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Abstract

In this paper, the novel optimization model for solving tensor completion with noise is
proposed, its objective function is a convex combination of the minimum nuclear norm and
maximum nuclear norm. The necessary condition and sufficient condition of the stationary
point and optimal solution are discussed. Based on the proximal gradient algorithm and
feasible direction method, we design the new algorithm for solving the proposed nonconvex
and nonsmooth optimization problem and prove that the sub-sequence generated by the
new algorithm converges to the stationary point. Finally, experimental results on the
random sample completions and images show that the proposed optimization and algorithm
are superior to the compared algorithms in CPU time or precision.

Mathematics subject classification: 90C26, 90C47, 15A69.
Key words: Tensor completion with noise, Minimum and maximum optimization, Proximal
gradient algorithm, Feasible direction method.

1. Introduction

With the emergence of various high-dimensional data in many fields such as image analysis
[2,16], computer vision [1], signal processing [18] etc., tensor as the higher-order generalization
of vector and matrix plays an increasingly important role. In particular, tensor completion
which has many applications in image recovery [24]. A gray image is a matrix, which is a 2D
data. A color image is a three order tensor, which is a 3D data. A color video is a four order
tensor, which is a 4D data. Tensor completion refers to the technique of completing the tensor
with part sample data by minimizing the its rank. Tensor completion can be expressed by the
following optimization:

min rank(X)
X (1.1)
s.t. PQ(X) = PQ(T),

where T, X € RI1>*2XXIN are input and output N-order tensors, €2 is an index set of the known
samples, and Pq(+) is an orthogonal projection onto the set €, rank(X’) is the rank of X'. In
contrast to the rank of a matrix, the rank of a tensor is much more complicated. In the literature,
tensor rank can be expressed in various forms such as CANDECOMP /PARAFAC (CP) rank
[15], Tucker rank [28], tensor train (TT) rank [11], tensor ring (TR) rank [35], and so on. Since
the model (1.1) is a discrete and discontinuous programming, the computational complexity is
non-deterministic polynomial (NP). Usually, the model (1.1) is relaxed into continuous convex
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2 C.L. WANG AND R.R. XUE

(or nonconvex) programming as matrix completion [6]. Liu et al. [19] first put the optimization
problem (1.1) for Tucker rank to convex relaxation as follows:

N
min ;|| X ||«
>l 2| .

s.t. Po(X) = Po(T),

where X{;) € RE*1i 1 i the mode-i unfolding of tensor X, «; > 0 and Zf;l a; = 1. For
1=1,2,...,N,

I;
1%l =D 0(X)
j=1

denotes the nuclear norm of A(;) and 0;(X(;)) denotes the j-th largest singular value of A(;.
For more models such as the adaptive weighted Tucker rank or TT-rank or TR-rank and more
methods such as difference of convex (DC) optimization algorithm or Riemannian optimization
method, etc. see [7,12,17,20,22,23].

The above-mentioned tensor completion models and methods assume that the observed
entries are noise-free. But in practice these data will also be damaged by noise, so tensor
completion with noise was studied, some literatures proposed the corresponding models to
solve the tensor completion with noise problem (see [9,13,25,32-34]) as matrix completion with
noise problem (see [5,14,27]). The convex relaxation model of the tensor completion with noise
for Tucker rank is in the following:

N
. s
m/gn;azll ol

st. [[Pa(X) = Po(T)|r <6,

(1.3)

where ¢ > 0 measures the noise level. Obviously, the model (1.2) is a special case of model
(1.3), where the noise level § =0 .

Generally, solving (1.3) requires to unfold the tensor X into N-modes and to perform a large
number of singular value decompositions (SVDs), which are highly time consuming. To over-
come the difficulty, we propose the minimum and maximum nuclear norm optimization model
in the next subsection. Furthermore, In the study of existing, the nuclear norm model (1.3) was
discussed in [9], the combination model of total variation and nuclear norm was studied in [32],
the tensor train rank and tensor ring rank model were explored in [25] and [13,33, 34], respec-
tively. But all algorithms in [9,13,25,32-34] use same techniques as the constraint without noise
(Pa(X) = Po(T)). In the other word, the inequality constraint is not dealt. Thus, its effect
is not good when the inequality constraint is active. Hence, in the paper we use the feasible
direction method to deal with the inequality constraint and the sequence {X*} produced by
our algorithm is guaranteed to satisfy the inequality constraint.

1.1. The Proposed Model

In this section, we propose the minimum and maximum nuclear norm model as follows:

min {al i {1 X [l + o2 max I\X@)II*}
(1.4)
st [[Pa(X) - Pa(T)|lr <6,
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where 7, X € RIOV}2xXIN o) 4y = 1,01,y > 0. This model does not need to complete
the SVDs of all modes in each iteration, but it needs to compute nuclear norm of all mode.

Here, one might ask if the model well characterizes the rank of tensors or not? Actually,
since the Tucker rank of a tensor is a vector, computing the rank of a general tensor (mode
number > 2) is an NP hard problem. Therefore, there is no explicit expression for the tightest
convex envelop of the tensor rank so far as pointed out in the literature [19]. The sum of nuclear
norm is only an approximation to Tucker rank of tensor. On the other hand, minimizing Tucker
rank of a tensor is a multi-objective optimization. As we known, there are many methods to
transform multi-objective optimization into single objective optimization such as the weighting
sum, maximation, etc. Liu et al. [19] used the weighting sum of nuclear norms of all mode, we
use the weighting sum of minimum and maximum nuclear norms. Hence, the model (1.3) and
(1.4) are only different approximation forms to tensor rank. We mainly focus on convergence
analysis and numerical performance of the new model in this paper.

In order to use the alternating direction method, we introduce a new tensor ). Thus, the
problem (1.4) is replaced by the following separable optimization problem:

min {ar min (4 . + 02 max [V}

s (1.5)

F

3

s.t. H%(PQ(X) + Pn(y)) — Po(T)

X =)

The above optimization model increases to compare the nuclear norm of all mode matrices, but
the algorithm complexity analysis show that its computation complexity is still less than the
computation complexity of (1.3) at the end of the Section 2.

1.2. Notation

For convenience, R1**!2 denotes the whole of a real matrix of I} x I, X € Rl xI2x-xIn
denotes a tensor. Its elements are denoted as x;, i,,...in, Where 1 < iy < I}, 1 < k < N. The
Tucker rank of tensor X can be expressed as

ranky (X) = (rank(X(q)), rank(X(s)), - -+, rank(X(n))).

Pq(+) denotes the orthogonal projection operator onto an index set €2, and

11,12 ,IN e}

Tiyig,vin, i (i1,%2,...,1n) € £,
(Pa()) _ nvis (.1 2 .N)
0, it (i1,02,...,in) € Q,

where (0 is the complementary set of ).

Definition 1.1 (Singular Value Decomposition, [10]). The singular value of a matriz
X € R™*™ with rank r is decomposed into

X=UxV", %, =dagl, - ,0.),

where U € R™*",V € R™*" are orthogonal matrices, o1 > g9 > -+ > o > 0.
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Definition 1.2 (Singular Value Shrink Operator, [4]). For any parameter T > 0, singu-
lar value shrink operator D, is defined as

DA(X):=UD(2)V'", D,(%)=diag({o; — 7}+),

where
o —7T, if o;>T,

X=Us, VI e R, {o;—1}4 =
{ S+ {0, if o, <T.

For a N-order tensor X € RI1*12x:xIn
unfoldy, (X) = &) € RIx T 1)

denotes the mode-k unfolding of tensor X, the inverse operator foldy (X)) = X (it is also
abbreviated that fold(X)) = X ). The inner product of two tensor with the same order and
same dimension s denoted by

<X’y> = Z ' Xihiz,m,iz\l yi11i27-~~,iN)

01,82, ,IN

and the F-norm of the tensor is expressed as || X||r = (X, X)Y/2.

1.3. Organization

The rest of the article is organized as follows. Section 2 gives the new algorithm for solving
the minimum and maximum optimization model with noise in detail, Section 3 gives the neces-
sary condition and sufficient condition of the optimal solution of the optimization problem (1.4),
Section 4 discusses the convergence theory of the proposed algorithm for solving the optimiza-
tion problem (1.5), Section 5 compares the proposed algorithm with the several state-of-the-art
tensor completion methods by numerical experiments. Finally, Section 6 summarizes the full
text.

2. The Proposed Algorithm

In this section, we use the proximal gradient (PG) type algorithms and the feasible direction
algorithm to approximately solve the problem (1.5). Here, we use partly regular function, other
regular functions see [21]. Thus, the optimization problem (1.5) is approached by the following
constraint optimization:

. . 1 1 5
min Ag 7 min [ X« + 5 max [Vl o + 514 = Vllr

X,y 2 1<i<N 1<i<N

F

For convenience, we rewrite it as
F(X, Y. A) = f(X, D) +9(X, ),

where

N | >

FX,Y) = = (f1(X) + f2(), fu(X)= min [[X,],,

1<i<N

1
F2(¥) = max [V, 9(X.Y) = S| X = V|r".

1<i<N
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Since the programming (2.1) is nonconvex and nonsmooth, we solve the sub-problem by the
following convex programming;:

A
m;/ngHX(k,min)H* +9(Xayk)
. (2.2)
s.t. ‘ 5(PQ()() + Po(V¥)) = Po(T)|| <4,
F
: )‘_k .?G'k""l
ml}n 9 Hy(k,maX)H* +g( ay)
(2.3)

<5

)

s.t. H%(PQ()E‘ICJA) + Po(Y)) — Po(T)

F

where

(k,min) € {argi min HX(]E)H*}, (k,max) € {argj |max ||Ji(kj)H*},

1<i<N <j<N
X1 is the optimal solution of (2.2). Obviously, two sub-problems are strong convex program-
ming, they exist the unique optimal solution separately.
Because the constraint is a nonlinear inequality, the exact optimal solution is difficult to be
obtained, we compute an approximate optimal solution (AX*+1, Y*+1) as follows:

~ [ AF
xR = arg)l;mn{gl?%,mm)ll* +9(X, 3”“)}, (24)
~ [ N\F ~
yk+1 = arg;nln {?Hy(k,ma)()”* + g(Xk+1ay)}‘ (25)
If
ﬁk"t‘l — _ ~5 >
| (PoXF+1 4+ Po(VE+1)) /2 = Po(T)||,
then
kL _ pkt+l yk+1 _ ij+1
otherwise,

Rl PRl (1 — B+ Po(T — fkﬂ),
yr+l — ij+1 +(1— ﬁk+1)PQ(7- _ j}k+1).
Thus, we give the Algorithm 2.1 in detail.
Analysis of the complexity: Suppose that I; < Hj# I, M = vazl I; and the compu-
tational complexity O(I?) + O(I;),i = 1,2,..., N is ignored.

(1) Computing X(Z-)X(—ir), 1=1,2,..., N take about Zf;l MI;

(2) Computing all singular value takes about Zfil 8I3/3;

(3) Two singular value decomposition and shrink processing take about 4M?/I;, + 9MI;, +
9IF +4M?/I;, +9IMI;, +913 , I;, x [T, s Lis X 1144, 1 are row and column of the minimum
and maximum mode matrices, respectively.

Thus, total computation complexity is about vazl(ML- +8I3/3) +4AM?/I;, + IMI;, + 9I? +
AM?/I;,+9MI;, —1-911.32 . However, the traditional weighting nuclear norm algorithm takes about
Zij\il(‘lMQ/Ii +9MI; +9I?). Obviously, which is higher than the complexity of our algorithm
under N > 3 (on computing all singular value and SVD, see [31, Note 3.2.3, Third Lecture,

pp. 116)).
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Algorithm 2.1: The MIN-MAX algorithm for solving (2.1).

Input : Index set Q, Po(T), parameters A\’ >0, =1, >0,1> p > 0 and
an integer Maxiter.

Initialize X ~! = XY = 0 (the zero tensor).

for k£ = 0 : Maxiter do

3 Choose an i such that ||X(";?k)||* = minj<;<n ||X";)||*

a | Vb, =URSL(V)T.
5 | A =fold;, (UFDyk jo(Eye) (VF)T).
6 Choose a j, such that |\y(’3k)||* = maxi<;<n HJJ(’CJ)H*

’ ’?5351 = UMS g (VT
8 | V= fold, (UFF1 Dyi (B giess ) (V) T).
1
I(Pa(XF+1) + Po(VE+1))/2 = Po(T)|| -
10 When 6k+1 > 1, P - )}k+17 Yktl — j}k+1
Else Xk+1 = Pﬁ()?k-i—l) + ﬁk+1PQ(X~k+1) + (1 _ ﬁk+1)PQ(T),
Ykl — Pﬁojkﬂ) + ﬂkﬂpgojkﬂ) + (1 = B Py (T)).
11 | If JARFE — YRFY| L/ Po(T) < e, break the for loop, UFT! = (AR 4 YR+l /2
Otherwise, set \FT1 = pAF,

N =

9 ﬂk+1 _

12 end
Output: UF+1.

3. Optimality Condition

In this section, we discuss the optimality condition including the necessary condition and suf-
ficient condition of optimal solution and the stationary point. Since the constraint is a quadratic
inequality, we introduce some definition and property on the convex cone and conjugate cone.
We define convex cone in the following:

S(X*) = {BPo(X — X*)| X € D, X* € D}, (3.1)

where 5 > 0,

N | —

p={ @y |5 + ) - )| <af.

and its boundary

N | =

D= {(X,y)‘ (Pa(X) + Pa(Y)) — Po(T) F5}-

S*(X*) denotes the conjugate cone of S(X*), which is defined as follows (see [3]):
SHX*)={Z|(X,Z) >0, X € S(X")}.

We definite the active set

() = {i 12l = min 21}, E(0) = {i 14 = max_ 2. .
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Meanwhile, we introduce the subgradient of nuclear norm as follows, more nonsmooth analyses

see [8,26].

Lemma 3.1 (Subgradient of the Matrix Trace Norm, [30]). Let X be a real m x n ma-
triz with rank(X) = r. Then, the subdifferential of the nuclear norm || X||. is given by

X, ={UVT + W |U'W =0, WV =0, |[W|2 < 1},

where U € R™*" and V€ R"™ " have orthogonal columns formed by the left and the right
singular vectors of X, respectively.

Theorem 3.1. Assume X* € D. X* is a global optimal solution of the optimization problem
(1.4), if the following conditions hold:

(i) X* € D =D and 0 € fold(|| X5 |l.), i =1,2,..., N,

9

(ii) X* €D, 0 € Py(fold(d|| X7, |.)) and Po(fold(@ X, [l.)) € S*(X*), i =1,2,...,N.

g Ly ey

Proof. We prove f1(X) + fa(X) > f1(X*) + f2(X*) for any X € D.

(i) Let X* € D =D and i € [,(X),j € I(X*), we have

f1(X) + f2(X)
> [ Xyl + 1 X5 |l
> (|G [1. + 1965 I, + OG- Xy = X5y ) + €011 [ Koy — XG5))
= |G I, + 1[5 ], + (fld (9| AT [[,) + fold (D[] AT [, ), & — &%)
> (|5 [[. + 125 [, = A7) + fo(x7).

The first inequality is from the definitions of f1(X) and f2(X), the second inequality follows
from convex function, the third inequality is due to the assumption (i), the last inequality is
from the definitions of f1(X*) and fo(X™*).

(i) Let i € I1(X),j € I2(X™), we have

f1(X) + f2(X)
> (| Xy s + (1 X I«
> |G, + 11X 11, + OlXG I, X — &) + @IAG I, Xo) — AG))
=[] I, + 126G [ + (o1 (O[] A, [[,) + fold (O[] XG5, [ ), & — ™)
=[x I, + 12511,
+ (fold (0| XG;) [|,) + fold (O] A7) [[,) P(X — &) + Pa(X — X))
= 1A% I, + 1[5 ], + (Pa(fold (9| AT, [|,) + fold(9]|AF; ), (X — X))
+ (Pa (fold (9]| &5 ||,) + fold (8| &5 ||,)) s Pa(X — X¥))
> {26 [+ ([0 [ = A(X7) + fa(x7).

The third inequality is from assumption (ii). Thus, we obtain the theorem. O
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Theorem 3.2. Assume X* € D. X* is a local optimal solution of the optimization problem
(1.4), if the following conditions hold:

(i) X* €D =D and 0 € fold(D A7; ||.), i € [1(X*) U L(X™).
(i) X* € D,0¢€ Pg(fOld(@HX(";)H*)) and Pg(fold(8||X(*;)H*)) € S*(X*), i € [(X*) UL (X*).
Proof. If there exists a neighborhood O(X*,§) of X* such that
L(X) C L(XY), LX) C (X)), VXecO(X")),
then we use the same proof technique as Theorem 3.1 to prove
A(X) + F2(X) = Ai(X7) + H(X7), VX € O(X",0).

From the definition of I; (X™), we have [[X(;) ||« > [| A7) [+, j # 4, @ € I1(A™). Thus, there exists
a neighborhood O(&™*, d1) of X such that ||X(;) ([« > [|X) |+, X € O(X™", 1), since the function
| X« is a continuous function. So from the definition of I;(X) we have j ¢ I;(X), which
implies I; (X) C [;(X™*), X € O(X*,d1). Similarly, there exists another neighborhood O(X™*, d2)
of X* such that Io(X) C L(X*),X € O(X*,d3). Thus, let 6 = min{dy,d2}, X € O(X*,9)
satisfies I (X) C I;(X*) and I3(X) C I(X™*), Theorem is proved. O

Theorem 3.3. The stationary point X* of the optimization problem (1.4) satisfies
0 € fold (9 f1(X*)) + fold (D f2 (X)) + p* Po(X* = T), p* >0, (3.2)
where w* is the Lagrange multiplier of the inequality constraint.

Proof. The Lagrange function of the programming (1.4) is in the following:

1 . 1
L) = { 5, min X+ 5 mox 1o, |+ 1(1Pa(®) - Pa(Dlr =),

where p is the Lagrange multiplier. As we know, the stationary point A™* satisfies 0 €
aL(X,M)/aX|sz*. So

OL(X, p) 1
— = Z(fol X+ fol P
0 oX ‘X:X* 2( Od(afl( )) + Od(af2( )))
K "
+ 5 Po(X* =T), u>0.
||PQ(X**T)||F Q( ) 1
Let p* = 2p/||Po(X* — T)||F > 0. We obtain the theorem. =

4. Convergence Analysis

In this section, we establish the convergence of Algorithm 2.1. First, the objective function
is proved to be coercible and descent, then convergence theory is established based on the
optimal condition.

Lemma 4.1. For all A >0, F(X,),\) = +00 as X,) — oo.



Tensor Completion via Minimum and Maximum Optimization with Noise 9

Proof. Since X,) satisfy the constraint condition, we only consider Pg(X), Pg(Y) — oc.
For convenience, the fixed X and Y satisfy Pg(X) # 0, Pg(Y) # 0, we observe ¢Pg(X) # 0,
¢Pg(Y) # 0 when ¢ — +o0.

1 . 1
P, ¥ 2 A3 min IeFa(¥e) + PalXo)l, + 5 ma, lePso) + FaVo), )

+ 5Pl = )"

Then
.
5 min, [cPs(Xs) + Pa(Xp)ls — +oo,
1
5 max, lePe(Viy) + Pa(Ya)lls — +o0.
So, F(cX,c),\) = +o0o, which implies the theorem holds. O

Lemma 4.2. Let {X* V¥ \F} represent the sequence produced by the Algorithm 2.1. Then

~ ~ ~ 2 ~ 2
F(/‘vk,yk,)\k) o F(/‘vk-‘rl’yk-‘rl’)\k) Z (HXk o Xk-i—lHF + Hyk o yk+1||F);

N =

where {X%, V¥, X*+L YEH1Y s generated by Algorithm 2.1.

Proof. Let
(k,min) € I¥ = {Z | ||X(ki)H* = 1g‘ignN HX(]E')H*}’
(k,max) € 13 = {i [ |||, = max 9],

k+1

XFFL - represents the (k, min)-mode matrix of the (k + 1)-th iteration tensor X*+1, Vheomae)

(k,min)
represents the (k, max)-mode matrix of the (k 4 1)-th iteration tensor Y**!. Then

F(/‘vk,yk,)\k) o F(/‘gk-‘rl’ﬁk-‘rl,)\k)
AF k k Lok k2
= S (X" wmim [l + [1* tman L) + 5 12° = V¥

k ~
- (1R

1~ -
(K, min) - §||XkJr1 - VH%

o+ H)~)k+1

(k,max)

We first compute the following difference:
1 k k|2 1 vk+1 Vk+112
S = PHE - |- TR
1 k k2 Tht1 k2 Tk+1 k2 Thktl  Sk+1p2
= S (1% = Yl = 1A% = PF[p - [|XE = PE [ — [ = YR )
1 ~ ~ ~ 1 ~
_ EHXIC o XkJrlH% + <Xk o XkJrl,XkJrl o yk> + §||yk o ykJrlH%‘

+ <yk _ ﬁk—i—l, /"Ek—i-l _ ﬁk—i-l)-



10 C.L. WANG AND R.R. XUE

On the other hand, the optimal solutions of the sub-problems (2.2) and (2.3) satisfy the
following equations:

k+1

k 0 ~
OGA—f 1d< H (gmm)H >+Xk+1yk,

Pl
AE aH (k,max) H ! >
_f 1q [ L kmax) Iy k1 _ Pkl
(Tl ) 43
Thus there exist a subgradient WF*1 e fold(8|\X(]§€+nllm)|| /0X) and a subgradient WAT! e
fold (]| Vi oo ||_/0V) such that

)\7ka+1+/‘?]€+1 _yk =0

N (4.1)
k+1 I R Vs )

Transpose both sides of the above equations and multiply by (X* — X*+1) and (V% — Y*+1), it
yields

%k<wf+17)('k o )’Ek+1> + <)’Ek+1 o yk7Xk o )’Ek“r1> _ 07
. (4.2)
A ~ ~ ~ ~
7<1/V§+1’:)}k o yk+1> + <yk+1 o Xk-‘rl’yk o yk-‘rl) -0
The convex function || X min)lx and [[Vix max) ||+ have the following inequalities:

AP k k+1 Ak k+1 k pk+1
7 (HX(k min) H B H (k,min) H = 7< ’ X(kJHiH) - X(k,min)>’
Ak

(||y k,max) H ||ykk+rilax)H*) <Wk+1 y k,max) yé(kfr;ax)»
Combining above equations and inequalities, we have

(Xkayka Ak) - F(ik—i_laj}k-‘rla Ak)

1 = 2 ~ 2
= (1 = B 6 - T
+ _(HX (k, mm)” ]?_nlun || < k+1 X(k min) X(IL rrlun)>
19 G = 1P e = VB Vs = Vi)

1 ~ 2 ~
> (1% = B 4 0F - T ).

The inequality is from the above inequality of the convex function || X4, min)ll+ and ||V (x,max) ||«
So the theorem holds. O

Lemma 4.3. Let {X* V¥ A} represent the sequence produced by the Algorithm 2.1 and let

N (A i L+ IV o L) < A WX 1+ IV g L) (43)

(k,min

Then the following inequality:

F(Xk,yk, Ak) o F(Xk+1,yk+1,>\k+1)
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(1 g’
CERE

> 5 (1B — ) [+ (| Po(% = Y 117) +

DN | =

holds.

Proof. By Lemma 4.2, we have the following inequality:

F(/‘vk,yk,)\k) o F(/‘gk-‘rl’ﬁk-‘rl’)\k) Z

N =

Meanwhile, we compute the difference

F(j('kJrl ykJrl )\k)fF(‘)(‘kJrl ykJrl >\k+1)

PUI ~ 1, = ~
= S xS [, + IV ma L) + 127 = VIR
)\k-{-l

1
= S (1 e mim L+ 94 e man L) = 5154 =

~ ~ 2 2
> S (I = YR — [l = Y ),

N =

the inequality is from the condition (4.3).

(i) If JLPQ(jC‘Vk+1 +J~}k+1)/2 — Po(T)||lr < 4. From Algorithm 2.1 we have X*+!
Ykt = YF+L Then the Lemma 4.3 holds.

(i) If || Po(X*1 + YFH1) /2 — Po(T)||# > 6. From Algorithm 2.1 we have

AL T (1 G5 (Po(T) - Pa(F4H1)),
ykJrl _ j}'kJrl + (1 o ﬂkJrl)(PQ(T) o Pﬂ(ykJrl)),
where
1)

ﬂkJrl _ _ _ )
[ Po(XR+1 4 Y1) /2 — Po(T)||

Further, the following inequalities:
F(/karl k1 ARY = Pkt pktL pkEL

~ ~ 2 2
(HXkJrl _ ykJrl”F o ”XkJrl _ ykJrlHF)

vV
N — N

o~ ~ 2
(1= (8" [[Pa(x*F) = Pa™ )| 2 0
hold.
Next, we compute the difference of || X% — X*+1||z. Since

Xk pktl Pﬁ()(k o Xk+1) +PQ(Xk - )?kJrl)’
VP = VEE = P(V% = YFFY) + Po(VF = VY,

we have

(1Pa(x* = #5417+ [ Pa(* = 5 )

~ 2 ~ 2
(% = X + VP = YHR).

11

(4.4)

— yk+1
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Y

1 ~ -
Hpaat + 4 = 01 -2

1 - ~ 1 2
> ([t ey -my| [t -m] )
F F
2 k4132
> L(g _5) = w(;?’
Bk+1 (BFH1)2
which implies that the theorem holds. O

Remark 4.1. Obviously, when Po(X) = Po(T) = Po(Y), then 6 = 0, this is no other than
tensor completion without noise.

Theorem 4.1. Suppose that the sequence {X*, Y*} is generated by Algorithm 2.1, the following
statements hold:

(i) The sequence {X* Y} is bounded, limyr_o(1 — BF) = 0, limyk_,o(X* — Y¥) = 0.

(ii) There exists a sub-sequence { X% Y*} converges to the stationary point of the optimiza-
tion problem (1.4).

Proof. First, we prove (i). From Lemma 4.3, we get that the sequence {F(X* V¥ \F)} is
monotonic non-increasing, so
2 E+1)2
5 (1—p")

1
Z 3 (HPﬁ()(k _ Xk+1)"2) + || P (VF ka)Hiﬂ i G < o0.
k>1

From Lemma 4.1 we get that the sequence {AX* V*} is bounded and limyx_,o(1 — 8¥) = 0
Meanwhile, (4.1) and limys_,o(1 — 8%) = 0 imply that limys_,(X* — V) = 0.

Next, we prove (ii). From (i), there exists a sub-sequence {k;} such that {X*:, Yki xki pki}
converges to X*. The following proves that the limit point X* is a stationary point of the
optimization problem (1.4).

Since XF = Xk + (1 — M) (Po(T — /'AV%) and limyx_,o(1 — %) = 0, so limye_,o X% =
limyk_,o X* = X*. Thus, from references [8,26,30], we have

. Sk
Alklglo a"X(i)

. €0l

i=1,2,...,N, (4.5)

which implies that

lim fold(9f1(X")) + fold (9 f2(X"™)) C fold (1 (X*)) + fold (D f2(X™)).

ki —0

On the other hand, combining (4.1) and (4.2), we have

vk; ki—1 _ vk, ki—1 _ vk, ki vk
fold<afl<x >>:2<;v Xh) _2PRT o Xk g xR XM

X Aki—1 B Aki—1
ki1 — ki) 9(xki — xk)
= ki1 NFi—1

A XY 31 ) Pa(T - B
)\ki71 )\kifl ?
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where 8% < 1, otherwise X% = X%, Similarly, we have

fold(c’?f%(;iki)) _ 22Xk — Yk N 2(1 — BF) P (2T — X% — Yhi)

)\kifl )\kifl
Since the {in,yki,)?ki,fiki} is convergent, then

gt k) 2k )
s Aki—1 =5 e =R
In order to obtain 2(1 — %) /A\*~1 we compute

|(Pa(F) + Pal3*) /2= Pa(T)| . =
[(Pa(X*) + Pa(V4)) /2= Pa(T)],»

1—ph =
Further,

1 ~ ~
g Pa(XM + Y8 —2T)

F

)

1 ~ .
= 5139(95’%—1 A R VA N2 o Vi R Ve A
F

SPa(XR L YR (T =4
F
Then the following inequality:
Hlpfz(??ki +Yk—2T)| -6
2 F
1 =L o Sk o o o
< S(1Pa™ = YR p + [[Pa(XF = YR + [P = 2™ )
Lok | ok ki phit Ski—1 _ pki—1
< S(IB% + e+ [1B*r) + ——||Pa(Y xhh L
< 20+ eole + 18) + 2o
<5 F F)+—5 I IFa

holds, where
BF — )?k,_- 7 yk,_-71 cki — iji _ )?k,_- cki—1 — ij,_-fl _ )?kifl.
From (4.1),

k. >\ki71 ks k. . . k.—1
Bl = Sy, CR = Ty e = -

Then we have

. ofi(XF)\ 2(1 — BF) Po(T — XM)
A£1120f01d<7 —/\EQOT Nty \ei—1

= E+/J/PQ(T_X*).
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Using the same technique, we obtain that

Sk
lim fold(M) = —E+4 pPo(2T — X" = V"),
ARi =0 Yy
From X* = Y* and p* = 3, we obtain (3.2). Hence, (ii) is obtained. O

5. Numerical Results

In this section, we compare the proposed algorithm with existing algorithm such as ADM-
TR, LRTV-pds, TRLRF, TRNNM (see [9,32-34], based on random data and real image. All
the experiments are performed under Windows 11 and MATLAB R2019a running on an DELL
laptop.

5.1. Experiment settings

For simulation data experiments, randomly generated noise-laden tensors are used to demon-
strate the optimization effect of the proposed min-max model and algorithm. The random tensor
is generated by the Tucker decomposition of the tensor

T =Gx1Up xaUz x3--- xnUp,

where G € R71X"2XXTN ig the nuclear tensor, U, € RI"X™ n = 1,2,...,N is the matrix.
d > 0 measures the noise level. Let the original tensor Q = T + §/||T || - T to show the
noise. Furthermore, every element of G, U;, Q obey the standard Gaussian distribution. We use
sr=s/(I1 x Iy x -+ x Iy) to denote sampling rate. In noisy case, we use

XkJrl 4 yk+1)/2 _ T”F

It
RSE =
17 -

to measure the recovery accuracy of the algorithms.

In the real data experiment, we consider image recovery to illustrate the advantages of the
algorithm proposed in this paper. Here, we use PSNR and CPU time to evaluate the numerical
performance for the real image denoising.

We set

N | Pa(T)
AN =3 % =092, §=01, Magziter = 1000.
=1

For ADM-TR, 8 =1,A=N,cg = 1,cy = 1/0.92.

5.1.1. Experiments on simulation data

Tables 5.1-5.3 show the running results of the simulated data with sampling rates of sr = 0.4,
0.3, 0.2, respectively.

Note: In order to facilitate the calculation and save time, we control the CPU time of the
TRNNM algorithm.
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Table 5.1: Comparisons of the MIN-MAX algorithm and the other algorithms with sr = 0.4.

Size Rank Algorithm | Iter | CPU time(s) RSE
(100 x 100 x 100) (2,2,2) MIN-MAX | 175 | 3.8173 6.1434e-8
ADM-TR 57 3.8381 2.0720e-3
LRTC-pds | 15 2.1035 3.2817e-3
TRLRF 31 4.5110 5.0197e-3
TRNNM 52 102.6003 1.4960e-6
(150 x 150 x 150) (5,5,5) MIN-MAX | 195 | 12.9502 4.6713¢-8
ADM-TR 82 20.6033 4.1248e-4
LRTC-pds | 92 38.4765 8.7323e-4
TRLRF 29 11.7051 8.3673e-4
TRNNM 141 | 260.7580 1.7944e-6
(100 x 100 x 100 x 100) | (2,2,2,2) MIN-MAX | 183 | 192.4233 3.9907e-8
ADM-TR 66 220.4198 7.0896e-4
TRLRF 43 185.9719 3.1624e-5
TRNNM 15 6881.9 1.5823e-2
(100 x 100 x 100 x 100) | (2,3,4,5) MIN-MAX | 247 | 381.7125 4.2138e-8
ADM-TR 114 | 397.8545 2.5735e-4
TRLRF 27 124.7607 2.5529e-6
TRNNM 25 9090.1 3.2707e-3
(50 x 50 x 50 x 50 x 50) | (2,2,2,2,2) | MIN-MAX | 225 | 974.2706 4.3183¢-8
ADM-TR 97 1066.7939 9.4595e-4
TRLRF 33 540.9885 1.7920e-4
TRNNM 40 9.8690e3 1.3828e-2
(50 x 60 x 70 x 70 x 70) | (2,2,2,2,2) | MIN-MAX | 235 | 3304.6540 | 3.5387c-8
ADM-TR 100 | 4502.6834 3.9702e-4
TRLRF 27 1863.6 2.7407e-6
TRNNM 40 14569 7.5519e-2

5.1.2. Experiments on real data

In this part, we use a color image “flower” ") of size 504 x 756 x 3 and a color image “grass”? of
size 504 x 756 x 3 to evaluate the numerical performance of the comparison algorithm. Tables 5.4
and 5.5 show the effect of CPU time and PSNR.

N Tmax
PSNR = 1010g10ﬁ,
F

where n is the number of pixels in the tensor, and 7Tax is the maximum pixel of the original
tensor (see [29]). Fig. 5.1 shows the effect of image recovery with sample rates sr = 0.4,0.3,0.2.

D https://www2.cecs.berkeley.edu/
2) https://www2.eecs.berkeley.edu/
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Table 5.2: Comparisons of the MIN-MAX algorithm and the other algorithms with sr = 0.3.

Size Rank Algorithm | Iter | CPU time(s) RSE
(100 x 100 x 100) (2,2,2) MIN-MAX | 176 | 5.4038 8.3112¢-8
ADM-TR 78 6.0648 2.0720e-3
LRTC-pds | 24 3.1705 6.0288e-3
TRLRF 44 4.5167 1.7428e-3
TRNNM 71 106.6363 1.8337e-6
(150 x 150 x 150) (5,5,5) MIN-MAX | 195 | 12.8491 6.8620e-8
ADM-TR 108 | 27.2486 4.1328e-4
LRTC-pds | 99 40.0217 9.4552e-4
TRLRF 43 16.5785 9.7536e-4
TRNNM 186 | 338.3928 1.3628e-6
(100 x 100 x 100 x 100) | (2,2,2,2) | MIN-MAX | 183 | 298.3046 5.7011e-8
ADM-TR 92 308.4272 7.0935e-4
TRLRF 57 231.2765 3.0806e-5
TRNNM 20 18362 1.7035e-2
(100 x 100 x 100 x 100) | (2,3,4,5) | MIN-MAX | 247 | 382.0222 6.2007e-8
ADM-TR 155 | 510.3100 2.5593e-4
TRLRF 48 211.4977 1.9263e-4
TRNNM 25 1460.5 5.3942e-1
(50 x 50 x 50 x 50 x 50) | (2,2,2,2,2) | MIN-MAX | 225 | 988.1588 6.0795¢-8
ADM-TR 101 | 1106.6612 9.4403e-4
TRLRF 37 588.9137 4.2845e-6
TRNNM 40 10833 2.1253e-1
(50 x 60 x 70 x 70 x 70) | (2,2,2,2,2) | MIN-MAX | 235 | 3244.3689 5.1351e-8
ADM-TR 138 | 6070.7847 3.9284e-4
TRLRF 39 2968.1 2.3966e-4
TRNNM 40 247766 2.7412e-1

Original sr=0.3

Original sr=0.2 MIN-MAX ADM-TR LRTV-pds TRLRF TRNNM

Fig. 5.1. The recovery results for the color image “flower”.
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Table 5.3: Comparisons of the MIN-MAX algorithm and the other algorithms with sr = 0.2.

Size Rank Algorithm | Iter | CPU time(s) RSE
(100 x 100 x 100) (2,2,2) MIN-MAX | 177 | 4.2141 1.3554e-7
ADM-TR 114 | 7.7268 2.0719e-6
LRTC-pds | 40 4.9073 1.5125e-3
TRLRF 66 5.6869 3.6515e-2
TRNNM 106 | 159.6403 2.9299e-6
(150 x 150 x 150) (5,5,5) MIN-MAX | 197 | 13.5185 1.2997e-7
ADM-TR 174 | 17.3654 2.7497e-6
LRTC-pds | 114 | 46.1975 1.0261e-3
TRLRF 72 27.5751 1.0232e-3
TRNNM 264 | 415.8293 1.9632e-6
(100 x 100 x 100 x 100) | (2,2,2,2) | MIN-MAX | 185 | 292.0888 9.9171e-8
ADM-TR 135 | 454.7938 7.0802e-4
TRLRF 88 340.1408 3.2481e-4
TRNNM 20 17534 4.9759e-2
(100 x 100 x 100 x 100) | (2,3,4,5) | MIN-MAX | 248 | 378.3138 1.0839¢-7
ADM-TR 229 | 748.7921 2.5682¢-6
TRLRF 58 245.0460 1.0141e-5
TRNNM 25 10162 6.3912e-1
(50 x 50 x 50 x 50 x 50) | (2,2,2,2,2) | MIN-MAX | 231 | 1010.9566 7.1996e-7
ADM-TR 151 | 1664.7642 9.3242e-4
TRLRF 61 905.9137 2.0081e-5
TRNNM 40 15246 3.0292e-1
(50 x 60 x 70 x 70 x 70) | (2,2,2,2,2) | MIN-MAX | 236 | 3259.0377 8.8906¢-8
ADM-TR 206 | 9130.5879 3.9391e-4
TRLRF 103 | 6080.6 3.5085e-4
TRNNM 40 15083 4.1116e-1

sr=0.4 MIN-MAX

LRTV-pds

sr=0.3 MIN-MAX

ii

LRTV-pds

2

Original sr=0.2 MIN-MAX ADM-TR LRTV-pds TRLRF TRNNM

Fig. 5.2. The recovery results for the color image “grass”.
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Table 5.4: Comparisons of the algorithms for the color image “flower” at different sampling rates.

Algorithm | Samples | Iter | CPU time(s) | PSNR
MIN-MAX | sr=0.4 | 254 | 56.5078 21.3938
ADM-TR 264 | 73.4049 21.8913
LRTV-pds 321 | 143.1165 21.6267
TRLRF 185 | 57.4786 18.8096
TRNNM 76 37.7743 18.5699
MIN-MAX | sr=0.3 252 | 57.1078 19.0655
ADM-TR 336 | 93.3372 19.6524
LRTV-pds 391 | 169.7973 19.9536
TRLRF 382 | 168.3693 17.9738
TRNNM 92 36.7922 17.2471
MIN-MAX | sr=0.2 | 249 | 53.1774 16.7094
ADM-TR 458 | 129.3386 17.3738
LRTV-pds 507 | 221.0463 18.1644
TRLRF 423 | 100.5691 17.0470
TRNNM 115 | 35.8688 15.8995

Table 5.5: Comparisons of the algorithms for the color image “grass” at different sampling rates.

Algorithm | Samples | Iter | CPU time(s) | PSNR
MIN-MAX | sr=0.4 | 211 | 45.7940 28.4158
ADM-TR 189 | 52.9261 28.6328
LRTV-pds 273 | 122.7735 27.9377
TRLRF 198 | 60.9588 26.4692
TRNNM 75 34.3256 23.1929
MIN-MAX | sr=0.3 210 | 44.9488 26.0192
ADM-TR 248 | 65.5477 26.4237
LRTV-pds 340 | 152.5799 26.2648
TRLRF 283 | 100.5541 25.5099
TRNNM 89 34.3611 22.1953
MIN-MAX | sr=0.2 | 208 | 43.3650 23.3589
ADM-TR 343 | 91.5023 24.1950
LRTV-pds 462 | 203.3269 24.7157
TRLRF 313 | 161.8627 24.0510
TRNNM 108 | 31.0088 18.9862

6. Concluding Remarks

From the above numerical experiments, the proposed algorithm for solving the proposed
optimization with Gaussian noise (1.5) is better than the compared algorithms in CPU time or
precision. The new algorithm has better accuracy than the compared methods on the random
experiment. Although PSNR of the new algorithm is slightly less than ADM-TR and LRTV-
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pds methods, the new algorithm takes less CPU time than them in real image inpaining. This

is mainly because the real image inpaining is not a low-rank tensor.
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