to refine ad-

ditional elements, resulting in higher shape regularity conditions [33], which cannot be directly

applied to polygonal meshes. With the improvement of computing power and numerical calcu-

lation levels, PNP equations have been applied to simulate large-scale systems, such as actual

biology and physics [3,38], in recent years, but the cost of computing on traditional structured

meshes is relatively expensive. Adaptive computation on polygonal meshes allows the existence

of hanging points, and no postprocessing is needed to refine the meshes. If the mesh in the

adaptive algorithm has great flexibility, the mesh refinement strategy can be implemented more

effectively. Hence, the convenient use of more general polygonal meshes in complex simulations

has become an attractive feature.

Here, we design a posteriori error estimators of the weak Galerkin finite element method

for steady-state PNP equations. The weak Galerkin finite element method (WGFEM) is a new

numerical method developed in recent years to solve various partial differential equations. It

was first proposed by Mu, Wang and Ye [27, 34, 35] for solving second-order elliptic problems.

The WGFEM can be seen as an extension of the standard finite element method, and its

finite element discrete scheme can be derived directly from the weak form of the correspond-

ing PDE. The scheme for WGFEM is constructed by using fully discontinuous finite element

functions. Therefore, compared with other finite element methods, it has the advantages of

flexible approximation functions, a simple and stable numerical scheme, and can deal with un-

structured meshes [20, 26]. The WGFEM has developed rapidly since it was proposed and has

been applied to solve many problems [5, 8, 22, 30, 36, 41, 42]. Based on the WG-mixed finite

element method (MFEM), a linearized locally conservative scheme for time-dependent PNP

equations is established in [14], and the prior error estimates of semidiscrete and fully discrete

WG-MFEM schemes are given. There are also some works about a posteriori error estimators

for the WGFEM [4, 43–45]. However, the adaptive computations of these works are carried

out on regular triangular mesh or tetrahedral mesh. Recently, there have been some research

works devoted to the a posteriori error analysis of WGFEM on general polygonal or polyhedral
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meshes [1, 2, 19, 23, 25], but these works are all about linear problems, and as far as we know,

there is no literature on the a posteriori error analysis of WGFEM for nonlinear problems.

In this paper, a posteriori error estimators of WGFEM are established for a class of steady-

state PNP equations. Compared with the proposed works on a posteriori error estimation of

PNP equations, the estimators have several characteristics:

1) Our error estimators are simple. Except for data oscillation and high-order quantities,

they contain a parameterless stabilizer only. In our a posteriori error estimators, there

are no common terms in the previous works on a posteriori error estimation, such as

area residuals and flux jump.

2) Due to the simple composition of the a posteriori error estimators, we can directly obtain

their lower bound estimation in theoretical analysis.

3) In adaptive computation, the main part of the a posteriori error estimators, namely,

the stabilizers, have already been calculated when using WGFEM to solve the PNP

equations. Therefore, when calculating a posteriori error estimators, the stabilizer can

be used directly without additional cost.

4) The adaptive algorithm can be calculated on unstructured meshes such as arbitrary

polygon/polyhedron meshes, mixed meshes and meshes with hanging points, so the

adaptive mesh refinement does not need postprocessing. We construct a posteriori error

estimators for the electrostatic potential and ion concentrations, respectively, and we give

their upper and lower bounds analysis to prove the reliability and efficiency of the error

estimators. Several adaptive computations on different polygonal meshes are presented

to verify the theoretical analysis.

The outline of the paper is organized as follows. In Section 2, we introduce the definition of

WG finite element space and develop the WG discrete scheme of the steady-state PNP equa-

tions. The a posteriori error estimators for the unknown solutions of electrostatic potential φ

and ion concentrations pi are constructed in Section 3 by using the WGFEM, and their reli-

ability and efficiency are derived in the energy norm. In Section 4, we report the results of

numerical tests on several different adaptive meshes to validate our theoretical results.

2. The Weak Galerkin Finite Element Method

2.1. Model problem

We consider a class of steady-state PNP equations with Dirichlet boundary conditions as

follows:

−∇ · ∇φ =

2
∑

i=1

qipi + f3 in Ω, (2.1)

−∇ · (∇pi + qipi∇φ) = fi, i = 1, 2 in Ω, (2.2)

φ = 0, pi = 0 on ∂Ω, (2.3)

where Ω is a polygonal or a polyhedral domain in R
d (d = 2, 3) with boundary ∂Ω. The

index i represents different ionic species, pi is the concentration of the i-th ionic species with
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charge qi, φ is the electrostatic potential and fi, i = 1, 2, 3 are the reaction source terms. For

simplicity of notation, in the following, we shall assume d = 2. The results can be extended to

three-dimensional space.

Let D be any open region with boundary ∂D. We adopt the standard notation W s,r(D)

(s ≥ 0) to denote the Sobolev space on D. When r = 2,W s,r(D) = Hs(D) denotes a Hilbert

space with the inner product (· , ·)s,D, norms ‖ ·‖s,D and seminorms | · |s,D. When s = 0, H0(D)

coincides with L2(D) equipped with the L2-norm ‖ · ‖D and the inner product (· , ·)D. Further-

more, if D = Ω, the subscript D is omitted. Let us define

(u, v)Ω =

∫

Ω

uv dx, 〈u, v〉∂Ω =

∫

∂Ω

uv ds.

2.2. The weak Galerkin finite element space

Let Th be a partition of the domain Ω consisting of elements that are closed and simply

connected polygons in two dimensions or polyhedra in three dimensions satisfying a set of

conditions specified in [28, 35]. We denote by Eh the set of all edges or flat faces in Th, and

we let E0
h = Eh\∂Ω be the set of all interior edges or flat faces. For any element K ∈ Th

with interior K0 and boundary ∂K, we denote by hK the diameter for K and mesh size

h = maxK∈Th
hK . A weak function v = {v0, vb} on K has two pieces, v0 ∈ L2(K) and

vb ∈ H1/2(∂K). The first piece represents the values of v in the interior K0, and the second

piece represents the values on the element boundary ∂K. The space of weak functions defined

on K is given by

W (K) =
{

v = {v0, vb} : v0 ∈ L2(K), vb ∈ H
1

2 (∂K)
}

.

The weak gradient defined in [34] is introduced as follows.

Definition 2.1. The weak gradient ∇wv of a weak function v ∈ W (K) is defined as a linear

functional in the dual space of [H1(K)]2 satisfying

(∇wv, q)K = −(v0,∇ · q)K + 〈vb, q · n〉∂K , ∀ q ∈ [H1(K)]2, (2.4)

where n is the outward unit normal vector of K.

If the components of v = {v0, vb} are restrictions of a function u ∈ H1(K) on K0 and ∂K,

respectively, then for q ∈ [H1(K)]2, we have

(∇wv,q)K = −(v0,∇ · q)K + 〈vb,q · n〉∂K

= −(u,∇ · q)K + 〈u,q · n〉∂K = (∇u,q)K .

It follows that ∇wv = ∇u is the classical gradient of u, if u ∈ H1(K).

For a given integer k ≥ 1, let Vh be the WG finite element space associated with Th defined

as follows:

Vh = {v = {v0, vb} : v0|K ∈ Pk(K), vb|∂K ∈ Pk(∂K), K ∈ Th},

V 0
h = {v = {v0, vb} ∈ Vh, vb|∂K

⋂
∂Ω = 0, ∀K ∈ Th},

where Pk(K) is the set of polynomials with a degree no more than k on K. We want to

emphasize that any function v ∈ Vh has a single value vb on each edge ∂K ∈ Eh. We remark
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that the first component of v, namely, v0, is the value of v in the interior of K0, and the second

component vb is the single value on the edges of the boundary of K, which is not necessarily

the trace of v0 on the boundary. We adopt [Pk−1(K)]2 as the discrete weak gradient space.

Specifically, the definition of the discrete weak gradient in [34] can be described as follows.

Definition 2.2. For a weak function v = {v0, vb} ∈ Vh, its discrete weak gradient ∇w,k−1v ∈

[Pk−1(K)]2 satisfies

(∇w,k−1v, q)K = −(v0,∇ · q)K + 〈vb, q · n〉∂K , ∀ q ∈ [Pk−1(K)]2. (2.5)

For simplicity, we use ∇w as the discrete weak gradient operator in the following analysis.

2.3. The discrete weak Galerkin scheme

The weak formulation of the system (2.1)-(2.3) is given as follows: Find φ ∈ H1
0 (Ω) and

pi ∈ H1
0 (Ω), i = 1, 2, such that

(∇φ,∇w) −

2
∑

i=1

qi(pi, w) = (f3, w), ∀w ∈ H1
0 (Ω), (2.6)

(∇pi,∇v) + qi(pi∇φ,∇v) = (fi, v), ∀ v ∈ H1
0 (Ω), i = 1, 2. (2.7)

To establish the WG discrete scheme, we define the following inner products:

ah(u, v) =
∑

K∈Th

(∇wu,∇wv),

bh(u, v) =
∑

K∈Th

2
∑

i=1

qi(u0, v0),

ch(u, v, w) =
∑

K∈Th

qi(u0∇wv,∇ww),

sc(u, v) =
∑

K∈Th

h−1
K 〈u0 − ub, v0 − vb〉∂K ,

sd(u, v, w) =
∑

K∈Th

h−1
K qi〈u0(v0 − vb), w0 − wb〉∂K .

The WG discrete scheme for (2.6)-(2.7) is to find

φh = {φh,0, φh,b} ∈ V 0
h , pih =

{

pih,0, p
i
h,b

}

∈ V 0
h , i = 1, 2

such that

ah(φh, wh)− bh
(

pih, wh

)

+ sc(φh, wh) = (f3, wh,0), ∀wh ∈ V 0
h , (2.8)

ah
(

pih, vh
)

+ ch
(

pih, φh, vh
)

+ sc
(

pih, vh
)

+ sd
(

pih, φh, vh
)

= (fi, vh,0), ∀ vh ∈ V 0
h . (2.9)

For the error functions vh ∈ Vh, we introduce the following energy norm of WG finite element

space:

|||vh||| :=
√

ah(vh, vh) + sc(vh, vh). (2.10)

It is not hard to see that ||| · ||| defines a seminorm in the finite element space Vh. We claim

that this seminorm becomes a full norm in the finite element space V 0
h . Moreover, the following

Poincaré-type inequality holds for functions in V 0
h .
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Lemma 2.1 ([28]). Let Th be the finite element partition of Ω satisfying the shape regularity

assumption. Then, for any vh ∈ V 0
h , there exists a constant C independent of the mesh size h

such that

‖vh,0‖ ≤ C|||vh|||, ∀ vh = {vh,0, vh,b} ∈ V 0
h . (2.11)

In the finite element space Vh, we introduce a discrete H1 seminorm as follows:

‖vh‖1,h =

(

∑

K∈Th

(

‖∇vh,0‖
2
K + h−1

K ‖vh,0 − vh,b‖
2
∂K

)

)
1

2

. (2.12)

The following lemma indicates that ‖vh‖1,h is equivalent to the energy norm (2.10).

Lemma 2.2 ([27]). There exist two positive constants C1 and C2 such that for any vh =

{vh,0, vh,b} ∈ Vh, we have

C1‖vh‖1,h ≤ |||vh||| ≤ C2‖vh‖1,h. (2.13)

For each element K ∈ Th, we first define Qhv = {Q0v,Qbv} ∈ Vh with Q0 and Qb be the L
2

projections from L2(K) to Pk(K) and from L2(e) to Pk(e), e ⊂ ∂K, respectively. Then, we

denote by Rh the L2 projection from [L2(K)]2 to a local weak gradient space [Pk−1(K)]2.

Lemma 2.3 ([19]). On each element K ∈ Th, we have the following commutative property for

v ∈ H1(K):

∇w(Qhv) = Rh(∇v), (2.14)

∇wv = Rh(∇v). (2.15)

Lemma 2.4 ([28]). Let Th be a finite element partition of Ω that is shape regular. Then, for

any v ∈ Hk+1(Ω), we have

∑

K∈Th

‖v −Q0v‖
2
K +

∑

K∈Th

h2K‖∇(v −Q0v)‖
2
K ≤ Ch2(k+1)‖v‖2k+1, (2.16)

∑

K∈Th

‖∇v −Rh(∇v)‖
2
K ≤ Ch2k‖v‖2k+1. (2.17)

Let φ, pi and φh = {φh,0, φh,b}, p
i
h = {pih,0, p

i
h,b} be the solutions of (2.6)-(2.7) and (2.8)-

(2.9), respectively. The L2 projections of the solutions φ and pi are given by

Qhφ = {Q0φ,Qbφ} ∈ Vh, Qhp
i =

{

Q0p
i, Qbp

i
}

∈ Vh.

Then, the errors between the L2 projections of solutions φ, pi and the WG approximation

solutions φh, p
i
h are defined as

eφ = {eφ,0, eφ,b} = {Q0φ− φh,0, Qbφ− φh,b},

epi = {epi,0, epi,b} =
{

Q0p
i − pih,0, Qbp

i − pih,b
}

.
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3. A Posteriori Error Analysis

In this section, the a posteriori error estimators are described and analyzed for the WG finite

element scheme (2.8) and (2.9). For a scalar-valued function v, we define the curl operator by

∇× v =

(

−
∂v

∂x2
,
∂v

∂x1

)

.

Let K be an element with e as an edge. The trace inequality is also used in the following

estimation. It is well known that there exists a constant C such that, for any function g ∈

H1(K),

‖g‖2e ≤ C
(

h−1
K ‖g‖2K + hK‖∇g‖2K

)

. (3.1)

The positive constant C is independent of mesh size h and can represent different values at

different positions in this paper.

The following Helmholtz decomposition of an L2 function is well known (cf. [9, p. 31],

or [4]). Hence, we can easily obtain the following Helmholtz type decomposition of the function

∇u−∇wuh ∈ L2(Ω).

Lemma 3.1. For ∇u−∇wuh ∈ L2(Ω), there exist ψ ∈ H1
0 (Ω) and Φ ∈ H1(Ω) such that

∇u−∇wuh = ∇ψ +∇× Φ, (3.2)

‖∇u−∇wuh‖
2 = ‖∇ψ‖2 + ‖∇× Φ‖2. (3.3)

Remark 3.1. In three dimensions, the vector potential ψ ∈ H1(Ω) satisfying ∇u − ∇wuh =

∇ψ +∇× ψ (cf. [15, p. 45]).

Let us define the following two local stabilizers on the edges of element K to simplify future

proofs:

sc,K(u, v) = h−1
K 〈u0 − ub, v0 − vb〉∂K , (3.4)

sd,K(u, v, w) = h−1
K qi〈u0(v0 − vb), w0 − wb〉∂K . (3.5)

3.1. Upper bound

In this subsection, we prove the reliability of the a posteriori error estimators for the elec-

trostatic potential φ and the ion concentrations pi, i = 1, 2; that is, the estimators provide

the upper bounds on the true errors. Before proving the reliability of the a posteriori error

estimators, we introduce the lemma developed in [19] to help with the analysis.

Lemma 3.2 ([19]). For uh ∈ V 0
h and Φ ∈ H1(Ω), we have

(∇u −∇wuh,∇× Φ) ≤ Cs
1

2

c (uh, uh)‖∇× Φ‖. (3.6)

The a posteriori error estimator is first defined before proving the upper bound estimate of

the electrostatic potential φ. Let f3,h → Vh be the L2 projection of f3. Then, we introduce

a local estimator of φ as follows:

η2φh,K = sc,K(φh, φh) + osc2(f3,K), (3.7)
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where sc,K(φh, φh) is defined as in (3.4) and osc(f3,K) is a high-order local data oscillation

if f3 is smooth enough defined by

osc2(f3,K) = h2K‖f3 − f3,h‖
2
K .

Let us define a global error estimator and data oscillation as

η2φh
=
∑

K∈Th

η2φh,K ,

osc2(f3, Th) =
∑

K∈Th

osc2(f3,K).

Now, we are ready to state the following reliability result for the error estimator ηφ.

Theorem 3.1. Let φ, pi ∈ H1
0 (Ω) be the solutions of (2.1)-(2.3) and φh, p

i
h ∈ V 0

h be the solu-

tions of (2.8)-(2.9). Then, there exists a positive constant C independent of mesh size h such

that

|||φ− φh|||
2
≤ C

(

η2φh
+

2
∑

i=1

∥

∥pi − pih,0
∥

∥

2

)

. (3.8)

Proof. It follows from (3.2) that

‖∇φ−∇wφh‖
2

= (∇φ −∇wφh,∇φ−∇wφh)

= (∇φ −∇wφh,∇ψ) + (∇φ−∇wφh,∇× Φ). (3.9)

For the first term on the right-hand side of the above equation, by using (2.6), Lemma 2.3 and

(2.8), we have

(∇φ−∇wφh,∇ψ)

= (∇φ,∇ψ) − (∇wφh,∇ψ)

= (f3, ψ) +

2
∑

i=1

qi(pi, ψ)−
(

∇wφh,∇w(Qhψ)
)

= (f3, ψ) +

2
∑

i=1

qi(pi, ψ)− bh
(

pih, Qhψ
)

+ sc(φh, Qhψ)− (f3, Q0ψ)

= (f3, ψ)− (f3, Q0ψ) +

2
∑

i=1

qi(pi, ψ)−

2
∑

i=1

qi
(

pih,0, ψ
)

+
∑

K∈Th

h−1
K 〈φh,0 − φh,b, Q0ψ − ψ〉∂K

= (f3 − f3,h, ψ −Q0ψ) +

2
∑

i=1

qi
(

pi − pih,0, ψ
)

+
∑

K∈Th

h−1
K 〈φh,0 − φh,b, Q0ψ − ψ〉∂K .

Thus, by the Cauchy-Schwarz inequality, the trace inequality, the property of the projection

operator and (3.3), the above equation can be rewritten as
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(∇φ−∇wφh,∇ψ)

≤
∑

K∈Th

(

‖f3 − f3,h‖K‖ψ −Q0ψ‖K +

∥

∥

∥

∥

∥

2
∑

i=1

qi(pi − pih,0)

∥

∥

∥

∥

∥

K

‖ψ‖K

)

+
∑

K∈Th

(

h−1
K ‖φh,0 − φh,b‖

2
∂K

)
1

2

(

h−1
K ‖Q0ψ − ψ‖2∂K

)
1

2

≤ C

(

osc(f3, Th) +

∥

∥

∥

∥

∥

2
∑

i=1

qi
(

pi − pih,0
)

∥

∥

∥

∥

∥

+ s
1

2

c (φh, φh)

)

‖∇ψ‖

≤ C

(

osc(f3, Th) +

∥

∥

∥

∥

∥

2
∑

i=1

qi
(

pi − pih,0
)

∥

∥

∥

∥

∥

+ s
1

2

c (φh, φh)

)

‖∇φ−∇wφh‖ . (3.10)

It follows from (3.6) and (3.3) that the second term on the right-hand side of (3.9) becomes

(∇φ−∇wφh,∇× Φ) ≤ Cs
1

2

c (φh, φh) ‖∇ × Φ‖ ≤ Cs
1

2

c (φh, φh) ‖∇φ−∇wφh‖ .

Substituting (3.10) and the above estimates into (3.9) and by using Young’s inequality, we have

‖∇φ−∇wφh‖
2

≤ C

(

osc2(f3, Th) + sc(φh, φh) +

∥

∥

∥

∥

∥

2
∑

i=1

qi
(

pi − pih,0
)

∥

∥

∥

∥

∥

2)

≤ C

(

η2φh
+

2
∑

i=1

∥

∥pi − pih,0
∥

∥

2

)

, (3.11)

where η2φh
= sc(φh, φh) + osc2(f3, Th).

Now, we easily have

sc(φ− φh, φ− φh) = sc(φh, φh) ≤ η2φh
. (3.12)

Finally, by combining (3.11) and (3.12), it is easy to obtain that (3.8) holds. �

Next, we give the upper bound analysis of the a posteriori error estimators for ion concen-

trations pi (i = 1, 2). Let fi,h → Vh be the L2 projection of fi. Then, we introduce a local

estimator of pi as follows:

η2pi

h
,K = sc,K

(

pih, p
i
h

)

+ osc2(fi,K), (3.13)

where sc,K(pih, p
i
h) is defined as in (3.4) and osc(fi,K) is a high-order local data oscillation if fi

is smooth enough defined by

osc2(fi,K) = h2K‖fi − fi,h‖
2
K .

Let us define a global error estimator and data oscillation as

η2pi

h

=
∑

K∈Th

η2pi

h
,K ,

osc2(fi, Th) =
∑

K∈Th

osc2(fi,K).

The reliability of the error estimator ηpi

h

defined above is analyzed in the following.
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Theorem 3.2. Let φ, pi ∈ H1
0 (Ω) be the solutions of (2.1)-(2.3) and φh, p

i
h ∈ V 0

h be the solu-

tions of (2.8)-(2.9). If φ ∈ W k+1,∞(Ω), pi ∈ L∞(Ω) and the error epi,0 is small enough, then

there exists a positive constant C independent of mesh size h such that

∣

∣

∣

∣

∣

∣pi − pih
∣

∣

∣

∣

∣

∣

2
≤ C

(

η2pi

h

+ η2φh
+

2
∑

i=1

∥

∥qi
(

pi − pih,0
)∥

∥

2

)

. (3.14)

Proof. It follows from (3.2) that

∥

∥∇pi −∇wp
i
h

∥

∥

2

=
(

∇pi −∇wp
i
h,∇p

i −∇wp
i
h

)

=
(

∇pi −∇wp
i
h,∇ψ

)

+
(

∇pi −∇wp
i
h,∇× Φ

)

. (3.15)

Using Lemma 2.3, (2.7) and (2.9), we have

(

∇pi −∇wp
i
h,∇ψ

)

= (∇pi,∇ψ)−
(

∇wp
i
h,∇ψ

)

= (fi, ψ)− qi(pi∇φ,∇ψ)−
(

∇wp
i
h,∇w(Qhψ)

)

= (fi, ψ)− qi(pi∇φ,∇ψ) + qi
(

pih,0∇wφh,∇w(Qhψ)
)

+
∑

K∈Th

h−1
K

〈

pih,0 − pih,b, Q0ψ −Qbψ
〉

∂K
− (fi, Q0ψ)

+
∑

K∈Th

h−1
K qi

〈

pih,0(φh,0 − φh,b), Q0ψ −Qbψ
〉

∂K

= (fi, ψ −Q0ψ)− qi(pi∇φ,∇ψ) + qi
(

pih,0∇wφh,∇ψ
)

+
∑

K∈Th

h−1
K

〈

pih,0 − pih,b, Q0ψ −Qbψ
〉

∂K

+
∑

K∈Th

h−1
K qi

〈

pih,0(φh,0 − φh,b), Q0ψ −Qbψ
〉

∂K

= (fi − fi,h, ψ −Q0ψ)− qi
(

pi∇φ− pih,0∇wφh,∇ψ
)

+
∑

K∈Th

h−1
K

〈

pih,0 − pih,b, Q0ψ −Qbψ
〉

∂K

+
∑

K∈Th

h−1
K qi

〈

pih,0(φh,0 − φh,b), Q0ψ −Qbψ
〉

∂K

≤

4
∑

i=1

|Ii|. (3.16)

In the following, we estimate |Ii|, i = 1, . . . , 4. First, for |I1|,

|I1| = |(fi − fi,h, ψ −Q0ψ)|

≤
∑

K∈Th

‖fi − fi,h‖K‖ψ −Q0ψ‖K

≤ C osc(fi, Th)‖∇ψ‖. (3.17)

Notably, we shall have

‖∇φ‖0,∞,Ω ≤ C,
∥

∥pih,0
∥

∥

0,∞,Ω
≤ C,
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if φ ∈ W k+1,∞(Ω), pi ∈ L∞(Ω) and the error epi,0 is small enough [16]. For |I2|, we can obtain

|I2| =
∣

∣− qi
(

pi∇φ − pih,0∇wφh,∇ψ
)∣

∣

=
∣

∣− qi
((

pi − pih,0
)

∇φ+ pih,0(∇φ −∇wφh),∇ψ
)∣

∣

≤ C
(∥

∥pi − pih,0
∥

∥‖∇φ‖0,∞,Ω +
∥

∥pih,0
∥

∥

0,∞,Ω
‖∇φ−∇wφh‖

)

‖∇ψ‖

≤ C
(∥

∥pi − pih,0
∥

∥+ ‖∇φ−∇wφh‖
)

‖∇ψ‖, (3.18)

Similar to the estimate in Theorem 3.1, for |I3|, we have

|I3| =

∣

∣

∣

∣

∣

∑

K∈Th

h−1
K

〈

pih,0 − pih,b, Q0ψ −Qbψ
〉

∂K

∣

∣

∣

∣

∣

≤ s
1

2

c

(

pih, p
i
h

)

‖∇ψ‖. (3.19)

By using the inverse inequality on the boundary and the trace inequality, we have

|I4| =

∣

∣

∣

∣

∣

∑

K∈Th

h−1
K qi

〈

pih,0(φh,0 − φh,b), Q0ψ −Qbψ
〉

∂K

∣

∣

∣

∣

∣

≤ C
∑

K∈Th

∥

∥pih,0
∥

∥

0,∞,∂K

(

h
− 1

2

K ‖φh,0 − φh,b‖0,∂K

)(

h
− 1

2

K ‖Q0ψ − ψ‖0,∂K

)

≤ C
∥

∥pih,0
∥

∥

0,∞,Ω

(

∑

K∈Th

h
− 1

2

K ‖φh,0 − φh,b‖0,∂K

)(

∑

K∈Th

h
− 1

2

K ‖Q0ψ − ψ‖0,∂K

)

≤ Cs
1

2

c (φh, φh)‖∇ψ‖. (3.20)

Substituting (3.17)-(3.20) into (3.16), we get

(

∇pi −∇wp
i
h,∇ψ

)

≤ C
(

osc(fi, Th) + s
1

2

c

(

pih, p
i
h

)

+
∥

∥pi − pih,0
∥

∥+ s
1

2

c (φh, φh) + ‖∇φ−∇wφh‖
)

‖∇ψ‖

≤ C
(

osc(fi, Th) + s
1

2

c

(

pih, p
i
h

)

+
∥

∥pi − pih,0
∥

∥+ |||φ− φh|||
)

‖∇ψ‖. (3.21)

Hence, from Theorems 3.1 and (3.3), the above equation can be rewritten as

(

∇pi −∇wp
i
h,∇ψ

)

≤ C

(

osc(fi, Th) + s
1

2

c

(

pih, p
i
h

)

+
∥

∥pi − pih,0big‖+ ηφh
+

2
∑

i=1

∥

∥qi(pi − pih,0)
∥

∥

)

‖∇ψ‖

≤ C

(

osc(fi, Th) + s
1

2

c

(

pih, p
i
h

)

+ ηφh
+

2
∑

i=1

∥

∥qi(pi − pih,0)
∥

∥

)

∥

∥∇pi −∇wp
i
h

∥

∥. (3.22)

It follows from Lemma 3.2 and (3.3) that

(

∇pi −∇wp
i
h,∇× Φ

)

≤ Cs
1

2

c

(

pih, p
i
h

)

‖∇× Φ‖

≤ Cs
1

2

c

(

pih, p
i
h

)∥

∥∇pi −∇wp
i
h

∥

∥. (3.23)
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Substituting (3.22)-(3.23) into (3.15) and by using Young’s inequality, we have

∥

∥∇pi −∇wp
i
h

∥

∥

2

≤ C

(

osc2(fi, Th) + sc
(

pih, p
i
h

)

+ η2φh
+

2
∑

i=1

∥

∥qi(pi − pih,0)
∥

∥

2

)

≤ C

(

η2pi

h

+ η2φh
+

2
∑

i=1

∥

∥qi(pi − pih,0)
∥

∥

2

)

. (3.24)

where η2pi = osc2(fi, Th) + sc(p
i
h, p

i
h).

Next, similar to Theorem 3.1, we can easily obtain

sc
(

pi − pih, p
i − pih

)

= sc
(

pih, p
i
h

)

≤ η2pi

h

.

Combining (3.24) with the above inequality, it follows that

∣

∣

∣

∣

∣

∣pi − pih
∣

∣

∣

∣

∣

∣

2
≤ C

(

η2pi

h

+ η2φh
+

2
∑

i=1

∥

∥qi(pi − pih,0)
∥

∥

2

)

. (3.25)

It is proved that (3.14) holds.

Remark 3.2. Form Theorems 3.1 and 3.2, if φ ∈ W k+1,∞(Ω), pi ∈ L∞(Ω) and ‖epi,0‖ ≤ Chk+1

holds, then we have

|||φ− φh|||
2
≤ C

(

η2φh
+ h2(k+1)

)

, (3.26)
∣

∣

∣

∣

∣

∣pi − pih
∣

∣

∣

∣

∣

∣

2
≤ C

(

η2pi

h

+ η2φh
+ h2(k+1)

)

. (3.27)

Note that (3.26) and (3.27) in hold based on the assumption ‖epi,0‖ ≤ Chk+1. The L2

norm error estimate of pi holds when the WG finite element method is used to solve the time-

dependent PNP equations (see [18, Theorem 4.3]). For the steady-state PNP equations, it

is difficult to derive the L2 norm error estimate of pi by using the traditional Aubin-Nitsche

duality technique due to their strong coupling. Although this assumption cannot be proved

theoretically, numerical results show that the error convergence order of pi in the L2 norm can

reach O(hk+1). (see Figs. 4.4, 4.7, 4.10 and 4.13 in Example 4.1).

3.2. Lower bound

In this subsection, local lower bound estimates for the a posteriori error estimators for

the electrostatic potential φ and ion concentrations pi are presented. The upper bound results

indicate the reliability of the estimators, while the lower bound results indicate the effectiveness

of the estimators. From the constructed a posteriori error estimators and the characteristics

of the energy norm, the local lower bounds for the a posteriori error estimators can be easily

obtained.

Let us define the energy norm on each element K as follows:

|||vh|||
2
K = (∇wvh,∇wvh)K + sc,K(vh, vh). (3.28)

According to the definition of the local energy norm |||vh|||
2
K , it can be seen that the local

stability term sc,K(vh, vh) is only part of it. Therefore, the local lower bound estimate of φ can

be obtained from the definition (3.7) of the local error estimator of φ.
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Theorem 3.3. Let pi, φ ∈ H1
0 (Ω) and pih, φh ∈ V 0

h be the solutions of (2.1)-(2.3) and (2.8)-

(2.9), respectively. The local error estimator ηφh,K of φ satisfies

η2φh,K ≤ |||∇φ−∇wφh|||K + osc2(f3,K).

Proof. It follows from (3.7) and (3.28) that we have

η2φh,K
= sc,K(φh, φh) + osc2(f3,K)

≤ ‖∇φ−∇wφh‖K + sc,K(φh, φh) + osc2(f3,K)

≤ |||φ− φh|||K + osc2(f3,K),

where ηφh,K is defined as (3.7). This completes the proof. �

Similarly, it is easy to obtain the local a posteriori error estimator ηpi

h
,K of pi defined in

(3.13) that satisfies the following lower bound estimate.

Theorem 3.4. Let pi, φ ∈ H1
0 (Ω) and pih, φh ∈ V 0

h be the solutions of (2.1)-(2.3) and (2.8)-

(2.9), respectively. The local error estimator ηpi

h
,K of pi satisfies

η2pi

h
,K ≤

∣

∣

∣

∣

∣

∣∇pi −∇wp
i
h

∣

∣

∣

∣

∣

∣

K
+ osc2(fi,K). (3.29)

Proof. It follows from (3.13) and (3.28) that we have

η2pi

h
,K = sc,K

(

pih, p
i
h

)

+ osc2(fi,K)

≤
∥

∥∇pi −∇wp
i
h

∥

∥

K
+ sc,K

(

pih, p
i
h

)

+ osc2(fi,K)

≤
∣

∣

∣

∣

∣

∣pi − pih
∣

∣

∣

∣

∣

∣

K
+ osc2(fi,K),

where ηpi

h
,K is defined as (3.13). This completes the proof. �

4. Numerical Experiment

In this section, the corresponding adaptive algorithm is designed to verify the effectiveness

and reliability of the constructed a posteriori error estimators. In numerical calculations, we

take k = 1 in the WG finite element space Vh. To verify the flexibility of the WGFEM on

mesh, different mesh refinement strategies are used for the adaptive algorithm in numerical

calculation. We design the corresponding adaptive algorithm to solve the PNP equations.

Given an initial mesh Th, an associated finite element space Vh and a tolerance TOL, the

typical adaptive algorithm is then designed as follows. In step 3, the Dörfler strategy [7] is used

to mark the elements that need to be refined. The method of refining the mesh is referred to

in [10–12], and the refinement parameter is λ = 0.5 in the adaptive algorithm.

In the following, Algorithm 4.1 is used to solve the PNP system (2.1)-(2.3) with singularity

at the origin. The computational domains are Ω = [0, 1]2 ∈ R2 and q1 = 1, q2 = −1.

Example 4.1. Let us consider the steady-state PNP equation (2.1)-(2.3). The boundary con-

dition and the right-hand side functions are chosen such that the exact solution (φ, p1, p2) is

given by

φ(x, y) =
(x− x2)(y − y2)

x2 + y2
,

p1(x, y) = 1− eφ,

p2(x, y) = 1− e−φ.
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Algorithm 4.1: Adaptive Algorithm for Steady-state PNP Equations.

Step 1. WG finite element solution computing. Find the WG finite element

solutions φh = {φh,0, φh,b} ∈ V 0
h and pih = {pih,0, p

i
h,b} ∈ V 0

h for the WG discrete

scheme (2.8)-(2.9).

Step 2. Error estimation. For all elements K ∈ Th, the local error estimators ηφh,K ,

ηpi

h
,K are computed by (3.7) and (3.13).

Step 3. Local refinement. If (
∑

K∈Th
η2φh,K

)1/2 > TOL or (
∑

K∈Th
η2
pi

h
,K

)1/2 > TOL,

for all K ∈ Th, refine those elements that satisfy ηφh,K ≥ λmax{ηφh,K , ηpi

h
,K} or

ηpi

h
,K ≥ λmax{ηφh,K , ηpi

h
,K}, where λ ∈ (0, 1) is a given refinement parameter.

Step 4. Generate a new mesh. Generate a new mesh Th and WG finite element

space Vh, and return to Step 1. Otherwise, the computation is terminated.

Algorithm 4.1 is used to compute several different shapes of adaptive meshes, namely, tri-

angular meshes, quadrilateral meshes, triangular meshes with hanging points and quadrilateral

meshes with hanging points. The triangular meshes with hanging points and the quadrilateral

meshes with hanging points are regarded as mixed polygonal meshes in numerical calculation.

For example, if a triangular element has a hanging point, the element is regarded as a quadrilat-

eral. Fig. 4.1 shows the initial mesh of triangles and triangles with hanging points, and Fig. 4.2

shows the initial mesh of quadrilaterals and quadrilaterals with hanging points, where DOFs

represents the mesh node degrees of freedom.

We first show the numerical results of the adaptive computation on the triangular meshes.

Fig. 4.3 shows the final triangle adaptive mesh generated by Algorithm 4.1. The refinement

concentrates on the origin in Fig. 4.3, which matches the singularity of the numerical solutions.

Fig. 4.4 shows the L2 norm for p1 and p2 on the triangular adaptive meshes. Fig. 4.5 shows

the a posteriori error estimators and the energy norms of the error obtained for φ, p1 and p2

on the triangular adaptive meshes, respectively.

In Figs. 4.4 and 4.5, DOFs of the mesh is used instead of the mesh size h to show the

error convergence order; that is, for the two-dimensional problem, O(DOFs−1) means that

Fig. 4.1. Triangular initial mesh, DOFs = 25. Fig. 4.2. Quadrilateral initial mesh, DOFs = 2.
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Fig. 4.3. Triangle adaptive mesh,DOFs = 6580. Fig. 4.4. The L2 norms of p1 and p2 on the triangle

adaptive meshes.

Fig. 4.5. The a posteriori error estimators and the energy norms of φ, p1 and p2 on triangle adaptive

meshes.

the convergence order is O(h2). Fig. 4.4 shows the error convergence orders of the errors epi,0

(i = 1, 2) in the L2 norm between the L2 projection Q0p
i of the exact solutions pi and the WG

finite element solutions pih on the triangular adaptive meshes. The slope of the convergence curve

of the error epi,0 on the triangular adaptive meshes is close to −1, which indicates that the orders

of convergence are second order, i.e. O(h2). This validates the hypothesis in Theorems 3.1

and 3.2. As seen from Fig. 4.5, the slopes of the convergence curves of the a posteriori error

estimators and the energy norms of the errors of φ, p1 and p2 on the triangular adaptive

meshes are close to −0.5, which indicates that the convergence order is O(h), that is, first

order. Figs. 4.4 and 4.5 show that the L2 norms of the errors of pi are higher order than those

of the a posteriori error estimators.

Next, the numerical results computed on the quadrilateral meshes are presented. The quadri-

lateral adaptive mesh obtained by Algorithm 4.1 is shown in Fig. 4.6. Similar to Fig. 4.3, the

estimators can accurately detect the singularity and add refinement focused at the point (0, 0).

The numerical results for the L2 norms of p1 and p2 are given in Fig. 4.7. Their convergence

orders are all O(h2). Fig. 4.8 shows the numerical results for the a posteriori error estimators



16 W.W. ZHU AND G.H. JI

Fig. 4.6. Quadrilateral adaptive mesh,

DOFs = 13601.

Fig. 4.7. The L2 norms of p1 and p2 on the quadri-

lateral adaptive meshes.

Fig. 4.8. The a posteriori error estimators and the energy norms of φ, p1 and p2 on quadrilateral

adaptive meshes.

and the energy norms of the error obtained for φ, p1 and p2 on the quadrilateral adaptive

meshes, respectively. Their convergence orders are all O(h). They both achieve the desired

optimal convergence rates.

Finally, numerical results computed on the triangular adaptive meshes with hanging points

and the quadrilateral adaptive meshes with hanging points are presented. We give the triangular

adaptive mesh with hanging points and the quadrilateral adaptive mesh with hanging points in

Figs. 4.9 and 4.12, respectively. As Figs. 4.9 and 4.12 show that the refinement is focused at the

origin (0, 0). These results indicate that the a posteriori estimators can capture the singularity

accurately.

We also plot the L2 norms of errors in Figs. 4.10 and 4.13, while that of the decay of

the a posteriori estimators and energy norms of errors in Figs. 4.11 and 4.14. We can still

observe that Algorithm 4.1 achieves optional convergence orders for the a posteriori estimators,

energy norms and L2 norms of the errors. The convergence results agree with our theoretical

conclusions.
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Fig. 4.9. Triangle adaptive mesh with hanging

points, DOFs = 7433.

Fig. 4.10. The L2 norms of p1 and p2 on the

triangle adaptive meshes with hanging points.

Fig. 4.11. The a posteriori error estimators and the energy norms of φ, p1 and p2 on the triangle

adaptive meshes with hanging points.

Fig. 4.12. Quadrilateral adaptive mesh with

hanging points, DOFs = 15041.

Fig. 4.13. The L2 norms of p1 and p2 on quadri-

lateral adaptive meshes with hanging points.
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Fig. 4.14. The a posteriori error estimators and the energy norms of φ, p1 and p2 on quadrilateral

adaptive meshes with hanging points.

5. Conclusion

In this paper, a posteriori error estimation for a class of steady-state PNP equations is

proposed that uses the WGFEM. We construct a posteriori error estimators of electrostatic

potential and ion concentrations; then, we prove the reliability and efficiency of the a posteriori

error estimators. We validate the theoretical analysis by numerical experiments on triangular,

quadrilateral and polygonal meshes with hanging nodes. The numerical results show that

the a posteriori error estimators can locate the singularity accurately and can conduct the

refinement effectively. Our a posteriori error estimators are simple in form and implementation,

which makes them realistic in practical applications.
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