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Abstract

The h-version analysis technique developed in [Banjai et al., SIAM J. Numer. Anal., 55
(2017)] for Trefftz discontinuous Galerkin (DG) discretizations of the second order isotropic
wave equation is extended to the time-dependent Maxwell equations in anisotropic media.
While the discrete variational formulation and its stability and quasi-optimality are derived
parallel to the acoustic wave case, the derivation of error estimates in a mesh-skeleton norm
requires new transformation stabilities for the anisotropic case. The error estimates of the
approximate solutions with respect to the condition number of the coefficient matrices are
proved. Furthermore, we propose the global Trefftz DG method combined with local DG
methods to solve the time-dependent nonhomogeneous Maxwell equations. The numerical
results verify the validity of the theoretical results, and show that the resulting approximate
solutions possess high accuracy.

Mathematics subject classification: 65N30, 65N55.
Key words: Time-dependent Maxwell’s equation, Anisotropic, Nonhomogeneous, Trefftz
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1. Introduction

The idea at the heart of Trefftz method, which are named after the seminal work of Tre-
fftz [36], is to choose the Trefftz approximation functions from a class of piecewise solutions of
the same governing partial differential equation (PDE) without boundary conditions. Trefftz
methods turned out to be particularly effective, and popular, for wave propagation problems
in time-harmonic regime at medium and high frequencies, where the oscillatory nature of the
solutions makes standard methods computationally too expensive, see the recent survey [15]
and references therein. The Trefftz method has an important advantage over Lagrange fi-
nite elements for discretization of the Helmholtz equation and time-harmonic Maxwell equa-
tions [13-17,28,29,43]: to achieve the same accuracy, relatively smaller number of degrees of
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freedom is enough in the plane wave-type methods owing to the particular choice of the basis
functions that (may approximately) satisfy the considered PDE without boundary conditions.

Recently, much work has been devoted to Trefftz DG methods for time-dependent lin-
ear isotropic wave phenomena, see in particular [8-11,22-24,27, 30, 31, 35,3841, 44]. Related
works [35, 38-40] proposed promising Tent Pitcher algorithms coupled with the Trefftz DG
method, and obtained positive numerical results illustrating the increase of accuracy and the
decrease of computational burden. A Trefftz interior-penalty second order formulation for the
second order wave equation is first proposed in [1], where a best approximation result is proven
for the space-time DG method with Trefftz-type basis functions and rates of convergence are
proved in any dimension. Besides, for the case of one space dimension, a class of Trefftz DG
method for time-dependent electromagnetic problems, written as a first order system, resulting
in a two-field formulation, have been analysed in [22-24], where stability, quasi-optimality, best
approximation estimates for polynomial Trefftz spaces and (fully explicit) error bounds with
high order in the mesh width and in the polynomial degree are proved. Further, in [8,9, 30]
Trefftz DG methods in a first order formulation have been extended to three-dimensional time
dependent Maxwell’s equations, where the resulting spectral convergence order is only demon-
strated by numerical tests. Currently, a space-time Trefftz discontinuous Galerkin method for
the first order anisotropic Maxwell’s equations in homogeneous media is proposed in [42], and
a space-time Trefftz discontinuous Galerkin methods for the first order anisotropic acoustic wave
equations in inhomogeneous media is proposed in [41]. Similar to frequency domain problems,
compared to standard space-time DG method, Trefftz DG methods can also achieve the same
convergence order and approximation properties with considerably fewer degrees of freedom,
which brings more economical implementation due to integration being restricted to the space-
time skeleton not space-time elements, see Remark 6.1, Section 8.1 and [1,22].

Anisotropy can result from periodic layering of fine layers [5], preferential alignment of frac-
tures and cracks [34], determining the response of the inclusion to an impinging acoustic or
electromagnetic wave (see the textbooks [6,21,25]). Anisotropy may greatly influence seismic
wave propagation, seismic data acquisition and subsequent data analysis and processing pro-
cedures [37]. Tt is therefore important to design accurate and efficient numerical methods for
modeling wave propagation in anisotropic media. Besides, electromagnetic problems within this
class also include the design of waveguides and antennas, scattering of electromagnetic waves
from automobiles and aircraft, and the penetration and absorption of electromagnetic waves by
dielectric objects [2,33]. Under this assumption, a permittivity e, and permeability y, tensor
can describe a linear metamaterial with no magnetoelectric coupling, where bianisotropy effects
have typically played a minor role in the overall response of the experimental metamaterials,
and can be mitigated by design [26]. The study [45] was devoted to computing the mathemati-
cal model for the scattering from multiple cavities both in particular transverse magnetic (TM)
and transverse electric (TE) polarizations, where the cavities are required to be invariant to
z-axis, namely, the permittivity €, and permeability u, limited to the z-axis, do not interact
with other directions.

In this paper we construct a class of space-time Trefftz DG schemes for the second order lin-
ear anisotropic Maxwell equations in three-dimensional inhomogeneous media. The DG method
considered is motivated by the class of interior penalty DG methods, and can be understood
as the translation to Maxwell’s equations of the Trefftz DG formulation for the second order
wave equations in [1]. In this work, we construct and analyze a space-time interior penalty
DG method, which employ space-time slabs to ensure solvability on each time step, resulting
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in a stable, dissipative scheme for general polynomial bases. In particular, we focus on Tre-
fftz polynomials as local basis functions, prove quasi-optimality in the DG energy norm and
that, the approximate solutions generated by the proposed method possess satisfactory error
estimates with respect to meshwidth h and the condition number p of the coefficient matrices,
respectively. Numerical results in the DG norm show that the theoretical estimates of the con-
vergence order are optimal with respect to h. Furthermore, space-time DG methods, such as the
one presented below, do not require any Courant-Friedrichs-Lewy-type (CFL-type) restrictions,
owing to their implicit time-stepping interpretation. If so-called tent-pitched space-time meshes
are employed, correspondingly explicit marching-type space-time schemes can be constructed
(see [10,11,31]).

Since Trefftz basis functions on each element are solutions of the homogeneous wave equa-
tions without boundary conditions, the Trefftz methods can not be directly applied to dis-
cretizations of the nonhomogeneous wave equations. Motivated by the coupled discontinuous
Galerkin formulation developed in [18], we develop the global Trefftz DG method combined
with overlapping local DG method. Numerical results support the optimality of convergence
rates generated by the combined numerical DG scheme just as for the homogeneous case.

The paper is organized as follows. In Section 2, we state the initial boundary value problem
for the anisotropic Maxwell equations in the second order formulation. In Sections 3 and 4, we
construct the space-time interior penalty method and show its stability. In Section 5, we explain
how to discretize the resulting anisotropic variational problems. Section 6 provides the well-
posedness, the quasi-optimality, the transformation stability with respect to mesh-dependent
norms and desired error estimates for the approximate solutions. In Section 7, in order to solve
the nonhomogeneous and anisotropic model, we develop a global Trefftz DG method combined
with overlapping local DG method for the nonhomogeneous Maxwell equations. Finally, we
report some numerical results to confirm the effectiveness of the proposed method.

2. Considered Model

Let L%(X) denote the standard Sobolev space, ¥ C R?, with the corresponding standard
L?-inner product on ¥ inducing the norm || - ||s;. H*(X) denotes the Hilbertian Sobolev space
of index s € R defined on . n is the exterior unit normal to ¥. Further, we introduce the
following spaces:

H(cwl;¥) = {p € L*() : V x ¢ € L2(X)},
Hy(curl; X)) = {¢ € H(curl; X) : n X ¢ =0 on 93},
L2(0%) = {¢p € L*(0%) :n-¢ =0 on 9%}.

Finally, let L?(0,7T; X) denote the standard Bochner spaces with X being a Banach space with
norm || - ||x, and C'(0,T;X) the space of continuous functions ¢ : [0,7] — X with norm

X)) 1= t .

I9llcwrax = mas 16(0)lx
We consider the second order electromagnetic wave initial boundary value problem (IBVP)
posed on a space-time domain Q = Q x I, where 2 C R3 is an open bounded Lipschitz polytope
and I = (0,7),T > 0. nq is an outward-pointing unit normal vector on I' = 99Q). The second
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order model reads as

eEE+ VX (u'VXxE)=0 i Q, (2.1a)
E(,0)=Ey, E(,0)=H; on Q, (2.1b)
noxE=g on I'" x [0,T]. (2.1c)

Here E = (E,,E,, E,)" \H = (H,,Hy, H,)" ,E¢ € Hy(curl; 2) and Hy € L%(Q) are the given
source data; g € L2(I" x [0,7]). The permittivity ¢ and the permeability p are assumed to be of
the form ¢ = ¢, A and p = p, A, where €., u, are piecewise constant satisfying 0<c., <&, <C.,
and 0 <cy, <pr<C,,, and A is assumed to be real strictly positive definite and piecewise
constant symmetric matrix. If K; and K; are two subsets of {2 with the boundary I';; separating
them with € = ¢;, 0 = p; in K; and € = ¢, 0 = p; in K, we further have the transmission
conditions

nxE, =nxE; nx (M;IV X El) =n x (u;lv X Ej) on I';;, (2.2)
where n is the unit exterior normal vector to K; (or Kj;).

Let Eq € Ho(curl;Q2),Hy € L?(Q2) and g € LZ(T" x [0,7]), then (2.1) has a unique weak
solution E with

E € L*([0,T]; Ho(curl;Q)), E € L([0,T);L*(Q)), (2.3)
see [32]. Furthermore, if g = 0, the solution is continuous in time with
E € C([0,T); Ho(cur; 2)), B e C([0,T];L7()). (2.4)

We denote the space of all solutions by

V = {E|E weak solution of (2.1),(2.2) with Eq € Ho(curl;2),
H, € L*(Q),g € L7(I' x [0, 7)) }. (2.5)

Remark 2.1. Electromagnetic wave propagation in the considered anisotropic media arises
in some applications including ground penetrating radar [4] and microwave interaction with
wood [12]. Also, plane wave propagation in anisotropic media is a classical topic in text-
books on electromagnetism (see e.g. [6]). Besides, the anisotropic Maxwell equations under
consideration includes a medium, which is a special case of the orthotropic medium considered
in [20, Section 4], where the permittivity e and the permeability p are assumed to be of the

form
€11 €12 0 p11 p12 O
e = ETA =E&r | €12 €22 0 s o= ,LLTB = WUy | 12 22 0 . (26)
0 0 33 0 0 pss

Here, the anisotropic matrix A and B are symmetric positive definite matrix. When the case
of A = B occurs, which cannot be ruled out in the real world, e.g. a transmission problem
modeling the scattering of electromagnetic waves by an anisotropic dielectric medium (see [19,
Section 5.2]),the associated model in the orthotropic medium degenerates to a special form of
the model considered in this paper.

Moreover, we find that the electric and magnetic anisotropy defined by the same matrix A
occurs in a non-physical electromagnetic field, induced by the use of perfectly matched layer
(PML), see [19, Egs. (17)-(18)]. It motivates us to develop the corresponding efficient numerical
scheme for solving non-physical anisotropic Maxwell’s equations.

For the completely anisotropic case, i.e. A # B, it needs to develop new approximation
theory of anisotropic Trefftz basis functions, which will be an interesting and complicated
research direction.
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3. Space-time Finite Element Space

Let the time domain (0,7") be divided into N € N intervals I, (0 <n < N — 1) composing
a partition T, with I, = (tn,tn+1),Tn = tnt1 — tn = |In|,7 = maxo<n<nN_1Tn. For each
0 <n < N —1, we introduce a quasi-uniform finite element mesh 7,, = {K} of the spatial
domain Q with hx = diamK, h, = maxgeT, hix. Then the space-time domain Q = Q x (0,7
can be partitioned with a finite element mesh 7, given by

Th={KxI, KeT,, 0<n<N—1}.

Here 7}, is a tensor product mesh and h = maxo<,<n—1 hy,. Besides, we denote the outward-
pointing unit normal vector on 0K by ng.

The discrete space-time mesh will consist of piecewise polynomials on each time slab Q x I,,,
defined by the local space-time finite element space

SpP:={EcLl*Qx1,):E|,  , €eP,R*)? KeT,},

where P, is the space of polynomials of total degree p; the whole space-time finite element space
on Q x [0,7T] will be denoted by

v .= {EeL*(Qx[0,T)):E|, 6 €St N=01,..,N—1}.

We denote by F,, = Uyt OK the skeleton of the spatial mesh, by Fint — Uker, OK\OQ
the union of the interior faces, and by JFP°" the union of the boundary faces, respectively.
Moreover, we define the union of two skeletons of two subsequent meshes by F,, = F, UFn-1,
n=1,...,N—1;ifn =0, we set Fo = Fo and if n = N, we set Fy = Fn. In particular, if the
spatial mesh remains fixed, all the formulas hold with F = F,, = F. Finally, we set

Fr=Qx{t=0}, Fi=Qx{t=T}, F, =Tx]0,T).

Let 7 be a piecewise smooth vector field on 7;,. Let K+ and K~ be two spatial elements
sharing a face e = KT (0K~ C F™ with respective outward normal vectors n™ and n~
on e. Let 7% be the traces on e with limits taken from K*. We define the respective jump and
average across each face e € Fi™ by

R n

{rl = 5 [Tlr =" x 77 +n= x 7~

)

ife Cc OKT(N09Q, we set {{r}} = 7T and [r]r = n* x 7F. Further, we define the temporal full
jump by [7(t,)] = 7)) — 7(t;), [T (to)]| = 7(tJ). Here 7= and 7+ denote the traces of the
function 7 from the adjacent elements at lower and higher times, respectively. We will denote
the spatial mesh size by & : Q x [0,T] — R, defined by h(x,t) = diam(K) if x € K for K € 7T,
and t € (tn,tni1]; when x € e = OKT(OK~, we set h(x,t) = {{hx}} to be the average.
Moreover, we assume that the mesh 7, satisfies the shape regularity condition, that is, there
exists ¢7 such that

diam(K)

5 <c¢r, VK€T, n=0,1,...,N—1, (3.1)
K

where 0 is the radius of the inscribed circle of K.
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At last, we denote by V,, x 7 the broken spatial curl operator on each time slab  x I,
given by

(Vo x|k = (VxT)|g, VYK€ET, 7eC(I;Ho(cwl;Q))+Sk?,
collectively, the broken curl operator V x 7 on the whole space-time domain @Q will be defined as

N—1
(V x Taxr, = (Vo X T)laxr,, n=0,...,N—-1, T¢€ C< H In;HO(curl;Q)> + Vi,

n=0

4. A Space-time DG Method

We will follow an energy argument employed in [1] to derive the DG variational formulation
for the second order linear anisotropic Maxwell equations (2.1) in three-dimensional inhomoge-
neous media with the nonhomogeneous boundary condition.

Assuming that E satisfying (2.1) is smooth enough and the test function ¢ € V + VP,
then integrating by parts the Eq. (2.1a), and adding the symmetric term involved on the spacial
boundary integral and the penalty term yields

(B, @)axs, + (W 'V X E,V x d)axs, — ({u~'V x E}}, [(ﬁ]T);nxln
- ([E]Tv {{Lfl@ X (ﬁ}})]:nxjn + (UO[E]Tv [(ﬁ]T)]:nXIn = (Jogv [(ﬁ]T)FxIn’ (41)

where

o0 = Coop? (h(x, 1&))_1 (4.2)

for a positive constant C,, to be chosen later. Thus, we can define the following discrete energy
Ey(t, @) at time t € I, for ¢ € V + Vp:

En(t, ) = oll2 b0+ 5129 x | + 5 lod [0,
- ({r 'V x o}, B(W]T) £ - (4.3)

By the existing inverse inequality ||@[|3 < CinvP?|0K|/|K|||}|/% for any ¢ € P,(K)? (see [7]),
we can obtain

2 /f 9 <ot s

< Z/ 11V % (t, )[2ds
KeT, /oK
inv 2 K
< 3 Dol OB 19 o) P
K| K
KeTy,

CVinvp2|al(|cl|"4§|2/ 1 2
< L p" 2V x ¢(t,x)|"dx
Kezn K] K} |

Cinep2cd-ct A—52
< Z p cre, |l | / ’/L*%qub(t,x)fdx. (4.4)
KeT, hi K

Therefore, provided that the penalization parameter Cy, is chosen large enough such that,

Cop > Cinecbe || A4, (4.5)
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we have that by the inequality |zy| < 322/8 + 2y2/3 for any z,y € R,
[(He'V x o)}, [0(0)]r) £ |
< ||od [ 7 oo * ¥ x SO .
< 2o 19el[%, + 2llow w7 x S,

3, 1 1 L
< Sllog @@lrll, +5 X Il 2V x (1) (4.6)
KeTn

ensuring the positivity of the energy Ej,(t, ¢) for functions in V 4 V2,

1 1 1 1~ 1 1
Eu(t.¢) = 5205, + 5l x (0)||g, + gllog @I, (4.7)

Remark 4.1. We would like to point out that compared with the nonnegativity of the energy
Ep(t,v) of [1], the energy Ej (¢, ¢) defined above is positive provided ¢ being nonzero owing to
the improvement of (4.6).

Choosing test function as ¢ = E in (4.1) and summing over n, we get

s d (1, 1.2 1 1= 2 1, 1 9 -

> [ (314l + 39 < B + Sllod el — ('Y x ). [Ble) 5, )
n=0 n

-1

= En(ty,B) = Bn(t§ , E) = Y [Bn(ta, E)] = (008, [Elr)p ;- (4.8)

=

n

For permitting discontinuities in time, the formulation (4.1) needs to be amended to control
the terms [E}, (t,,, E)] having no sign in a consistent fashion. For it, we will recall the elementary
algebraic identity, for some vector quantities f, h,

— [£(E@t) - h(E)]] + [£(E)] - h(EE)) + [h(BE)] - £(EE))
= [£(BE))] - [hE®E)]. (4.9)

This motivates the introduction of the additional terms into the original formulation (4.1) to
change the jump of a product to the product of jumps in time in the above energy identity
(4.8), without compromising its consistency.

For the first term (cE, @)axs, in (4.1), we add the additional term (e[E(t,)], d(t))q,
n =20,1,...,N — 1. For n > 0, this does not change the consistency of (4.1) with respect
to (2.1) in weak form owing to the smoothness assumption on the initial data that the exact
solution satisfies EE € C([0,T]; L2(R2)). For n = 0, to ensure consistency, we also need to add
the term (¢Ho, @(t7))o to the right-hand side of (4.1). Using (4.9), for E = ¢ = 1 with
a piecewise sufficiently smooth function, we get

N-1
> (e o, + ([t (t)

= sleF bl + D fg[[ne%wn)u;ﬂ + (el ()] B (),
n=0
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Ty ooz Lo o TR~ 1, 2
= bl + LI+ L 3 Il
n=1

with the extra terms contributing to energy dissipation. Similar considerations lead to the

accretion of corresponding terms ([u~'V x E(t,)], V x ¢(t1))q and (oo [[E(t,)] 7], [o(t)]T) 7,

to treat the second and the last terms on the left-hand side of (4.1), respectively, which induces
that

N—-1

STV x 9,V x o, + [0V x $(t)], YV x $(E),,

n=0
R T NTE R S 2 18~ _1e 2
= 5llp72Vx Bt g + 5V x )]+ 5 Z 1172V x ()]

N—-1

> (ol [Wlr) 5 ;. + (oo [[wtn))r], W) 5.

n=0

1

lod e, + 3 llod eI, + 5 Y o wdls . @10

N | —

Hereafter, we have used that

('Y < B Idlr) 5 ., = (e 'V < ERL[91) 5, -
(Ble, {0V x 1) 5 ., = (Elr 'V x 1) 5, . (4.11)

by the assumption (2.2) and that the spatial flux of test functions are continuous within a space-
time element K x I,,, K € T,; meanwhile, for consistency, the terms (u~'V x Eg, V x otd)a
and (o9 [Eolr, [¢(t$)]7)r, are also added to the right-hand side of (4.1). For the remaining third
and fourth term on the left-hand side of (4.1), we introduce the additional terms —([{{x =V x
E(t) W [0(6)]r) 7, and —([[E(t)]r]. {{u'V x ¢(t5)}}) 7, , which further induces that

N

S (Y X W ) .y — (8 T <9,

n=0

= ([{n™'V x pt) B (D)) £, — ([ ] {7V x $EDH) 5,
= —({p 'V x )} W) £, — 'V <9 BE)Ir) £,

—

=S ([ x () B [ ()] 5

Meanwhile, for consistency, the terms —({{~*V x Eo}}, [p(t{)]r) 7, and —([Eolr, {{u~'V x
o(t3)1}) 7, are appended to the right-hand side of (4.1), and the term (018, [@]7)r«y, involving
the boundary condition of (2.1) is also added to the right-hand side of (4.1). Finally, for the
convergence analysis, we need to add the two terms (o1 [E]r, []7) 7, x1, and (oa[p~'V x E]r,
[V x @)T) Fintx 1, With positive penalty parameters o1 and o2 to the left-hand side of (4.1).

Note that all the additional terms do not change the consistency due to (2.4), (2.2) and the
addition of corresponding terms involving the initial condition and boundary condition to the
right-hand side of (4.1).



A Space-time Trefftz DG Method for a Second Order Maxwell System 9

To summarize, we can now present the space-time DG variational formulation of our method

N-1

}jwﬁﬁmnh+«dmamm¢umxz
+ (VX E,V x )axr, + ([67'V x E(t,)]. V x o(t])),,

(1
~({e VX ER[Slr) £~ ('Y < Et) B [0(ED]r) 7,
— (Blr, {o7'V < o} 1, = ([EE))2] {n'V x (EDH) 7,
+ (00[Elr, [9]7) 7, x1, + (00l[E(ta)]r], [t)]T) £,

+ (01 [Elr, [lr) 7t + (027 X Elp, [0V X @l7) e, = 07(), (4.12)

where b"i*(¢) is given by

binit(‘b) = (EHo, (b(t(—)i_))g =+ (Hil@ X EOa 6 X ¢(t8_))g - ({{Lfl@ X EO}}’ [¢(t8_)]T)f0
— (Bolr, {1 x SN 5, + (o0[Balr, [B(D]r) 5,
+ (018, [@lr)rx1 + (008, [QS]T)FX[-
We choose the flux parameters o; and o2 depending on p and h in the following way:
o1lok N Fuxi, = i o9 = g (4.13)

Thus, we achieve a space-time discrete method, which can also be thought of in a time-
stepping method. Correspondingly, we define the following three bilinear forms:

an(E, ¢) = (eE, d)axs, + (€EE), d(1)),,

+(uT'V X E,V x )axs, + (07'V x E(t)), V x ¢(t])),,
— ({n'VXERBlr) - ., — {n 'V XEGD [0 £,
— ([E]r, {{u”V oW - o — (BEDI o'V x o) 2.

Q)
HAAAA
=

+ (00[Elr, [@l7) £ ;. + (00[B(ED)]r, [0(t1)]1) 7,

+ [E]Tv [(b]T)]-‘ann + (o2 'V X E]p, [0V X OIT) pinis, > (4.14)

(eE(t ), @) o + (0'V X E(t,), V x 8(t7)),

- ({{u‘l@ < Bt} [N]r) 2, — (BE)r, {n™'V x 0GR £, |

+ (o[BI [9tD)]7) 2. » (4.15)
a(B,¢) = Y an(B,¢) — Y bu(E, ), (4.16)

n=0 n=1

which just give the left-hand side of (4.12). Similarly, we define the following two linear forms:

b (@) = (eHo, §(t)) o + (17'V X Eo, V x @(18)) o, — ({{n7'V x Eo}}, [@(t5)]7) £,
— ([Eolr, {{n7'V x 9(t)1) £, + (00[Eo]r, [d(t)]T) £,

+ (018, [P]7)rx 1, + (008, [(ZS]T)FX]M

(018, [P)T)rx1, + (008 [BIT) 1y

b ()
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which indicates that N1
(@) = D i (9)
n=0

Definition 4.1. Given subspaces X,, C SPP, the time-stepping method is described by finding
EM™ e X,,n=1,2,...,N —1 such that
an(B™, ¢) = bo(BT"Y. ¢) +b7%(9), ¥V € X, (4.17)
ao (B, ¢) = b (¢), V¢ € Xo. (4.18)
Equivalently, given a subspace X C VPP the full time-stepping discrete system can be presented

as find E € X such that
a(E,¢) = 0™ (¢), Vo€ X. (4.19)

Lemma 4.1. The following identities hold for any 1 € V + Vhp:

an($p, ) = Enlty 1,) + En(ti. ) + ||of Wlr||% ., +[lof [0V x VIt sy, (4:20)

form=0,1,...,N —1, and

a(, ) = Bp(ty, ) + En(ty, )
+ 3 (G + 519 x vl

2

([ % (B (WD) 5, + 5l [od et Hﬁn)

i, ) (4.21)

£ 3 (ot relrlls, o+ llod (79 x 9l

Proof. The identities follow from the definitions of the bilinear forms and the energy
En(t; ). O
Next we investigate the consistency and stability of the discrete scheme.

Theorem 4.1. Let the space VP be given. Then, the following statements hold:

1. Let E be the weak solution of (2.1), (2.2) with Eg € Ho(curl; Q),Hy € L?(Q) and g €
L2(T x [0,T]). Then E satisfies (4.19).

2. For C,, satisfying (4.5) and for any ¢ € VP and t € (0,T), the energy Ey(t, @) is
bounded from below by

Eult8) > 5|2 01I5 + 5lu 2 x @5 + gllodlolr 3, (@22)

forn=0,1,...,N — 1. Further, if X is a subspace of V'"P, and E;, € X is the discrete
solution, then Ep(ty) < En(t]).

Proof. The first result follows from the derivation of the formulation and the regularity of
the unique solution E, see (2.2) and (2.4). We have already shown the positivity of the energy
under the condition on Cy,, see (4.5).



A Space-time Trefftz DG Method for a Second Order Maxwell System 11

To prove the remaining statement, combining (4.19) with (4.21) gives the energy identity

En(ty, Ep) = b™(Ey) — En(ty, En)
-3 (3l Bl + o < Bt
— (109 < Bt (a6 )], + 3 Mol Bt e ] 1, )

N-1

=Y (ot Bl + o T B, ). (423
n=0

Expression (4.20) implies that

_ 1 2
ao(En, En) = Ep(t7, En) + En(tg , Ep) + ||of [Eh]T||f0X[O

51, —1¢ 2 ini
+ HO'QZ [V x Eh]T‘ FintxIo — b (Ey). (4.24)
Hence, the energy identity (4.23) can be written as
En(ty,En) = En(ty, En)
N—1
(514 B e + 09 < Bae 1
n=1
- 1 1 2
= (e x Ent) B [ t))r]) 2, + 51l (o6 Brta))r ]|,
z 2 3 1e 2
+ ||‘71 [Eh]Tanxzn + HU2 =V x Eh]T‘ Fintyxr, | (4.25)
Procedures used to establish the positivity of the discrete energy (4.7) can also show that the
above equality indicates that the discrete energy decreases at each time step. O

5. A Space-time Trefftz DG Method

The proposed Trefftz DG method for (2.1) first depends on two transformations, and then
we define anisotropic Trefftz polynomial spaces. To the end, we make an additional assumption
that on the mesh on &, u, and A: &, u, are constants and A is the constant matrix in each
element K € 7T, for each n.

5.1. A coordinate transformation and a scaled transformation

Since A is piecewise constant and positive definite matrix in K, there exists an orthogonal
matrix P and a diagonal positive definite matrix A = diag(Amin, Amid, Amax) such that A =
PTAP, where Amin < Amia < Amax are constant. Without loss of generality, we assume that
det(P) = 1. Meanwhile we use p1,pa, p3 to denote the column vectors of P, and use q; ,qs ,q3
to denote the row vectors of P. Then each of these vectors is a unit vector, and p1, p2, ps (and
q1, G2, q3) are orthogonal each other.

Define the scaled field E as

(Ey, By, E.)" = G(E,, Ey, E.) 7. (5.1)



12 L. YUAN, X.Y. WANG AND X.Q. YUE

Here G = PTA1/2. Set

Mmax = V )\mid)\maxa Mmid = V )\max)\mina Mmin = )\min)\mid-

Then, by direct calculation, we have

= = = = = 5\ T
1 -VE -VE, -VE, -VE, -VE, -VE
VXEPTA5<QS \ v, © VE, ¢-VE, @ -VE, -V L@ Vv y) L (5.2)

Mmin Mmid , M min Mmax , Mmid Mmax

Define M = diag(mmax, Mmid, Mmin), and construct the coordinate transformation

. . n A

%= (292)" = MP(zyz)" = Sx, S=MP. (5.3)

Let 2, Q,T' denote the images of Q, @, T, respectively, under the above coordinate transforma-
tion. With the inverse transformation S~!, we define the scaled electric field

BE(x,t) = E(S7!%,1). (5.4)

By the transformations (5.3), (5.4) and the chain rule, the right-hand of the last equation
of (5.2) can be reduced to the following equation:

- - - = - AN T
-VE -VE, -VE, -VE, -VE, -VE PN
(% y+Q2 a3 Q1 92 +q1 y> —VxE, (55

) )
Mmin Mmid Mmin Mmax Mmid TMmax

where Vx denotes the curl operator with respect to %x. Thus, by (5.2) and (5.4)-(5.5), the
scaled electric field E(x, t) satisfies the transformed first order equation

p 'V xE=p'PTA 2V x E = 5 'GH, (5.6)
where H =V x E. Set ST = (515255),G = (G1G2Gs). For simplicity of the presentation,

set X = (&1, 42,23) ", A = diag(A1, A2, A3) and M = diag(M;, Ma, M3). By the property of the
orthogonal matrix P and the chain rule, we have

V x (u™ 'V x E)

R 3 3 8H
=i 'V X GH =t Y Y S S X G

j=1m=1

3 3 o )
= H?lz Z %MmA;EQm X gj

j=1m=1

T

_ OH, 1 OH; 1 OHy 1 OHy 1 OH; 1 OH; 1
1
— )\2 —>\2 —>\2 = . —)\2 2
( 343 + D24 5q2 + 921 343 2 q2
= PTA:V x (1 'V x E).
Combining with eE = PTAY 2&]%, yields that E satisfies the isotropic second order equation
E+Vx (1 'VxE)=0 in Q. (5.7)

Conversely, if the scaled electric field E(fc,t) satisfies the transformed isotropic Maxwell
equations (5.7), the physical electric field E(x, t)

E(x,t) = GE(x,t) = GE(Sx,1) (5.8)

satisfies the first equation of the original anisotropic second order problem (2.1).
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Denote by 7,, = {K} the transformed finite element mesh of the spatial domain € with

hi{ = diamk, iLn = max ﬁK
KeTn
Furthermore, the transformed space-time domain Q=0x (0,T) can be partitioned with a finite
element mesh 7; given by
:{len, IA(E'YA;, 0<n<N-1}, h= max h,.
0<n<N-1

We denote by F,, = Uket, OK the skeleton of the spatial mesh, by Fint = Uket, OK\9Q
the union of the interior faces, and by .7:"20“ the union of the boundary faces, respectively. Define
the union of two skeletons of two subsequent meshes by Fn = Fn U}A“n,l,n =1,...,N—-1;
if n = 0, we set .7:'0 = .7:'0 and if n = N, we set .7:'N = ﬁN. In particular, if the spatial mesh
remains fixed, all the formulas hold with F="F,=F,. Moreover, we set ]32 = x {t = 0},
}Af = x{t=T} and ]:"}1; =T x [0,T]. Similarly to the definition of , we denote the spatial
mesh size by h : Q x [0,T] — R, deﬁnedbyﬁ(A t) = diam(K) = hy if x € K for K € T,
and t € (tn,tny1]; when X € Fint we set h(x t) = {{hK}} to be the average. Finally, Ny is

n
an outward-pointing unit normal vector on OK for K € T,.
5.2. Anisotropic Trefftz basis function spaces

We first give the definition of a discretized Trefftz space Thp satisfying isotropic Maxwell’s
equations (5.7). For it, define a discrete local isotropic Trefftz space Ty, (K x I,) as follows:

To(K x I,) := {Ela %,t) € P (R*T1)3 . By ; satisfies
e B+ V x (u;lﬁ X El,j) =0 in K x I.}. (5.9)
Given any basis { £; (®)}hi=12,0,, of P?(R3) and {E; () }hiz12,02 ,, of PP—1(R3), where P?(R?)

denotes the space of polynomial of degree at most ¢ (¢ € N) in 3 space variables, a basis for
T, (K x I,) is given by

{Eij(%k,t) € To(K x I,) s.t. Byj(%,0) = Ey(%)ej, 1 =1,2,C5, 4 j=1,...,3,
or B j(%,0) = Ej(X)e;, 1 =1,2,C3_, 5 j:1,...,3}, (5.10)
where e; := (0,---,1,---,0) € N3 with 1 in the j-th entry, and
o k! < LeN
=7, J<keN
Pk =)

As a result,

2p+3)(p+2)(p+1)

dim (T, (K x I,,)) = 5

To compute explicitly the basis elements Em(fc,t) from E, (%) and El(fc), we expand in
monomials the general polynomial E(%,t) € PP(R3+1)3

= i B, (%)t (5.11)

m=0
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with B,,(X) € PP~ (R3)3. Then E(x,t) € T, (K x I,) satisfying (5.9) if and only if the
recurrence relations hold

(m+2)(m + 1), Eppa (%) = =V x (4, 'V x Epp (%)) (5.12)

for all m =0,1,...,p — 2. It follows that

B 6) = 3 Buya(®)(m+2)(m + 1),
m=0

Vx (4 'V x E(%,1)) = pi V x (4 'V x B (%)) ™. (5.13)
m=0

These formulas allow to compute all space polynomials E., (%) starting from those with index
m = 0 or m = 1, which corresponding to the values or the first order time derivative at ¢ = 0
related to (5.10).

Denote by T,, = [zer, T, (K x I,,) the isotropic Trefftz space defined on 7;, x I,,. Further,
the discrete space on Q x [0, 7] is then defined as The — Hﬁ:ol T,

In order to derive a finite dimensional Trefftz space T"P C VP satisfying the original
anisotropic wave equation (2.1), define a discrete local anisotropic Trefftz space T,, (K x I,) by

To(K x I,,) := {E;(x,t) € Pp(R*T)? . E;; satisfies
eE; + Vx (0 'V xEy)=0in K xI,}. (5.14)

By the transformations (5.1) and (5.3), we get the basis of anisotropic Trefftz space T, (K x I,,)
related to the isotropic basis (5.10) by

{E1;(x,t) = GE;j(Sx,t) € To(K x I,), where E;; € T,,(K x I,,)}. (5.15)

Furthermore, denote by T/ =[] xer, Tn(K x I,) the anisotropic Trefftz space defined on
T, x I, and by ThP = Hflvz_ol TP on T,

Then, we can obtain the discretized Trefftz DG variational formulation corresponding to
(4.19): Find E;, € TP such that

a(En, @) = b (), Ve € ThP, (5.16)

6. Theoretical Analysis

In this section, we will first prove the existence and uniqueness of the numerical solution
generated by the discrete variational formulation (5.16). Then the quasi-optimality of the
proposed method is established and the transformation stability with respect to mesh-dependent
norms is proved. Finally we derive the expected rates of convergence for the proposed method.

Throughout this paper, C denotes a generic positive constant that may have different values
in different occurrences, where C depends on the material coefficients ¢,, i, the regularity
parameter of the analytic solution E, the shape of the elements of the mesh of T, and not on A.
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6.1. Well-posedness

We prove existence and uniqueness of the Trefftz DG solution of (5.16) and the bilinear
form in (4.16) admits the following upper bounds. To the end, we need to prove that the DG
energy norm is indeed a norm on the Trefftz polynomial space T"P.

Lemma 6.1. Under the definition of the above parameters Cy,, as in (4.5) and 01,092 > 0,
bilinear forms an(-,-) and a(-,-) actually induce two seminorms

@l == an(d,d)2, & € SkP,
Bl := a(e, )2, e VPP,

These are in fact norms on Trefftz spaces ThP and THP.

Proof. Utilizing (4.20) and (4.22), we can obtain |||qb|||i > 0 and is hence a seminorm.
Supposing [|@||,, = 0 for ¢ € TP, then

H‘Tlé W]TanxIn = HUQ% [V x MT”]TW@ =0

indicates that @ and ;flﬁ x 1p have no jumps across the space skeleton and that ) satisfies the
zero tangential boundary condition. In addition, Ep, (¢}, 1) = 0 implies that qb(tn) =¢(t,) =0
on 2. Thus, ¢ is a weak solution of the homogeneous Maxwell equation on Q) x I, with zero
initial and tangential boundary conditions, which indicates that ¢p = 0 and hence that ||¢]|,,
is a norm on Tff.

Proceeding as in the first case, shows that || - || is in fact a norm on T, O

Corollary 6.1. Supposing the initial data By € Ho(curl;Q),Hy € L*(Q) and the boundary
data g € LA(T x [0,T7), the discrete system (5.16) has a unique solution.

Proof. Existence and uniqueness of solutions to (5.16) follows from a(:,-) being a norm on
the Trefftz space T™P. O

6.2. The quasi-optimality

In this section, we establish the quasi-optimality of the proposed method. To the end, we
first establish the upper bounds for the bilinear form a(-, -).

Lemma 6.2. Let ¢ € V +T"? and ¢ € T"P, then

la(y, @) < Cll¥ |, llell, (6.1)
and
N—1 L 1 3 -
16l12 = 3= (llos # Mo M s, + o (¥ x5,
n=0

+ llovos *Wlr |5, o, + ot Wzl 5, + llod (079 x vl ;)
1Y L L=
+5 20 (g + 3V x i)
n=1

+log Wt le |5, + lloo *n™ ¥ x g%, ). (6.2)
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Proof. By the integration by parts, the Trefftz property of 1 and the “DG magic formula”

- (:u_lﬁ X ¢a@ X ¢)Q><In
_(¢a 6 X (:uil6 X d)))QX[n - ([¢]Ta {{Milﬁ X ¢}})an1n
+ ({9 'Y X BIr) e, (6.3)

give

(e, P)axs, + (W'V x ¥,V x @)axi,
= —(e¥, P)axs, — (W'V x ¥,V x d)axi,
+ (e (tn 1), Ptg1)) g — (% (1), D(ED))
+ (VX Pt 0), VX @(t11) o — (07 V x (), V x ¢(t]))
~([lr ™V x 1) g+ (HE Y X BI7) 2,
+ (e (tn 1), Ptg1)) g — (% (1), Dt
+ (1T X Pt 10), VX Dtg1)) g — (0TI X 9(5), VX 6(t)) - (64)

Further applications of integration by parts in time yield

— (W), {{u 'V x o) 2 L,
= (W, {7V x 1) 2, = (Wt D)), {7V x Bt ) 1) .
+ ([ D o'V x DY) 5 (6.5)
~ ({7 V < [0lr) 5, oy, + (007, (D7) 1 )
= ({n'V x ¥}, [(ﬁ]T);nX[n - (UOW]T, [(ﬁ]T)FnX[n
— ([ x Pt )W [t D) -+ ({7 x w0 [o(t)r) 5.
+ (o[ (b )]s [D(tny)IT) . — (G0l (ED)]r, [d(ED]T) - - (6.6)

n

Substituting (6.4)-(6.6) into (4.14), we get

an(1,¢) = ({3 17V X 1)z, — (W DI ™'V < ot )W) 5,
({{u_16 <P 0lr) £, — eV x Pt )1 [0t )] );n
Ylr, (@] )}‘ xIn +( olth(typ1)lr [‘b(t;Jrl)] )}-n

= (o0l
(El,b n+1 n+1)) ( 1V x w( n+1) X ¢( n+1))Q
+ ([l [@ ] T)Fxr, + (@20 V X 7, [TV X D7) (6.7)

Thus, by setting [f(ty)] = f(ty), we have

N-1

(1 1579 % 1) o, + ({0 Y X 9 000) 5,

N—

[

i
Ll

3
Il
=]
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— (0ollr, [817) 5 s, + (117, [B)1) 5 .
S AR P T P
- i (et 19t g + (719 % (25, [V x $(ta)]),
e e [9le]) ;.
— () [V x () B]) 5
+ (ot Tlot)le]) -, )- (6.8)

The rest is using the Cauchy-Schwarz inequality to estimate most of the terms in order to
obtain the stated results. For example, the first term on the right-hand side in the above sum
is estimated as follows:

| ({{110}}’ [Mil@ X (ﬁ]T)]:;LmX]n ‘
< [loy * {{}}]
for the second and third terms, we have

‘({{Milﬁ X "/}}}’ [d)]T)]:nXIn - (00[¢]Ta [qb]T)}-nXIn’

< ||‘71— ({{/Fl6 X ’P}} - Uo[lb]T)anxfn||‘71% [qb]TH]-‘ann'

The proof is complete. O

}‘;lntxfnu%% [:u_lﬁ x ¢]T‘

FintxI,’

Remark 6.1. Note that (6.7)-(6.8) show that for Trefftz functions the bilinear forms can be
evaluated without computing integrals over the volume terms ) x I,,. This can bring consider-
able savings, especially in higher spatial dimensions, see [1, Fig. 3.

It is immediate to derive the following abstract error estimate in the || - |||-norm.

Theorem 6.1. Let E;, € TMP be the discrete solution of the space-time Trefftz DG method and
let E € 'V be the exact solution. Then, we have

IIE —En|| < o 0f, (ClIE = @nll, + IE = Pnll)- (6.9)

2P

Proof. By Galerkin orthogonality a(E — Ej, ) = 0 for any 1, € TP, we have
a(E — ¢n,¥n) = a(Ep — ¢n, ), Vo € T,
Setting vy, = Ep — ¢, and using (6.1), yields
I[En — pnll* = a(Br — ¢n, B — ¢n) < ClIE — @all, I Er — alll-
Further, by the triangle inequality, we get
IE —Exll < I1E = ¢nll + En — @ull < IE = éull + ClIE — ¢nll,.

The proof is complete. O
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6.3. The transformation stability with respect to mesh-dependent norms

For the global Trefftz DG space ’i‘ﬁ’p, we define the discrete energy EA,;(t, q?)) at time t € I,
for d; € The,

~ ~ 12X 2 13 ~ 2 JRETEN 2
B (t, ) = |2 ()] + [l 2V x @(0)[|g, + |6 [d®)] ]|, » (6.10)
and the corresponding || - [ ,-norm and the augmented || - [||-norm, respectively,
IlI% = Eilty. &) + B, (5. )
N-1
3 “IY % A% ; 2
+ 3 (e8Il + e 19 x D + [ 66 @nlr] |7,
n=1
R 1 2 1 = . 9
+ ( ae [l o + 163 [tV x ¢]T\ﬁw,n), (6.11)
n=0
N plty S R S _1 i 9
1912, = 3= (o oW 2, + o e % SBIE .
n=0
_1.% 1. 1 =
+ 10000 2 Brl[3, e, + 16781715, + 105 [V % 8113,
N
+2 (Hé‘? Dl + 2V < e
n=1

1 &
55BNl + 1160 * ' x St BE ). (6.12)
where 69 = p?/h, 61 = p®/(hr,) and 62 = h/7,.

For the simplicity of notation, for each element K € T, let px denote the condition number
cond(Ag) of the anisotropic matrix Ag. It is easy to see that cond(Ax) = cond(Ag) and
cond(Sk) = cond(Mg) = p}(p. Here O = ¢|x. Set & = maxger, n=0
& = p,||[M 71| or || M]|. Moreover, since Ax = diag(AX, JAE. A

min’ “‘mid> max)

N-1 <>K7 where

.....

we set

1
(M) e = rer max (M) ¥

NI

()\mlzn(mld))max - KeT,, nm 0 N1 ()‘gin(mid))

.....

Further, we have the relation ||M~||=1h < h < ||M||h.
The following lemma states the transformation stability with respect to mesh-dependent
norms.

Lemma 6.3. For ¢ € T"?, we have

0 < CoH I ( (i) e+ o)) Bl s

11, < CoHIM1E (M) e + ) ) 161 (6.13)
Proof. We will estimate each term of the norm || - [|. We will repeatedly use (5.2) and (5.5

induced by the transformations (5 3) and (5.4). We proceed as follows by using |K|/|K| =
det(Mg') < |[M~1] and ¢ = Gp = PTA~1/2¢:
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Hsz HsﬁPTAzPPTA*Eqb )|

Hn = e PTét)|,, < 1M12 |22 (1)

Q (oX

le2 1t < 13712 2Tt o

In analogous fashion, we have

11759 5 60 = s PTAEPPTAYY x )

= PTV X $O), < 1M 1EV x G|,

=209 ¢ bl < 1A 17 [V e

Next, we estimate the penalty terms. By using the relations

[p(t)]r = [|S~ Tn|PTAZ(1)]
IM|~*h < h < | MYk,
of = CZph™% < C||A~%|||M]|Z67,

we get

o3 (1 TH; < CpF M3 |67 [ (1)) Iz,

|[o¢ (8]l 5, < Cotlar 12| [6¢ 1] 5

Next, we estimate

1 Itl, % 1 LA
lo0lell5. ., = H (3) 15 TiPT At gl

Fn X1y
<piIMHE (A

(6.14)

mm)max ¢]T||f-‘n><ln'

Further, since
aén X (p7IV x @) = 02% (1S~ Tn| STh) x (MT_IPTA_%% X @)
= 02%|S_Tn|PTA%f1 X (,ur_l% X (]Ab)

= (5) 15 TP At o 1 ),

1

we have

1 X ~
o3 179 X 17 ppecp, < I O 53 [V 5 D) | e,

Combining the above estimates yields the first result of (6.13).
Since

1. h 3 11 X
oo07 21l = Co (1) 157 TIPT AR 000, 6,

we have .
< Cpi MY E(A 606, 2 (]

1
||0001 ’ [(b]TH]-‘an — m1n)max|

TH]:'ann'
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20
Similarly, we have

iL _% 1 A
ronn, = || (2) PTAH M|
n FintxT,

< pH MR (A2l 2 B

oo * ™' x @)W1z, < CIM 11 |6 * 'V % (e 5
oy TV < |5

oy * {{u¥ x W7, sr, < I3 ( )
: 0

Combining the above estimates yields the second estimate of (6.13)

os ? {ab 1}

]:‘intXI )

6.4. Error estimates of Trefftz discontinuous Galerkin approximations
We show next the Trefftz basis is sufficient to deliver the expected rates of convergence for
the proposed method. Without causing confusion, we rewrite

(Ar:un(rmd) ) max’

)\min - ()\min)maX7 Ar:un(mld)

Lemma 6.4. Let the setting of Theorem 6.1 hold, let ¢, € T"P be an arbitrary function in
the discrete space, and let n = E — ¢y, and n = G~ n(S7x,t). Then

+ i)

[\~]

I — Byl < cp%nM*H%( L

x Z > < 2 HnIIKX[

n= OKET K

papbl
NL\D

2 T’n,
<max{1, 1%, + Il

30

2
<||V77|KX1 +maX{1 T—I;} DA%, )

W2 :
o VOV )% ] (6.15)
where D?% denotes second order Hessian matriz of f with respect to spatial variables
Proof. By the quasi-optimality (6.9) and stability estimate (6.13), we obtain
(6.16)

IE = B4l < (Clinll, + liml)
< OO MR (M) e +

(O )max) (il + Ml »)-
We need to estimate each term of the norms on the right-hand side. We will repeatedly use the
Jk=1,...,3+1,

min

weighted trace estimate [3, Theorem 1.6.6] for » € H*(D)3, D C R¥ k=1
1%l5p < C(e Ml +ellVeelD), €€ (0,1). (6.17)
The remaining terms in || - || , are treated

s

We proceed as follows for all the terms in ||
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completely analogously

Sl

] =

lefatt)]q

3
Il
—

et a1
I%E'f’ 1

Il
i1

2

2 T 1.2

<X 5 (Ll + bl

n=0 ge7,

e Tn -1, —1¢ v -\ (12
< _ETHT’”KX] ;ETHET M V X (VXT’)HIA(XIH

n=0 geT;,
<X 5 (Llilien, + 209 @ x Dl )

n=0 geT,

Similarly, we have

N 13 o 2
n=1
N—1 »
<c (L0 e, + 209 g, )
n=0 ge7,
Next, we estimate the penalty term
N
T
Z 70 [’l’](t H]:n 1
n=1
N-1
<C Z HUO” nt1 HaK
n=0 KeT,
N—-1 pT
<C Z < P HnHale n” |6K><I>
n=0 gei, \™mK
N—-1
n=0 get,
p T,
In analogous fashion, we also have
- A5 =1 o A= |2
> 60 2 u 'V x a3 7
n=1
N—-1 ) R )
<O X oo W'V et ox
n=0

IA(€7A—n+1
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N-1 5 5
hi e 112 hTn e o 22
_CZ Z 17”|\V><77||6kﬂn+—pg |\V><77||6;gxfn
n=0 IA(€7A—n+1

N—-1 h
<c> > (—IV X Al% . + —K||V(v <)%,
n=0 Ke%n+1

h2
IIVXnIIKX, K ~IV(V xa)% )

N-—1 h
<> Y (—IIVXUIM +—K|\V(V><n)IIKX,
n=0 ke,

2

02
—||V><?7||KX1 ||V(V><’7)||Kxf )

Next, recalling the definition of 67 and &9, we estimate

N-1 1 9
Z &12 TH]:'an
n=0
N—-1 1 9
< C Z &12"2' K x I,
n=0 e,
N—-1
SCZ 1<;L ”T’”KX] +_KHV |K><I>
n=0 geT, K
N—-1
<C Z <i12 HnHKX] _HVT’HKXI )
=0 g7, \M&T
N—-1 1 =
Z o3 [ 'V x )z % I
n=0
N—-1
<C Z Z 163 1tV x T’HBKxIn
n=0 geT,

0 Ret, K
N-1 72
<C > (—IV X%y, + 5= IVIV < 0)li% )
n=0 geT, "

Further, we have

Nolo )
ol s,
n=0

n=0 geT,
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Y Yo (

K
HKXI + _HVTIHKX] )

n= OKeT
p Tn A
<OX X (Ul I, )
n=0 geT, K
Besides, we have
N-1

6y * fur 'V x ap|% .,
0
N—-1 . )
<C Z "61 zﬂr_l
n=0 e,

N—-1

<Ccy > 611< IV > all% . + Klv(VXn)llKX,>
n= K

0 ket

n=

N-1

h%Tn R
SOX Y (THI9 % Al + IV ),

n=0 gef,

Finally, we estimate

N-1

D o

n=0
N-1

TH]—' x I,

~24—1

< C 0001 HT’”BKXI

n=0 g
N-1

>
2539 %(
>

n=0 g
T
( ” i(x[ +T"||vn||K><I>

2
K

hg
K><I + _anHle )

N-1

<C

n=0 Ke7,
Using
IV 5 (VX D) g, T IV XDl gyr, < CUD*0 g1,
IV XAl gor, + IV <0l gr, <CIVAllgir,»
and combining the above estimates yields the desired result. 0

The next lemma is the direct application to the linear time-dependent Maxwell equations
of [27, Lemma 1] (also see [1, Proposition 17]).

Lemma 6.5. Denote the Trefftz space by
Vn(KXI {E EsatzsﬁesETEJer(uTleE)fO in K x I, €7, XI}

Assume that each space-time element K x1, is star-shaped with respect to a ball. For p,s € Ny,
let

E €V, (K x L) [ \H*H (K x I,)*.
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Then there exists (ﬁﬁ € TH(K x Ip,) such that, for all 0 < j < m := min{p, s},

E- ¢,

rm+l—j ¢
Hi(KxI,) S Chk J|E|Hm+1(f(ﬂn)- (6.19)

Theorem 6.2. Let E and Ep, be the solutions of the IBVP (2.1) and of the Trefftz DG formu-
lation (5.16), respectively. For each element K x I, € Ty, assume hx ~ T, and local regularity
E € H«TYK x I,,)3 for some sxg € No, and define my := min{p, sk }. Then we have the
error bound in the skeleton-based norm

N-1

mg 7. _3 _1 3 a1

IE—Enll < C Y D0 00 (i + M) B BBl i aer,y: (6:20)
n=0 KeT,

Proof. We define ¢, = Gd;fl, where gf);l satisfying (6.19) denotes the plane wave approxima-
tion of the scaled electromagnetic field E. This, together with (6.15), leads to

N-1
1 _1
IE-Eul<C > > pim2 (Aﬁnm + Amfn)

n=0 geT,

. 1. 1\ »
X (thTn 4+ thilTnz)|‘E|‘H”LK+1(KXIH)' (6.21)
With the transformations (5.1) and (5.3), and by the scaling argument, we can obtain
~ % 1 _1mig-+1
||EHHmK+1(1%X1n) < HAKHdet(MK)Q ||MK1|| * HE”H’"K“(KxIn)- (6-22)
Combining (6.21) and (6.22), and using

| A delldet (M) ([ | < A
I < < 0,

yields
N-1
7 3 1 _1
IE—Eall <030 S0 pHIM ™ A (i + M)
n=0 KeT,
A 1 . T
(A B ) Bl e e
= mg 7, —3 -1 3 1
<Y > I (A B sy (6:23)
n=0 KeT,
The proof is complete. O

Remark 6.2. We would like to point out that the proposed method does not require any
CFL-type restrictions for stability and convergence: as long as hxg ~ 7,, the above optimal
convergence can be obtained, owing to their implicit time-stepping interpretation. Indeed,
an important advantage in using such space-time methods is that they do not require any
CFL-type restrictions.
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7. A Nonhomogeneous Model

The model reads as

EE+ VX (u'VxE)=J i Q, (7.1a)
E(,0)=E;, E(,0)=H; on 9, (7.1b)
noxE=g on I'" x [0,T]. (7.1c)

Here J € L?(Q) are the given source data.

In the framework proposed by [18] of the global Trefftz DG method combined with overlap-
ping local DG method, we decompose the solution E of the problem (7.1) into E = E(M) + E®)|
where E(Y) is a particular local solution of the Eq. (7.1a) on each fictitious domain with homo-
geneous boundary and initial conditions, and E(®) satisfies the locally homogeneous Maxwell
equations.

7.1. Nonhomogeneous local problems

For each space-time element K, = K x I, € Ty, K € T,, let K* be a fictitious domain that
contains K as its subdomain. Set the fictitious domain

Ki=K"x1I,, Fp.=K'x{t=t\}, Fi.,=0K xI,,
and the local space

VI = ¢ e HO(K) st V x ¢ € HF(K?) with 6 > 0, ¢ € L2(I,; K7).}

The particular solution EM) € (L%(Q))? is defined as EM g, E(l)

E(Ig € V%l satisfies the nonhomogeneous local Maxwell equations on the ﬁctmous domam K

where

eED £V x (u'VXxED)=J in K¥,

E(l)('; tn) =0, E(l)(a tn) =0 on ]:;(n*a (72)
ng x EM =0 on Fi.

Similarly to the derivation of the initial time-stepping discrete system (4.18) (note that the
solution of the local problem (7.2) defined on the current time interval I, is somewhat equivalent
to that of (2.1) defined on the initial time interval Ij), we can obtain the overlapping local
space-time DG variational formulation of our combined method

DEY, ¢) = (EW, ) ., + (BI (), d(t))) k.
+ (' VXEW VX @)+ (T VXEDED), VX o(t]))
) o — (0719 X ED(th),n x $(t1) .

nxED 4 1V><¢3) —(an(l)(t;{),uflvxgb(t:{))aK*

—(n~
—(
+ (oon x EW . n x (b) + (oom x EW (), n x ¢(t:§))5K*
+

onxEN nxe) , =b"(¢), (7.3)

K*,n

where b1 (¢) is given by

b(p) = (3,4) ., > YOEV. (7.4)
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7.2. Global residual problem

Set local Trefftz space for any K x I,, € Ty,

Tre(K x I,) = {¢p ¢ H"(K x I,,) s.t. e+ V x (u7'V x ¢) =0,
and V x ¢ € H'T%(xI,) with dy >0, ¢ € L*(I,; K)},

and the global Trefftz space
Tre(Th) = {¢ € L*(Q) s.t. ¢|xx1, € Tre(K x I,), VK x I,, € Tp}. (7.5)

Similarly to the derivation of (4.12), we can obtain the Trefftz-DG variational formulation:
Find E® € Tre(T;,) such that

N-1

a(BP, ¢) =" (¢) + Y (I, )axs, —a(BY, ), V¢ e Tre(T). (7.6)

n=0

7.3. Discretization of the variational problems

We decompose the discrete solution Ej, of the problem (7.1) into Ej, = E;ll)—f—ng), where ES)
is the discrete solution of continuous variational formulations (7.3), and ng) € Th? is the
discrete solution of continuous Trefftz DG variational formulation (7.6).

Let ¢ be a positive integer and D be a bounded and connected domain in R3*1. Let S, (D)

denote the set of polynomials defined on D, whose orders are less or equal to g. Set Sy(D) =
(S4(D))3. Define S%. by

ho = A{E €L (K" xI,) - E[ ., €Sy(K" x1I,,), K €Tp}.
Example 7.1. The following is a basis for S%. with ¢ = 2:
{1) :C) y7 Z? t) :CQ’ y2’ Z27 t2) :Cy) :CZ? xt? yz7 yt) Zﬁ}'

Then a discretized version of the continuous variational problem (7.3) is: Find E;ll)K € S%.
such that

oV (B )., ¢) =01 (), Vo eSk.. (7.7)

Further, define ES) by ES)|K = E(l) k- A natural way is to choose K* as the geometric

h Kz
sphere. Then the variational problems (7.7) can be solved easily by using the polar coordinate

transformation for the calculation of the involved integrations. We would like to emphasize that
the discrete problems (7.7) are local and independent each other for K € 7,,,n=0,...,N —1
so they can be explicitly solved in parallel and the cost is small.

)

A discretized version associated with variational problem (7.3) can be described as follows:
Find E{”) € T"? such that

N-1

a(EY, ¢) = 6" (¢) + Y (I, daxs, —a(B, @), Ve T, (7.8)

n=0
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8. Numerical Experiments

In this section, we apply the proposed methods to solve the wave propagation in anisotropic
media, and we report numerical results to verify the efficiency of the method.

In our tests, we set ¢, = pu, = 1, and use a uniform mesh with hx ~ hy = 2741 € N.
Meanwhile, we choose the same number p of basis functions for every elements K x I, and
estimate the convergence orders of the approximations by measuring the relative errors in the
energy norm at a given time 7'

1

(e @) — B[4 + 539 x (BT) - B(1)]2)°

(¥ B g+ ut v x BI)5)”

and the errors in ||| ||-norm, respectively. We choose the space-time domain @ = (0,1)3 x (0, 1),
and set the anisotropic matrix

)\mina/2 + )\midb2 ab()\mid - )\min) 0
A= ab(>\mid - )\min) )\minb2 + )\midaf2 0 5
0 0 )\max

where the diagonal matrix A = diag(1, p, p),

a —b 0 1 1

P = b a 0 , a = —F=, b= —.
0 0 1 V2 V2

The penalization parameter Cy, is chosen by (4.5). Particularly, we choose Cy, = 24| A~1/2|2.

In each experiment, the spatial meshes are kept fixed 7 = 7, and a uniform time step
is used. In the Tables 8.1-8.3, it is given for the mesh level [ = 4 and p = 2. All of the
computations have been done in MATLAB, and the system matrix was computed by numerical
integration.

8.1. Homogeneous case

Consider the exact smooth solution (see [9, Section 6.2])
- A e T
E=(00 Es(2,9,1) ,
where the material parameters and the fields are independent of 2, and choose
Es = sin(n2) sin(mj)) cos(V2rt).

Then with the transformations (5.1) and (5.3), we define E(x,t) = GE(Sx,t).

The convergence rates with respect to h generated by the proposed method and DG method
(4.19) employing the full polynomials are given in Table 8.1 and Fig. 8.1.

It can be seen from Table 8.1 that, the convergence rates of relative errors in the energy
norm are O(h?), and the convergence rates of errors in || - ||-norm are O(h?~'/2), which both
demonstrate numerically optimal convergence rates for the space-time scheme with the proposed
mesh refinement on the spatial domain. This optimal behavior of the Trefftz method has already
been observed for acoustic waves problems in two space dimensions [1]. Besides, note that the
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Table 8.1: Convergence rates of the TDG schemes with respect to h.

L. YUAN, X.Y. WANG AND X.Q. YUE

D Energy-norm error | Rate | || - ||-norm error | Rate
9 TDG 4.15e-3 1.99 1.06e-2 1.50
DG 4.12e-3 1.98 1.04e-2 1.49
3 TDG 4.32e-4 3.02 1.37e-3 2.52
DG 4.33e-4 3.01 1.39e-3 2.50
4 TDG 2.46e-5 4.03 1.18e-4 3.51
DG 2.44e-5 4.01 1.19e-4 3.50

errors obtained by the full and the Trefftz spaces are very similar for the same order, but the
Trefftz spaces require fewer degrees of freedom and cheaper implementation, see Remark 6.1.

The behavior of the errors on conditional numbers p are shown in Fig. 8.2.

We can obtain that the approximate solutions generated by the proposed method indeed
have high accuracies, and the behavior of relative errors in the energy norm and of the errors
in || - ||-norm on conditional numbers p is superior to that given in Theorem 6.2, which is still

under consideration.

Error

Relative Error

\ Error in energy norm with respect to h " Error in [||-||[-norm with respect to h
10” T 10” T
—+—p=2,TDG —+— p=2,TDG
- % —p=3,TDG — % —p=3TDG
~v— p=4,TDG —v— - p=4TDG
107 —o— p=2,DG —o—p=2,DG
— % —p=3,DG 1072 — % —p=3,DG
—B- - p=4,DG —B—- - p=4,DG
107
& 10°
u
107
. 107
10 , / /
/s #
7 /
10° hd - 10° & -
107 107" 10° 107 107 10°
h h
Fig. 8.1. Left: Relative energy-norm error vs h, Right: || - ||-norm error vs h.
) Error in energy norm with respect to p ) Error in |[|{]|-norm with respect to p
10 T 10 T
—+—p=2 —t—p=2
— % —p=3 — % —p=3 *
1 I V- p=4 -
10 slope = 0.980 B slope = 1.477 *
10
* .
107 -7 g o
5 v
e £ 107 v
3 o T
107 S e 7 g .
L R - *
7 3 <
107 -V o v
7
v 7
5 1074

Fig. 8.2. Left: Relative energy-norm error vs p, Right: ||| - ||-norm error vs p.
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8.2. Nonhomogeneous case

Consider the exact smooth solution for the nonhomogeneous model (7.1)

where

Ey
E=|E,
By

sin(m

E(x,t) = GE(Sx, 1),

) sin(72) cos(mt)

sin(7 ) sin(72) sin(wt)
cos(mz) sin(ng) cos(mt)

The source term J satisfies the Eq. (7.1a). Set ¢ = p.

29

The convergence rates with respect to h are given in Table 8.2 and Fig. 8.3. In Table 8.2,

we can see that, the convergence orders of the errors in the energy norm are O(h?). Besides,
the convergence rates of errors in || - [|-norm are O(h?~1/2), which support convergence rate
optimality of the combined numerical DG scheme just as for the homogeneous case.
behavior of the errors on conditional numbers p are shown in Fig. 8.4.

The

We can also see that the approximate solutions generated by the proposed method indeed

have high accuracies, and the relative errors in the energy norm and the errors in ||| - |[|-norm
on conditional numbers p behave as O(p) and O(p*/?), respectively.

Error in energy norm with respect to h

& 10
w
10
,
10° ;
v
10° -
107 107" 10°
h
Fig. 8.3. Left: Relative energy-norm error
) Error in energy norm with respect to p
10 .
—+—p=2
— % —p=3
= V- p=4
10 ~>— slope = 1.071
5 10% -*
& o
2 e 2
% -3 -~ 7 -
c 10 [N -V
v
_-v
10 T :
v
" )

Error

|I|-|/|-norm Error

) Error in ||||||-norm with respect to h
10 T
—+—p=2
~ % —p=3
~V— p=4
107
107
10°
,
107 ’
,
/
v
10° -
107 107" 10
h
vs h, Right: || - [|-norm error vs h.
N Error in |||-|||-norm with respect to p
10 -
—+—p=2
— % —p=3
L —v— p=4
10 F| 1> slope= 1.521 ¥ 1
_x
107 7 1
s $4
107} -* .7 1
* v
- v -
107 . 1
%
-
107 .
10° 10' 10
P
Right: ||| - [|-norm error vs p.

Fig. 8.4. Left: Relative energy-norm error vs p,
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Table 8.2: Convergence rates of the combined space-time DG scheme with respect to h.

(p,q) | Energy-norm error | Rate | || - ||-norm error | Rate
(2,2) 7.29e-3 2.05 2.58e-2 1.53
(3,3) 8.36¢-4 3.02 3.25¢-3 2.50
(4,4) 7.37e-5 4.06 2.79e-4 3.53

8.3. Inhomogeneous case

Set a = (1/v/3,1/v/3,1/v/3)T. We compute the electric field due to an electric dipole source
at the point xg = (—0.6,—0.6, —0.6). Choose

LGV, (V0 a), 5.1)

Eo = —iw¢(x,%¢)G a + -
iwe,

where
exp(iw/e, S x — xq|)
47| S x — x| '

P(x,X0) =

Set Hy = V x Egy. The boundary data g can be computed by n x ag.
Consider the case of inhomogeneous media

Ay = diag(1,1,p), Qi :2 < 0.5,
p= A= dingLLp) e (8.2)
Ay =diag(1,1,2p), Q2:2z>0.5.

The above two subdomains correspond to the orthogonal matrix

1 6 2 3
Plz? 3 —6 -2 on subdomain €,
2 3 -6
1 4 L
V2 V2
Py = 0 1 0 on subdomain 5.
1 1
V2 V2

It is hard to construct an analytic solution for the case of layered media. We consider the
actual measurements of the solution error by taking the numerical solution on the finest mesh
and on the largest number of basis functions per element as a reference solution.

The convergence rates with respect to h are given in Table 8.3 and Fig. 8.5. In Table 8.3,
we can see that, the convergence orders of the errors in the energy norm are O(h?). Besides,

Table 8.3: Convergence rates of the combined space-time DG scheme with respect to h.

(p,q) | Energy-norm error | Rate | || - [|-norm error | Rate
(2,2) 1.01e-2 1.95 3.78e-2 1.47
(3,3) 1.14e-3 2.97 4.85e-3 2.45
(4.4) 1.11e-4 4.01 4.14e-4 3.49
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N Error in energy norm with respect to h o Error in |||-|||-norm with respect to h
10 T 10 T
—+—p=2 —t—p=2
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Fig. 8.5. Left: Relative energy-norm error vs h, Right: || - ||-norm error vs h.
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10 . 10 .
—+—p=2 — % —p=
% —p3 * —p=3 *
V- p=4 v op=4 -
_ -1 = -
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Fig. 8.6. Left: Relative energy-norm error vs p, Right: ||| - ||-norm error vs p.
the convergence rates of errors in || - [|-norm are O(h?~1/2), which support convergence rate

optimality of the combined numerical DG scheme just as for the homogeneous case.

The behavior of the errors on conditional numbers p are shown in Fig. 8.6. We can also see
that the approximate solutions generated by the proposed method indeed have high accuracies,
and the relative errors in the energy norm and the errors in ||| - ||-norm on conditional numbers p
behave as O(p'2) and O(p'®), respectively.
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