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Abstract

Numerical simulation of time-periodic problems is a special area of research, since the
time periodicity modifies the problem structure, and then it is desirable to use parallel
methods to solve such problems. The classical parareal algorithm for time-periodic prob-
lems, which is parallel in time, solving an initial value coarse problem, called the periodic
parareal algorithm with initial value coarse problem (PP-IC), usually converges very slowly,
and even diverges for wave propagation problems. In this paper, we first present a new
PP-IC algorithm based on a diagonalization technique proposed recently. In this new al-
gorithm, we approximate the coarse propagator G in the classical PP-IC algorithm with
a head-tail coupled condition such that G can be parallelized using diagonalization in time.
We analyze the convergence factors of the diagonalization-based PP-IC algorithm for both
the linear and nonlinear cases. Then, we further design and analyze a new parallel-in-
time algorithm for time-periodic problems by combining the Krylov subspace method with
the diagonalization-based PP-IC algorithm to accelerate the convergence. Finally, we also
determine an appropriate choice of the parameter « in the head-tail coupling condition,
and illustrate our theoretical results with several numerical experiments, both for model
problems and the realistic application of Maxwell’s equations.

Mathematics subject classification: 65120, 65170, 65Y05.
Key words: Parareal algorithm, Diagonalization technique, Krylov subspace, Time-perio-
dic problem, Convergence analysis.

1. Introduction

In this paper, we consider some numerical aspects on parallel-in-time algorithms of the
following time-periodic model problem:

u/(t)j f(u(t),t), telo,17, (1.1)

u(0) = u(T)

where f : R? x [0,7] — R? satisfies f(-,0) = f(-,T), and u : [0,7] — R% Time-periodic
problems arise from various practical engineering problems, such as eddy current simulations [1],
fluid-structure interaction and cardiac flow problems [34], periodically forced reactors [53,54].
Different from initial-value problems, since the time periodicity modifies the problem structure
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and solution methods significantly, the numerical simulation of time-periodic problems is quite
special and difficult, see for example [4,45,52].

When the scale of time-periodic problems increases, it is desirable to use parallel methods
to solve such problems. Classical parallel methods proposed to solve time-periodic problems
usually use the spatial parallelism, such as multigrid methods [32] and waveform relaxation
methods [35,55], which have proved to be quite effective. While since the parallelization in space
often saturates, parallel-in-time methods have been widely concerned and developed rapidly
over the last twenty years. The parareal algorithm is a parallel-in-time method that was first
proposed by Lions, Maday, and Turinici [39], where the initial value problems are solved on time
subintervals in parallel on fine grids, and through iterations the initial values on each subinterval
are corrected to converge to the correct values of the overall solution. A precise convergence
analysis has been systematically studied for linear ordinary and partial differential equations
[30], and for nonlinear problems [19]. The parareal algorithm has also been applied to many
different kinds of problems and application areas, such as dynamical problems [6,12], quantum
control problems [42,43], time-periodic problems [25], optimal control problems governed by
PDEs [27], fractional PDEs [58], highly oscillatory systems [57], and so on. Besides, other
new parallel-in-time algorithms, e.g. PFASST [11,44], MGRIT [10,13], and several direct time
parallel methods, e.g. diagonalization technique [21,23,28,41], PARAEXP [18], have also been
presented. More recently, several new space-time parallel methods have also been investigated,
which are in parallel in both space and time directions, combining the parareal algorithm with
waveform relaxation methods [38,40] or Schwarz waveform relaxation methods [5,24]. For
a complete overview of historical development of parallel-in-time methods, see [17].

The classical parareal algorithm can produce a speed-up for first order ODEs [16], but when
applied to some second order ODEs [2, 14, 15] or most hyperbolic problems [51], such as wave
equation and Hamilton system [20], the method usually becomes unstable, resulting in less than
ideal convergence performance or even non convergence. Therefore in [29], a Krylov subspace
enhanced parareal algorithm based on the modified PITA framework in [15] was presented and
analyzed, as a quite effective remedy for a beating phenomenon when the parareal algorithm is
applied to second order ODEs. The parareal algorithm with projection is also considered in [9]
and proved to be stable for hyperbolic systems. A direct time parallel method using diagonal-
ization has been presented for the wave equation [22], which is based on the idea first introduced
by Maday and Renquist [41], and further the parareal algorithm using diagonalization as the
coarse propagator is also effective for both dissipative and wave propagation problems [31].

Parallel-in-time methods have also been developed for time-periodic problems in recent
years. In [25], two parareal algorithms for time-periodic problems were proposed and ana-
lyzed: The first one is called the periodic parareal algorithm with periodic coarse problem (PP-
PC), and the second one is called the periodic parareal algorithm with initial value coarse
problem (PP-IC). Furthermore, by using waveform relaxation as the fine propagator on each
subinterval in the parareal framework for time-periodic problems, two new space-time par-
allel algorithms have been developed based on the PP-PC [48] and PP-IC [49] algorithms.
The parareal algorithm for time-periodic problems with discontinuous inputs has also been
developed [26]. The ideas based on PP-PC and PP-IC have also been widely used to solve
eddy current simulations [37] and cardiac flow problems [34]. Meanwhile, solving time-periodic
wave problems can usually use solving the corresponding time-harmonic problems by some fast
and parameter-robust preconditioned solvers, see [36,46]. As a guiding example, solving the
Helmholtz equation is also a difficult research field, which is concerned and developed gradually.
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In this paper, we mainly consider the parareal algorithm that is a parallel-in-time method to
fast solve various types of time-periodic problems in the time direction. We could find that the
classical PP-PC and PP-IC algorithms usually converge slowly, and using PP-IC even diverges
for wave propagation problems. Therefore, we have already proposed the Krylov subspace
enhanced PP-PC algorithm in [50]. However, a costly time-periodic coarse problem for each
iteration in the PP-PC framework needs to be solved. So in order to reduce the computational
cost, we further construct the Krylov subspace enhanced PP-IC algorithm, then see that it has
quite bad convergence behavior and also diverges for wave propagation problems and Burgers
equation. Consequently, in this work we design two new PP-IC algorithms to improve the
convergence behavior of the classical PP-IC algorithm. Firstly, for the coarse propagator in the
classical PP-IC we introduce a diagonalization technique proposed by [31]. Secondly, since the
diagonalization-based PP-IC algorithm still converges slowly, we further consider combining it
with the Krylov subspace method to accelerate convergence speed.

The rest of our paper is organized as follows. In Section 2, we construct a new parareal
algorithm for time-periodic problems by taking a diagonalization technique into the PP-IC
framework and present the convergence analysis both for the linear and the nonlinear cases.
In Section 3, we apply the Krylov subspace enhanced method to the algorithm proposed in
Section 2 and prove the convergence result of the new algorithm for the general nonlinear system
(1.1). In Section 5, we illustrate our theoretical analysis with several numerical experiments,
and our conclusions are presented finally in Section 6.

2. Diagonalization-based PP-IC Algorithm

In this section, we first construct a diagonalization-based parareal algorithm for the time-
periodic model problem (1.1). As in the classical parareal algorithm [30], we decompose the
time interval [0, 7] into N equal subintervals [T}, T +1],n =0,1,...,. N—1with0 =Ty < T} <
-+ < Tx =T, and the time step AT = T/N, N > 1. For each [T}, Ty+1], we continue to divide
into M equal subintervals, with the time step At = AT/M. Within the parareal algorithm,
two propagators are applied: the fine propagator F(T,,T,—1,x) and the coarse propagator
G(Ty,Tyn-1,%). In particular, the coarse propagator G(T},,T,,—1,x) provides a rough approxi-
mation of the solution u(T,,), where u is the solution of (1.1) with u(7,,—1) = x as an initial
condition, while the fine propagator F(T,,T,_1,x) provides a more accurate approximation
of the same solution u(7),). In [25], a parallel-in-time algorithm for time-periodic problems
presented is PP-IC: periodic parareal algorithm with initial value coarse problem. The PP-IC

algorithm can be written for £ = 0,1,... as follows:
Ul - U
UM = F(T041, T0, UF) + G(Ty41, T, UET) — G(Tgr, T, UE), (2.1)

n=0,...,N—1,

where U% n =0,1,..., N is an initial guess of the PP-IC iteration.

We now consider the construction of a diagonalization-based parareal algorithm for the
system (1.1). In [31], an idea to parallelize the coarse propagator G in the PP-IC algorithm
(2.1) using diagonalization in time was proposed: we solve with G on each subinterval [T}, T\, +1]
a head-tail coupled problem

w(t) = f(ut),t), u(T,)=ou(Thi1)+ (1 —a)UE,  t€[Th Tl (2.2)
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where a € (0,1) is a parameter. We will next see that the head-tail coupled condition results
in circulant matrices of the time discretization such that we can apply the diagonalization
technique to solve (2.2) efficiently. Then we obtain the diagonalization-based parareal algorithm
for time-periodic problems as follows:

U§+1 = U?V’
UM = F(Tos1, To, UL) + F* (0, Togr, T, UptY) — F* (0, Tpi1, T, UL),  (2.3)
n=0,...,N—1,

where F*(a, Ty1, Ty, UX) denotes the solution of (2.2) at t = Ty,41. We call the algorithm

(2.3) the diagonalization-based PP-IC algorithm (Diag PP-IC). For example, using the linear
9-method, F*(, Tpy1, Ty, UR) is specified as
Zy) — QZ)g + (1 — CY)Uﬁ,
Ziy1 — Zj _
%tj :ef(zj+1;tn,j+1)+(1 79)f(zj7tn,j)a J :0517"'7M717 (24)
F* (Oé, Tn-‘rla Tna U']ycl) =ZM,

where t,, ; = T, + jAt. Here we use the same step-size for both the F' and F'* propagators to
reduce the computational cost.

We next explain the details for computing F*(a, T}, 41, T, U¥) by using the linear §-method
(2.4) and then present the convergence analysis both for the linear and nonlinear cases.

2.1. The linear case
We first consider the following linear ODEs:
u'(t) + Au(t) = £(t), tel0,T], @5)
u(0) = u(T),

where A € R4*4 £ :[0,T] — RY satisfies f(0) = f(T'), and u : [0,7] — R?. The computation of
F*(a, Tpy1, Ty, U) using the linear -method (2.4) can be represented as

1 —« 0 a(l —0) Z1
1 |-1 1 1—-6 0 R .

— I, =W} (2.6
Al Sy + ® : e (2.6)
-1 1 1-0 0 Z0

——
=:B; =:By =7
where

W= (87 0o (- (- 04) (U gl l)
8nj+1 = 0f(tnj41) + (1 = OF(tn;), j=0,1,...,.M—1,
i.e. (2.6) can be expressed as
(B1® I, + AtBy ® A)Z = AtWE,  F*(a, Tpi1, T, UE) =: 2.

Note that both B; and By are circulant matrices, and this means that they can be simulta-
neously diagonalized as follows.
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Lemma 2.1 ([31, Lemma 2.1]). The matrices By and By € RM*M can be diagonalized as
By =VoDiVy ', By=VaD2V; ', (2.7)

where Vo, = A F', and

Ay = diag(l,ofﬁ, e sz?1)7

2(j -7 20— (M—1)7 T
F = (w,wa,...,wn), wj:(l,ez Mo et 24 ) ,
. 1 .2(@—Dm
Dlzdlag()\l,)\g,...,)\]u), )\jzl—aMe UM s
. ~ o~ ~ ~ 1 _2G-Dm
D2:d1ag()\1,)\2,...,)\M), )\j:9+(179)OZM€ M

Substituting (2.7) into (2.6) gives the following three steps for the computation of F*(a, Ty 41,
T, UZ):
(a) ((AuF)®I,)P = AtWE,
(b) (ML +XA(AtA))a; =pj, j=1,2,..., M, (2.8)
© (AaF)'®L)Z=Q,
where

P= (p?vpgv"'vpgf)Tv Q: (q?aqga"'vqﬂ)TEde['

In (2.8), step (b) is highly parallelizable for all M time points, while step (a) and (c) can be
done by the fast fourier transform (FFT) since F is a Fourier matrix.

We next analyze the convergence factor of the Diag PP-IC algorithm (2.3) for the linear
ODEs (2.5). The following lemmas are useful to estimate the spectral radius of the iteration
matrix Ml_lNl.

Lemma 2.2 ([31, Lemma 3.1]). Let o € [0,1]. Then, for the matriz

]\41 _ ' ) c (CNXN,
-0 1
the inverse My " is a non-negative matriz, and |M; || = (1 — o) /(1 — o).

Remark 2.1. In Lemma 2.2, when ¢ = 1, then (1 — o")/(1 — &) should be understood from
the limiting sense, i.e. lim, 1 ((1 —o™)/(1 —0)) = N.

Lemma 2.3 ([25, Remark 3.2]). For the matrices
1 0 1
-0 1 k0
Ml = . . 5 Nl = . . 5
—o 1 k0

if lo| + |k| < 1, then the spectral radius p(M;'Ny) of the matriz M;'Ny is bounded by
p(M7INY) < ap < 1,1 > 1, where x; = (|o|ai—1 + |&])V/ VD 20 = 1.
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Theorem 2.1. For the linear ODEs (2.5), assume that the coefficient matriz A is diagonal-
izable with A = Sdiag(u1, pia, ..., pa)S™, and o(A) = {p1,p2,...,ua} C RT. Let the F-
propagator be an A-stable implicit Runge-Kutta (IRK) method with stability function R(z), and
M > 2 be an even integer. Let {u(T,)})_, be the solutions generated by F at the coarse time
points {T,}N_,, i.e.

N

ey 5

W(T,) = F(Tp, Tp-1,u(Ty—1)), n=1

u(Ty) = u(Ty), and {UE}N_ be the k-th iterative solutions genemted by the Diag PP-IC
algorithm (2.3). Then, the iteration error et := u(T,) — Uk, ek = (ef,el, ... ek)T
satisfies SeFT1 < M1 N, Se” for any k > 1, and the asymptotic convergence factor of the Diag

PP-IC algorithm (2.3) is bounded by p(M{*Ny) < z; < 1 for any 1 > 1, where

N
zr = (lolziy + [R)) ¥, @ =1,

and
0= |Rg(aaMaZ)|7
k= |[R(z/M)M = Ry(a, M, 2)],

(1~ R(/M)M
Ryl M. 2) = T R z/AD) ™

Proof. We estimate the error of the Diag PP-IC algorithm (2.3) at iteration step k + 1,

( ) UkJrl [F*(CY TnaTn 1,a (Tn—l)) - F*(O( TnaTn 1,U,Z-i__11)}
+ [F(TnaTn—lau(Tn—l))_F(TnaTn laUn 1)}

— [F* (. Ty, Toe1,0(Th1)) = F* (0, T, Tr1, UE )], n=1,...,N. (2.9)
Assume that performing one-step of the IRK method can be expressed as
U(tn,j+1) = R(AtA)U(tn,;) + &n,j = RIATA/M)u(tn,;) + &n,j,
where t,, ; = T, + jAt. Therefore,
F(Tp, To-1,u(Tp-1)) — F (T, Too1, UE_y) = [R(ATA/M)Mek . (2.10)

Moreover, F*(a, Ty 11, T, U¥) can be computed as
20 = azy + (1 —a)UF,
Zj+1:R(ATA/M)Zj+g]‘, j:(),l,...,Mfl
zy = F*(a, Toi1, T, UEF).
Then, we have
zy = RATA/M)zar—1 + a1
= R(ATA/M)[R(ATA/M)zri—2 + &r—2) + Envi—1

=...=[R(ATA/M)] z0+z (ATA/M)) gas_s

M
= a[R(ATA/M)Mzpr + (1 — ) [R(ATA/M)MUF + Z[R(ATA/M)]i‘lgM,i.

i=1
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Hence,
F* (o, Tny1, T, UE)
= (1- a){L — a[R(ATA/M)M} " [R(ATA/M)M UL
M
+{L — a[RATA/MMY S IR(ATA/M)) ' s
Then, we get
F*(a,Tn,Tn_l,u( )) (CY Ty, Th-1, fzfl)
— (1= a){I, — a[R(ATA/M)M} T [R(ATA/M))Mek_,
=Ry(a, M,AT A)e Z 15 (2.11)
where

Ry, M,ATA) = (1 — a){L, — a[R(ATA/M)M Y [R(AT A/M)M
Substituting (2.10) and (2.11) into (2.9) gives

" =R, (a, M,ATA)e ] + [R(ATA/M)MeF_,

— Ry(o, M,ATA)ek |, n=1,...,N, (2.12)

and echrl = ek, Since A = SpS~! with p = diag(u1, pa, - - -, fa), then from (2.12), we obtain

Sektl = SR, (o, M, AT A)S~1Sekt] + S[R(ATA/M)MS~1Sek
— SR, (o, M,ATA)S™*Sef |, n=1,...,N,

and Sef™! = Sek.. Let z = AT, where u € o(A) is an arbitrary eigenvalue of A and ¢¥(u) is
the corresponding component of SeX. Then we have

G (1) = Ryla, My 2)GE () + [R(z/M)IM Gy (1)
— Ry, M, 2)¢%_1(p), m=1,...,N,

and ¢¥ () = ¢ (). Further,

|G ()] < [Ryls M, 2)] G ()]
FREAMM = Ryl M) |y ()], n=1,.,N,  (213)

and ¢¥ (1) = ¢& (). From (2.13), we have

1 é}:*i(u) 0 1\ /¢(w)

—o 1 + o) Kk 0 Ck 1)
N i (2.14)

—o 1) \cE(w ko 0/ \CK(w

——

=M =:¢kF1(p) =:N =:¢* ()

where
o =|Ry(a, M,z2)|, k=|R(z/M)M—Ry(a,M,z)|.
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So (2.14) can be written as
My¢F () < Ni¢F(p). (2.15)

Since the F-propagator is an A-stable IRK method, then
[R(z/M)M| <1, Vzeo(ATA).

Therefore, for a € (0,1), we have

o =Ry, M, z)| = (L= [[RE/MM] _ (1= )|[R/M)M] _ 1-a

" M= aRGADM] = T-RGEADM] “T-la] -

Hence, by using Lemma 2.2, we can see that M; ! is a non-negative matrix, and from (2.15) it
holds that
¢ (i) < My NI CH (), (2.16)

i.e.
SeMtt < MIN,Se". (2.17)

Furthermore, we get

o] + 5] = [Ry (e, M, )| + |[R(z/MIM — Ry (e, M, 2)|
(- QRGP v (- QR
= T aRGanpr | REA T R
(1= @)I[RG/MM] + al[R(/MM 1 = [R(z/M)|
1~ a[R(z/AD]] '

Since 0(A) C R, we have z € o(ATA) C R*. Moreover, since F is an A-stable IRK method
with stability function R(z), and M > 2 is an even integer, we get [R(z/M)|™ € (0,1).
Therefore,

lo| + k| = [R(z/M)M < 1. (2.18)

From (2.18), using Lemma 2.3 completes the proof. O

Remark 2.2. In Theorem 2.1, for the linear ODEs (2.5), we mainly consider a representa-
tive case, i.e. the heat equation, where A is a symmetric positive definite matrix such that
o(A) CRT.

2.2. The nonlinear case

Now, we consider the general nonlinear problem (1.1). We first explain the details of the
diagonalization technique for computing nonlinear F*(a, Ty+1,Tn, UF). By using again the
linear #-method (2.4), we have

0f(z1,tn1) + (1 — O)f(azpy + (1 — )UK ¢, 0)

) 7 Gf(ZQ, tmg) + (1 — O)f(zl,tml)

1
(—31 ® I, +WE, (2.19)

At :
0f(zpr, tom) + (1 — ) E(zri—1,tn a—1)

=F
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where

T
1—a)(Uk)”
WEL:(%,Q---?O) , Z:(le,ZIQT,...,ZL)T,

and the matrix By is given by (2.6). Applying Newton’s method to (2.19) gives

1 !
zHD — 70 _ (EBl @I, — J(Z(l))) <<A—tB1 ® Iz) zV —F(zWV) - Wjj) :

i.e.

1
(A—tBl ® I, — J(Z(l))) zH) = F(z0) + Wk - 3(z0)zO, (2.20)

where -
71 — ((Zgz))T, (Zgl))T,“.’(Zg\Z))T) ,
and the Jacobian matrix J(Z(") of F is
J(Z(l))

oVE(2", 1) (1-0)aVf(azi)+(1-a) Uk, tn0)
(1—0)Vf(zgl), tn1) HVf(zgl), tn,2)

(1-0)VE(z()_,, tuar—1) OVE (247, tn,ar)

To solve the linear system (2.20) by the diagonalization technique, following the idea in [21],
we replace the Jacobian matrix J(Z®) by Iy @ J(ZW), where

M—-1
. 1
Jz0) = 7 ( ST 0vE(z tn ;) + (1 - 0)aVE(azy) + (1 - a)UL, tmo)). (2.21)
j=1
Substituting (2.21) into (2.20) leads to the simplified Newton iteration
1 Fz0y ) 7+ m) b TAONTYA0
B eL - IneJ(Z"))Z =F©ZV)+ W, — (Iny ®J(2W))ZWY. (2.22)

Therefore, with the spectral decomposition of B; in Lemma 2.1, similar to (2.8), we can
solve Z(+1) by the diagonalization technique as follows:

(a) ((AuF)® L)P = AtF(ZV) + AtWE — At (I 0 3(21)) 20,
(b) (NI +AtIZD))a; =p;, j=1,2,...,M, (2.23)
€ ((AuF)'eL)Z!Y =Qq,
where
P=(pl.pl.....0%5)", Q=(dal.d}.....q5;)" eC™,

We next present the convergence analysis of the Diag PP-IC algorithm (2.3) for the nonlinear
model problem (1.1). We first make the following assumptions.

Assumption 2.1. For the nonlinear function f(-,t), there exists a nonnegative constant Ly
such that

(f(u,t) — f(v,t),u—v) < —Lilu—v]|3, Vtel[0,T], YuveR?

where (-, ) denotes the Euclidean inner product.



10 B. SONG, J.Y. WANG AND Y.L. JIANG

Assumption 2.2. For the nonlinear function f(-,¢), there exists a nonnegative constant Lo
such that

<f(111,1f) — f(U.Q, t) — (f(Vl,t) — f(VQ, t)),ul — U — (V1 - V2)>
< —Lofluy —uy — (vi = vo)[3, Vt€[0,7], Vui,ug,vi, vy €RY,
where (-, ) denotes the Euclidean inner product.

Assumption 2.3. For the nonlinear function f(-,t), there exists a nonnegative constant L
such that
If(u,t) — f(v,t)|2 < Lsllu—vl|l2, Vtel[0,T], Vu,veR%

We further assume that the F-propagator is an exact solver, and have the following lemmas.
Lemma 2.4 ([25, Lemma 5.1]). Under Assumption 2.1, the exact propagator F satisfies
|F(Tot1, Ty %) = F(Togr, Ty y) |2 < €187 x = o

Lemma 2.5 ([31, Lemma 4.1]). Under Assumption 2.1, the F*-propagator verifies that

—L1AT

* * (1—a)e
17 (@, T 1, Ty %) = F¥ (@, Tnr, Ty ¥)ll2 < 5————grx7 I = ¥l

Lemma 2.6 ([31, Lemma 4.2]). Under Assumptions 2.1-2.3, it holds that

HF(Tn-l-laTnaX) - F*(Q;Tn-i-l;Tn;X) - (F(Tn—i-laTnay) - F*(aaTn-i-laTnay)) H2

L
S (e AT T TEAT) Ix — y .

< q—— @
_aLg—(l—a)Ll

Therefore, we can present two different estimates on the convergence factor of the Diag
PP-IC algorithm (2.3) under different assumptions for the nonlinear case (1.1).

Theorem 2.2. Under Assumptions 2.1-2.3, and the condition |o| + |k| < 1, where

o (1—a)e AT . Ls (e~ T1AT _ o L2 =)

1—ae-bAT 0 "TOL T Ao

then the errors of the Diag PP-IC algorithm (2.3) are dominated by a linear iteration S, ie.
ekl < Se* holds componentwise for

o = (|[u(To) = Ufl,, (1) = U, u(Tw) — Uk l,)",

and the spectral radius ofS’ s bounded by p(S’) <z < 1,0l >1, where

N
] :(|O'|l'l_1—|—|[§;|)N+l’ zo = 1.

Proof. Let
u(Tn) = F(Tannfla u(Tnfl))

be the exact solution of the equation. We estimate the error of the Diag PP-IC algorithm (2.3)
at iteration step £+ 1,

u(T,) — Ukt = F(T,, -1, u(Th-1)) — F(Tn, Tr—1, Uk )
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- (aanaTnflvUitll) + F* (aanaTnflanz—l)

= F(TnaTn—la u(Tn—l)) —F* (Oé, TnaTn—la U—(Tn—l))
— (F(Tn, Tr-1,UE_)) — F* (o, Ty, Tri—1, UL _Y))

n—1

+ F* (o, Ty, Tp—1, w(Tpo1)) — F*(a, T, Tom1, ULTY).

Under Assumptions 2.1-2.3, and using Lemmas 2.5, 2.6, we have

en' = [u(T) = U,

< HF(TnaTn—lau(Tn—l)) - F* (aaT’an—lau(Tn—l))
- (F(TnaTn—laUﬁfl) — F" (aaTnaTn—laUﬁfl))HQ

+ HF* (Q;Tannflau(Tnfl)) — F* (a7Tn,Tn71’Uf{t11)H2
= - _ L2
S oL ¢ e i) - U,
(1 *Oé)e*LlAT
T aenar (T U

Then we can get the following error bound:

+

< g Ls (e~T1AT _ €7£—2&AT)ek L+ (1—a)e ™aT 0y
" - L2 — (1 — Oé)Ll n=

1 — ae~L1AT n—1

= H€ﬁ71 + okt n=1,2,

1 .., N,
k+1 _ k : .
and ey = e}. In matrix form, (2.24) can be written as
k+1
1 €y 0 1 €5
—o 1 e’f“ 0 ek
— . )
k41 k
—o 1 ey Kk 0 ey
——— ——
::I\/[l —:ek+1 :iNl =:ek
ie.

Mlek"'l S Nlek.
Using the property of M-matrices [56, Theorem 3.18, Definition 3.22], we have

e < MINe",

and the proof can be completed by using Lemma 2.3.

Theorem 2.3. Under Assumption 2.1, and the condition |o| + |k| < 1, where

1 — qe~L1AT

1 . 7L1AT
g = —( a)e R = <

(2.24)

(2.25)

(2.26)

(2.27)

then the errors of the Diag PP-IC algorithm (2.3) are dominated by a linear iteration S, ie

et < SeF holds componentwise for

e® == (||u(Ty) — Uk, [[u(T1) — U]l [u(Tn) — U%|,)"

and the spectral radius ofS’ s bounded by p(S’) <z <1,1>1, where

N
zr = (lolzi1 + [R)) ¥, @ = 1.

11
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Proof. Similar to the proof in Theorem 2.2, we obtain

u(T,) — Ukt = P(T,, T, -1, u(Th-1)) — F(Tn, Tr—1, Uk )

n—1

- F* (aaT’an—lau(Tn—l)) + F* (a;TnaTn—laUk )

n—1

+ F* (o, Ty, Tp—1, 0(Tpo1)) — F*(a, T, Tom1, ULTY).
Under Assumption 2.1, and using Lemmas 2.4, 2.5, we obtain

en = [lu(T) = UL,
< F(Tay Toe1,0(Ta1)) = F(Tn, Tue1, Uy ) |

+ [ F* (0, T, Trom1,0(T—1)) — F* (0, T, Trom1, Uy ) |,

+ ||F* (00, T, Tno1, u(Tim1)) — F* (0, T, Trom1, UEED ||,

(1—a)e

AT k1
1 — ae—LiAT [u(T0) =0T

< e AT (T, ) - U, + |,

(1 —a)e AT

1 — qe—L1AT Hu(T"*l) - UZ*1H2'

Then we have

—LiA
il (14 -« —LIAT b (1—a)e ™ Te +1
noo= 1 — qe~L1AT n—l 1 — qe— AT "=l (2.28)
::/ﬁeﬁ_l—i—aefﬁ_'ll, n=12,...,N,

and ef ™! = ek, Noting that the relation (2.28) is of the same form as the relation (2.24), so
the remainder of the proof is similar to the proof of Theorem 2.2. O

3. Krylov Subspace Enhanced Diagonalization-based PP-IC
Algorithm

In order to improve the convergence performance of the Diag PP-IC algorithm (2.3), in
this section, we further construct the Krylov subspace enhanced diagonalization-based parareal
algorithm for the time-periodic problem (1.1) by combining the Krylov subspace method from
[29] with the Diag PP-IC algorithm (2.3).

We first define the space

S" =span{U,; 0<1<k, 0<n<N-—1}, (3.1)

and replace in the PP-IC algorithm (2.1) the coarse propagation G(T,+1,T,,Y) by K*(a, Thi11,
T,,Y), the new propagator K* is defined by

K*(a,Tp41, T, Y) = F(Tyi1, Tn, PXY) + F* (a0, T41, T, (I — PY)Y), (3.2)
where P* is the orthogonal projection onto the space S* with
PF = Sk(sHT, (3.3)

and S* is the matrix composed of an orthogonal basis for the space S* as columns. Intro-
ducing this into the PP-IC algorithm (2.1), we obtain the following Krylov subspace enhanced
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diagonalization-based parareal algorithm for time-periodic problems:
Uk - U
UMY = F(Tyi1,Tn, UF) + K* (@, Tg1, T, UETY) — K* (0, g, T, UE) (3.4)
n=0,...,N—1
We call the algorithm (3.4) the Krylov subspace enhanced diagonalization-based PP-IC algo-
rithm (Krylov Diag PP-IC).

To clearly show the parallelism of algorithm (3.4), we next consider the linear ODEs (2.5).
Since UX € S§*, and P* = S¥(S¥)T is the orthogonal projection onto the space S*, so we can
get P*UE = UF. Then, we substitute (3.2) into (3.4) and simplify to obtain the following
Krylov Diag PP-IC algorithm:

Ukt = Uk,
UM = F(Tps1, T, PYURTY) + F* (@, T, T, (I — PF)URT) (3.5)
- F*(a,Tp41,T0n,0), n=0,...,N—1.
In the linear case, the fine propagator F' holds

F(Ths1, T, aX + BY)
=F"(aX + BY) + F(Ty+41,T,,0)
= aFMX + BFMY + F(Ty41,Tn, 0)
= a(F(TnH, Tn, X) — F(Tyt1, Tn, 0))

+ B(F(To41,Tn, Y) — F(Ty41,T5,0)) + F(Tpy1, T, 0), (3.6)
where X, Y € R% o, 8 € R. In the above expression, F' is a matrix defined by the fine propa-
gator. According to (3.6), the quantity F(T, 11, Ty, P*U%*1) can be computed as

F(Tp41,T,, PFUET)
= F(Tnt1, Ty, S*(S%)TUE)
= [F(Tns1, T, S*) — F(T41, T, 0)] (%) T UL
+ F(Th41,T5,0), (3.7)
where F(T},+1, T, S*) is the matrix having as columns the evolution of the column vectors of the
matrix S* by the fine propagator F', and F(T},+1, T}, 0) is the matrix having as columns the vec-

tor F(Ty41,T,,0) and the same dimension as the matrix S*. Here the matrix F(T}41, T}, S*)
is known by computing in parallel the evolution of U¥ using the fine propagator F, i.e.

F(Tn-i-la Ty, Sk) = [F(Tn-l-l’T’m U) - F(Tn-l-l’T’m 0)] R~ + F(Tn-l-l’T’m O)a (38)

where U is the matrix of all the generators of S¥, and we compute the QR factorization of U
(U = QR). Therefore, we describe the update steps of the Krylov Diag PP-IC algorithm (3.5)
as follows:

Step 0: The algorithm starts with an initial approximations U2, n = 0,..., N, which can be

found for example solving a coupled system on the coarse grid by the coarse propagator G,
ie.

Uy, =G(Tp41,T,,UY), n=0,...,N—1, UJ=TUY.
The initial subspace S™! is empty. In addition, we compute the quantities F(T,, 11, T}, 0) and
F*(a,Ty+41,Tn,0), which are used to perform Step k + 1.
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Step k + 1:

¢ We enhance the subspace by
S* :span(Sk_lU{UZ,nzO,...,N—l}), (3.9)

where all initial conditions U% are known. Then we construct an orthogonal basis for
the space S¥, whose columns we store in the matrix S*, and the associated orthogonal
projector P* using (3.3).

e Compute in parallel F(T, 1, T, UF).

e We sequentially update the approximate solution U**! by (3.5), where F*(a, Tpy1, Th,
(I — P¥)UR*1) can be computed in parallel using (2.8) or (2.23).

Before we reach the convergence result of the Krylov Diag PP-IC algorithm (3.4), we need
to derive two technical lemmas.

Lemma 3.1. Under Assumption 2.1, the propagator K* satisfies

" ” 2 -2« I,
K™ (ct, Trg1, Ty x) — K™ (0, Tigr, T y) [|l2 < (LFW)@ AT Ix — yla.

Proof. Under Assumption 2.1, and using Lemmas 2.4, 2.5, we get

||K*(O[,Tn+1, Tnvx> - K*(aan+17Tn7y)”2
= || F(Tog1, Tn, PPx) + F* (0, Tpi1, T, (I — P*)x)
— F(Ty41, Ty, Pry) — F*(a, i1, T, (I — PY)y)
<||F(Tos1, Tn, PPx) — F (Tog1, T, Pry) ||,

+||F* (ct, T 1, Ty (I — PF)x) — F*(a, Tpi1, T, (I — PF)y)
_ (1- a)eleAT
< e PAT|IPE(x —y)|l2 + W”Uﬁ PH)(x —y)ll2

2—2a —L1AT
< (14 1t )Tk

The proof is complete. O

I,

I

Lemma 3.2. Under Assumptions 2.1-2.3, the relationship between the propagator K* and the
exact propagator F satisfies

HF(Tn-l-laTnaX) - K*(Q,Tn+1,Tn,X) - (F(Tn—i-l;Tnay) - K*(aaTn—H;Tnay)) H2
L

(eleAT o
L2 - (1 - CY)Ll

L
< [4e7BAT 4 2q AT

e Ix =yl

Proof. Under Assumptions 2.1-2.3, and using Lemmas 2.4, 2.6, we get
HF(Tn-l-laTnaX) - K*(a, Tn+1aTnaX) - (F(Tn—i-l; Tnay) - K*(aaTn—i-l; Tn,}’)) H2
= |F(Ths1,Tn. x) = F(Tug1, Tn, P*x) — F*(a, g1, T, (I — P¥)x)
- (F(Tn-l-laTnay) - F(Tn-l-l;TnaPky) —F (aaTn-i-laTna (I - Pk)y))
- ||F(Tn+17Tn7X) - F(Tn+17TnaPkX) - F(aaTnJrlana (I* Pk)x)

I
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+ F(a,Tos1, T, (I — PP)x) — F*(a, Tpy1, T, (I — P¥)x)
— (F(a, Tag1, Ty (I = PY)y) = F* (0, Tng1, T, (I — P)y))
— F(Tps1,Tn,y) + F(Tns1, Ty, Pry) + F(a, i1, T, (I — PY)y)
< ||F (o, Tagr, Tn, (I = P¥)x) — F* (o, Trg1, Ty (I — P¥)x)
— (F(o, Tos1, T, (I = PY)y) — F* (0, Tps1, T, (I — P¥)y)) |
+ | F(Tos1, T X) = F(Togr, Toy y)l2 + || F (Tsr, Tny PF%) — F(Ti1, Ty, PFy)
+||F(a, Tpg1, T, (I = P¥)x) — F (v, Tos1, T, (I — PF)y)
L
SOL
+e AT PR (x —y)[la + e M AT||(1 = PF)(x = y)]2

[

I
[

L
e AT _ =R AT (1 — PR)(x — y)|l2 + e L1287 ||x — yl2

L Lo
< |4e=T1AT | 9 3 —LiAT _  —{22 AT _ _
< |4e + aLQ_(l_a)Ll (e e ) Ix — yll2
The proof is complete. O

Next, we present two different estimates on the convergence factor of the Krylov Diag PP-
IC algorithm (3.4) under different assumptions. Our analysis shows that there are different
convergence regimes, and our estimates are adapted to this.

Theorem 3.1. Under Assumptions 2.1-2.3, and the condition |o| + |k| < 1, where
— 2- 2 —L1AT
0<1+1_a6_L1AT>e ey

L
—4 —L1AT 2 B3 —LWAT
K e + aL27(1ia)Ll(e e

L}QAT)

)

then the errors of the Krylov Diag PP-IC algorithm (3.4) are dominated by a linear iteration S,
i.e. eFtl < Sek holds componentwise for

o = (|[u(To) = Ufl,, (1) = U, . Ju(Tw) — Uk )"

and the spectral radius of S is bounded by p(S) < x; <1, 1> 1, where

N
zr = (lolzi1 + [R)) ¥, @ = 1.

Proof. Similar to the proof in Theorem 2.2, we estimate the error of the Krylov Diag PP-IC
algorithm (3.4) at iteration step k + 1,

u(T,) — Ukt = P(T,, T -1, u(Th-1)) — F(Tn, Tr—1, Uk _))
— K* (e, Ty, Tpe1, UFEY) + K% (0, T, T1, UE )
= F (T, Tno1,0(Tho1)) — K (@, Ty To—1,u(Tp—1))
— (F(Tp, Ta-1,UL_y) = K* (0, T, To—1, Uk )

n—1 n—1

=+ K~ (O[, Tn; Tnflv u(Tn71>) - K* (Oé, Tnv T’n,fl; Uf{‘ill) .
Under Assumptions 2.1-2.3, and using Lemmas 3.1, 3.2, we obtain

en' = [[u(T) - UL,
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<N|F(Tn, Tr—1,u(Th-1)) = K*(ct, T, T—1, 0 (T 1))
— (F(Tn,Tn-1, U} ) = K*(a, T, Tom1, UL )|
+ || K* (. Ty Trom1, 0(Th1)) — K* (0, Ty, Tom1, UETY)
s
Ly—(1—a)l,
+ (1+12();72§‘1AT>@—L1ATHIJ(T 1) — U,

Then we have

I

—L1AT _ e—lL—%!AT):| Hu(Tn—l) _yuk

= {4€L1AT 20 n—1 Hz

L Lo
k+1 o | go—L1AT | 9 3 —LiAT _ —12. AT\ | k
€n _[e + aLQ_(l_a)Ll(e e ) €n_1
2 -2« —LiAT Jk+1
+(1+1046L1AT> ! €n-1
= kek | toefTt n=12... N, (3.10)
and ef ™! = ek, We see again that (3.10) is of the same form as (2.24), so the remainder of the
proof is similar to the proof of Theorem 2.2. O

Theorem 3.2. Under Assumption 2.1, and the condition |o| + |k| < 1, where
B 2 -2« —L AT . 2-2a —L1AT
0—(1—1—710[6L1AT)6 2R k= 2+71—ae*L1AT e e
then the errors of the Krylov Diag PP-IC algorithm (3.4) are dominated by a linear iteration S,

i.e. €Ft1 < Se* holds componentwise for

= (|lu(7o) - Uy

6l [la(7) = Ub . . () — UK ,)"

and the spectral radius ofg 1s bounded by p(S’) <z <1,1>1, where

)NZYH, xo = 1.

xp = (
Proof. Similar to the proof in Theorem 2.2, we have
w(T,) - Ukt = F(T,, T—1,u(Ty—1)) — F(Tn, Tno1, UL )
= K* (0, Ty, Tom1, URtY) + K (0, Ty, Ty, u(T 1))
+ K* (o, Ty, Ty1, UF ) — K* (0, T, Ty, 0(Thm1)).-

Under Assumption 2.1, and using Lemmas 2.4, 3.1, we obtain

it o= u(,) - UsH),
< || F (T T, 0(T 1)) = F (T T, UL
+ [ K (o T, Ty, 0(T)) = K (0, T, T, U ) |
+ || K (0, Ty, Trm1,0(Trm)) — K* (o, T, Tt Usy ) |
<e M u(Tn) - U |,

2«
1

2 — 2« _
*(”W P [a(Tar) = Up

2 — _
# (14 T e () - U
)e
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Then we have

2-—-2 2—-2
eicl-i-l < (2+ (67 )e_LlATeZ—l‘f' (1+ (67 )e_LlATek-i-l

1 — ae AT 1 — qe-L1AT n—1

=: neﬁ71+aeﬁf11, n=12,...,N, (3.11)

and eft! = ek . Noting again that (3.11) is of the same form as (2.24), so the remainder of the
0 N

proof is similar to the proof of Theorem 2.2. O

4. Parallel Speedup

Similar to the analysis of the parallel speedup in [40,47,48], we first introduce the following
notations:

e T is the length of the time interval.
e N is the number of time subintervals.

e AT is the length of each time subinterval and the time increment for the coarse propagator
with AT =T/N.

e At is the time increment for the fine propagator with At = AT /M.
e [y is the iteration number of the classical PP-IC algorithm.

o [y is the iteration number of the Diag PP-IC algorithm.

e k3 is the iteration number of the Krylov Diag PP-IC algorithm.

Denote by 7 the time cost for solving an initial value problem at one time step of the coarse
propagator and the fine propagator, by 7* the time cost solving a head-tail coupled problem
on each time subinterval for the F* propagator, and by 7qr(k) the time cost of computing
the subspace update in iteration k. Furthermore, we also denote by 7y the time cost solving
a time-periodic problem on the coarse grid for the initial guess, and by 7a; the time cost of
a direct method for the original time-periodic problem with the time increment At.

According to the analysis in [48], the total time computation cost of the classical PP-IC
algorithm is

Cpp_ic =710 +7+ki(M7+N7) =71+ kM7 + (k1N + 1),

then the parallel speedup is

TAt
T0 +l€1MT+ (k1N+ 1)7’

Spp_1c =
Analogously, the total time computation cost of the Diag PP-IC algorithm is
Chiag =T0 + T° + ko(M7 + N7*) = 79 + ko M7 + (k2N + 1)7%,

and the parallel speedup is

TAt
70 + koM T + (I{JQN—I— 1)7’*'

SDiag =
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Since the dimension of S*¥ increases monotonically with the number of iterations performed,
ie. Tqr(k) < T7qr(ks). Therefore, the time cost of the Krylov Diag PP-IC algorithm can be
estimated by

Cxrylov = To + T+ /C3(MT + NT*) + kgTQR(kg)
=70+ ksM7 + (ksN + 1)7" + ka7qr(k3),

then the speedup obtainable in one parallel step is

TAt
To + kgMT + (ng + 1)7‘* + kgTQR(kg)-

SKrleV =

Here, we consider the linear time-periodic ODEs (2.5). We assume that the time complexity
for solving a d-dimensional linear system is O(dP) with p > 1. In particular, if p = 1, so
an efficient implementation should yield 7 = O(d). The FFT can be implemented in parallel
at the cost O(dlogy M), see [31], then we have 7% = O(dlog, M). Therefore, by ignoring the
cost of computing the initial iteration value, the cost of the classical PP-IC algorithm is

Cpp_1c = kiMd+ (k1N + 1)d,
the cost of the Diag PP-IC algorithm is
Cbiag = koMd + (k2N + 1)dlog, M,

and from [47] neglecting the cost of the subspace update for the Krylov Diag PP-IC algorithm
gives the cost
CVKrylov = kBMd + (ng + 1>d10g2 M.

We next show more details about the parallel speedup and the time computation cost in the
numerical experiments.

5. Numerical Experiments

In this section, we present several numerical experiments to illustrate convergence analysis
of our new proposed algorithms. Here all the iteration errors are measured in the infinity norm
between the iterative approximate solution produced by the algorithms at each iteration and

the fine solution, and all the numerical convergence factors are denoted by (e /e®)!/*, where e*
is the iteration error at the k-th iteration.
5.1. The heat equation
We first consider the following time-periodic heat equation:
ou(z,t)  0%u(z,t)
= ’ 1), (2,t) € Qx[0,T],
5 5z @, (a0 [0, 7] (5.1)

u(z,0) = u(z,T)

with homogeneous boundary conditions, where f : Qx[0,T] — R and satisfies f(x,0) = f(z,T)
for any z € .

We solve problem (5.1) on the time interval [0, 1] and the spatial domain = [0, 1] with the
nonlinear function

flz,t) =2t(1 —t)(1 — 2t)w(z — 1) — 2t*(1 — t)?
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such that the exact solution is
Uexact = 2(x — 1)t%(1 — t)2.

The problem (5.1) is discretized in space by using a second-order centered finite difference
scheme with a mesh size Az = 1/128. Then we get the linear system of ODEs

Here we use for both the F' and F™* propagators backward Euler with the same time step-size
At = AT /M on each subinterval [T}, Ty 41]-

We first show in Fig. 5.1 the measured iteration number of two new algorithms when the
parameter « € (0,1) varies, where we stop the iterations when the iteration errors decrease
to 1078, We see that the convergence rate of the Diag PP-IC algorithm is quite sensitive to the
change in «a, while for the Krylov Diag PP-IC algorithm the iteration number remains constant
when a varies. Thus we will choose the relatively good parameter o = 0.3 from Fig. 5.1 in
order to converge faster in the following. Furthermore, we also show in Fig. 5.2 the convergence
of two algorithms for four values of «, as observed in Fig. 5.1.

We next show the convergence results in Fig. 5.3. From the figure on the left, we can see
that both the Diag PP-IC and Krylov Diag PP-IC algorithms converge faster than the PP-IC
algorithm. Meanwhile, the performance of the Krylov Diag PP-IC algorithm is better than
that of the Diag PP-IC algorithm. Then we compare the numerical convergence factors of two
new algorithms with the theoretical bounds from Theorems 2.1, 3.1, 3.2 for the linear case on
the right in Fig. 5.3, where “Bound of Diag PP-IC” is from Theorem 2.1, “Bound 1 of Krylov
Diag PP-IC” is from Theorem 3.1, and “Bound 2 of Krylov Diag PP-IC” is from Theorem 3.2.
Here we choose the constants —L;, —Lg € 0(A) are arbitrary eigenvalues of A, Ls = || 4|2 in
Theorems 3.1, 3.2, which satisfy Assumptions 2.1-2.3. Therefore, we have given explicitly the
estimates of the constants L, = 3.61, Ly = 3.98, L3 = 6.57.

—e— Krylov Diag PP-IC
—©—Diag PP-IC

Iteration number

«

Fig. 5.1. Dependence of the convergence rate of two new algorithms on « for the heat problem (5.1)
with AT =1/8, At = 1/128.
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’ Diag PP-IC Krylov Diag PP-IC
1072 ‘ ‘ 104 o=
—6—0=0.1 —— =01
——0=0.3 ——0=0.3
—6—a=0.7 —0—a=0.7
e ,=0.9 104} e =09 |
. 10 -
e o
5] 5]
S S 10°
© ©
2 2
10 -
108
10-8 L L L L L 10-10
0 2 4 6 8 10 12 0 3 4
Iteration number Iteration number

Fig. 5.2. Convergence of the Diag PP-IC (left) and Krylov Diag PP-IC (right) algorithms with various
values of « for the heat problem (5.1) with AT =1/8, At = 1/128.

10 . i 104
—=e— Krylov Diag PP-IC
—©— Diag PP-IC
—6—PP-IC \ .
v e
10 i o . -
=l —e— Krylov Diag PP-IC
o f g \\ .#|====Bound 1 of Krylov Diag PP-IC
o » N ,/’ = = Bound 2 of Krylov Diag PP-IC
g g2 .0 N 7 —6— Diag PP-IC
=" g 10 *~ —-—-Bound of Diag PP-IC
© & 10 -
] \ g
= - T |
0 102 =
=~ -~
'\,,o\A ~
10718 . . . L 104 ‘ ‘ ‘ ‘
0 2 4 6 8 10 0 0.1 0.2 0.3 0.4 05
Iteration number AT

Fig. 5.3. Convergence of two new algorithms versus the PP-IC algorithm for the heat problem (5.1)
with AT = 1/8, At = 1/128 (left), and dependence of the convergence factor on AT with At = 1/128
(right).

Furthermore, we show the convergence behavior of two new algorithms and their theoretical
upper bounds on errors in Fig. 5.4. We see that “Bound of Diag PP-IC” from Theorem 2.1 of
the Diag PP-IC algorithm is very effective in different regimes on AT. For the Krylov Diag
PP-IC algorithm, when AT = 1/16 is small, o = 0.3232, k = 0.4134 that satisfy the condition
|o|+|x| < 1in Theorem 3.1, so “Bound 1 of Krylov Diag PP-IC” from Theorem 3.1 is effective, in
contrast when AT = 1/4 is large, 0 = 0.3459, x = 0.3866 that satisfy the condition |o|+ || < 1
in Theorem 3.2, so “Bound 2 of Krylov Diag PP-IC” from Theorem 3.2 is effective.

According to the analysis of the parallel speedup in Section 4, the comparisons of the
estimated speedup of the classical PP-IC, Diag PP-IC and Krylov Diag PP-IC algorithms for the
heat problem (5.1) are shown in Table 5.1. From Table 5.1, the computational speed of two new
algorithms has a significant improvement compared to the classical one. From the analysis of
the time complexity for the heat problem (5.1) in Section 4 and noting that N = 8 M = 16 and
d = 127 in this case, the cost of the classical PP-IC algorithm is k1 x 16 x 127+ (k; x 84+1) x 127,
the cost of the Diag PP-IC algorithm is ko x 16 x 127 + (k2 x 8 + 1) x 127 x log, 16, and that
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of the Krylov Diag PP-IC algorithm is kg x 16 x 127+ (k3 x 8 + 1) x 127 x log, 16. In Fig. 5.5,
we can observe that the same computational cost is needed for the classical PP-IC and Diag
PP-IC algorithms, and the Krylov Diag PP-IC algorithm needs much less computational cost
than the Diag PP-IC algorithm to achieve the same accuracy.

Table 5.1: The estimated speedup of the classical PP-IC, Diag PP-IC, Krylov Diag PP-IC algorithms
based on the sequential execution time ts, the number of processors N, the iteration number k, the
measured time of the F, G, F'’* propagators tr,tq,tr+ and the parallel execution time t,.

Algorithm ts N k Error tp tg or tp= tp Speedup
PP-IC 2.8623s | 8 | 26 | 107'° | 0.3146s | 0.2926s | 0.6368s | 4.4948
Diag PP-IC 2.8623s | 8 | 14 | 107*° | 0.1694s | 0.2486s | 0.4476s | 6.3948
Krylov Diag PP-IC | 2.8623s | 8 | 5 | 107 | 0.0605s | 0.0902s | 0.1828s | 15.6581
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Fig. 5.4. Convergence behavior of two new algorithms for the heat problem (5.1): comparison of the
numerical results and the theoretical bounds for AT = 1/4 (left), AT = 1/16 (right) with At =1/128.
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Fig. 5.5. Computational cost of two new algorithms versus the PP-IC algorithm for the heat problem
(5.1) with AT = 1/8, At = 1/128.
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5.2. The wave equation
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We next consider the time-periodic wave equation

O*u(x,t)  0%u(

2 | (e, t) + (o),

ot?

ox
’U,(LL', 0) = ’U,(:C,T),

a (z,t) € Q x [0, 7],

(5.2)

up(x,0) = ug(z, T)

with homogeneous boundary conditions, where f : Q x [0,7] — R and satisfies f(x,0) = f(z,T)

for any = € Q.

We solve problem (5.2) on the time interval [0, 1] and the spatial domain = [0, 1] with the

exact solution Uexact = sin(4nx)

sin(27t). The problem (5.2) is discretized in space by using

a second-order centered finite difference scheme with a mesh size Az = 1/64. Then we get the

following ODEs:

where

%iﬁkw+b%ﬂmﬁ 5:3)
-2 1
1 -2 1
S el
1 -2 1
1 —2

Similarly, we use for both the F' and F* propagators backward Euler with the same time
step-size At = AT /M on each subinterval [T, Ty, 41]-

5.2.1. The linear case: =0

For the linear case 8 = 0, the nonlinear function is f(x,t) = 1272 sin(4nz) sin(27t). We show

in Fig. 5.6 the iteration number

of two new algorithms when the parameter o € (0,1) varies,

Iteration number

50

—&— Krylov Diag PP-IC
—6— Diag PP-IC

0.7 0.8 0.9
«a

0.5 0.6

Fig. 5.6. Dependence of the convergence rate of two new algorithms on « for the linear wave problem

(5.2) with AT = 1/8, At = 1/128.
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where we stop the iterations when the iteration errors decrease to 10~*. We see again that
the convergence rate of the Diag PP-IC algorithm is quite sensitive to the change in «, while
for the Krylov Diag PP-IC algorithm the iteration number remains constant when « varies.
Therefore, we will choose the relatively good parameter o = 0.6 in the following. Furthermore,
we also show in Fig. 5.7 the convergence rate of two algorithms for four values of «, as observed
in Fig. 5.6.

We further show the convergence results in Fig. 5.8. We also observe that the convergence
behavior of both the Diag PP-IC and Krylov Diag PP-IC algorithms is better than that of the
PP-IC algorithm. Meanwhile, the Krylov Diag PP-IC algorithm converges faster than the Diag
PP-IC algorithm.

Similarly, from the theoretical analysis in Section 4, the comparisons of the estimated
speedup and the computational cost of the Diag PP-IC and Krylov Diag PP-IC algorithms
for the linear wave problem (5.2) are shown in Table 5.2 and in Fig. 5.9 respectively, where

10! ‘Diag PP-IQ ‘ 1o ; Krylov Digg PP-IC ‘
—6—0-05 —6—a=05
——=0.6 ——=0.6
g —6—a=038| | —6—a=08| |
10 by e 0,=0.9 e =0.9
10" =
[0} [}
[ =1
2 S
® ©
g10° s
10°
10_4 . . . \ 10_4 ; .
0 20 40 60 80 100 0 5 10 15 20
Iteration number Iteration number

Fig. 5.7. Convergence of the Diag PP-IC (left) and Krylov Diag PP-IC (right) algorithms with various
values of « for the linear wave problem (5.2) with AT = 1/8, At = 1/128.
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Iteration error
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Fig. 5.8. Convergence of two new algorithms versus the PP-IC algorithm for the linear wave problem
(5.2) with AT = 1/8, At = 1/128 (left), and dependence of the convergence factor on AT with
At =1/128 (right).
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Iteration error
=

10° 10* 10°
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Fig. 5.9. Computational cost of two new algorithms for the linear wave problem (5.2) with AT =1/8,
At =1/128.

Table 5.2: The estimated speedup of the Diag PP-IC and Krylov Diag PP-IC algorithms based on the
sequential execution time ts, the number of processors IV, the iteration number k, the measured time
of the F, F’* propagators tr,tr+ and the parallel execution time tp.

Algorithm ts N k Error tr tp= tp Speedup
Diag PP-IC 3.1429s | 8 | 88 | 107* | 1.0648s | 1.5510s | 2.6726s 1.1759
Krylov Diag PP-IC | 3.1429s | 8 | 16 | 10™* | 0.1936s | 0.2838s | 0.5422s 5.7965

the classical PP-IC algorithm is not displayed since it does not converge. From Table 5.2, the
computational speed of two new algorithms has a significant improvement. In Fig. 5.9, we can
see that the Krylov Diag PP-IC algorithm takes much less computational cost than the Diag
PP-IC algorithm to achieve a desired accuracy.

5.2.2. The nonlinear case: = 10

For the nonlinear case 8 = 10, the nonlinear function is
f(x,t) = 1272 sin(drz) sin(27t) — 10sin? (47x) sin?(2nt).

We show in Fig. 5.10 the iteration number of two new algorithms when the parameter a € (0, 1)
varies, where we stop the iterations when the iteration errors decrease to 1074, We see again
that the convergence rate of the Diag PP-IC algorithm is quite sensitive to the change in «,
while for the Krylov Diag PP-IC algorithm the iteration number remains constant when «
varies. Therefore, we will choose the relatively good parameter @ = 0.55 in the following.
Furthermore, we also show in Fig. 5.11 the convergence rate of two algorithms for four values
of a, as observed in Fig. 5.10.

We further show the convergence results in Fig. 5.12. From the figure on the left, we
also observe that the convergence behavior of both the Diag PP-IC and Krylov Diag PP-IC
algorithms is better than that of the PP-IC algorithm. Meanwhile, the Krylov Diag PP-IC
algorithm converges faster than the Diag PP-IC algorithm. Then, we compare the numerical
convergence factors of two new algorithms with the theoretical bounds from Theorems 2.2, 2.3,
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Fig. 5.10. Dependence of the convergence rate of two new algorithms on « for the nonlinear wave
problem (5.2) with AT =1/8, At = 1/128.
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Fig. 5.11. Convergence of the Diag PP-IC (left) and Krylov Diag PP-IC (right) algorithms with various
values of « for the nonlinear wave problem (5.2) with AT =1/8 At = 1/128.

3.1, 3.2 for the nonlinear case on the right in Fig. 5.12, where “Bound 1 of Diag PP-IC” is
from Theorem 2.2, “Bound 2 of Diag PP-IC” is from Theorem 2.3, “Bound 1 of Krylov Diag
PP-IC” is from Theorem 3.1, “Bound 2 of Krylov Diag PP-IC” is from Theorem 3.2. Here
we choose the constants —Lj, — Lo, L3 are from the Jacobian matrix of the right-side nonlinear
function in (5.3) obtained by the space discretization in Theorems 2.2, 2.3, 3.1, 3.2, which
satisfy Assumptions 2.1-2.3. Therefore, we have given explicitly the estimates of the constants
Ly =4.82,Ly=1.32,L3 =6.95.

In addition, we also give the convergence behavior of two new algorithms and their theo-
retical upper bounds on errors in Fig. 5.13. We see that for the Diag PP-IC algorithm when
AT = 1/16 is small, 0 = 0.5626, k = 0.4177 that satisfy the condition |o| + |k| < 1 in Theo-
rem 2.2, so “Bound 1 of Diag PP-IC” from Theorem 2.2 is effective, while when AT = 1/4 is
large, o = 0.5169, k = 0.3793 that satisfy the condition |o|+ || < 1 in Theorem 2.3, so “Bound
2 of Diag PP-IC” from Theorem 2.3 is effective. Furthermore, for the Krylov Diag PP-IC algo-
rithm, when AT = 1/16 is small, o = 0.3144, k = 0.5061 that satisfy the condition |o|+ || < 1
in Theorem 3.1, so “Bound 1 of Krylov Diag PP-IC” from Theorem 3.1 is effective, in contrast
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Fig. 5.12. Convergence of two new algorithms versus the PP-IC algorithm for the nonlinear wave
problem (5.2) with AT = 1/8 At = 1/128 (left), and dependence of the convergence factor on AT
with At =1/128 (right).
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Fig. 5.13. Convergence behavior of two new algorithms for the nonlinear wave problem (5.2): compar-
ison of the numerical results and the theoretical bounds for AT = 1/4 (left), AT = 1/16 (right) with
At =1/128.

when AT = 1/4 is large, 0 = 0.1624, k = 0.4636 that satisfy the condition |o| + |k] < 1 in
Theorem 3.2, so “Bound 2 of Krylov Diag PP-IC” from Theorem 3.2 is effective.

5.3. The viscous Burgers equation

We finally show numerical results for a nonlinear partial differential equation, the viscous
Burgers equation
Ut + Uy = Ve + f(2,t), (z,t) € Q x[0,T],
u(z,0) = u(z,T)
with homogeneous boundary conditions, where ¥ € R denotes the diffusivity (or viscosity)
coefficient, f: Q x [0,7] — R and satisfies f(x,0) = f(x,T) for any = € Q.
We solve problem (5.4) on the time interval [0, 1] and the spatial domain = [0, 1] with the
nonlinear function

(5.4)

f(z,t) = 2msin(27x) cos(2mt) 4 2 sin(27x) cos(2mx) sin? (2mt) 4 4n%v sin(2mz) sin(2mt)
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such that the exact solution is Uexact = sin(27z) sin(27t). We choose the viscosity parameter
v = 1/50, such that the problem is dominated by the nonlinear convective term. In addition,
we use a centered finite difference discretization with spatial step Az = 1/128, and a backward
Euler discretization in time. We use the Newton’s method for the F' and F* propagators to
solve the nonlinear problems arising from the implicit time discretization.

We first show in Fig. 5.14 the iteration number of two new algorithms when the parameter
a € (0,1) varies, where we stop the iterations when the iteration errors decrease to 1074, We
observe again that the convergence rate of the Diag PP-IC algorithm is still sensitive to the
change in «a, while for the Krylov Diag PP-IC algorithm the iteration number remains constant
when « varies. Thus we will choose the relatively good parameter o = 0.7 from Fig. 5.14 in
order to converge faster in the following. Furthermore, we also show in Fig. 5.15 the iteration
errors of two algorithms for four values of a, as observed in Fig. 5.14.

We next show the convergence results in Fig. 5.16. From the figure on the left, we also
observe that the convergence behavior of both the Diag PP-IC algorithm and the Krylov Diag
PP-IC algorithm is better than that of the PP-IC algorithm. At the same time, the Krylov
Diag PP-IC algorithm converges faster than the Diag PP-IC algorithm. Then, we compare
the numerical convergence factors of two new algorithms with the theoretical bounds from
Theorems 2.2, 2.3, 3.1, 3.2 for the nonlinear case on the right in Fig. 5.16, where “Bound 1 of
Diag PP-IC” is from Theorem 2.2, “Bound 2 of Diag PP-IC” is from Theorem 2.3, “Bound 1 of
Krylov Diag PP-IC” is from Theorem 3.1, “Bound 2 of Krylov Diag PP-IC” is from Theorem 3.2.
Here we choose the constants —Li, —Lo, L3 are from the Jacobian matrix of the nonlinear
function obtained by the space discretization in Theorems 2.2, 2.3, 3.1, 3.2, which satisfy
Assumptions 2.1-2.3. Therefore, we have given explicitly the estimates of the constants L; =
7.24, Ly = 1.68, L3 = 6.45.

In Fig. 5.17, we still show the convergence behavior of two new algorithms and their theoreti-
cal upper bounds on errors. We see that for the Diag PP-IC algorithm when AT =1/16 is small,
0=0.3439, k=0.6017 that satisfy the condition |o|+|x| < 1 in Theorem 2.2, so “Bound 1 of Diag
PP-IC” from Theorem 2.2 is effective, while when AT = 1/4 is large, o = 0.3827,x = 0.5541
that satisfy the condition |o| + || < 1 in Theorem 2.3, so “Bound 2 of Diag PP-IC” from

120
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100
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20

Fig. 5.14. Dependence of the convergence rate of two new algorithms on « for the viscous Burgers
problem (5.4) with AT =1/8, At =1/128.
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values of « for the viscous Burgers problem (5.4) with AT =1/8, At = 1/128.
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problem (5.4) with AT = 1/8 At = 1/128 (left), and dependence of the convergence factor on AT
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Theorem 2.3 is effective. Similarly, for the Krylov Diag PP-IC algorithm when AT =1/16
is small, o = 0.2143, k = 0.5731 that satisfy the condition |o| + || < 1 in Theorem 2.2, so
“Bound 1 of Krylov Diag PP-IC” from Theorem 3.1 is effective, while when AT = 1/4 is large,
o = 0.3011, k = 0.4163 that satisfy the condition |o| + || < 1 in Theorem 2.3, so “Bound 2 of
Krylov Diag PP-IC” from Theorem 3.2 is effective. Finally, we also investigate the influence
of the viscosity coefficient v on the convergence of the Diag PP-IC and Krylov Diag PP-IC
algorithms in Fig. 5.18.
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Fig. 5.18. Convergence of the Diag PP-IC (left) and Krylov Diag PP-IC (right) algorithms with various
values of v for the viscous Burgers problem (5.4) with AT =1/8, At = 1/128.

5.4. The Maxwell’s equations

Electrodynamic potential formulations with regularization, based on Maxwell’s equations
described by electromagnetic phenomena, are frequently used in low frequency [7,8] and high
frequency applications [33]. Here we test the performance of our new proposed algorithms for
the simulation of a metal bar [3], so-called an electromagnetic model described by full Maxwell
with Coulomb gauge. One contact is excited by a sinusoidal voltage v(t) = sin(27t)V, and the
other contact is grounded.

The spatial discretization of the structure using the finite integration technique with 325
mesh cells and 845 degrees of freedom leads to the following time-periodic problem represented
by the following system of differential-algebraic equations (DAESs)

d
M—a(t) + Ku(t) = £(t), ¢ €[0,7], (5.5)
u(0) = u(7),

where M € R4*? is a singular constant matrix, K € R9*? is a constant matrix, u : [0, 7] — R?
contains the time-dependent degrees of freedom, and the right-hand side f : [0, 7] — R? satisfies
£f(0) = £(7), T = 1s. The implicit Euler scheme is applied to both the F' and F™* propagators
with the time step At = 10™%s, and the coarse propagator G with the time step AT = 107 !s.
The numerical solution of system (5.5) is given on the left in Fig. 5.19. The convergence results
of the algorithms are shown on the right in Fig. 5.19. We see that both the Diag PP-IC
algorithm and the Krylov Diag PP-IC algorithm converge much more quickly than the PP-IC
algorithm. Meanwhile, the convergence behavior of the Krylov Diag PP-IC algorithm is better
than that of the Diag PP-IC algorithm.
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Fig. 5.19. Current through the metal bar (left), and convergence behavior of the two new algorithms
versus the PP-IC algorithm for the system (5.5) (right).

6. Conclusion

We designed and analyzed two new parareal algorithms based on diagonalization for time-
periodic problems: the first one is called Diag PP-IC algorithm, and the second one is called
Krylov Diag PP-IC algorithm. Comparing with the classical PP-IC algorithm which acceler-
ates sequential computations by parallelization on the fine grid, these new proposed algorithms
increase parallelization by diagonalization on the coarse grid to have the effect of acceleration.
We analyzed theoretical bounds of the convergence factors of two new proposed algorithms. Fi-
nally, in numerical experiments, we derived a superior choice of the parameter « in the head-tail
coupled condition to lead to faster convergence numerically for model problems. Moreover, we
observed that the performance of two new algorithms is better than that of the PP-IC algorithm,
and the Krylov Diag PP-IC algorithm converges faster than the Diag PP-IC algorithm, while
numerical results also illustrate well our theoretical results. In the future work, we will further
combine waveform relaxation methods [38,40] or Schwarz waveform relaxation methods [5,24]
to obtain more efficient space-time parallel algorithms for time-periodic problems.
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