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Abstract

Achieving linear complexity is crucial for demonstrating optimal convergence rates in
adaptive refinement. It has been shown that the existing linear complexity local refinement
algorithm for T-splines generally produces more degrees of freedom than the existing greedy
refinement, which lacks linear complexity. This paper introduces a novel greedy local
refinement algorithm for analysis-suitable T-splines, which achieves linear complexity and
requires fewer control points than existing algorithms with linear complexity. Our approach
is based on the observation that confining refinements around each T-junction to a pre-
established feasible region ensures the algorithm’s linear complexity. Building on this
constraint, we propose a greedy optimization local refinement algorithm that upholds linear
complexity while significantly reducing the degrees of freedom relative to previous linear
complexity local refinement methods.

Mathematics subject classification: 65D07.
Key words: T-splines, Analysis-suitable T-splines, Linear complexity, Isogeometric analy-
sis.

1. Introduction

Isogeometric analysis (IGA) is a potent numerical method for solving partial differential
equations (PDEs) [6, 16, 26,27,29]. The basic idea of IGA uses the spline functions from
computer aided design (CAD) for numerical simulation, eliminating the necessity for model
conversion. In the early stages of IGA research, the most commonly used representation is
non-uniform rational B-splines (NURBS). However, the tensor-product structure makes knot
insertion having global impacts. In order to introduce adaptive refinement into NURBS repre-
sentation, several relevant constructions are receiving particular attention, such as hierarchical
B-splines [10, 14], T-splines [30,32], PHT-splines [7,19] and LR splines [8].

Among these technologies, hierarchical B-splines and T-splines are the two most used ones.
Hierarchical B-splines [10] represent a classic local refinement method, ensuring the nested
spaces and the linear independence of the basis functions [17]. Truncated basis for hierar-
chical splines (THB-splines) has been introduced [12,13], which leads to more localized and
unstructured meshes. Adaptive isogeometric methods with hierarchical splines [3-5] have lin-
ear complexity and optimal convergence rates.

T-splines [30,32] are an important technology in industrial design [31] and isogeometric
analysis [15,23,28,29,34]. Although the whole class of T-splines is not suitable as a basis for
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IGA because of possible linear dependence [2], analysis-suitable T-splines (AST-splines), are
defined [20-22,28,33] to satisfy all the desirable properties for IGA.

The achievement of linear complexity plays a pivotal role in establishing the optimal con-
vergence rates of adaptive refinement algorithms [9]. Firstly, Scott et al. [28] introduced a local
refinement algorithm for AST-splines based on a greedy strategy. However, its theoretical proof
of possessing linear complexity remains elusive. In contrast, the refinement algorithms devel-
oped by [11,25] guarantee linear complexity and optimal convergence rates. Nevertheless, this
approach leads to a substantial increase in the degrees of freedom associated with AST-splines.

Our objective is to synergize the advantages of two distinct algorithms, thereby reducing
the degrees of freedom while maintaining linear complexity. The main idea is to select only
some of the additional edges of the algorithm from [25] using an iterative greedy-algorithm
based on the assignment of a weight to each feasible edge insertion. Notably, we transform
the nested neighborhoods, originally discussed by [25], into distance constraints between edges.
This modification facilitates direct input of complex initial meshes without the need for repeated
iterative computations. By integrating these new distance constraints with the greedy strategy,
we achieve a significant reduction in the degrees of freedom within the resulting AST-mesh.
This enhancement enhances the practical applicability of our local refinement algorithm.

This paper is organized as follows. T-splines and AST-splines are reviewed in Section 2.
Section 3 details the greedy local refinement algorithm. Section 4 demonstrates the superiority
of the algorithm through numerical experiments. The last section presents the conclusion and
future work.

2. T-splines

In this section, we review the basic concepts of T-meshes and T-splines [1].

2.1. Index T-meshes

Following the approach proposed by [1], we define T-splines based on T-meshes within the
index domain, referred to as index T-meshes in this paper. A T-mesh T for a bi-degree (d1, ds)
T-spline consists of faces, edges, and vertices that form a rectangular partition of the index
domain [0, ¢ + dq] x [0,r + d2]. Each corner (or vertex) of the rectangles is located at integer
coordinates. Let p = |(d1 +1)/2] and ¢ = |(d2 + 1)/2], which represent the maximal integers
less than or equal to (dy + 1)/2 and (da + 1)/2, respectively. Then the active region is denoted
as the rectangular region [p,c + dy — p| X [¢,7 + d2 — q]. As elucidated below, the active region
encompasses the anchors pertinent to the blending functions, while other indices are required
for defining the blending function when the anchor is close to the boundary.

A T-mesh consists of three fundamental elements: vertices, edges, and faces. A vertex,
representing the corner of a rectangle within the T-mesh, can be denoted as (o, 7;) or {o; } x{7; }.
An edge, characterized as a line segment connecting two vertices without any intermediate
vertices, is represented by [o;,0%] x {m} or {o;} x [r;, 7] for horizontal or vertical edges,
respectively. A face, defined as a rectangle devoid of any internal edges or vertices, is represented
by [0i,05] x [13,7;] or (0i,05) x (7i,7;). The valence of a vertex is the number of edges that
have the vertex as an endpoint. For interior vertices, only I-junctions, valence three (called
T-junctions), or valence four vertices are allowed. The symbols -, -, L, and T denote the four
potential orientations of T-junctions. A T-mesh T for a bi-degree (d1, d2) T-spline is admissible
if for any vertex (i,7), if 0 <i<porc+d; —p <i < c+dj, the vertex cannot be L, T and if
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0<j<qorr+ds—q<j<r+ds, the vertex cannot be - and . In the following, we always
assume the T-mesh is admissible.

An anchor in the index T-mesh corresponds to a blending function and is associated with
vertices (both d; and dy are odd), edges (one of dy or ds is even), or faces (both d; and
dy are even). For the i-th anchor A;, a local index vector &; x 7; is defined, which is in-

strumental in defining the blending function 7;(s,t). The values of &; = [0?,...,0" "] and
7=, .. ,Tid2+1] are determined by projecting rays in both the s and ¢ directions from the

i-th anchor across the T-mesh. This process collects a total of d; + 2 and ds + 2 knot indices,
respectively, to construct ¢; and 7; such that the anchor is in the middle of the &; x 7.

2.2. T-splines

Given two global knot vectors, § = [sq, 1, ., Sctd,] and t = [to,t1, -« trids], we define
the blending function 7;(s,t) for the i-th anchor as 7;(s,t) = BI[Si|(s)B[t;](t), where BI[S;](s)
and B[t;](t) are B-spline functions of degrees d; and dp, respectively. These functions are
constructed using local knot vectors §; = [sgio,sgil, ooy 8 1] and t, = [t,rio,t,ril, eyt aptal,
derived from the global knot vectors. ' '

Here, af and Tik are indexing functions that map the global knot vectors to the local knot
vectors. Specifically, o¥ selects the k-th knot from the global knot vector § to form the local
knot vector §; for the i-th blending function, and similarly, 7¥ selects the k-th knot from the
global knot vector t to form the local knot vector t;. These indexing functions ensure that
each blending function 7;(s,t) is constructed from the appropriate segment of the global knot
vectors.

A T-spline space S(7,§,t) defined on the T-mesh 7 with the knot vectors § and t is finally
given as the span of all these blending functions and a T-spline surface is defined as

T(s,t) = i CTi(s,t), (2.1)

where C; = (w;x;, wiy:, w;z,w;) are homogeneous control points, w; € R are weights, 7;(s,t)
are blending functions, and n4(7) is the number of control points or anchors.

2.3. Analysis-suitable T-splines

Analysis-suitable T-splines are a subclass of T-splines with the restrictions based on T-
junction extensions [18]. For a T-junction T; : (0;,7;) of type i, the extension ext] (T;)
indicates the line segments [5,0;) x {7;} such that it has a; intersections with the T-mesh.
And the edge extension ethKTZ-) indicates the line segments [0y, 3] x {7;} such that it has b;
intersections with the T-mesh. The face and edge extensions for the other kinds of T-junctions
-, 1, T can be defined similarly.

For the T-junction T; : (0, 7;) of type - or -, we define the face extension extf(T;) as
eztlfj(Tz—) and the edge extension ext®(T;) as exty(T;). For the T-junction T; : (04, 7;) of type
1 or T, we define the face extension ext/(T;) as extf; (T;) and the edge extension ext®(T;) as
ext(T;). And the extension ext(T;) = ext!(T;)Jext*(T;). Fig. 2.1 shows several different
face and edge extensions for different degrees.

Definition 2.1. A bi-degree (di,d2) T-mesh is called an AS T-mesh if and only if the ex-
tensions of any T-junctions of different directions have no intersections. An AS T-spline is
a T-spline defined on an AS T-mesh.
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(a) bi-degree (5,%) (b) bi-degree (4,*) (c) bi-degree (*,3) (d) bi-degree(*,2)

Fig. 2.1. The face (red line segments) and edge (yellow line segments) extensions for four different
kinds of T-junctions.

3. A New Local Refinement Algorithm with Linear Complexity

In this section, we present a new local refinement algorithm with linear complexity. Initially,
we define the D distance, taking into account the levels and directions of each edge. We then
introduce the concept of D, distance between edges, which plays a critical role in establishing
primary constraints. These constraints are instrumental in determining the feasibility of refining
the T-mesh. We demonstrate that the new constraint conditions are congruent with the nested
constraint conditions previously outlined in [11,25]. This alignment confirms that our algorithm
retains linear complexity.

3.1. Linear complexity

This section provides a concise review of the concepts related to the linear complexity of
local refinement algorithms, utilizing the notations from [11,25].
Given two T-meshes 77 and T3, we say 71 < T2 if 75 can be obtained by inserting edges
into 71. Denote
na(T2/Ti) = [na(T2) —na(Ta)l, if Ti <7

For a given admissible T-mesh 7;, consider M; as the set of marked refinement faces. The
T-mesh resulting from the refinements applied to M; is denoted as ref “*%(7;, M;), while the
T-mesh resulting from executing any local refinement algorithm, such as those proposed by [25]
or [28], is denoted as T;11. It logically follows that

T; < ref (5, M) < T,

Definition 3.1. Let {7}}3’20 denote the sequence of admissible meshes generated by a local
refinement algorithm, where M is the set of input edges at the j-th refinement stage. The
refinement algorithm is said to have linear complezity if and only if

J—1
na(Ts/To) < Caya, Z M, (3.1)
j=0
where | - | denotes set cardinality, and Cq, 4, 15 a constant depending only on the degrees dy

and ds.

3.2. Primary constraints for the extensions

This section introduces the concept of a neighborhood constraint region and explores the
definitions pertinent to this constraint. Subsequently, we demonstrate that this constraint is
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synonymous with the linear complexity local refinement algorithm for T-splines as presented
in [25]. Through the use of defined terms and methodical proof, we establish a direct correspon-
dence between the proposed neighborhood constraint and the proven efficiency of the referenced
local refinement strategy, underscored by its application to T-spline meshes.

For computational convenience, we assume that for each vertex v; in the index T-mesh,
its corresponding coordinates o; and 7; can be expressed as finite-bit binary fractions. The
direction of each edge e is denoted as dir(e) € {0,1}. Without loss of generality, we set
dir(er) = 0 for horizontal edges ey and dir(ey) = 1 for vertical edges ey . Additionally, on ey,
the ordinate 7 remains constant for any point, and we define I(ey) as the number of binary
digits in 7. Similarly, on ey, the abscissa o remains constant for any point, and we define [(ey)
as the number of binary digits in o.

Remark 3.1. The assumption that the coordinates o; and 7; of each vertex v; are represented
as finite-bit binary fractions is specific to the index T-mesh. In the actual T-mesh, vertices can
be positioned arbitrarily without any impact. We introduce this definition solely to simplify the
analysis of T-mesh topology. By discretizing the levels in this manner, we enable a more efficient
computational approach while preserving the essential geometric properties of the mesh.

The key property of the refinement algorithm is that edge insertion is allowed only if the
edge lies within the feasible region of some input edge. This feasible region, referred to as the
(dy,dg)-region, is defined based on the level and direction of the input edge, as well as the
polynomial bi-degree (d1, ds2) of the T-spline blending functions.

Definition 3.2 (Vector-valued Distance). Given x € R? and an edge e, we define their
distance as the componentwise minimum absolute difference between x and each point of e,

Dist(e, ) := min abs(zg — z) € R?. (3.2)

To€e

Definition 3.3. Given an edge e with level l. and direction dir., and polynomial degrees d;
and da, the (dy, dz)-region is defined as

R(e) := {z € R? | Dist(e,z) < D(l.,dir.)}, (3.3)

where D(l,dir) and dp(l,dir) quantify the feasible and redundant distances, respectively, for
a given level | and direction dir,

271 (2p,2dy — 2+ 1), if dir=0

D(1, dir) = (2p.2dz =2q+1), ¢ dir =0, (3.4)
270 (2dy —2p+1,q), if dir=1,
2-1.(2,0), if dir =0,

Sp (1, dir) = (2,0) i dir (3.5)
2-1.(0,1), if dir = 1.

The definition of D(I, dir) is consistent with the (p, ¢)-patch defined in Definition 2.4 of [25],
with the determination point changed from the edge midpoint to the endpoint. Unlike the
original paper, which could only compute elements obtained by bisection, the new definition
can determine the neighborhood of any edge with a positive integer level.

Fig. 3.1 illustrates an example of a bi-degree (3,2) T-mesh, with face extensions and edge
extensions indicated by red and yellow lines, respectively. In Fig. 3.1(c), the feasible region R(e)
of the green edge e is highlighted in yellow. Blue edges are feasible edges within R(e). Fig. 3.1(d)
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(a) bi-degree (3,2) AS T-mesh (b) T-extention of Fig. (a) (c) D neighborhood of e (d) dp neoghbirhood of e

Fig. 3.1. The D (yellow area) and ép (green area) neighborhood in bi-degree (3,2) AS T-mesh.

introduces dp as the redundant distance within the designated feasible region R(e). The green
area represents the redundant region dp, defined as the excess part of the feasible region R(e)
where the feasible edges introduced by edge e will not appear.

When computing the feasible region for an edge e, the redundant region induced by dp
may introduce interference. In the following, we provide a definition for the feasible region of e
across different combinations of levels and directions, and demonstrate that the accumulated
redundant distance dp does not compromise the accuracy in determining the feasible edges.

Definition 3.4. For any non-negative integers ly,diry,lo, dirs satisfying 1y > lo, 11 + dir; >
lo+dirg, the cumulative of the distance function D between them, denoted as D.(l1, diry, la, dirs),
is defined as

l1 l2 1 l17l27dir2
Z 2'- D(13,0) S 20D, i ding =0,
De(ly, diry, Iy, dirz) = §, © 12 1 ll—ilidim
Z 2. D(14,0), > 20-D(ly,1), if din=1
=0

= (27" — 1) D(13,0) 4 (2hrdin=l=diz _ gy ol=din . p, 1), (3.6)

For an arbitrary input edge e with level I, and direction dir., the feasible region R(e,l, dir) across
different combinations of levels | and directions dir satisfying le > 1| and l. 4+ dir, > [ 4 dir s
defined by

R(e,l,dir) := { € R* | Dist(e, z) < De(le, dire, 1, dir) }. (3.7)

Theorem 3.1. For any edge eg in a T-mesh T, an edge e is considered a feasible edge of eqy if
and only if there exists a sequence of edges {e1,ea,...,e;} such that for each j € {1,2,...,i},
e; is a feasible edge for e;_1, and e is a feasible edge for e;.

Proof. As observed in Eq. (3.5) and Fig. 3.2, the redundant distance dp in each direction is
halved as the level increases. Therefore, starting from the edge eg with level [y and direction diry,
the sum of redundant distances to the edge e satisfies

dp, (lo, dirg, 1, dir) = (27" = 1) - dp(lo, 0) 4 (2o~ 1) 21 =0 5 (7, 1)
— ((2l07l _ 1) . 217l07 (2l0+dirgfl7dir _ 1) . 217l07dir0)
< (21—1, 21—l—dir)- (38)

Notably, for any edge with level [ and direction dir, the minimum non-zero distance between
its endpoints is (2!7,21=1=di") "and the above proof shows that dp, is strictly smaller than
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=
=

(a) D neighborhood of e;  (b) D neighborhood of e3  (¢) Union of D neighborhoods (d) D. neighborhood of e;
of the green edges

Fig. 3.2. In the bi-degree (3,2) T-mesh, (a) The red region shows the D neighborhood of edge e1,
(b) The yellow region represents the D neighborhood of edges es, es, (c) Illustrates the union of the D
neighborhoods of all feasible edges (green edges) in the D neighborhood of edge e1, (d) Displays the D.
neighborhood of edge e1. The green regions represent the redundant region within each neighborhood
region.

this minimum non-zero distance. This demonstrates that the feasible edges defined by the
feasible region R (e, [, dir) are not affected by the cumulative redundant distance dp_ introduced
in D.. Therefore, our feasible region concept is equivalent to the nested neighborhood definition
proposed in paper [25]. O

For simplification, we denote the union of all input edges as M. The corresponding feasible
region is represented as R(M, [, dir). For a T-mesh 7 where each edge has a integer level, we
define its feasible region for any level [ and direction dir as

R(T,1,dir) = | J R(e,1,dir). (3.9)
eeT
Theorem 3.1 proves the transitivity of edge feasibility. Therefore, inserting feasible edges
into T-mesh 7 does not alter its feasible region. This is because for any e € T, any feasible
edges of a feasible edge of e are also feasible edges of e. Therefore, only input edges can modify
the feasible region of T-mesh T

R(T*, 1, dir) = R(T, 1, dir), (3.10)

where 77 is the T-mesh obtained by inserting feasible edges into 7.

During the iterative refinement process, such as adaptive mesh refinement, M, denotes the
set of input edges inserted into the j-th layer T-mesh 7;, which yields the T-mesh 7;4,. The
corresponding feasible region satisfies

R(Tiz1,1,dir) = R(T;,1,dir) U R(M;, 1, dir). (3.11)

By inserting all feasible edges into T-mesh 7, we obtain the T-mesh output by [25], which
has been proven to be an AS T-mesh. Therefore, we can always find a set of feasible edges
that transforms any given T-mesh into an AST-mesh. This finding is crucial as it guarantees
the existence of a solution within our defined constraints, thereby ensuring the robustness and
reliability of our method.
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3.3. Local refinement algorithm

Given a T-mesh 7; with input edges M, the resulting T-mesh, denoted as refd1:42 (Tj, M;),
does not qualify as an AST mesh. Therefore, it is imperative to develop a linear complexity
algorithm for local refinement that can transform the T-mesh ref®%(7;, M;) into an AST
mesh T;41.

The algorithm described in [25] refines T-meshes by iteratively expanding marked and neigh-
boring faces until no further unmarked faces meet the neighbourhood conditions. Despite
maintaining certain mesh properties, the reliance on face-based neighbourhood definitions ne-
cessitates starting from a topology with specific characteristics. This complicates the derivation
of conditions for greedy algorithms, potentially limiting efficiency in large-scale applications.
To address these limitations, we utilize the edge-based feasible refinement region introduced in
the previous section, simplifying the identification of refinement constraints in our algorithm.
On the other hand, the greedy strategy in [28] only focuses on extending T-junctions, which
does not encompass all refinement strategies needed in [25]. Therefore, we consider two primary
strategies for refining the mesh, both aiming to maintain the analysis-suitable property.

Extending-method: This strategy extends edges from a T-junction. Fig. 3.3(a) illustrates
the new edges of the T-junction 77 using red lines.

Truncating-method: This strategy involves the addition of new edges that intersect a T-
extension perpendicularly, positioned between two corresponding T-junctions. This is demon-
strated by the refinement with red lines in Fig. 3.3(b).

Definition 3.5. Given a T-mesh T, we define a graph G(T ), where each vertex in G(T) corre-
sponds to a T-junction in T . An edge is formed between two vertices in G(T) if the extensions of
their respective T-junctions in T intersect. The set of all edges in G(T) is denoted by E(G(T)).

For each edge in the graph G(T ), we evaluate the potential refinement strategies (extending
or truncating). The efficiency of each strategy is quantified by the weight that reflects the
trade-off between the number of edges in F(G(T)) and the complexity introduced by additional
control points.

v
L
!
l
T 4
Ty Vv 15 v
v, —d 4Vl
| ]
T2 T2
(a) Extending-method (b) Truncating-method

Fig. 3.3. Types of edge insertion to convert a T-mesh into an AST mesh.
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Specifically, the weight w(e) for an edge e € E(G(T)) is calculated as
AE(G(T))
w(e) = Ana

where AFE(G(T)) represents the reduction in the number of edges in G(T) after applying the
strategy, and Any4 is the increase in the number of control points or anchors in the T-mesh 7.

(3.12)

By adopting this greedy approach, the strategy with the highest weight is selected at each
step, even if the weight is negative. This ensures that the refinement process minimizes the
total number of additional vertices while effectively transforming the mesh into an AST mesh.

The local refinement algorithm proceeds as follows.

Algorithm 3.1: Refinement of a T-mesh to an AST-mesh.

Require: T-mesh 7; with input edges M.

Ensure : Refined T-mesh 7;4;.
1 Set T2 = ref™®(T;, M), where the graph of 754" is denoted as G.
2 Set the feasible refinement region of I; and dir; for 7;54™ to be

R(Tz4™ 15, diry) = R(T;, 15, dirj) U R(M,, 1, dir;).
3 while E(G(T;54™)) is not empty do
a For each edge e € E(G(T;5™")), calculate weights for all possible extending-method
and truncating-method strategies.

5 Execute the refinement strategy corresponding to the highest weight using a greedy
approach, subsequently updating zfﬂm and the graph G.
6 end

The following example illustrates the application of the local refinement algorithm on a bi-
degree (3,3) T-mesh. In this context, the anchor points coincide with the vertices, so the weight
of each refinement strategy is calculated based on the change in the number of vertices.

Figs. 3.4(a) and 3.4(c) depict the feasible regions R(7,1) for a bi-degree (3,3) T-mesh
T, highlighted in yellow. In Fig. 3.4(b), we consider T-junctions v; and vy with intersecting
T-extensions, where edge e; signifies the strategy for truncating the extension of T-junction v .
Conversely, edges e3 and e4 represent the strategies for extending the T-junctions vs,v4 and
vs, U5, respectively, while edge es is unrelated to any T-extension intersections.

Fig. 3.4(d) presents a more complex scenario, where edges e5 and eg are employed as refine-
ment strategies for T-junctions v; and vo, with e5 serving as the extending-method and eg as the
truncating-method. Additionally, eg is used as the extending-method for the T-junctions v, vs.

(a) feasible region R(7,1)  (b) refinement strategies (c) feasible region R(7,1) (d) refinement strategies

Fig. 3.4. In the bi-degree (3,3) T-mesh, (a)(c) The yellow region shows the union of the D neighbor-
hoods. (b)(d) The red edges correspond to the feasible refinement strategies.
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It has been determined that the insertion of edge es results in the addition of four vertices
while reducing the number of edge elements in the graph G by one. In contrast, eg contributes
three vertices but decreases the edge count in E(G(T)) by two. The efficiency of refinement
strategies is quantified by the ratio of the reduction in E(G(T)) to the increment in vertices.
Employing a greedy approach, the most efficacious strategy is chosen at each juncture. For
instance, in Fig. 3.4(d), edge eg is selected for insertion into the T-mesh 7.

Theorem 3.2. The greedy local refinement algorithm (Algorithm 3.1) guarantees the existence
of a solution and has linear complezity.

Proof. In Section 3.1, we introduced the concept of linear complexity in the context of local
refinement algorithms. Section 3.2 established that the novel algorithm operates as a subset of
local refinements with linear complexity, as previously analyzed in [11, 25].

To clarify, the optimal admissible meshes T57*, 7,7, ..., T7%" are generated using an exist-
ing linear complexity algorithm. This existing algorithm performs refinement by subdividing
all face elements within the specified constraints. Our algorithm, on the other hand, has been
shown to have constraints that are equivalent to those in the existing linear complexity algo-
rithms. Within the same constraints, our algorithm employs a greedy strategy. In the worst-case
scenario, if all possible strategies are executed, our algorithm would produce the same result as
the existing linear complexity algorithm. Therefore, our algorithm always has a solution and
maintains linear complexity.

Given the same set of input edges M, the new algorithm produces a sequence of admissible
meshes Ty, T1,...,7T;. Meanwhile, the existing algorithm generates a corresponding series of

optimal admissible meshes 777", 7., ..., %", which satisfy the following inequalities:

J—1
T < TP na(T5/T0) <na(T7%/To) < Cayan > IM;- (3.13)

Jj=0

Thus, the new algorithm preserves linear complexity. 0

4. Numerical Experiment

The first experiment employs a random insertion strategy on a 50 x 50 tensor-product grid.
Here, we randomly select n faces for n = 10, 20, . ..,300. For each n, faces are chosen randomly
100 times, and during each iteration, the selected faces are refined into four sub-faces. Let x,
represent the number of cross insertions, and y, the quantity of control points generated by
executing the local refinement algorithms. We assess y,, across various methods, presenting the
findings in Fig. 4.1. Specifically, the outcomes from the algorithms reported by [28], and our
current method are depicted in blue and red, respectively. Fig. 4.1(a) illustrates the number
of cross insertions x, on the x-axis against the number of control points y, on the y-axis,
demonstrating the linear complexity of our algorithm. Fig. 4.1(b) presents the optimization
rate of the new algorithm, defined as (y28 — y2eV) /yotie where y2¢ and y2°" are the number
of control points generated by the original and new algorithms, respectively.

The new algorithm consistently yields a lower number of control points compared to the
method delineated by [25]. Specifically, the optimization rate stabilizes at approximately 16%
as the number of cross insertions increases, indicating the efficiency of the proposed method in
reducing control points.
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(a) Control points comparison (b) Optimization rate of new algorithm

Fig. 4.1. Comparison of control points between two different algorithms (blue for [25] and red for the
present paper). The x-axis represents the number of cross insertions, while the y-axis in Fig. 4.1(a)
shows the number of control points generated after applying each algorithm.

The second experiment is associated with AST-spline based isogeometric analysis for a se-
cond-order elliptic partial differential equation. Suppose € € R? is a connected, bounded
domain with Lipschitz-continuous boundary, and

u  0%u
—@—a—ygzﬁ (z,y) € Q,
u=g on 0NQ.

The solution approximation can be achieved using adaptive AST-spline based Isogeometric
Analysis (IGA), which is solved via a linear system. Adaptive IGA typically consists of four
steps: calculation, estimation, marking, and refinement. In each iteration, we compute the L?
error estimator for each face element on the AS T-mesh 7;, where the L? error is measured
against the true solution. Subsequently, we mark the faces where the error estimators exceed
a pre-defined threshold. Each marked face M is then refined into four sub-faces, generating
anew T-mesh 7;41. It is important to note that due to differences in refinement algorithms, the
estimation step could input edges in any levels and directions for refinement. Since the primary
focus of this study is to compare the increase in control points across different algorithms,
we define M as the set of faces marked for refinement by all three algorithms. The partial
differential equation (PDE) is solved over two distinct domains, with the exact solution given by

0.25 — \/(z — 0.5)2 + (y — 0.5)2
0.03 '

u1+tanh<

The functions f and g can be defined in terms of partial differential equation.

The first example considers an L-shaped region defined by [0, 1] x [0,1] \ [0,0.5] x [0,0.5],
while the second domain is a standard rectangular region within [0,1] x [0,1]. The refined
meshes for both examples are depicted in Figs. 4.2 and 4.3. The computational results for
the total number of control points after applying different numbers of refinement iterations are
summarized in Table 4.1, which presents the total number of control points (DOFs) at different
refinement iterations for two test cases. Notably, the new algorithm discussed in this paper
yields a higher number of degrees of freedom (DOFs) than the algorithm introduced by [28]
due to the increased constraints associated with maintaining linear complexity. Nonetheless, in
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(a) Methods of present paper (b) Results of [25] (c) Results of [28]

Fig. 4.2. Comparison of control points propagation of three different algorithms on a L-shaped Region.

Figs. (a), (b) and (c) are results produced by the present method, the method from [25] and [28]
respectively.

I

(a) Methods of present paper (b) Results of [25] (c) Results of [28]

Fig. 4.3. Comparison of control points propagation of three different algorithms on a rectangular

region. Figs. (a), (b) and (c) are results produced by the present method, the method from [25]
and [28] respectively.

Table 4.1: Comparison of refinement algorithms on two T-meshes.

Example 1 Example 2
[28] | [25] | Present | [28§] [25] | Present
529 529 529 529 529 529
967 995 979 877 895 877
2020 | 2271 2096 1694 | 1829 1739
3714 | 4144 3784 3294 | 3457 3301
4307 | 4812 4433 6697 | 7371 7005

Refinement levels

=W NN = O

both examples, our proposed algorithm significantly reduces the number of control points when
compared to the linear complexity algorithm by [25]. In conclusion, our algorithm not only
adheres to linear complexity but also substantially decreases the degrees of freedom required.

5. Conclusion

We have presented a greedy, adaptive local refinement algorithm for AST-splines that main-
tains linear complexity. The constraints on edges and their neighborhoods ensure the feasibility
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of refinement strategies, confining the subdivision extensions related to each T-junction within
a specific region. The new algorithm has been demonstrated to maintain linear complexity,
consistent with the results in [11,25]. Numerical results in Section 4 highlight the superiority
of the new algorithm in terms of control point reduction and computational efficiency.

Previous studies, such as [11,25], have already extended these methods to three-dimensional
cases, and [24] has shown that the approach retains linear complexity when applied to un-
structured T-splines. Therefore, our algorithm can be generalized to three-dimensional and
unstructured T-splines following a similar framework.

In the future, we plan to explore further extensions of our work. While our current algorithm
primarily considers the scenario where each selected face is refined into four sub-faces, it is also
capable of handling cases where the input edges in the index T-mesh have a finite level. However,
addressing the case of dividing each face into m sub-faces poses a challenge, as a larger m could
lead to a more localized local refinement algorithm. All these issues will be left as future work.
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