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Abstract

This paper investigates an interface-coupled fractional subdiffusion model, featuring
two subdiffusion equations in adjacent domains connected by an interface allowing bidirec-
tional energy transfer. The fractional derivative, accounting for long-term medium effects,
introduces challenges in theoretical analysis and computational efficiency. We propose
a partitioned time-stepping algorithm using higher-order extrapolations on the interface
term to decouple the system with improved temporal accuracy, combined with finite el-
ement spatial approximations. Rigorous theoretical analysis demonstrates unconditional
stability and optimal L? norm error estimates, supported by several numerical experiments.

Mathematics subject classification: 35R11, 65M60, 65M12.
Key words: Time-fractional derivative, Interface-coupled problem, Partitioned time-step-
ping method, Stability, Error estimate.

1. Introduction

There are many problems in which different physical models, different parameter regimes,
or different solution behaviors are coupled across interfaces, such as atmosphere-ocean coupling
and fluid-solid interaction problems [1,2,4,25,32]. In recent years, significant attention has
been devoted to multi-domain, multi-physics coupled problems [3,5,12,13,19]. Particularly,
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many innovative numerical simulation methods have been developed for fluid-fluid interac-
tions [6,10,15,17,29]. Connors et al. [8,9] introduced a partitioned time-stepping method
to naturally decouple multidomain multiphysics systems, using a simplified atmosphere-ocean
interaction model with deterministic friction parameter x as a linear heat-heat coupled sys-
tem. They proposed fully implicit, implicit-explicit partitioned, and data-passing partitioned
schemes, proving first-order time accuracy for both partitioned schemes and extending the
method to nonlinear models. Given that coupled fluid-fluid and fluid-structure interaction
dilemmas result in large and ill-conditioned systems of algebraic equations, partitioned tech-
niques have frequently been employed to break down the interconnected problem into smaller,
better-conditioned subproblems [9,20, 33].

Ongoing research demands increasingly precise models to study sophisticated materials and
anomalous diffusion phenomena in physics. Fractional differential operators effectively describe
phenomena involving long-term or nonlocal interactions [11,14,23]. Consequently, there has
been significant interest in developing its theory and numerical analyses for fractional differential
equations [18,30,37,38]. Many numerical methods have been studied for the time-fractional
PDEs. Liu et al. [26] presented a finite difference method in both space and time for the time-
fractional diffusion equation. Sun and Wu [35] considered and analyzed a finite difference scheme
for the fractional diffusion wave equation. Lin and Xu [24] presented a finite difference scheme
in time and Legendre spectral method in space for the time-fractional diffusion equation. Li
and Yi [21] investigate an implicit-explicit scheme for 2D nonlinear time-fractional subdiffusion
equation with proving the stability and convergence. Lv and Xu [28] discussed a high order
finite difference method to approximate the fractional derivative in time, resulting in a time
stepping scheme for the underlying equation, and analyzed the stability and convergence of
the time stepping scheme. Li et al. [22] established a fractional Gronwall inequality for the L1
approximation to the Caputo fractional derivative and provided optimal error estimates for
several fully discrete linearized Galerkin finite element methods for nonlinear problems. Wang
and Zheng [36,40] explore finite element and finite difference approximations of time-fractional
diffusion equations, focusing on regularity properties and conducting detailed error analysis.
Zhang et al. [39] study a weighted and shifted Griinwald-Letnikov difference Legendre spectral
method for 2D nonlinear time fractional mobile/immobile advection-dispersion equation and
prove its stability and convergence. Luo et al. [27] present a numerical scheme based on compact
finite difference for solving time fractional equation with the accuracy is not dependent on the
fractional order. Qi and Xu [31] examine the stochastic time-fractional heat diffusion equation
with a random diffusion coefficient field and fractionally multiplicative noise, providing the
problem’s well-posedness and the numerical scheme’s convergence.

However, multidomain coupled subdiffusion problems have received less attention. Drawing
inspiration from decoupling methods for parabolic problems with dual subdomains [33, 34],
we introduce a partitioned time-stepping algorithm for a linear interface-coupled subdiffusion
model. We employ higher-order extrapolations on the interface term to decouple the system,
requiring only information exchange across the interface at each time step. This is followed
by the independent resolution of each subproblem, with both subdomain solvers operating as
black boxes.

The structure of this paper is as follows. In Section 2, we present some notations and
collect preliminary lemmas. Section 3 is dedicated to proving the stability of the algorithm. In
Section 4, we provide an error analysis of the algorithm and Section 5 present some numerical
experiments that illustrate the theoretical results.
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2. Interface-coupled Subdiffusion Problem

2.1. Formulation of the coupled problem

In this section, we will consider a pair of heat transfer systems interconnected by interface
conditions that enable bidirectional energy transfer across the interface. Let the domain QCR?
(d = 2,3) consist of two convex, polygonal subdomains ;, ¢ = 1,2 with the interface I' =
001 N 0904, the outer boundary of each subdomain I'; = 9Q;\I', the unit outward normal
vector n; to 0€2;. Fig. 2.1 is a simple 2D example for the domain.

The pair of heat equations interconnected by the interface conditions are shown as follows:

§Du; — V- (1;Vu;) = fi in Q; x [0,7T),

—uiVui . fbi = H(Ui — Um) on I' x [Oa T]’ (2 1)
ui(2,0) = ud (z) n €}, .
ui(z,t) =0 on I';

with i,m = 1,2 and 7 # m. In this system, v; denotes the thermal conductivity which has
a positive lower bound and 7~ := max{v; !, vy '}, fi(t, ) is the sink/source term, and & > 0
means the friction parameter, which is calculated in practice from the bulk flux formulae [7].
The Caputo fractional derivative of a function w(t) is defined by [11]

1 /t w'(s)
ds, 0<a<l,
6 Dfw(t) =4 T(1—a) Jy (t—s)*

W' (t), a=1

with T'(+) stands for the Gamma function. Here, we will use the L1 approximation to discretize
the Caputo derivative in the numerical scheme for (2.1). Let N be a positive integer and
7 :=T/N be the time step size. A temporal partition on [0,7] can be defined by t,, := n7 for
n =20,1,...,N. Given the temporal partition, the Caputo derivative could be discretized at
time ¢ = ¢, as [23,28]

§ DY w(t) = D2w™ +O(1*) (2.2)
with

1 ;
DIw" = — Z Ap—j0rw?,
T ]71
and w™ for the numerical approximation of w(t,),
pe =T2—-a)t®, &w’ =w —w™ a; =G+ -

It is clear that the coefficients form a monotonically decreasing positive sequence, 1 = ag >
ay >ag > --->0.

Fig. 2.1. Example for the subdomains adjoined by an interface I'.
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2.2. Weak formulation

Some notations for the Hilbert spaces are introduced first. We use || - || and (-, -) to denote
the L2-norm and inner product on each subdomain, and || - ||r to denote the L?(T")-norm on the
interface. For i = 1,2, let

X, = {v € H'(Q):v=0 on Fi}

be the Sobolev space for each subdomain. Actually, the seminorm ||Vv||o is a norm for v € X;,
so that the space X; can be equipped with the norm ||v||; := ||Vv]|o. For the global domain,
two product spaces are defined by

X=X1 xXo={v=_(v1,v2) :v; € X;, i = 1,2},
L*(Q) = L*(Q4) x L*(Q2),

and they are equipped with the following norms for u € L?(Q2) and v € X:
2 2
lalld =D llaalls,  IVIT =D lloilli-
i=1 i=1
And the notation for L?(I')-norm, || - ||r, can also be used as
2
hall? = > [ful|?-
i=1
Moreover, we define two weighted norms as
2
s 3
=22 vl
- Vi

If we define the bilinear form a : X x X — R in the following way, for u = (u1,uz2) and
v =(v,v2) €X,

2

To= > villuillf

i=1

[l

a(u,v) = (vVu,Vv) + / ku]v]ds, (2.3)
r

where [-] denotes the jump of the indicated quantity across the interface, then the weak formula-

tion for the fractional interface-coupled subdiffusion problem is as follows: Seek u = (u1,u2) €

X such that

(§Dgu,v) +a(u,v) = (f,v), VveX. (2.4)

In order to construct the numerical scheme for the problem, we consider a regular, quasi-
uniform triangulation (d = 2) or tetrahedron (d = 3) 7; for each subdomain ;, with T;
and 72 compatible at the interface I'. And 7, := 71 U 7> with mesh size h is defined for
the global domain €. For i = 1,2, let X;; C X; be the finite element spaces and satisfy
Xp = X1,h X Xo, C X. Furthermore, we recall the Poincaré inequality and trace inequality
as follows. There exist strictly positive constants C, and C; only depending on the domain
such that for v € Xj,

IVllo < Collvli,  IvII2 < Cellvlolvil.

Based on the weak form (2.4) and the discretization of the Caputo derivative, a fully,
monolithically coupled implicit scheme is proposed as follows.
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Algorithm 2.1: Coupled Scheme.
Given u?z € Xy, find u} € Xj, such that

(D2uj,v) +a(up,v) = (f*,v), VveX, (2.5)

forn=1,2,...,N, where f" := f(¢,).

The main purpose of this paper is to present a partitioned time-stepping algorithm for the
interface-coupled subdiffusion problem, which requires only to solve one, uncoupled subdiffusion
subproblem in each subdomain per time step.

3. Partitioned Time-stepping Algorithm and Its Stability

The partitioned time-stepping algorithm for the coupled model (2.1) is presented in this
section, along with an analysis of its unconditional stability. To decouple the problem and
preserve the accuracy of (2.2), we utilize second-order extrapolations in the interface integral
terms.

Algorithm 3.1: Partitioned Time-stepping Algorithm.

Given u) € X, get uj, from the coupled scheme Algorithm 2.1. For n > 2, solve the
equations for uy ;, and uy ;, according to the following Subproblem 1 and
Subproblem 2, respectively.

Subproblem 1. In 4, find uﬁh € X j satisfies that for any v; € X,
(Duty,v1) + (1 Vauly,, Vo) + / k(uf ), — 2u72’_’;1 + ug_’f)vlds = (flv1). (31)
r
Subproblem 2. In s, find ugh € Xy j, satisfies that for any v € Xop,

(D?U;h,’l}g) + (VQVu§7h,Vv2) + /F ki (uf ), — Qu?ﬂzl + U?_’;2)’U2d8 = (f3v2). (32)

Here, we use different schemes for u}, and uy (n > 2). So two different theorems are
presented to show the stability.

Theorem 3.1. Suppose that £' € L*(0,T; L*(Y)) and u; € X}, satisfy (2.5). Then we have

2 4 2 2 tyC2
b+ b < R + i e, 53)
Proof. Taking v = 2u}, in (2.5), we have
2(D%uy,up) 4+ 2(vVuy, Vuy,) + 2m||u,11||1% =2(f',u;) + 4&/ uj pug pds. (3.4)
r

For the second term on the right-hand side of (3.4), using Cauchy-Schwarz inequality and
Young’s inequality, we have

4/{/Fuihu%7hds < 4“”“%.,}1“1“”“%,}1”1“ < 2n||u}1"§, (3.5)
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which will eliminate the same term on the left-hand side. Employing the same inequalities for
the first term on the right-hand side of (3.4), we get the following with Poincaré inequality:

2
2(e1,ul) < CIER, + ui 2. 36)
Together with the property of L1 discretization of the Caputo derivative (see [22])

2(D¢uj,up) > D2|[ub 2,

we can obtain
D2 [uilfs+ 1k}, < C2IEY3... (3.7)

Multiplying (3.7) by p® =T'(2 — o), we conclude
2 4 2 2 4
lhwillo + 2 lailly, < funlly + £ CIEMG,.- (3:8)
And this completes the proof with I'(2 — a) < 1/(I'(1 4+ «)) for 0 < & < 1 and t; = 7. O

To overcome the difficulties due to the long time interactions of fractional derivatives, a se-
quence {p,} is introduced [22],

n

Po = 1, Pn = Z(aj_l — aj)pn_j, n Z 1. (39)
7j=1

It is easy to verify inductively that 0 < p, < 1 (n > 1). Additionally, it possesses three
important properties that are useful in the following proofs:

Prt1 > (2—27%)py, n >0, (3.10)
> pnjajk =1, 1<k<n, (3.11)
j=k

n na
r(2- g < — 3.12

Theorem 3.2. Suppose that " € L*(0,T; L*(Q2)) forn =1,2,..., N and {u}}_, are obtained
by Algorithm 3.1, then there exists a positive constant \ such that

il + s l[uils, < PinEa(275) (3.13)
with
02 2, tozCQ )
Vo= (14 gt Yl + b, + s 91,
\ 4C2 K> C?r?

(2—21-0)2p ' 42— 21-a)ip’

and the Mittag-Leffler function

Ea(z)zzm.
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Proof. For j > 2, taking v; = 2u{7h in (3.1), we have

2(Dgud ] ) + 200 o [} + 26l 17

=2(ff,ul,) + 2,%/ (2u3 " — ud ) ul ,ds. (3.14)
- ;
For the first term on the right-hand side, similar to the procedures in the Theorem 3.1, we have
02
(flﬂul h) p||f1||0+l/1H’U,1 hHl (315)

As the second term on the right-hand side, utilizing Cauchy-Schwarz inequality, Young’s in-
equality, Minkowski inequality and trace inequality, we can obtain that

on [ (2udy! — )
T
< ll2udst — (7 + 26l ol

< dnflug g+ sl 37l + 26l

vap 8C?k?%p
< 250 g |+ 77”\! w o
2pnfj VaPn—(5—
VoPn—(j—2) C"’”vp
72;71_2 [y I3 + WH 2.1 Ho+2"”vH“1 alle- (3.16)
Then, we have
j j vap Vap
D2|Jul ullg + alled ally = =5l |} = =52 |
2pn—j 2pn—;
czoo 8C? C?
< —Z|A ]l + M|| ug g+ &H i o (3.17)
VoPn—(j— 209Dy (-

Given n > 2, multiplying (3.17) by u2p,—; and summing over for j from 2 to n, utilizing (3.11),
the first term can be rewritten as

[0 an iD? ‘ul hHo an JZaJ k5t ’U1 hHO

j=2

n J
Y T SUTA NN R N S
j=2 k=2 j=2

n n
= Z 51:HU]f,h||(2J an—jaj—k +(1 _pn—l)(stHU},hui
k=2 =k

= l[etallo = po-sllutally = (0 = pn-nllu allg (3.18)
Then (3.17) can be reformulated as

n . Yoy —(j— . vap.
\M%%+ﬁ§jﬁwwﬂﬁﬂﬁ—ii$¢W%ﬁﬁ PR )
j=2
n 8C;

Z ppn ] ‘ H K/ pn —j H H C K/ pn —j H j— H
VQP ( h 0 2U2!) ( 2,h
J=

+ Pn— 1H“1,hHo+(1_Pn—1)HU1,hHO- (3.19)
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Employing this similar process to (3.2), we can derive that

n

. v1p v1p
N e o e T e e e L

j=2
C2pn j 8C2k%p? _ j C?r%p?_ j
< v “r=J
_ijz_;< 531+ e 3+ =32
+Pn71HU§,h||o+(1*pn—1)||u2,h||0- (3.20)

Then adding together and collecting like terms, it yields that

HTP1

2 2 -1
n ally4n
il + p il + =5 i

n

4 80252]727- C?r2p?
< u® C2p, . |IE7)2 + 2 Fn=d 4t Py >
_HT;(W IR+ P gt |

/L‘rpn || 0112

hHLV. (3.21)

oo (fJubllg + i uill3,) + (0= )R]l +
By the result (3.8) in Theorem 3.1, the properties (3.10) and (3.12), we can derive that
gl + s i,

SCH/LT C2r2ps
2,21 a Zp" JHuh HO 2,21 o 21/2])" JHuh HO

taC? ,
[ufll;, f(qutj x || £7][5,- (3.22)

K3 Pn
m
) 1<ji<n

+ [luh o+
Let 5 5 o
Cir™pz 02 0|2 Gy _ 12
\Pln = <1 + 2(2 _ 21—;)2y> HuhHO + Mf”‘thLu + 1-\(1 + a) féljagxn HfJ”O,u
and we have for 1 < k < n, ¥, < ¥y,. With a vector defined as

Vo= (il + s gl kg + s [Pl lubllg + s llE,)

and €:= (1,1,...,1)T € R", (3.22) can be restated in a vector form by

4C? K2 C?k? .
V< ((2 — ;HYWJ1 + e éla)QﬁJQ) V 4+ ¥,,6 (3.23)

where two strictly upper triangular matrices Ji, Jo € R"*™ are given by

0 po p1 -+ Pn-2 0 0 po -+ DpPn-s
0 0 Po -+ Pn-3 0 0 0 o Pn—4
J _2//[/0( 0 0 0 e pn74 J2 :2/,[/?_ 0 0 .« e pnis .

)

- O

o
(=R
o

O 0 0 -- 0 0
Noticing that 1 > p, > 0 (n > 0) and using (3.10), it is trivial that

1

< - @ @@
v A(2 — 2102

1
P ——— <
<s@maeV AV s

JV, (3.24)
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where
\ = 4C2 K> C?r?
(2 —21-)2p © 4(2 —21-a)4y’
and J € R™*" is given by
0 p Pn-1  Pn
0 0 pn—2 pn—l
J =228 S
0 0 0 D1
0 0 0 0
Thus, as a result of (3.23) that
n—1
VIV T,e<-- < TV 40y, Y T (3.25)
k=0

According to the properties of the strictly upper triangular matrix J in [22, Lemma 3.3], J" = 0,
and

n—1
N JEE < (Ba(2M2), ... Ea(2089))
k=0

(3.13) holds, which completes the proof of Theorem 3.2. O

4. Error Estimates

This section presents a convergence analysis of the method. The following two theorems
demonstrate that the algorithm maintains the accuracy of (2.2) in time while achieving optimal-
order convergence rates in the L? norm for the finite element approximations.

First of all, the solution u(t) = (u1(t),u2(t)) of (2.4) is assumed to satisfy the following
assumptions:

w,(t) € L*(0,T;X), uy(t) € L*(0,T5L*(Q)) N L>(0,T; X). (4.1)
Let us define a projection operator Py, : u(t) € X — Pyu(t) € X, (for any t € [0,T]) by
a(Ppu(t),v) =a(u(t),v). (4.2)

Note that P, is a linear operator, and if u(t) € X N H"+1(Q), the following approximation
holds:

[Phut) —ut)llo < CH" ()] e (e)- (4.3)

To estimate the error, we split the error function €” = u(t,) — uj’ (n > 1) into two parts. For
simplification, we denote Pyu(t) by @ and Pru(t,) by a" for special time ¢,,. Then we have

e" = (u(t,) —u") + (0" —up) ="+ 6" (4.4)

The first term of the right-hand side, €™, can be estimated easily from (4.3) with the time taken
at t =1t,.
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Theorem 4.1. Let u(t) and uj be the solutions of (2.4) and (2.5), respectively. Under the
assumptions (4.1), there is a positive constant C' independent of T or h such that

letllo < C(r*~> + h"t1h). (4.5)

Proof. First, subtracting (2.5) from (2.4), and noticing the projection (4.2) and the definition
of 8%, we have that for t = ¢1,

(D28, v) +a(8",v) = (R',v), Vve Xy, (4.6)

where
R' = D' — § D} u(t).

According to the Theorem 3.1 and noting that §° = @® — u) = (0,0), we have that

o' . 4.7
1813 < 1 s ),H 3 (47)

Utilizing Minkowski inequality, it follows that
IRYo < ||Dgut — § D |, + ||§ Dt — § D a(t) |- (4.8)

According the L1 discretization scheme (2.2) and the estimate for the projection (4.3), we have
that ||RY|lo < C(7%2~% + h"*1) with a positive constant C independent of 7 or h. Furthermore,
by the split of error (4.4), we have that

lle*llo < [le*flo + 118" o, (4.9)

which completes the proof with (4.3) taken ¢ = t; for estimating ||e*||o. O
For n > 2,u} is solved by a decoupled scheme, Algorithm 3.1, which uses second-order
extrapolations in the interface integral terms. So the following estimate is critical:
Hﬁn o 21’1"71 + ﬁ”72||1
< Cllu(tn) = 2u(tn—1) + u(tn-2)lh

<C7* max  |lugl:. (4.10)
tn72§tgtn

Theorem 4.2. Let u(t) be the solution of (2.4) and u} (n > 2) be solved by Algorithm 3.1.
Under the assumptions (4.1), there is a positive constant C' independent of T or h such that

lle™|lo < C(T27% + h™T1). (4.11)

Proof. For j > 2, according to the definition of 6{ = djl — ujl‘ﬁh, the decoupled scheme (3.1)
and the projection (4.2), we have that for any v; € Xy p,

(Di‘é{,vl) + (V1V5{,Vv1) + H/ (5{ — 25%71 + 5%72)vlds
r

= (R, v1) + & | (@b —2ab~" +a ?)uds. (4.12)
r

where

Ry = D¢ui — § Dy (t).
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For the right-hand side, according to the Cauchy-Schwarz inequality, Young’s inequality, trace
inequality and Poincaré inequality, we can get

(R{,Ul) + H/ (aé — 2@%‘1 + a%_Q)mdS
r

02 ) . L i
< 25 R4+ Dol + w2+l

2k2C2C2

2
< ZR||R]| + 2, — 225 + ||y + Sl (4.13)

"
Taking vy = 25{, the same procedures with Theorem 3.2 can be used here. Therefore, we have
that

Héan < \IIQnEa (2)‘1’%)) (414)
where
2t2C? . 2t K2C2C? . _ _
—___n"p jy2 . 2on Mt p a/ —2ai—1 —j—212
n Nl+a)p 12522”72 o+ (14 a)v 221?3)(71”11 u + Bl

Similar to (4.8), ||R7[jo < C(72=*+h"1). Together with (4.10), we know that ¥, < C(727%+
hTt1)2. Therefore, the following estimate holds, 6" |lo < C(72~% + h™"1) with the coefficient
depends on t,, but not on 7 or h. Using Minkowski inequality, we know that

lle"llo < lle™llo + 116" [lo- (4.15)

Taking t = t,, in (4.3) yields that ||€"||o < Ch"*! which completes the proof with the estimate
for ". O

5. Numerical Experiments

In this section, we present two numerical examples to validate the accuracy and efficiency of
the proposed Algorithm 3.1 for the interface-coupled problem (2.1). The first experiment exam-
ines a smooth problem to demonstrate the convergence, while the second applies the algorithm
to a three-dimensional model of a steel-titanium composite fuel cell to observe internal heat
conduction behavior across the interface. The algorithms are implemented in FreeFEM [16].

5.1. Convergence tests

A smooth problem with an exact solution adapted from [34] is tested using Algorithm 3.1.
The problem is set with 7' = 1,09y = [0,1] x [0,1],Q2 = [0,1] x [-1,0],T = [0,1] x {1},
fi1 = [0,—1]T and 7y = [0,1]T. The exact solution is chosen as follows:

. ( az(l — z)(1 — y)t® )

azx(l —x) (01 + coy + C3y2)t3

while it also determines the Dirichlet boundary condition, initial condition, and source terms
for this smooth problem. The selection of above constants ci, c2, c3 should be determined by
(2.1). Inspired by [9], the parameters are chosen as

V1 8!
cio=14+—, co=——, cg3=cy—cC1
K 1]

with a = 1,11 = 1,15 = 1,k = 0.1 for simplicity in this example.
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First, consider the convergence with respect to the spatial mesh size h. We apply Al-
gorithm 3.1 to solve problem (2.1) using both linear and quadratic Lagrange Elements with
several refined spatial meshes and a fixed time step 7 = 1/32. To eliminate the impact of
time discretization on the error, a more accurate but slightly more sophisticated approach is
introduced as follows. Assuming

ull =~ u(T,z) 4+ C\(T,z)7° + Co(T, 2)h”,
then it follows that N N
oy il
N N
Huh/2 - uh/4H0
providing the foundation for calculating the convergence order. Table 5.1 displays the errors,

defined as |[ul) — uhN/2H0, along with the convergence orders in space for linear (r = 1) and
quadratic (r = 2) Lagrange elements, which coincide with the theoretical analysis (r 4+ 1).

)

We investigate temporal convergence using both linear and quadratic Lagrange elements
with a fixed spatial mesh size h = 1/32 and various refined time steps 7. Table 5.2 presents
the results, demonstrating that Algorithm 3.1 achieves orders consistent with the theoretical
analysis (2 — a). Notably, the quadratic Lagrange element yields nearly identical results to
the linear Lagrange element, suggesting that low-order finite elements can preserve temporal
accuracy while reducing computational costs. The table also illustrates the algorithm’s stability
and precision, even with large time steps 7.

Table 5.1: Errors and convergence orders with 7 =1/32.

b a=0.25 a=0.5 a=0.75
r
Error Order Error Order Error Order
1/4 1.04E-01 - 1.02E-01 - 1.00E-01 -

1/8 2.66E-02 1.97 | 2.61E-02 1.97 | 2.55E-02 1.98
1/16 | 6.68E-03 1.99 | 6.54E-03 1.99 | 6.39E-03 1.99

! 1/32 | 1.67TE-03 2.00 1.64E-03 2.00 1.60E-03 2.00
1/64 | 4.18E-04 2.00 | 4.10E-04 | 2.00 | 4.00E-04 2.00
1/128 | 1.05E-04 2.00 1.02E-04 | 2.00 1.00E-04 2.00

1/4 4.58E-03 - 4.57E-03 - 4.57E-03 -
1/8 5.71E-04 3.00 5.71E-04 | 3.00 | 5.71E-04 3.00
9 1/16 | 7.13E-05 3.00 7.13E-05 3.00 7.14E-05 3.00

1/32 | 8.91E-06 3.00 8.91E-06 3.00 | 8.92E-06 3.00
1/64 | 1.11E-06 3.00 1.11E-06 3.00 1.12E-06 3.00
1/128 | 1.39E-07 3.00 1.39E-07 | 3.00 1.39E-07 3.00

5.2. Heat conduction in steel-titanium fuel cell

Composite materials, such as steel-titanium and copper-aluminium plates, are extensively
used in fuel cell bipolar plates, offering environmental advantages, low costs, and excellent
mechanical properties. Given that temperature critically affects cell performance and lifespan,
we focus on thermal management by examining heat conduction within a three-dimensional
steel-titanium composite plate fuel cell model [34].
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Table 5.2: Errors and convergence orders with h = 1/32.

a=0.25 a=0.5 a=0.75
r T
Error Order Error Order Error Order
1/4 4.95E-03 - 9.27E-03 - 1.92E-02 -

1/8 1.56E-03 1.66 3.58E-03 1.37 | 8.83E-03 1.12
1/16 | 4.59E-04 1.76 1.34E-03 1.42 3.91E-03 1.18

! 1/32 | 1.34E-04 1.78 | 4.93E-04 1.44 1.69E-03 1.21
1/64 | 3.93E-05 1.77 1.80E-04 1.46 7.25E-04 1.22
1/128 | 1.17E-05 1.75 6.50E-05 1.47 | 3.08E-04 1.24

1/4 4.96E-03 - 9.30E-03 - 1.92E-02 -
1/8 1.56E-03 1.66 3.59E-03 1.37 | 8.85E-03 1.12
9 1/16 | 4.60E-04 1.76 1.34E-03 1.42 3.92E-03 1.18

1/32 | 1.34E-04 1.78 | 4.94E-04 1.44 1.70E-03 1.21
1/64 | 3.94E-05 1.77 1.80E-04 1.46 7.27TE-04 1.22
1/128 | 1.17E-05 1.75 6.51E-05 1.47 | 3.09E-04 1.24

Here, we consider two materials that can be distinctly represented in the conceptual domain
as [0,2] x [0,4] x [0,2] U[0.5,1.5] x [1,3] x [2,3] U[0.5,1.5] x [1,3] x [3,4] U [0,2] x [0,4] x [4, 6]
(Fig. 5.1). For simplicity, a Dirichlet boundary condition of u; (z,t) = 20 only is applied to the
leftmost edge of the steel plate. Additionally, all other model surfaces, barring the interface, are
subject to homogeneous Neumann boundary conditions Vu,;-n; = 0, ¢ = 1,2. The model starts
with an initial condition of 0, and external source terms are excluded. The heat conductivities
are set to 60 for steel and 20 for titanium.

Using Algorithm 3.1 with A = 1/16 and 7 = 0.01, we simulate heat transfer within the steel-
titanium composite plate fuel cell model. Fig. 5.2 depicts long-term heat transfer simulations
from steel to titanium plates for various derivative orders c. Heat gradually migrates from steel
to titanium over time. Rapid heating of the steel plate occurs due to its high thermal conduc-
tivity. At the steel-titanium interface, a distinct temperature jump is evident, demonstrating
the effect of the interface conditions. The figure demonstrates increased heat transfer to the
titanium plate and accelerated diffusion as « rises. This behavior aligns with Caputo frac-
tional derivatives’ properties. Higher a values produce results more closely resembling classical
diffusion (o =1).

Fig. 5.1. Domain of steel(red)-titanium(blue) composite plate fuel cell model.
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Fig. 5.2. Heat conduction with varying derivative orders « (0.25,0.5,0.75,1 from left to right) at
different times (1, 5,10 from top to bottom).

6. Conclusions

We introduce a partitioned time-stepping algorithm for an interface-coupled subdiffusion
model, utilizing higher-order extrapolation to decouple the problem. This approach allows for
information exchange across the interface at each time step, followed by the independent and
accurate resolution of individual subproblems. Our theoretical analysis proves the method’s
unconditional stability and demonstrates optimal order convergence rates in the L? norm,
which we validate through numerical experiments. This approach can be extended to simulate
nonlinear multi-domain models with complex anomalous diffusion behaviors.
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