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Abstract

A fractional-order mathematical model of lung cancer is used to describe the dynamics
of tumor growth and the interactions between cancer cells and immune cells. To obtain
approximate solutions and better understand the behavior of the state functions, a pseudo-
operational collocation scheme employing shifted Jacobi polynomials as basis functions is
introduced. Initially, the existence and uniqueness of solutions to the model are established
using the Leray-Schauder fixed-point theorem. Error bounds for the residual functions are
estimated within a Jacobi-weighted L?-space. To enhance the accuracy and reliability
of the results, two distinct strategies are implemented: sensitivity analysis and feedback
control. The feedback control of the proposed pseudo-operational spectral method is per-
formed using the method of Lagrange multipliers, marking its first application in this
context. Spectral solutions are derived by applying the pseudo-operational scheme to both
the original model and the model with control functions. Improved performance and out-
puts are anticipated following the application of the feedback control strategy. Finally,
comprehensive biological interpretations of the results are provided, offering insights into
the practical implications of the model.

Mathematics subject classification: 65K05, 93A30, 92B05, 37MO05.
Key words: Fractional-order model of lung cancer, Fractional operators, Existence and
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1. Introduction

Fractional calculus is the generalization of the classical integer-order calculus. Fractional
operators possess memory effects that integer-order integral and derivative operators are not
able to represent them. These operators are especially applicable in modeling systems that
emerged in physics, chemistry, biology, environmental data, and so on. Since fractional op-
erators are non-local, they take notice of the entire history of a phenomenon rather than its
current behavior. Indeed, fractional calculus provides deeper intuitions and more precise mod-
els [3,15,30,39].
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Mathematical modeling of diverse diseases helps researchers to understand how diseases can
spread through the body or population. They furnish insights into figuring out the mechanisms,
dynamics, transmission ways, and factors influencing the propagation of diseases. Mathemat-
ical models can simulate the effect of diverse interferences, for instance, vaccination, quar-
antine, and social distances on disease transmission. Therefore, researchers and healthcare
professionals can predict the future treatment of the disease and evaluate various strategies to
control it [4,5,7,10,11,18,36]. Among different types of cancers, the study of causes, mecha-
nisms, and therapy strategies of lung cancer is vital for its high mortality rate. That is why,
researchers have simulated various models to describe the growth of lung cancer in lung tis-
sues [1,6,13,31,42,46,49]. From the point of view of the numerical solution, Amilo et al. [4] solved
numerically their suggested model of progression of the lung cancer using an Adams-Bashforth
predictor-corrector method. Authors in [38] presented a fractional model of tumor-immune sys-
tem interaction related to lung cancer and applied an Adams-type predictor-corrector method
to estimate numerical solutions to the proposed model. Hassani et al. [21], used the generalized
Laguerre polynomial method to obtain optimal solutions of a model of lung cancer.

Spectral methods, including the Galerkin, tau, and collocation, are a class of techniques
utilized to solve different functional equations where the solution to the given problem is rep-
resented as a linear combination of basis functions [14,26,27,29,35,50]. Basis functions can be
eigenvalues of some second-order differential equations such as Jacobi, Laguerre, and Hermite
polynomials [2,12,16,23,24,43,45,47,48,51]. Orthogonal Jacobi polynomials play a significant
role in different areas of mathematics and its applications. These polynomials are employed
in various numerical techniques to approximate and interpolate unknown functions in given
functional equations. Jacobi polynomials include two parameters 6,19 > —1 which by varying
values of 6 and o, different special cases of these polynomials appear (for instance, Legen-
dre polynomials for § = ¢ = 0, Chebyshev polynomials of the first and second kinds for
6 =9 =—-0.5and 6 =9 = 0.5, respectively). In this way, the effect of varying two parameters
on approximate solutions can be investigated. The trace of Jacobi polynomials can be seen
in many research works as basis functions. For instance, to solve fractional integro-differential
equations [12,27,35,45,47,50] and time- or time-space fractional partial differential equations
(PDEs) including the pantograph PDEs, Fisher-Kolmogorov equation, diffusion-wave equations,
hyperbolic PDEs, telegraph equations, distributed-order fractional Schrodinger equation and
so on [17,22-24,33,48].

As we know, Jacobi polynomials have not been used to numerically solve systems of frac-
tional differential equations obtained from mathematical modeling of diseases. For this reason,
this research deals with applications of these polynomials for such models. A fractional-order
system of differential equations, presented in [4], reveals the interactions between cancer cells
and immune cells in lung tissues and cancer cells that have spread to other parts of the body
as follows:

FDEN () = W(r) (1= 21 ) = V()P — SN,
§ DSZ(1) = p1Zo + 02 N3 (1) — 93 Z(7) — BoZ(7)P(7), (1.1)
EDEP(r) = N () Plr) — 3P () — B T(7)P(),

where N (7) represents the number of cancer cells in lung tissues at time 7,Z(7) represents
the number of immune cells in lung tissues at time 7, and P(7) represents the number of
cancer cells that have spread to other parts of the body at time 7, 7 € [0,T]. §DS(.) is the
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Caputo derivative operator of non-integer order ¢, ¢ € (0,1) and appropriate initial conditions
are N'(0) = Ny > 0,Z(0) = Zp > 0,P(0) = Py > 0. A description of parameters in model (1.1)
is seen in Table 1.1. Model (1.1) incorporates the effects of oncogenes and tumor suppressor
genes through the growth rate of cancer cells A\, and the carrying capacity k. It also includes
the effects of immune cells through the parameter 5; and the growth and spread of cancer
cells through the parameters p,vy, and 6. The role of blood vessels in delivering nutrients
to cancer cells and promoting metastasis is captured through the parameter 3. Finally, the
effects of growth factors are captured through the parameters ¢1, @2, and ¢3. Lung cancer is
a prevalent cancer worldwide and a leading cause of cancer-related mortality [44]. The disease
is characterized by genetic mutations that result in uncontrolled cell growth and division, and
its development is influenced by various factors such as smoking, environmental pollutants, and
genetic predisposition [34]. However, the complexity of the disease has made the development of
effective treatments challenging despite advancements in cancer research [28]. Amilo et al. [4]
have discussed about local and global stability, reproduction number, and sensitivity of the
suggested model.

In the current paper, first, classical Jacobi polynomials are transferred to the interval [0, T.
Then, the integral pseudo-operational matrix is constructed for the shifted Jacobi polynomials
as basis functions. Using the operational matrix, appropriate approximations are derived for
all terms in model (1.1). By substituting resultant approximations into equations in model
(1.1), three residual functions are achieved that by collocating the residual functions at roots
of the shifted Jacobi polynomial of degree M + 1, a non-linear system involving 3(M + 1)
algebraic equations is obtained and by solving this system by Newton’s iteration method, the
unknown coefficients in series solutions are acquired approximately. With the investigation
of the existence and uniqueness of solutions to model (1.1) by the Leray-Schauder fixed-point
theorem, one can deal conveniently with the numerical solution of model (1.1) with the aid of the
designed method. Some error bounds are estimated in a Jacobi-weighted L2-space. By varying
values of parameters in system (1.1), the sensitivity of the given model to parameters is studied.
To gain better achievement and improve the results, a feedback control strategy is adopted by
applying the method of Lagrange multipliers. For this purpose, after inputting appropriate
control functions to model (1.1), an objective function is joined with three equations of the
model as constraints. The target is to minimize the number of cancer cells and reduce their
spread in lung tissues. Authors in [8,9,41] used generalized Bessel, Bernoulli, and Laguerre

Table 1.1: Description of parameters in model (1.1).

Parameter Description
A Growth rate of lung cancer cells
K Carrying capacity of lung tissue
I Rate at which cancer cells spread from lung tissue to other parts of the body
51 Interaction between cancer cells and immune cells

©1, P2, P3 Effects of growth factors

B2 Interaction between immune cells and growth of cancer cells
5 Rate at which cancer cells in lung tissue spread to other parts of the body
1) Rate of death of cancer cells that have spread to other parts of the body

B3 Interaction between blood vessels and cancer cells
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polynomials of the fractional orders to control and reduce the impact of cancer cells in the
body. Indeed, they tried to control the behaviour of state variables by finding optimal values
of fractional orders of basis functions. While in the current work, control variables are added
to the given model in order to reduce the impact of the cancer cells.

The contributions of the current work are highlighted below:

e Classical Jacobi polynomials are extended to the interval [0,7] and used to approximate
solutions of model (1.1).

¢ A pseudo-operational collocation approach is designed to convert model (1.1) into a system
of algebraic equations.

e The existence and uniqueness of solutions to the given model are proven using Leray-
Schauder fixed-point theorem.

e Error bounds of spectral solutions obtained from the proposed method are estimated in
a Jacobi-weighted space.

e Outputs are improved by adopting a feedback control strategy for the first time.

This paper is organized as follows. Section 2 is devoted to presenting definitions of fractional
operators. Section 3 gives some theorems to prove the existence and uniqueness of solutions
to model (1.1). In Section 4, a pseudo-operational integral matrix based on shifted Jacobi
polynomials is derived. Estimating error bounds in a Jacobi-weighted space is presented in
Section 5. The methodology involving finding spectral solutions to model (1.1), the sensitivity
analysis, and giving a feedback control procedure is the subject of Section 6. Ultimately, the
work ends with the discussion and conclusion in Sections 7 and 8.

2. Fractional Operators

Fractional calculus generalizes the integer-order calculus and fractional differentiation and
integration operators have advantages in modeling diverse real-world phenomena. Here, some
usable definitions and characteristics of fractional operators are recalled.

Definition 2.1. The Riemann-Liouville fractional integral of non-integer order ¢ > 0 of a func-

tion f(1) € L*([0,T)) is defined as [40]

rigcroy L [T e
I = g | O RO de > (21)

where T is the Gamma function. If { = 0, then FLISf(1) = f(7).

Definition 2.2. The fractional derivative operator in the Caputo concept of non-integer order

¢ >0 of a function f(r) € C™([0,T)) is defined as [40]

§D510) = pts [ (-9 g e n-1<e<n (22)
where
() = D () = L0,
drm™

Some characteristics of fractional derivative and integral operators are listed as follows:
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L §D5f(r) =g T~ (D" f(7)), D" = ‘Z;(,;), n—1<¢<n,
2. D (6T f (7)) = f(7),
n—1 (k) 0
B JUISEDU) = ) - X faert, ne1< (<
k=0
Oa \_CJ > CY,
4. qu = {Mta_g otherwise
F(O& — g + 1) ) )
5. é%LICTO( = %toﬁ_(, o> 0,

where (,a € R and n € Z™T.

3. Existence and Uniqueness of Solutions

The Leray-Schauder fixed-point theorem [25] is used to prove the existence and uniqueness
of the solution to system (1.1). First, assume K(7) = (N(7),Z(7), P(7)), define the Banach
space A = C(I,R)3,T = [0, 7], with the norm as

IKNl4 = IV, Z,P) |4 = max{ N (7)] + [Z(7)] + [P(7)[}.
Rewrite the right-hand side of system (1.1) as follows:

Bi (7, N(1),Z(7), P(7)) = AN (r) (1 - A@) — uN(T)P(r) = BL N(1)Z(7),
Bo (1, N(1),Z(7), P(1)) = 1 To + 2 N*(1) — 03 Z(7) — B2 Z(1)P(7), (3.1)
By (m,N(7),Z(1), P(1)) = y N () P(7) = § P(7) — B3 Z(7)P(7),
So, system (1.1) is turned into the following equivalent system using (3.1):
§DEN (1) = By (1, N (1), Z(7), P(7)),
§ DSL(r) = B2 (7, N (1), Z(7), P(7)), (3.2)
§DSP(1) = B3 (., N (7),Z(1), P(7)),

and the compact form of system (3.2) is as

OCD$IC(T) = B(T,IC(T)),
K(0) = Ko,

where IC() = (No,Io, Po) and
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By applying the Riemann-Liouville integral operator to (3.4), one gets

K(r) =Ko+ % /OT(T —OSTIB(E,K(¢)) d, (3.5)

or equivalently
N(r) = No + ﬁ / "~ OB (€ N (), T(6), P(E)) de
I(r) =T+ ﬁ / "7 O Ba(e. N(©). T(6), P(E)) d, (3.6)

P(r) = Po+ ﬁ / "7 O Ba (€. N (), T(6), P(E)) de

Now, define the right-hand side of (3.5) as a mapping F : A — A as follows:

F(K(r)) = Ko + % /OT(T —OIB(E,K(€)) de. (3.7)

To prove the existence of solutions to system (1.1), the Leray-Schauder fixed point theorem is
used [25].

Theorem 3.1 (Leray-Schauder Fixed Point Theorem). Let A be a Banach space, € C A
be a closed convexr and bounded set, and Q C € be an open set involving 0 € Q. Then, under
the compact and continuous mapping F : Q — &, either

Cl: 3z€Q st z=F(z),
or

C2: J2z€009, ne(0,1) st z=nF(z).
Theorem 3.2 (Existence). Suppose B € C(Ix A, A). If

Pl: 3¢ e LY ILR") and 3 L € C([0,0),[0,00)) (L is non-decreasing) such that

Vreland K € A, one has ‘B(T,IC(T))’ < P(1)L(|K(7)]), (3.8)
w e
P2: 3w >0 such that Ko T/ T DR > 1 withyg = S;glw(f)I,

then there exists a set of solutions to the fractional lung cancer system (1.1).

Proof. Consider the mapping F defined in (3.7) and suppose S, = {K € A: ||K||a < r}.
Since B is continuous, therefore, F is continuous, as well. One gets from P1

IS A
PO < Ko+ 1 | (=9 BleKie)| de

< Ko+ % /OT<T — O () LK) de
T<

S (Y

Yo L(r).

So,
T¢

IFUOa < Ko+ 525

GL(r) < . (3.9)



Spectral Solutions of a Mathematical Model for Lung Cancer 7

Thus, F is uniformly bounded on .A. Now, assume that u,v € [0,T] such that u < v, K € S,,
and

B*=  sup |B(7,K(n))|< .
(7,K)EIX S,

One has

|7 (K(v)) = F(K(u))]

1 vvf ¢—1 B “u7 o1
< g ), OBl K@) - [ B Kig) as
B* . .
Smw —u (3.10)

It can be seen that the right-hand side in (3.10) tends to zero as v — u. Consequently,
|F(K(v)) — F(K(w))|la — 0 such that v — u. Based on the Arzela-Ascoli theorem and
compactness of F over S,., F is equicontinuous. If the Leray-Schauder theorem is fulfilled on F,
one of C1 or C2 is satisfied. From C2, one can set ¥ = {K € A|||K||4 = w} for some @w > 0
such that

TS
Ko + T o L(w) < w.

C+1)
From C1 and (3.9), one has

TS
| F(KC)|Ja < Ko + m

Assume that there are K € 9% and n € (0,1) such that £ = nF(K). Then, from (3.11) one
can write

o L(IK]].4)- (3.11)

w = ||K|la=n|FK)|a

<Ko + o LK)

TS
T +1)
TS
< Ko+ T

mlﬂgﬁ(w) <w,

that is a contradiction. Therefore, C2 is not satisfied and F possesses a fixed point in ¥ based
on the Leray-Schauder theorem. Thus, the existence of a solution to fractional lung cancer
model (1.1) is proven. O

Now, we show that equations in system (1.1) have the Lipschitz property.
Lemma 3.1. Assume that (N,Z,P), N*,Z*,P*) e U = C(I,R) and

El: [N[[<o1, [Zl <02, [Pl<os, [N <of, T7] <03 [P <03,
oj,07 >0, j=1,2,3.

Then, B1,Bs, and Bs in (3.1) satisfy the Lipschitz property with constants vy1,v2,7v3 > 0 with
respect to appropriate arguments, where

A A
m=A+ " +201E + Bi02, Y2 =3+ 203, 3 =701+ 0+ [302. (3.12)
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Proof. Consider N, N* € U = C(I,R), so one has
HBl(T,N,I,/P) - Bl(T,N*,I,P)ll

- HA(/\/—N*) AW N - (NP - NP) — T —N*I)H
A

S AN = N+ =N = NN = N+ 2N+ BNV = N Z
A

< NN = NI+ 2N = NI = N+ 207) + Broall A = A
= (/\Jré +20Té +ﬂ102)|NN*|

K K
= W — A

where 71 = A+ A/k+20\/k+ B102. Thus, By is Lipschitz with respect to N'. Choose Z,Z* € U
for Bo,
|1B2(7, N, Z,P) — Ba(1, N, Z*, P)||
= —s(Z—1%) - B2(ZP - I"P)||
< @3l|Z = I%| + Baos||IT — 77|
< (3 + B203)|IZ — 77|
=%l -I7,

where 2 = @3 + P203. Similarly, for Bs one has

1Bs(T, N, Z,P) — Bs(r, N, Z,P*)||
= |[y(NP = NP*) = (P —P*) — B3(ZP — IP")|
< yo1||P =P + 6P = P*|| + Bso2|P — P~
= (yo1 + 0 + B302)||P — P7||
=3[P =P,

where 3 = 01+ 0 + B302. Therefore, above inequalities show that By, By, and Bs are Lipschitz
with respect to N, Z, and P, respectively with v; > 0,5 = 1,2, 3. O

Theorem 3.3 (Uniqueness). Suppose that |N| < o1, ||Z|| < o2,||P|| < o3 and consider
quantities in (3.12). If
T¢;
D

then there exists exactly a set of solutions to fractional lung cancer model (1.1).

<1, j=1,2,3, (3.13)

Proof. Suppose that there exist two solutions (A, Z,P) and (N*,Z*, P*) to system (1.1)
under initial conditions N = No, Z§ = Zp, and P§ = Po. From (3.6), one has

* L i — ¢—1 * * *
N =Nt g [ =0T BN (0.7 0. P ) e

=T+ ﬁ / (1 — O B, N (). T (), P (6)) e,

* L TTi ¢—1 * * *
P =Pot i | (-9 BENO. 7€) P (@) e
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So, one can estimate

— N* L ’ _ )61 _ = T* D d

IN=A1 < g | = O BN L) - BT P
T 1 *
Sty Mk

So,

TC 71 *
GFEIENN'NWSQ

From (3.13), one has N'(7) — A™*(7). One can obtain similarly,

J— * L ! — C71 _ * * * d
IT-T < 5 | (7= O IBAE N T P) — Bale N T P

T< .
* 1 T ¢—1 * * *
= — - B - B d
P71 < g [ (7= O IBEN T P) — Bale N T P
T3 *
< eyl

Using (3.13) leads to Z* = Z, P* = P. Therefore, system (1.1) possesses a unique solution. [

4. Shifted Jacobi Polynomials over Interval [0, T] and Integral
Pseudo-operational Matrix

Classical Jacobi polynomials, as a category of orthogonal polynomials, play a vital role in
SEIGJ.%%/'ing special functions and approximation theory [19]. These polynomials are denoted by
J.
and 60,1 are two parameters greater than —1 which different choices of them yield different
families of orthogonal polynomials, for instance, the Legendre polynomials (6 = ¢ = 0), Cheby-
shev polynomials of the first kind (§ = ¢ = —0.5), Chebyshev polynomials of the second kind
(0 = ¥ = 0.5), and so on. Using the change of variable 7 = 2¢t/T — 1, the shifted version of

Jacobi polynomials is achieved over the interval [0, T], denoted by

2t
I8 )(T - 1) = (7).

The shifted Jacobi polynomials satisfy the following three-term recurrence relation:

(t) and defined on the interval [—1, 1] where ¢ refers to the degree of the given polynomial

(O+9+2i—1)(02 =92 +7(0 + 9+ 20)(0 + 0 +2i — 2)) (5.

20 (0 +9+1)(0 + 0+ 2i — 2) he ()

(9+z—1)(19+z—1)(9+19+2z)J(919)
i(0+94+0)(0+ 0+ 2i—2)

(), i=2,3,..., 7€][0,T], (4.1)
where the starting values are

0,9 0,9
WO =1, ) =
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and 7 = 2t/T — 1. One of the properties of the shifted Jacobi polynomials is orthogonality, i.e.

T
[ 1@ w0 ) dr = 65,
0

where w(®") (1) = 79(T — 7)? is the weight function, &, is the Kronecker delta function, and
ACRD)
J

is the normalization constant as follows:

R09) _ T+ T O+ j+ 10D+ j + 1)
IO+ 2+ DGO+ I+ + 1)

§=0,1,2,.... (4.2)

In addition to relation (4.1), the shifted Jacobi polynomials are obtained from the following
series:

109 (7 ZW . i=0,1,2,..., k=0,1,....4, (4.3)
where
O _ (qyi-k T@O+i+ 1)@ +I9+i+k+1)
k PW+k+ DO +9+i+ 1) —k+ DI(k+ 1)TF
i=0,1,2,..., k=0,1,...,i.

Orthogonal polynomials constitute a basis in which continuous/squared integrable functions can
be expanded using a linear combination of them. This allows an approximation of functions
by truncating such series where the coefficients are obtained via inner products. To illustrate,
consider the function g(7) € L2 4, (I),I = [0,T], where L2 , , (I) is a Jacobi-weighted space.
This function can be expanded in terms of the shifted Jacobi polynomials as follows:

— 0,9
= g (), (4.4)
k=0
where the coefficient gi can be calculated using inner product
1 i 0.9
g = W/ g(T) J](c )(T)w(e’ﬂ)(T) dr, k=0,1,2,....
% 0

To approximate solutions of a given functional equation, a truncated form of the series solution
n (4.4) is used

9(r) ~ gu (7 ngJ” =GTI(r), (4.5)

where G and J(®?)(7) are the following (M + 1) x 1 vectors:

G=lg0,81,82-.8nm) ", IOV () = PP (), 10D (), 98D (7), . IGD @] T (a6)

To avoid performing the integration operation to reduce computational costs, an operational
procedure is constructed. Hence, an integral pseudo-operational matrix is derived based on
shifted Jacobi polynomials. Consider the basis vector J(®¥)(7) in (4.6). Applying the Riemann-
Liouville integral operator to the mth component of the basis vector leads to

M.

)

RL—C (9119 (m)F k+1 (m) F kJrl) -
7<) -~ T m=0,1,..
0 Srm Z k+§+1 Z Tk+c+1) 00
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k

Now, 77 is expanded in terms of basis functions

M
o Z dgk) Jge’ﬁ) (1),
i=0

where the coeflicient dl(k) is calculated as follows:

(ky 1
di” = 7, (0:9)

i T k47460 0
__1 () TO+0+k+5 T T L
7(0.9) § :VJ o Th+7+0 T
% 7=0

1 < g 4 L
_ B(G,ﬁ) Z,y]( ) Th+i+0+0+1 /0 uk+J+19(1 _ u)edu

T
/ Tk Jge’ﬂ)(T) w(e’ﬂ)(T) dr
0

i j=0

1 i7<i) Tk+j+9+19+1F(k +j+9+1)I0E+1)
j

:ﬁgwﬁﬂ Tk+j+0+9+2)

So, one has
FTILO0

) M { m i T9+19+k+j+1’71(€m) ’Y(-i) F(k‘—i—l) F(k+j+19+1)1“(9+1)} 0.9)
DD 5

~
~

3;(T)

Sl== AT+ CH )Tk +j+0+0+2)

form=0,1,...,M,2=0,1,...,m. Therefore, the integration of the basis vector in a matrix
form will be displayed as follows:

FETSIOD (1) e 7€ ACON 3OO ), (4.7)

where A(G9?) is the following integral pseudo-operational matrix:

G99 C.0.9 ¢.0,9
)\610 ) AEM ) Aé,M )
0.9 ¢.0,9 0,0
ACO.9) )‘g,o ) )‘5,1 ) )‘g,M )
479,19 479719 479719
)\5\4,0 ) )‘5\471 ) . )\5\47M )

and its entries are calculated as

AGO _ 3 L OOtk M O D 1) Tk + 5 + 9+ 1)T(0 +1)
o == BT+ ¢+ DT (k+j+0+0+2)

. m,i=0,1,...,M.

Appropriate approximations are substituted in the given equations to obtain residual func-
tions. These residual functions are collocated at roots of the shifted Jacobi polynomial of
degree M + 1 and a non-linear system of algebraic equations, including 3(M + 1) algebraic
equations, is achieved. By solving the resultant algebraic system, the vectors of coefficients in
the series solutions are derived approximately, so, approximate spectral solutions of model (1.1)
are acquired.
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5. Error Bounds

Suppose that Z(7) is a sufficiently smooth function over the interval [0,7] and Qas(7) is
an interpolating polynomial to Z(7), therefore one has

z(M+1)

Z(1) = Qu(7) = T T2

M
H ™), €€(0,T),

where 7,,,n = 0,1,..., M are roots of the shifted Chebyshev polynomials of the first kind of

degree M + 1 over [0,T]. If max,c[o 7 |[ZM*+V(7)| = Mz, then one has [37]
My TM+1
1Z = Qusll 2 2 0.0y (D = PMHIL(M +2)° (5.1)

where ||.|| 12 0.0, D is the L?-norm in the Jacobi-weighted space A .9), which are defined as

<oo},

follows:

dv(r
di

2 00 = (/O f(r)w ““”(r)df)

Theorem 5.1. Suppose that Z(1) € Agw.9 is an (M + 1)-time continuously differentiable
function on the interval [0,T), Zy (1) = CTJ@9) (1) is the expansion of Z(1) in terms of shifted
Jacobi polynomials, and ZM( ) = cTJe (1) is the approzimate solution obtained from the

e = € 22|21

2(9+k 9+k) @

suggested scheme. Then, one gets

o MR R+ DR + 1) = =00
||Z ZMHL 2. 0)(H) = 92M+1 F(M+2) F(9+’L9+2) + ||C—CH2 nzzohn . (52)

Proof. Let Gy be the space of all polynomials of degree at most M. So, Z/(7), ZIVI (1) eGy.
One can write

12 Zullce o0 <102 Zalzz o+ 1200 = Zutl o (53)

o D
Now, some upper bounds are calculated for the norms on the right side in (5.3). From (5.1),

one gets

1Z=Znll2z, @

T 2
<Z=Qullez, 0= (/o |Z(7) — QM(T)|2w(0,ﬂ)(T)dT>

T MA+1 2 3
Mz T + 2

< _ MzTTT N 6.0
= (/0 (22M+1F(M+2)> w (T)dT>

_ MTMFOIED/2 P9+ D0+ 1)
o 22MHID(M 4+ 2) (0 +9+2)

(5.4)
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Using Cauchy-Schwarz’s inequality, one has

= 2
1Zn — ZMHLZ(GYM(H)

M

= / ' [Z(cn En)Jg’ﬂ”(T)] w @ (r)dr
0

n=0

M 3 T/ M 3
< <Z<cn Em?) ( /O (ZJ%"””Z(T)w("’m(ﬂ>d7>

M
- 7(0,9
= 1€ = Cllay| DA,
n=0
§

where || - ||2 is the Euclidean norm of the given scalar vector W = [wy, wa, ..., wy] ', i.e.

Wil = (i |wk|2> '

k=0
Therefore, one can get upper bound (5.2) for the inequality in (5.3). O

Assume that Ny (7),Zas(7), and Pays(7) are approximate solutions to model (1.1) obtained
from the pseudo-operational collocation method. By applying the Riemann-Liouville integral
operator to system (1.1), one gets the following system:

No) = Nty [ (=05 PO 2020 - N O PIO-51 M (O )] e
I(r) =Ty + ﬁ /0 (r— O b1 To + s N2(€) — b3 T(€) — P T(€) P(E)]de, (5.5)
P(r) = Po+ ﬁ / "= O N PLE) — P(E) — B T(€) P(6)] de.

If Nas(7),Zas(7), and Ppr(7) are approximate solutions to system (1.1) obtained from the
suggested method, then one has the following approximate system:

Nua(r) =N+ Hor(r) 4 5 [ (=0 |ANR (©-230) ~ 1N (©) Pa(€)
—BL Nm(§) Tn (€) | dE,

Inv(T) =To + Hz(T) + ﬁ /OT(T — Q) 1 To + G2 Nir(€) — é3Tn(€) (5.6)
By Tar(€) Pas (€)] dé,

Parl) = Pot W)+ 55 | (7= OF N ©) Par©) = 6 Par(©)
By Tar(€) Pas (€)] de,

where Har(7), Hz(7), and Hp(7) are residual functions. Subtracting Eq. (5.6) from Eq. (5.5)
and defining error functions as

en(T) =N(7) =Nu(7), ex(r) =Z(7) = Iu(7), ep(r) =P(1) = Pum(7)
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lead to the following error equations:

1
IN(Q)

<[00 Ret®) - Zew(©)en(©) + 2Nu©)
—nlen(€)(er(€) +Pas(€)) + Nar(€)ep(€))
—B1(en(€)(ez(&) + Zm (&) + N (§)ez(€)) | de,

Ha (1) = en(7) —

1
()
x / (r— O [ en(€) (en(€) + 2N (6)) — s ex(€)

0

Hz(r) =ez(r) —

) —B2(eze) (ep (&) + Pur(§)) + Znr(ep()) ] dE,
T(C)
x /0 (r— O [r(enE) (ep(€) + Par(6)) + Nar()er(€))

—dep (&) — B3(ez(€)(ep (&) + Pu(€)) + Ina(€)ep ()] dE.

Hp(r) =ep(T) —

Using resultant bounds in (5.2) leads to the following inequalities for the residual functions
in (5.7):

TS
HHNHLi(Gﬂ)(H) < ||€N||Li(w)(ﬂ) + TC+D)

A
s [Mewliz o+ 2wz (lewlsz, 0 + 20Nl)

w

+u(llewllzz, , (lerlizz, , @ + I1Pallos) + IParllslierllzz , , o)

w(6,9)

+ 8 ((llezlzz o+ IZaclloo ) lleallzz oy + |NM|m||ez||L2WH>)],

TS
zllez, 0 < llezllzz , 0+ Fe5 D

x |eallenllzz, , o (lewllzz , , @+ 2INalloo) +sllezllzz , |

+ 8a((llemllzz , , ) + 1Patlloe ) llezllzz , , @ + WTarllsllerllzz , , ) ]

w(6,9)
T<
Helez, < lerllez, , 0+ FET

X {'7(||€7’||Li(970) @+ ||7’M||oo) lleallzz , , @ + IVarllosllerllzz , @
+dllerliz,, , o +Bs((lerllzz , , @ + IParlloc) ezl

w (9’19)(]1)
+ 1 Zallcllerllzz, , o) ]

w

It can be seen from the right-hand sides of the above inequalities, when the number of basis

functions increases, the error bounds will be small enough. Then, we expect approximate
solutions to be reliable.
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6. Solution Method and Approximate Results

In this section, the suggested technique and control strategies are performed on model (1.1).
All experiments are carried out utilizing Maple 2023 on a laptop with 3.00 GHz central pro-
cessing unit, Intel (R) Core (TM) i5-7520U CPU, 8 GB memory, and Windows 11 operating
system.

6.1. Solving model (1.1) by the suggested method

First, the terms involving fractional derivatives in model (1.1) are approximated as follows:
§DGN (1) ~ C[1(7), §DGI(7) =~ C3IC(r), §DGP(r) ~ C7 1" (7), (6.1)

where C;,j = 1,2,3 are unknown coefficients vectors which can be determined and J (9’19)(7) is
the basis vector in (4.6). Employing the Riemann-Liouville integral operator on approximations
(6.1) and using the pseudo-operational matrix (4.7) result in the following approximations to
N(7),Z(7), and P(7):

N(T) = Ny + TCclTA(Cﬁﬂ?) J(9ﬂ9)(7-),

I(r) m To + 76CJ A0 109 (), (6.2)
P(r) ~ Py + 7¢Cg AP 3O (7,

Now, substituting approximations (6.2) into system (1.1) yields the following residual functions:

1
Ri(r) = CIJ(9719) (7‘)—)\(No—i-TCCIA((’G’ﬂ)J(e’ﬂ) (7-)) (1_E (/\/'O—f—TCCIA(C’G’ﬂ)J(e“”(T)))

uNo+ TCCIA(C’Q’WJ(H’&)(T)) (Po + T<C3TA(<79719)J(9,19)(T))
+ BN, + 7ECT ACON O (7)) (Zy 4 76CT ACHN O (7))
Ra(r) = C;J(9,19)(7-) — 01To — @2 (NO + TcCIA(c’B’ﬁ)J(e’ﬁ)(T)f
+ o3 (T + 7CF ACEDJ0.9) (7))
+ B (To +7°C AT (1)) (P + 76 AN (7)),
Ra(r) = C3 1 () =y (No + 7¢CLACHDTEOD (7)) (Py + 74 Cg AT (7))
+6(P)0 + 79CT AN O (7))
+ B3(Zo + T CTASINT O (1)) (Py + 7 CT AN IO (1)),

(6.3)

Now, by collocating the residual functions in (6.3) at M + 1 roots of Jgf[’f)l (1) after choosing
values of parameters 6 and ¢, a non-linear system involving 3(M + 1) non-linear algebraic
equations are obtained, by solving the resultant system via Newton’s iteration method, values
of unknown coefficients Cq, Co, and C3 are calculated approximately, then approximate solutions
are achieved from (6.2).

In order to draw figures of approximations obtained for state variables N'(7),Z(7), and P(7),
the following initial values and values of parameters are considered [4]:

Ny =35 Ty=09, Py=3, T=10, X=0.3,
k=10000, =001, pB; =001, B»=001, B3=0.04, (6.4)
01 =0.03, @2=0.04, ©3=0.01, v=0.07, &=0.001.



16 K. SADRI, D. AMILO AND E. HINCAL

Figures of state variables in system (1.1) are depicted in Figs. 6.1-6.4 for M = 7, different values
of # and ¥ and ¢((6,9) = (0,0),(0.5,0.5),(1,1), (—0.4,—-0.25), ¢ = 0.1,0.2,0.3,0.4,0.5). The
target of modeling the growth of cancer cells in lung tissues is to adopt a strategy for controlling
and reducing the propagation of cancer cells. As seen in Figs. 6.1-6.4, the number of cancer cells
is reduced by the increase of the order of fractional derivative (. The number of immune cells

@ (b)

& — o e —
£ — (=02 E3s — (=02
% — =03 30 — (=03

(T)

2 £=04 25 {=04
20 =05 20 (=05
18 15
16 10
o1 >3 4 s 6 1 8 9 10 0 T
T T
©
o
s
77\‘
N :
— =01
£ — (=02
4 \ — (=03
N C=04
£=05
2
.
o+ .
o 1 2 3 4 5 6 7T 8 9 10

Fig. 6.1. Plots of approximate solutions to model (1.1): (a) N(7), (b) Z(7), (c) P(7) for (6,9) = (0,0)
and M =T7.

(a) (b)

35 60
325 3
50
30 45
o — (=01 “ — =01
Lo — (=02 Ess — (=02
s — (=03 30 — (=03
C=04 2 =04
20 =0.5 =0.5
¢ 2 ¢
175 15
15 104
6 1 2 3 4 5 6 7 8 9 10 6 1 2 3 4 5 6 7 8 9 10
T T
(©)
109
o]
N
4]
6 —¢=01
= R
Es C,O'Z
o = — (=03
(=04
3 \ £=05
5]
W
04 |
0 1 2 3 4 5 6 7 8 9 10

Fig. 6.2. Plots of approximate solutions to model (1.1): (a) N(7), (b) Z(7), (c) P(r) for (0,9) =
(0.5,0.5) and M = 7.
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(@)
36 (b)

= — =01 40 — =01
g —=02 E3s — =02
2 —03 20 — =03
2 C=04 . 04

20 §=05 2 (=05
13 15
16 10
0 1 3 3 4 5 s 3 8 9 10 0 1 2 3 4 5 6 7 8 9 10
T T
©
10
o
s
74
61 — (=01
£ s — (=02
. — (=03
S~ ~— ] t=04
34 \ {=05
24
i
04

Fig. 6.3. Plots of approximate solutions to model (1.1): (a) N(7), (b) Z(7), (c) P(7) for (6,9) = (1,1)
and M =7.

(a) (b)

28 \ —=01 40 —=01
T2 — (=02 Ess4 — =02
Zu — 03 304 —-03

(=04

2 21 C=04
=05 =05
20 3 204 3
18 15
16 10
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 s 6 7 8 9 10
T T
()
9
34
/
7
64
N — -0l
£ — =02

S = N oW s

o4

| //
EaRiaRal
I
ceo e
s

Fig. 6.4. Plots of approximate solutions to model (1.1): (a) N(7), (b) Z(7), (¢) P(r) for (0,9) =
(—0.4,-0.25) and M = 7.

is increasing and tending to Z(7) = 60 by increasing values of ¢. Values of Z(7) sound constant
after 7 = 6 for different values of (. The number of cancer cells spread to other parts of the
body is first increasing up to for instance P(r) = 8.7 for (0,¢) = (0,0), while the maximum
value of P(7) is 9.5,10, and 8.1 for (0,9) = (0.5,0.5),(1,1),(—0.4,—0.5), respectively. And
after 7 = 0.5, values of P(7) decrease and tend to 0.5. State variables N (1) and Z(7) have
similar behaviors by choosing different values of 6 and ¢ for Jacobi polynomials.
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6.2. Sensitivity analysis

The sensitivity analysis plays a pivotal role in appraising the soundness and reliability of
mathematical models across various disciplines. It helps in distinguishing which parameters
have the most operative effect on outputs of the given model. By figuring out the sensitivity
of the given model to different parameters, researchers can optimize the model structure or
parameter values to achieve better performance.

In this subsection, some scenarios will be designed to demonstrate the sensitivity of the
suggested model to diverse parameters:

1. Sensitivity to \. By choosing values of A as A = 0.1,0.2,0.3,0.4, model (1.1) is solved by
the method stated in the previous subsection and figures of N'(7),Z(7), and P(7) are depicted
in Fig. 6.5 for M = 7,(0,9) = (1,1), and ¢ = 0.6. From Fig. 6.5(a), the number of cancer
cells decreases by increasing values of A, but by setting values less than A = 0.3, better results
are achieved. The number of immune cells are increasing with the increase of values of A till
7 = 0.5 and after that has a decreasing behaviour. The rate of propagation of cancer in lung
tissues increases by raising values of A, while after 7 = 2.5, all curves obey the same treatment.

2. Sensitivity to p. By Choosing values p = 0.01,0.015,0.02,0.025, solutions of the given
system are approximated using the proposed scheme and figures of approximate solutions are
seen in Fig. 6.6. The number of cancer cells is decreasing by increasing values of . All curves in
Fig. 6.6(b) are increasing but by increasing values of u, the number of immune cells decreases.
The number of cancer cells spread in other parts of the body decreases after 7 = 0.5 and curves
get close to the horizontal axis.

3. Sensitivity to ;. Figures of N (7),Z(7), and P(7) are plotted and seen for 31=0.01, 0.015,
0.02,0.025 in Fig. 6.7. Values of N (7) decrease by increasing values of 81, but the number of
immune cells decreases considerably as well. The number of spread cancer cells for 8; = 0.025
is less than other values over [0, 3], but after 7 = 3 values of P(7) increase gradually.

4. Sensitivity to ¢;. By changing values of ¢1 (¢1 = 0.01,0.02,0.03,0.04), there is no change
in the outputs as can be seen in Fig. 6.8.

5. Sensitivity to (p,. By selecting values of ¢2 as ¢ = 0.02,0.03,0.04,0.05, undesirable re-
sults are gained for ¢2 = 0.02 and the number of cancer cells decreases for ¢2 = 0.03,0.04,0.05.
While the number of immune cells increases by increasing values of p2. In Fig. 6.9(c), a de-
creasing treatment can be observed for ¢y = 0.03,0.04,0.05.

6. Sensitivity to ¢3. From Fig. 6.10, by choosing different values for 3 (¢35 = 0.01,0.02,0.03,
0.04), there is no significant change in the behaviour of state variables.

7. Sensitivity to [S2. From Fig. 6.11, increasing values of 2 (¢35 = 0.01,0.02,0.03,0.04) can
not be a good strategy because the number of cancer cells and the rate of propagation of them
to other parts of the body increase. As seen, the number of immune cells decreases naturally.

8. Sensitivity to v. By raising values of v (y = 0.05,0.06,0.07,0.078) cancer cells are propa-
gated to the other parts of the body increases, and the number of immune cells decreases. So,
the increase of the values of v is not a good idea. The behavior of the state functions are seen
in Fig. 6.12.
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Fig. 6.5. Plots of approximate solutions to model (1.1): (a) N'(7), (b) Z(7), (c) P(r) for different values

of A, (=0.6, (0,9)=(1,1),and M = 7.
(@)
35 ]
3254 4
304 ]
27.54 .7
£ — =001 ol — =001
Z 2259 —— u=0015 4 — u=0015
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0 1 2 3 4 .% (; % é “? 1‘0 6 1 2 3 4 5 6 7 8 9 10
T T
©
124
104
s
c — u=001
& 6y — u=0015
[ — =002
N ¥ S
2
L —— — T
0 1 2 3 4 5 6 7 8 9 10

Fig. 6.6. Plots of approximate solutions to model (1.1): (a) N'(7), (b) Z(7), (c) P(7) for different values
of u, ¢ =0.6, (0,9)=(1,1), and M = 7.

9. Sensitivity to J. All curves in Figs. 6.13(a) and 6.13(b) coincide for § = 0.001, 0.01,0.05,

0.1, while the number of cancer cells spread in the body decreases with the increase of values
of 4.

10. Sensitivity to (3. In Fig. 6.14, results are not desirable for 83 = 0.02. The number of
cancer cells, N'(7), and the number of cancer cells spread in different parts of the body, P(7),
decrease and the number of immune cells raises for 83 = 0.03,0.04, 0.05.
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Fig. 6.7. Plots of approximate solutions to model (1.1): (a) N'(7), (b) Z(7), (c) P(7) for different values
of f1,¢ =06, (0,9)=(1,1), and M = 7.
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Fig. 6.8. Plots of approximate solutions to model (1.1): (a) N'(7), (b) Z(7), (c) P(r) for different values
of p1, ¢ =10.6, (6,9) =(1,1),and M =T7.

6.3. Feedback control strategy

Feedback control techniques help to improve the efficiency of the obtained outputs and the
performance of the given system (1.1). In this subsection, a modified version of model (1.1) is
considered with three control inputs uq(7), u2(7), and us(7) as time-dependent functions that
should be minimized to diminish the spread of the cancer cells and to augment the immune



Spectral Solutions of a Mathematical Model for Lung Cancer

@)

(b)

— 0, =002
— ,=003
—0,=004
—— ¢,=005

35
30
25
= —— 0,=0.02
L2 =003
z — ,=0.
15 —0,=004
—— 9, =005
10 )
s
o0 1 3 4 5 6 7 10
T
140+
1204
1001
E 80
&
604
40
204
0 -
34 s

Fig. 6.9. Plots of approximate solutions to model (1.1): (a) N'(7), (b) Z(7), (c) P(r) for different values

of 2, ¢ =10.6, (,9) = (1,1),and M =T7.
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Fig. 6.10. Plots of approximate solutions to model (1.1): (a) N(7), (b) Z(7), (c) P(r) for different
values of @3, ¢ = 0.6, (0,9) = (1,1), and M = 7.

cells in lung tissues. The improved lung cancer model is seen below
FDN () = AN () (1= T} = i (0)P(r) - 5N - € ) AT,
§DEL(r) = o1 o + 2 N2 (7) = 3 2(7) = B2 L(T)P(7) + 2 ua(r) Z(7), (6.5)
§DsP(1) =y N (1) P(r) = 6 P(7) = Bs Z(r)P(7) — & us(7) P(7),

and the corresponding objective function is given as follows:

F(N,Z,P,ui,uz,u3)
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Fig. 6.11. Plots of approximate solutions to model (1.1):

(a) N(7), (b) Z(7), (c) P(r) for different

values of 82, ¢ =0.6, (6,9) = (1,1), and M = 7.
(a) (b)
354 654
32,54 60
304 554
50
27.54 s
e ® —— y=0.05 2401 — =005
z2s —— y=0.06 =359 — =006
204 — =007 ;2: ¥=007
1759 ——y=0.078 o ——y=0078
154 154
12,54 10
10 + + J 57 T T i
0 1 5 4 3 K 7 o 2 3 4 5 6 7 8 9 10
T T
()
209
18
164
14
124
10l — =005
=] — =006
— =007
6 ——y=0.078
N
N
ol

Fig. 6.12. Plots of approximate solutions to model (1.1):
,1), and M =T.

values of v, ¢ = 0.6, (6,9) = (1

10

(a) N(7), (b) Z(7), (c) P(r) for different

(6.6)

T
— min/o (771 N(T) =2 Z(1) + 13 P(1) + e1 w3 () + e u3 (1) + €3 u%(T)) dr,

where 7 € [0,T], m;,4 = 1,2,3 and €5, j = 1, 2, 3 are weights to balance all terms in the integrand
in (6.6) and must be determined to decrease the growth of cancer cells (N, P) and increase the
number of immune cells (Z). The method of Lagrange multipliers is utilized to minimize the
objective function (6.6) subject to constraints (6.5) [5]. To apply the proposed approach to
model (6.5), the following approximations to control functions and approximations presented
by (6.1) and (6.2) are required:

uy (1) = UL IOD(7), () = Uy IO (1), wus(r) = UJ IOV (1), (6.7)
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Fig. 6.13. Plots of approximate solutions to model (1.1): (a) N(7), (b) Z(7), (c) P(r) for different

values of §, ¢ = 0.6, (0,9) = (1,1), and M =T.
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Fig. 6.14. Plots of approximate solutions to model (1.1):

values of 83, ¢ = 0.6, (0,9) = (1,1), and M =T.

(a) N(7), (b) Z(7), (c) P(7) for different

where U;,i = 1,2,3 are (M + 1) x 1 vectors which must be determined. Now, suppose 7;,j =
0,1,..., M are the roots of Jg&f)l (7). Approximations (6.1), (6.2), and (6.7) are substituted
into (6.5) and (6.6), then the Lagrange multipliers method is applied to find appropriate values
of state and control functions as follows:

.
Far = / (m (o + 7 CTACHD JOD (1)) — iy (Ty + 7€ CTACHD) JO0(7)
0

+n3 (Po+7¢ Ca AGOD) J(G’ﬂ)(T)) +e (UlTJ](e”g)(T))2 + e (U;J(e’ﬁ)(T))2
tes (U§J<6’ﬂ9>(¢))2) dr + UT R + I RS + U RE, (6.8)
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where ¥;, R7,i = 1,2,3 are the following vectors:

Uy =Y, M), i=123,
R = [Wi(To),Wi(Tl),---,Wi(TM)]Ta i=1,2,3,

where ’L/J‘ij,i =1,2,3,j = 0,1,..., M are Lagrange multipliers and W;(7),7i = 1,2,3 are the
following approximate equations:

1
Wi(r) = C{ IO (1) — X (N + 7¢ C] AGED 09 (7)) (1 ——(Mo+7¢ ClAGED ,11(9”9)(7)))

+ u(No + 78 CTAGED JOD (7)) (Py 4 79 CF A6 @9 (7))
+ B1 (No + 76 €T AGOD) 1O (1)) (Zy 4 7¢ Cg A0 JOD) (1)
+& (U IO (7)) (No + 7¢ CT A0 300 (7)),

Wa(1) = C3 IO () — 1 T — 2 (N + 7¢ C] A0 J(M)(T))Q
+ 3 (Io +7¢ CTA(<79719) J(Gaﬂ)(T))

+ Be (Io + T< CJA €09) JO9) (7)) (Py + ¢ C AGOD) J0:0) (7))

—&(Uy (1)) (Zo + ¢ C3 AGED JOD) (7)),

Wi(r) = CTIOD (1) — 5 (No + 75 CT ACHD JOD (79) (Py 4 7€ CT AGHD) 09 (7))
+8(Py + 76 CJ AP J(0.9)(7)
+ B3(Zo + ¢ CJ A0 J(G,ﬂ)(T)) (Po + 7€ CT AP J(e,ﬂ)(T))
+ & (U5 IO (1)) (P + 76 €3 AGOD) 7O (1)),

Eq. (6.8) involves 9(M + 1) unknown coefficients (CJ, U7, W7 i =1,2,3,7=0,1,..., M) which
must be determined. According to the method of Lagrange multipliers, the following nonlinear
system involving 9(M + 1) algebraic equations is achieved to calculate the solutions to problem
(6.5)-(6.6):
OF M OF M OF M ,
=0, =0, =0, =1,2,3. 6.9

ac, v, v, ' (6.9)
By solving system (6.9) by an iterative method, for instance, Newton’s iteration method, un-
known coefficients are estimated approximately, therefore approximate solutions to problem
(6.5)-(6.6) are acquired.

Values of parameters, coefficients, and initial conditions of problem (6.5)-(6.6) are considered

as follows [4]:

A=03, x£=10000, p=0.01, B =0.0155 B=0.03, B3=0.04,
¢ =05, ¢2=03, ¢3=04, ~=0.07, 5 =0.001, 7 =10,

m=1,  n3=10, € =150, e =100, €3 =150, & =0.08,

€ =005, & =004, Ny=35 Io=09, Po=3, M=7, T=10.

Plots of state variables N'(7),Z(7), and P(7) are seen in Fig. 6.15 for (,9) = (0,0),M =T,
¢ =0.1,0.2,0.3,0.4,0.5. The number of cancer cells and cancer cells spread in other parts of the
body are reduced by increasing values of ¢. In Fig. 6.15(b), the number of immune cells decreases
by increasing values of {, but results are more desirable compared to curves in Fig. 6.5(b). In
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Fig. 6.15(b), Z(7) increases on [0,0.5] while P(7) decreases over this interval. Z(7) decreases
over [0.5,1] and all curves are almost constant after 7 = 1. The same behaviour is seen in
Fig. 6.15(c). Plots of control variables u;(7),i = 1,2,3 are depicted in Fig. 6.16 for (0,9) =
(0,0),M =17, = 0.1,0.2,0.3,0.4,0.5. From Fig. 6.16(a) and (b), the cost of decreasing the
number of cancer cells and increasing immune cells increases by increasing values of {, while the
cost decreases after 7 = 9 in Fig. 6.16(b). However, the cost of decreasing the number of spread
cancer cells is reduced after 7 = 1 by changing values of (. Figs. 6.17 and 6.18 are depicted plots
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Fig. 6.15. Plots of control solutions to model (6.5): (a) N (1), (b) Z(7), (¢) P(r) for different values

of ¢, (6,9) =(0,0), and M = 7.
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Fig. 6.16. Plots of control variables in model (6.5): (a) ui(7), (b) u2(7), (¢) usz(r) for different values

of ¢, (6,9) =(0,0), and M = 7.
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of state and control functions, respectively, for M = 7,(0,9) = (1,1),¢ = 0.1,0.2,0.3,0.4,0.5.
The figures have the same treatment of figures in 6.15 and 6.16, but ug(7) shows an oscillatory
behaviour. Figures of state and control variables are observed in Figs. 6.19 and 6.20, respectively
for M = 7,(0,9) = (0.5,0.5), and different values of (. Figures of state variables and control
variables are seen in Figs. 6.21 and 6.22, respectively, for M = 7,(0,9) = (—0.4,—0.25), and

different values of (.
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Fig. 6.17. Plots

of ¢, (6,9)=(1,1), and M = 7.

of control solutions to model (6.5): (a) N(7), (b) Z(7), (c) P(7) for different values
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Fig. 6.18. Plots of control variables in model (6.5): (a) ui(7), (b) u2(7), (¢) usz(r) for different values
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Fig. 6.20. Plots of control variables in model (6.5): (a) ui(7), (b) u2(7), (¢) us(r) for different values
of ¢, (6,9) =(0.5,0.5), and M =T.

7. Biological Interpretations of the Results

In a medical context, the fractional derivative order ({) represents a more comprehensive and
memory-inclusive way to model biological processes. Unlike traditional integer-order derivatives
that assume instantaneous rates of change, fractional derivatives account for the history of the
system’s states, providing a more accurate depiction of long-term interactions and dependen-
cies. This approach acknowledges that current states and changes in cell populations are not
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of ¢, (6,9) = (—0.4,—0.25), and M = T.
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Fig. 6.22. Plots of control variables in model (6.5): (a) ui(7), (b) u2(7), (¢) usz(r) for different values

of ¢, (6,9) = (—0.4,—0.25), and M = T.

just dependent on immediate past conditions but also a broader range of past states. As (
increases, the number of cancer cells (M (7)) decreases, indicating that higher ¢ values slow the
growth of cancer cells. Concurrently, the number of immune cells (Z(7)) increases and stabilizes
at approximately 60 after 7 = 6, suggesting that immune response improves with higher (. The
metastatic cancer cells (P (7)) initially increase but decrease significantly after T = 0.5, stabiliz-
ing at lower values. This indicates that increasing ( effectively controls both local tumor growth
and metastasis. Higher values of A lead to a decrease in cancer cell populations, demonstrating
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that modulating the growth rate can be an effective strategy in cancer control. Immune cell
populations increase with A up to 7 = 0.5, after which they decrease. This suggests a dynamic
interaction where an initial rapid immune response might be followed by a reduction due to
resource depletion or regulatory mechanisms. The propagation rate of cancer increases with A,
but eventually, all curves converge, indicating a common long-term behavior irrespective of A.
Increasing the interaction coefficient p reduces cancer cell numbers, highlighting the impor-
tance of targeting cancer-immune interactions in therapy. However, higher y reduces immune
cell counts, indicating a possible trade-off between tumor suppression and immune cell viability.
Higher values of 8y reduce cancer cells but also significantly decrease immune cells, suggesting
that while direct immune-mediated cancer cell killing is effective, it can be detrimental to im-
mune cell populations if overactivated. Conversely, increasing (2 leads to increased cancer cell
numbers and propagation rates, making it a less favorable strategy for controlling cancer spread.
The parameters ¢; and ¢3 show minimal impact on the state variables, indicating that these
parameters might not be critical in this context or that their roles are more complex and require
further investigation. Increasing s generally improves immune response and reduces cancer
cell numbers, underscoring the potential benefits of enhancing immune activation mechanisms.
However, undesirable results for lower ¢ suggest that there is a threshold above which immune
enhancement becomes effective. Higher v values increase the spread of cancer to other parts of
the body and decrease immune cell counts, indicating that controlling metastatic potential is
crucial for effective cancer management. Increasing d reduces metastatic cancer cell numbers,
suggesting that enhancing cancer cell death rates could be a beneficial strategy in controlling
metastasis. Higher values of 83 (except for 85 = 0.02) decrease both primary and metastatic
cancer cells while increasing immune cells, indicating that modulating this parameter could
provide a balanced approach to reducing tumor burden and supporting immune function.
Figs. 6.15(a)-(c) show the control solutions for the state variables N'(7),Z(7), and P(r) for
(0,9) = (0,0),M =7, and ( = 0.1,0.2,0.3,0.4,0.5. Increasing values of ¢ lead to a reduction
in the number of cancer cells in the lung tissues, indicating that higher fractional derivative
orders, which account for the historical behavior of the system, are effective in controlling tumor
growth. Although the number of immune cells decreases with increasing ¢, the results are more
favorable compared to those without feedback control strategy (Fig. 6.5(b)). This suggests
that while the immune response might be initially suppressed, the overall effect is beneficial
in reducing tumor burden. The number of metastatic cancer cells decreases with increasing (,
showing that higher fractional orders help in controlling the spread of cancer to other parts of
the body. In Fig. 6.15(b), Z(7) increases over [0, 0.5] while P(7) decreases, suggesting an initial
boost in the immune response that curtails metastasis. After 7 = 0.5,Z(7) decreases, and the
state variables stabilize after 7 = 1, indicating a steady-state response. Figs. 6.16(a)-(c) show
the control variables u;(7),i = 1,2, 3, for (6,9) = (0,0), M = 7, and ¢ = 0.1,0.2,0.3,0.4,0.5.
The cost of decreasing the number of cancer cells and increasing immune cells increases with
higher ¢, but the cost decreases after 7 = 9 (Fig. 6.16(b)). This suggests that initial interven-
tion costs might be high but stabilize over time. The cost of reducing metastatic cancer cells
decreases after 7 = 1 with varying (, indicating that early intervention is crucial and becomes
more efficient as time progresses. Figs. 6.17 and 6.18 depict controlled state and control func-
tions for M =7,(6,9) = (1,1), and ¢ = 0.1,0.2,0.3,0.4,0.5. These figures show similar trends
as observed previously, with u3(7) exhibiting an oscillatory behavior, suggesting a dynamic ad-
justment in the control strategy. Figs. 6.19 and 6.20 display the controlled state variables and
control variables for M = 7,(0,9) = (0.5,0.5), and different values of (. These figures confirm
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that varying ¢ continues to influence the effectiveness of the control strategies. Figs. 6.21 and
6.22 present controlled state variables and control variables for M = 7,(0,9) = (—0.4, —0.25),
and different values of . The trends remain consistent, emphasizing the robustness of the feed-
back control approach across different parameter settings. The control solutions derived from
the fractional-order mathematical model provide critical insights into the effective management
of lung cancer. By incorporating the historical behavior of the system through fractional deriva-
tives, the model offers a sophisticated approach to controlling tumor growth and metastasis.
The results highlight the importance of early and sustained intervention, as well as the poten-
tial trade-offs between immediate costs and long-term benefits. These findings can inform the
development of more targeted and efficient therapeutic strategies in clinical settings.

8. Conclusion

A pseudo-operational collocation approach based on shifted Jacobi polynomials was pro-
posed to seek spectral solutions of a mathematical model of the growth of cancer in the lung
tissues over the interval [0, 7], T > 1. The existence and uniqueness of solutions to the given
model were proven by employing Leray-Schauder fixed point theorem before going to the numer-
ical solution. The integral pseudo-operational matrix of the fractional order ¢ was constructed
by some algebraic manipulation on the basis vector. Some error bounds were estimated in
a Jacobi-weighted L2?-space, then by utilizing obtained bounds, error bounds of residual func-
tions showed that if the number of basis functions is large enough, then the upper bounds
can be small enough. Using resultant approximations to the given model led to approximate
solutions which drawing approximate solutions demonstrated the dynamic of the model and
the behaviour of the state functions. In all results, the number of cancer cells and the num-
ber of spread cancer cells in other parts of the body decreased, while the number of immune
cells increased by increasing values of the fractional order . Shifted Jacobi polynomials were
considered with different values of parameters § and ¢ and the effect of changing values of
parameters has been seen on P(7). In order to improve the efficiency of outputs, two different
strategies were adopted: sensitivity analysis and feedback control. Increasing values of param-
eters like A, v, and (2 led to increase the number of cancer cells and the propagation of cancer
cells in other parts of the body. Besides with the increase of values of parameters like p, 81,
and J, the number of cancer cells decreases in lung tissues. Decreasing values of @9 or 3 are
not recommended. In the feedback control section, the target was to decrease the number of
cancer cells and increase the number of immune cells. This target was pursued by inputting
three control functions. To determine appropriate values of control functions with the target of
minimizing the objective function, the method of Lagrange multipliers has been applied. This
application resulted in a non-linear system involving 9(M + 1) algebraic equations. Solving
the resultant system led to desired approximate solutions to model (6.5). Plotting obtained
solutions related to the feedback control strategy showed the better treatment of outputs.

Authors in [20,32] introduced a weighted-Jacobi polynomials for two-sided fractional diffu-
sion equations to increase the convergence rate. As a future plan, authors will use this idea to
solve 2D time-fractional diffusion-wave equations to reduce the approximation error.
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