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Abstract

This paper investigates two spectral volume (SV) methods applied to 2D linear hy-
perbolic conservation laws on rectangular meshes. These methods utilize upwind fluxes
and define control volumes using Gauss-Legendre (LSV) and right-Radau (RRSV) points
within mesh elements. Within the framework of Petrov-Galerkin method, a unified proof is
established to show that the proposed LSV and RRSV schemes are energy stable and have
optimal error estimates in the L? norm. Additionally, we demonstrate superconvergence
properties of the SV method at specific points and analyze the error in cell averages under
appropriate initial and boundary discretizations. As a result, we show that the RRSV
method coincides with the standard upwind discontinuous Galerkin method for hyperbolic
problems with constant coefficients. Numerical experiments are conducted to validate all
theoretical findings.

Mathematics subject classification: 65M15, 65M60, 65N30.
Key words: Spectral Volume methods, Energy stable, Superconvergence, Hyperbolic con-
servation laws.

1. Introduction

The spectral volume method is a significant high-order numerical technique for hyperbolic
equations, extending the classical Godunov finite volume method [20]. Similar to other high-
order methods such as the k-exact finite volume method [4,19], the essentially nonoscillatory
(ENO) method [11,22], the weighted ENO (WENO) method [25,27], and the discontinuous
Galerkin (DG) method [15-17,23], the SV method offers numerous advantages including high-
order accuracy, compact stencils, and geometric flexibility (suitable for unstructured grids).
Notably, the SV method preserves conservation laws on finer meshes, potentially offering higher
resolution for discontinuities compared to other high-order methods (see [28]). Since its intro-
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duction in 2002 [36] and subsequent developments by Wang et al. [34,37-39], the SV method
has found widespread application in solving various PDEs such as the shallow water equa-
tion [14, 18], Navier-Stokes equation [21,26,29,30], and electromagnetic field equations [26].

Despite the widespread application of SV methods, the exploration of their mathematical
theory remains nascent, with limited available information on their convergence and supercon-
vergence properties. To our knowledge, considerable attention has focused on the stability of
lower-order SV schemes. For instance, Wang et al. [34,38,39] introduced the “Lebesgue con-
stant” to assess SV methods in their early work. Van den Abeele et al. [31-33] investigated
the stability of various low-order SV schemes: They found that 1D third and fourth-order SV
schemes based on Gauss-Lobatto distributions are weakly unstable, whereas a 2D second-order
SV scheme is stable, and a two-parameter family of third-order SV schemes exhibits weak in-
stability. Zhang and Shu [35] employed Fourier-type analysis to study the stability of p-th
order (p < 3) SV schemes over uniform meshes for 1D hyperbolic equations. In summary, there
appears to be a lack of systematic studies on the mathematical theory encompassing stability,
optimal-order convergence, and superconvergence.

A primary contribution of this study is to present a unified analysis of the stability and
optimal-order convergence properties of SV schemes of arbitrary order for two-dimensional lin-
ear hyperbolic problems on rectangular meshes. To achieve this goal, we initially develop two
classes of high-order SV schemes using control volumes defined by Gauss-Legendre points or
right-Radau points within subintervals of the mesh. Ensuring stability, we adopt upwind numer-
ical fluxes and reformulate the SV scheme in Petrov-Galerkin form. By introducing a specific
mapping from the trial to the test space, we recast the SV method as a specialized Galerkin
method. Leveraging the Galerkin framework and established numerical quadrature techniques,
we establish the energy stability and optimal convergence rates of the LSV and RRSV schemes.
As a notable outcome, we demonstrate that the proposed SV method can be interpreted as
a discrete variant involving numerical quadratures of the well-known discontinuous Galerkin
method. Particularly, the RRSV method exhibits identical behavior to the DG method when
applied to hyperbolic equations with constant coefficients.

Another significant contribution of this work is the discovery and proof of notable supercon-
vergence properties inherent in the SV method. Research into superconvergence behaviors of nu-
merical methods has been extensive over the past decades (see, e.g. [1,3,5-9,12,13,24]). Among
these studies, a well-known result is the 2k-conjecture, which initially conjectured (based on
substantial numerical evidence) that bi-k finite element approximations on rectangular meshes
for the Poisson equation converge at a rate of h?* at vertices of the mesh. This conjecture was
proven by Chen et al. [12] after nearly 40 years. Subsequently, Cao et al. [9] demonstrated
that the 2k-conjecture holds for finite volume methods (FVM) and further extended it to the
(2k + 1)-conjecture for DG methods in [6] for 2D hyperbolic equations.

However, very little is known about the superconvergence properties of the SV method. To
our knowledge, prior to our recent work on SV methods for 1D linear hyperbolic problems [10],
no superconvergence analysis of the SV method had been reported. Motivated by the successful
application of correction functions in DG and FVM methods (see, e.g. [6,9]), we introduce
a novel method to investigate the superconvergence properties of the proposed SV schemes. We
prove that the 2k-conjecture holds truw for LSV, while the (2k+1)-conjecture is valid for RRSV.
Specifically, the bi-k LSV approximation and RRSV approximation over rectangular meshes
converge at rates of h?* and h?**+1, respectively, at downwind nodal points. Additionally, we
derive several other superconvergence results for the SV solution at specific points or lines:
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(1) The error in the cell averages converges with orders of h?* and h?*+! for LSV and RRSV,
respectively.

(2) For RRSV, the function value and derivative value exhibit separate superconvergence at
right Radau points and left Radau lines, with orders of h¥*2 and h**!, respectively.

(3) For LSV, the function value demonstrates (k+2)-th order superconvergence at Gauss points,
while the derivative error achieves (k + 1)-th order superconvergence at specific points.

The remainder of the paper is organized as follows: In Section 2, we introduce two classes
of SV methods for linear conservation laws within the Petrov-Galerkin framework. Section 3
studies the bilinear form of these SV methods and contrasts them with DG methods. Section 4
rigorously establishes the energy inequality and L? stability for both SV methods. Sections 5
and 6 are dedicated to the convergence and superconvergence analyses of RRSV and LSV,
respectively. In Section 7, numerical experiments are presented to validate all theoretical results.
Section 8 contains concluding remarks. The appendix details the construction of correction
functions.

2. Spectral Volume Method as a Special Petrov-Galerkin Method
We consider the two-dimensional linear hyperbolic conservation laws
ue(z,y, t) + ug(z,y, t) + uy(z,y,t) =0, (x,y,t) € [a,b] X [¢,d] x (0,T]. (2.1)
In addition, we suppose that the function u satisfies the initial condition
u(z,y,0) = uo(x,y),
and the periodic boundary condition
u(a,y,t) = u(b,y,t), y € led,
u(z, e, t) = u(x,d,t), =€ la,bl],
or the inflow boundary condition
u(a,y,t) = p1(y,t), y € [ed],
u(z, c,t) = pao(z,t), x € la,b],

where all ug, ¢1, 2 are smooth.
We begin the presentation of the SV method with some notation. Let

Given positive integer r, define Z, = {1,2,...,r},ZY = {0,1,...,r}. For all (p,q) € Zy, X Zn,
let

_ y _ _w
Tp = [xp*%’zwr%}’ Tq = [yq,%,yﬁ%], Tpg = Tp X Tq

be the associated rectangle, and

T __ _ Yy — —
hT*szr% Tp-1, hT*qur% Yg—3
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be the length along the x- and y- direction separately. We denote by 7T, the mesh associated
with the dividing points (z,_1/2,Yg—1/2) : (P, q) € Zm X Zn, i.e.

To =A{7p,q : (P,Q) € L X Ln}.
Each rectangle T € Ty, is called as a spectral volume (SV). Let

h= max (h hy) Rmin = mln (h”” hy)
TET} €Th
We assume that 7, is quasi-uniform. That is, there exists a positive constant c; satisfying
h < ¢1hmin. Define
Up={weL®: wl,e€Q=PyxPr7eTh},

where P, denotes the space of polynomials of degree at most k. Note that Uj, is the standard
broken finite element space which is widely used in the DG method.

To construct the SV scheme, we first partition each SV into control volumes by using some
points and lines. Let

—1l=50<s1 < <8 < Spg1 =1,
—1l=5<5 < <58 <3Spg1 =1

Denote by F, the affine mapping from [—1,1]? to 7, and define

( T,T Y

=9, = (97" 9]") 197, = Fr(si,5), i € Zpy, jE Ly}

as the set of points in 7 generated from s;, 3, (4,j) € Zk+1 X Z,CJr1 With the above (k + 2)?
points, each 7 of SV is partitioned into (k + 1)? CVs with

Vi = o7 al5] < (7Y a7t (,4) € 2 X Z3.
The dual mesh of 7}, is defined as follows:
T ={Vi;: 7 €Th, (i,§) € ZY x Z3}.

The SV method for (2.1) is to find a function u;, € U, such that

Oyupdrdy + / tpv -nds = 0, (2.2)

Vi oy,

where v = (1,1) and n = n(z,y) is the unit outward normal vector at the point (z,y) € V7,
the boundary of V;7;, and 4y, is the numerical flux (induced by uy) across the interface between

two CVs, which is chosen as the upwind flux. Namely,

un(z,y) = uy (z,y), (z,y) € V. (2.3)

o+ respectively.

Here by u;, , u; we mean the left and right limits of u, across each boundary of V;7;,

To complete the presentation of our SV method, we still need to define the numerical flux on
the boundary 9. If the problem (2.1) is associated with the periodic boundary condition, the

numerical flux on 0N are taken as
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If (2.1) is associated with the inflow boundary condition, there exist different methods to
define the numerical flux on (9Q)~, which can be chosen as the L? projection, some special
interpolation function of the exact solution. For the purpose of superconvergence properties
of uy, we may take the following the numerical flux on (02)~

ﬂh(xé,y) =das(a,y), an(z,c)=1as(x,c), (2.4)

where @; denotes some particular projection of the exact solution u which will be specified
later.

We now present the SV method under the framework of the Petrov-Galerkin method. To
this end, we choose U}, as our trial space and define the test space as

Vi = {w* s wlvy, €Po(V]T), (i,)) € ZR X Z}, 7 € Tw}.

For any w* € V},, note that

=Y Z w i xvy, (@,9),

TETH 1,j=0

where w G = =w,’ i “(t) is a function of ¢, y 4 is the characteristic function satisfying y4 =1 in A
and x4 = 0 otherwise. Let

H;, = {w:w|T € H', VTG'E}.
For all (v,w*) € Hj, x V},, we define the elementwise bilinear form by
ar(v,w*) = Z U’Z]*</ dyvdxdy +/ v - nds>, (2.5)
0,j=0 Vi vy,

and the global bilinear form as

a(v,w*) = Z ar(v,w*). (2.6)

TETH
Then the SV method for (2.1) is reformulated as : Find a u;, € Uy, such that for all w* € V},,
a(up, w*) =0. (2.7)

We end this section with a discussion on the choice of different points s1,...,s; and
S1,...,8k, which leads to different SV schemes and affects the stability of the SV method.
In this paper, we only consider the following two SV schemes:

(1) Legendre SV: Both s1,...,s, and 51, ..., 5, are taken as k Gauss points (i.e. the zeros of
Legendre polynomial Ly).

(2) Right Radau SV: Both s1,...,s; and 51,..., 8 are taken as k interior right Radau points
(i.e. the zeros of Lii1 — L except the point s = 1).

We would like to point out that the choice of Gauss and Radau points are not unique and may
be extended to a broader class of subdivision points.
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3. The SV Bilinear Form

To study the bilinear form of SV method, we first transform its Petrov-Galerkin form into
the equivalent Galerkin form, and then discuss the associated properties under the framework
of the Galerkin method.

We begin by relating the abscissae s; € [—1,1], j € Zj to a quadrature

k+1

Qr(f) = ZAjf(Sj), feLl([-1,1]),

which will be used to calculate the exact integral I(f) = f_ll f(s)ds. Here A;,j € Zy1 denote
the weights associated with s;. If s;,7 € Zj are taken as the Gauss points, then Q) is the
Gauss-Legendre quadrature with Ay 1 = 0. If s;,7 € Zpy1 are taken as the right Radau
points, @y, is referred as the right Radau quadrature. We define its residual by

R(f) = I(f) — Qr(f)-

We note that the k-point Gauss quadrature and the (k + 1)-point Radau quadrature is exact
for polynomials of degree 2k — 1 and 2k, respectively.

The above definitions and notation can be easily generalized from the reference interval
[—1,1] to an arbitrary interval [a, 3] by introducing an affine mapping F' = Fj, 5 which maps
ase[-1,1] to
a+pf  pB—-a«

x=Fs= 5 + 5 s € o, O]
Namely, for f € L'([a, B]), we let
k1
Qu(f [ ) = Y- A7 (Flasy).
j=1

R(fa [aaﬁ]) = I(fa [O‘aﬁ]) - Qk(fa [O‘aﬁ])

with
AlesBl _ ﬁ_aA,

J 2 7 jEZkJ,_l

They can also be generalized to an arbitrary rectangle [«, 8] X [a1, 81] by using the mapping
F = (Fia,8), Fla,,,)) Which maps a (§,7) € [~1,1] x [-1,1] to

(z,9) = F(&,1) = (Fla,8)(£); Flay,5,(1) € [, 8] X [0, Bu].
Namely, for f € L([a, 8] x [a1, B1]), we let

k+1
Qu(f,[on 8] x [an, Ba]) = Y AP ACBT LRy e, Froy sm)),

ij=1

R(fv [Oé,ﬂ] X [a17ﬂl]) = I(fa [avﬂ] X [alaﬂl]> - Qk(fv [Oé,ﬂ] X [alvﬂl])'

For all 7 = 77 x 7¢ € Ty, we define three residuals for all (z,y) € 7 by

(EZ) () = R(fCy). 7). (BLf)(2) = R(f(2,"),7]), E-f=R(f) (3.1)
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Next, we define a mapping from the trial space Uj, to the test space V} which will play
an important role in transforming the SV method to a Galerkin method. In each 7 € Ty,
suppose

Wl = w"? ZZ w;j ( (z,y). (3.2)

1=0 j=0
We denote its jumps along = and y directions at g7 ; = (g;"",g;") as

T,k1Y Tk Tk
= w

[ T,*]I_ Tk T,k [ _
Wy j Wij = Wi14,  |Wij i — Wij—1

and the double layer jump as

Tk | T T, % Tk
[wif | =wi +wiy g —wi

% ..
iJ 1~ Wiy (6,7) € Zi X L.

Define a transformation F Uy — Vp by letting F maps a w € Uy to w* = Fw whose
coefficients w]"", (i,5) € Zy, x Zj, are determined by

woo = w(g5™>95"), (3.3)
[wig]" = A7 wa (97", 95), i € L, (3.4)
[wi;]" = A7 Ywy (957,97 "), G €T, (3.5)
[wi ] = AT AT Y wey (977, 97Y), (6,5) € Zn, x T, (3.6)

where the weights A" = A ADY = A 7 with T = 77 x 7. We note that the definitions by
(3.3)-(3.6) uniquely determme a mapping from Uy, to Vh, since the (k + 1)? unknown constants
are calculated one by one. Precisely, we first obtain wg’y from (3.3), and then get w; ', wjyy
from (3.4)—(3.5) and the value of wg’y, and finally derive the constant w; by using the values
of w" ;_,w" j,wi; and the formula (3.6).

For any function v € Hj,, we introduce the notations

x Yy
-1 -1 2, 1
0, v|TM:/ vdr, 0, v, , :/ vdy, Oy v=20, 8
x 1 Y 1

Py 2

Lemma 3.1. For all v,w € Uy, and all 7, 4 € Tn, there hold

(v,w —w*); = Er (way 0, v) — EX (we0, y2v) (y)|z:ti EY (w0, 21)) (z)|iit%, (3.7)
/ v(w —w*)ds = EY(0, 'vw,) (90°") + E£ (9, 'vwa) (957)- (3.8)
aT)~

Here,
F(vy)|g = F(vﬂ) - F('va)v (87—)7 = {(zﬂy) €0T:v- n(z,y) < 0}

Here we omit the proof since the similar argument can be founded in [2].
We next present the SV method in its Galerkin form. Observing (2.5), we have for all 7 € T,
that

ar(v,w") = (vp + vy + vy, W) + / )i - nds
0 vy,

= (vt + vz + vy, w")s / (0 —v)i - nds
iyj= 0 ov;T,)N(oT)~

= (vt + vy + vy, W")~ Jr/ : [v]w*ds, (3.9)
oT)—
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where [v] denotes the jump of v with [v] = vt — v~ each edge. Note that in the proof of (3.9),
we have used the fact that ¢ = v on 77 and the fact that v is continuous in the interior of 7.
Recall that the bilinear form of the upwind DG scheme, we have

aP% (v, w) = /(vtw — VW, — vwy)dx + / dwr - nds
T T
= (vt + vy + vy, W), + / [v]wds. (3.10)
(or)~

As a direct consequence of (3.7)-(3.10), we have the following relationship between the SV
bilinear form and the DG bilinear form.

Theorem 3.1. For all 7 =71 4 € Ty, there holds

aT(v,w*):afc(v,w)Jri’Hi(v,w), (3.11)
where -
’Hi(v,w) =—-F, (wzya ) + EY (wzam;vt)(yﬂzqt% + EY (wy8;y2vt)(z)|z"t%l,
a1 -3

H(v,w) = —F;, (wzy[?;lv) + EZ (wz[?;lv) (y)|zqt§ + EY (wy[?;lv) (x)‘i”ti,

a3 P
H3 (v, w) = —Er (w0 '0) + EX (w0, 'v) (y)|z‘”% + EY (wy 8, 'v) (x)}i”%l,

a3 p—3

H (v, w) = By ([0, o]wy) (95°°) + E7 ([0; 0] wa) (95°)-

We close this section with a discussion of the error terms H%,1 <14 < 4 given in (3.11). In
the rest of this paper, standard notations for Sobolev spaces are adopted, such as W"?(D) on
subdomain D C 2 equipped with the norm || - || p,p and semi-norm |- |, p. When D =, the
index D is omitted. We set W™2(D) = H"(D), || - |lr.2.0 = || - lr.p, and | - |z2.0 = | - |».p. The
notation A < B indicates A < ¢B with ¢ a constant independent of the mesh size h.

For the RRSV method, since the Radau numerical quadrature exactly holds for polynomials
of degree 2k and 8;;(% + Uy + vy )Way € Qg for all v, w € Uy, then
Hi(v,w) =0, v,welU, i=1,234.
Consequently, for the RRSV method,
aPC(w,w), You,w e Uy,. (3.12)

a(v,w*) =

Namely, the RRSV method is identical to the DG method for the scalar constant-coefficient
hyperbolic equation (2.1).
For the LSV method, the error terms H% might be different from zero.

Lemma 3.2. For all T = 7,4, let H.,i < 4 be defined in Theorem 3.1. Then for the LSV
method, and for all v € Uy,

() = S8 () ogol2 o+ exluznt) ™ ookl + ()™ ol2,), (313)

2 dt
H2 (v,v) = g(hy)%#((akv)%xmé,n) — (00) (- 30m)), (3.14)
Hﬂuw:§<>%“« o)’ (€ vgry) — (050)"(Gpa). (3.15)

= ()™ ([94e]0l0) (o) + (1) ([0h0]050) (€19,-4) ) (330)
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where

k! 2k
w (Qk-f—(lw </<? - 1>’ §:=6& ¢ (zp,%,scer%), M= € (y‘r%’y'ﬁ%)

are arbitrary. Here by v(x,y) on T we mean the restriction of function v on 7, if no confusion
is cased, i.e.

v(wprs,y) = vz, 10y), vlz,mgy) =v(z)1y)

on each T 4.
Proof. First, we use the formula of Gauss quadrature error to derive that
(B2) ) = (b)) 02 F(ey), (BU) (@) = (b)) 02 flam) (317)
with § € 77, € 7¢ and

2k+1 2k+1

(kD!
(2k + 1)[(2k)!1]3°

Cr =

Second, a direct calculation yields that
B f = / (B f) () + / (B2 £)(y)dy — B2,

Substituting the above equation into the formulation of H!(v,v) and using the integration by
parts, we easily get

HEi(v,v) = / EY (vy0, vy (w)da + / EZ (v20; 've) (y)dy + EXEY (000, vt). (3.18)
By using (3.17) and the Leibnitz formula of derivatives, we have for all v € U}, that
- _ _ 2k o\ 2k
B (w0 o) ) = () () @kuokon) €.

-1
Noticing that a;w is a constant about the variable = for all v € Uj,, then £ € (xp,l/g, Tpi1/2) 18
arbitrary and thus

ok d

/Ty EZ (0,05 0,) (y)dy = e (hf)%/Tafvtafvdxdy o (I A
Stmilarly, there hold
[ B2y ) @)de = (1) [ @ui0ko) e g)dady = G (2)* L 0%
p )

de’

Eng:(uzaglut):(ck)2(hzha)2’““(a;jagvaja;;vt)(g,n):( (h2hT) E\aja;;v”ﬁj.

Then (3.13) follows.
As for H2, by following the same argument as that in (3.18) and using the fact that Guass
numerical quadrature is exact for 2k — 1 polynomial, we get

H2(v,0) = / B (0,05 vs) (@)de + / B2 (0,0)(y)dy + BB (0,0 '0)

:/ Eﬁ(vyaglvm)(x)dx:%(hg)mﬁl/ 8z(8§v)2(z,77)dx

with 7 € (yq—1/2,Yg+1/2) being arbitrary. Then (3.14) follows. The proofs of Hi(v,v),i = 3,4
are similar to that of H2(v,v) and thus we omit it here. The proof is complete. a
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4. L’-norm Stability

We first introduce a so-called energy || - || g defined by

[l = (v, Fv)? = (v,0%)2. (4.1)
We next show that || - ||z is a norm equivalent to the standard L? norm in space Uy,. Note that
if v € Uy, then for the RRSV, (v,v*) = (v,v) and thus || - ||z = || |lo- As for the LSV, following

the same argument as what we did in (3.18), we get for all v, w € Up,
(v, w")r — (v,w),

= [ Brwa @i+ [ B0 ) @)y + EZE (0,,0;20)

P

= i ()™ (O, Dk w) -+ i (heh2) ™ (D50kv, fokw)  + (h2)™ (kv,00w) ). (42)

y-x

Here in the second step, we have used the error of Gauss numerical quadrature and the fact
that 0Fv, 851) are constants for any v € U;,. Consequently,

2k
I

(0.0%)r = (0,0)7 + e ( ()95, + e (nzh) 9okl . + (n)*|oko]ls ). (4.3)

Using the inverse inequality ||v||,- < A77||v]o,» for all v € Uj, we conclude that
[ollo < llvlle S llvllo, Vv € Uh. (4.4)

On the other hand, we have from (4.2) and (4.3) that

(v, w") + (w,v")
_ y\2k [ ok k z1y\2F ( qk ak k ok z\ 2k [ ok k
= 2(v,w) + 20k () ™ (9w, D) + e (h2h2) ™ (Dp0kv, 0 0kw)  + (h2)™ (Dkv,0kw) )
§2(v,v*)%(w,w*)%,
and thus

lv+wle <|vle+wle Yo,we U,

which indicates (together with (4.4) and the fact that F' a linear mapping) that | - || z is a norm

in Uy, equivalent to the L? norm || - [|o.
Now we are ready to present the L?-norm stability for SV methods. In light of (3.9), we
have
a-(v,0") = (Vg + Vg + vy, V")~ —|—/ [v]v™ds,
(or)~
1d, 9 « *
= 5ol + (Ve + vy, 07)7 + [v]v*ds. (4.5)
2 dt ’ (07)~

Therefore, by (3.11)

1d
__HUHJQE,T = a,(v,0") = (Vg + vy, v")7 — / [v]v*ds

=a,(v,v") = (Vg + vy, v); — /(a . [v]vds — Z/Hi(v,v). (4.6)

We have the following stability result.
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Theorem 4.1. Let a

—~

-, ) be the bilinear form induced by the SV method, then

4
dt

DN | =

\U||2E < a(v,v*) — ag[[UQ]]dS — Hyq, VoveU,, (4.7)

where
b

/{99[[02]]d5 _ /cd (v*(b,y) — v*(a,y))dy +/a (v (2, d) —v?(z, c))da,

and for RRSV methods, the high order term on the boundary Hpq := Hpq(v) = 0; while for LSV
methods,

o= 537 (1) (@50)0.m0) — (950) ()

+ 53 ()T (950) (6 d) — (950) (0 0)).

m

where §, € (Tp_1/2,Tpy1/2):Mq € (Yg—1/2,Yq+1/2) are arbitrary. Consequently, both LSV and

RRSV are L? stable, i.e.

d
Elluh”% SC (4.8)

Here C := C(t) with C =0 and
d b
C= [ e 0Py + [ leatet)Pda

for the periodic boundary condition and inflow boundary condition, respectively.

Proof. First, for all 7 = 7, ; € Tp,, a direct calculation yields (also see [6])

> ((Uz + vy, v)r +/(6 )[U]Uds)

TETH
1 b
25/ Z (’UQ(‘T’yq__i_%)—U2($,y__%))d$
¢ q€Ln
1 /e ) )
ST (a7l )
PELm
= [v?]ds.
o0

Secondly, for RRSV method, it is easy to get that

4
Z HE (v,v) = 0.
i=2

For the LSV method, we conclude from (3.14)-(3.16) that

> Hi(vw)

TET) 1=2
= Hya+ 5> ((00) " [950) (@, yom) + (0 ([050]°) (6 vg3) ) = Hoa:
p=1qg=1

Consequently, we obtain the error inequality (4.7).
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Now taking v = uy, in (4.7), and noticing a(up, u}) = 0, we have

1d

§d_ |uh||E / [[uh]] ds — Hbd uh (4.9)

For the periodic boundary condition, there holds
[[U%J] ds = Hbd(uh) = 0,
Q
thus J
% <0= ()

For the inflow boundary condition,

gl <= [ [utlds = Hig(un)
d b
< [ty + [ s

C a

+ 3 (1) (Ohun) (o)
5 2 () (0kun) (&)

d b
5/ w?(y,t)der/ 03 (x, t)dx = C(t),

where in the last step, we have used the inverse inequality and the identities
L1

k 2 Yoty
B () (a,m,) = /
Y

_1

hf(@fuhf(fp,c) :/ e (ag’juhf(x,c)dac.

1
P—3

(a,f’LLh)2(a, y>dy7

In summary, the stability (4.8) is valid for both the RRSV and LSV, and for both the
periodic and inflow boundary conditions. 0

5. Convergence with Optimal Orders

We begin with an estimate of |[w*||o for w € Up. In light of (3.3)-(3.6), it is easy to derive
by using the inverse inequality

w7 | S lwllo,co,r + [wi5] S lwllo,eors Y (i,4) € Zg X Zg-
Consequently,
(w*, w*), = Z WER [ wl [* < (w, w)-,

2,7=0 ~
and thus
[w flo < lwllo,  Yw € Up. (5.1)
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We next introduce the Lagrange interpolation function. Given any function v € L, we
denote by Zjv € Py(x) the one dimensional Lagrange interpolation function of v along the z
direction satisfying

Tiv(g; " y) =v(9;"y), € Lt (5.2)
Similarly, we can define the interpolation function Z;v and the interpolation error QYv along
the y-direction. Let vy € Uy be the Lagrange interpolation of v satisfying

vr(97;) =v(97;), (7)) € Ziyr X Zyyr, 7 € Th. (5.3)

Apparently, we have v; = ZfyZ/v. Denote by Q®v = v — Z¥v the interpolation error. Then
there holds the error decomposition

v—uvr = Q%+ QY% — Q¥ QY. (5.4)

Furthermore, for smooth function v with v € H7,j < k 4 1, we use the approximation theory
to derive that
19:Q70ll, . S W ([0l i< (5.5)

We have the following error estimates for the interpolation function u;y.

Lemma 5.1. Letu € H**2 and ur be the Lagrange interpolation function of u defined in (5.3).
Then
la(u —ur,w*)| S B ullkrzlwllo,  Vw € U (5.6)

Proof. By the error decomposition (5.4), we have
ar(u—ur,w*) = a;(Qu, w") + a; (Q%u, w") — a,(Q* QYu, w").
We next estimate a,(Q%u, w*). By (3.9),
ar(QYu,w*) = ((8t + 0z + ay)Qyu,w*)T + / [QYu|w*ds.
(o7)~

Denote by l;,j7 < k + 1 the Lagrange basis function associated with the interpolation
: Ty
points ;. Then
k+1
1

+

<.
[

Since u € H**2 is smooth, then the interpolation function T}w is smooth about the variable x,
and thus QYu is continuous about x, which yields, together with the fact that Q¥u(x,g;"") =0
for all j € Zg41,

(8yQYu, w*) _+ / [QYu]w*ds = 0.
(o7)~

Consequently,

ar (QYu,w*) = ((8,5 + am)Qyu,w*)T = (Qy(ut + um),w*) )

-
Here in the second step, we have used the equation

k+1

j=1
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By the Cauchy-Schwarz inequality, (5.1) and approximation property of QY, we have
l0r(QV,w")] S Bl 2,r ol
Similarly, there holds
’aT(Qzu, w™)

= [(Q%(ur +uy),w*) | S B ullksz,rl[wllo,r-
Moreover, by (3.9) and the properties of @ and QY, we get that
|a(QQ¥u, w*)| = [((8: + 0s +0,) Q" QVu,w*) | S B 2| w]o- (5.8)

Then the desired result follows. 0

Theorem 5.1. Let u € H**2 and u; be the Gauss Lagrange interpolation function of the exact
solution u defined by (5.3). Let up be the solution of (2.2) with the initial value chosen as

uh(zayv()) = ’U,](:C,y,o), (59>
and for the inflow boundary condition
Uh(m,y) :UI(-’L',y), ('Tay) € (GQ)_
Then for both LSV and RRSV methods,
lu(st) = un(,)llo S A lullpra- (5.10)
Proof. Note that (up —us)(z,y) =0 on (9Q)~ for the inflow boundary condition and
(Uh - uI)(:C;J’,%’y) = (uh - UI)(‘T;ay)a
(uh - ’U,])(ZL', y;+%) = (uh - ’U,])(ZL', y;)

for the periodic boundary condition. Then for both the periodic and inflow boundary conditions,
we take v = up, — uy in (4.7) to derive that

1d )
5%”'“}1 —url|f < an(un —ur, (un —ur)*) = a(u—ur, (un —ur)*).

By using (5.9), (4.4) and (5.6), we obtain that

[(un —ur) (5 ONE < hk“/o [[u( ) ksl (un = wr)(, 7)ldr.

The desired result follows from the Gronwall inequality and the triangle inequality. 0

6. Superconvergence

6.1. Superconvergence of RRSV methods

As already proved in [10, Section 3.3], for the scalar linear hyperbolic equation with constant
coefficients, the RRSV method is identical to the upwind DG method. and thus share all the
same superconvergence results of the DG method given in [6]. That is, we have the following
results for RRSV.
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Theorem 6.1. Let u € W+ and w, € Uy, be the solution of the RRSV method with the
initial value chosen as

Uh(ZC, Y, 0) = ’&’I(‘Taya O)a

and for the inflow boundary condition

un(z,y) = ar(z,y),  (z,y) € (092)".

Here ay denotes the special projection of u defined in [6]. Then for both the periodic and inflow
boundary conditions,

n

R ) B 3
en = (%ZZ <uuh>2(xp+%,yq+%,t)> S B gt 2,00, (6.1)

p=1qg=1
1
1 1 ’ ’ 2k+1
ec:=|— — [ (u— uh)) dzdy | Sh llu]|2k+2,005 (6.2)
i 32 (i
er 1= max |(u = un) (P 1) S B2 [ufliro00, (63)
evi= max 0:(u—un)(Qo, )] + max 10y (u—un)(@Qu ] S B Hlullisroce,  (64)

where R, L*, LY denotes the right Radau points, left Radau lines along x and vy directions on
the whole domain, respectively. That is,

R={r]; :r];=Fr(ri,r;), i € Liyr, j € Liy1, 7€ Tn},
L8 ={17" 7" = Fr(lj,y), i € Zg, 7 € T},
LY = {l;’y : l:’y = F-,—(.T,lj), 1 €Ly, TE 771}
Here r;,1 € Zy+1 and lj,j € Zy, denote the k + 1 right Radau points and k interior left Radau
points on [—1,1], respectively. Here by k interior left Radau points we mean zeros of Ly1+ Ly,
except s = —1.

6.2. Superconvergence of LSV methods

To investigate the superconvergence property for LSV, we slightly modify the u; € Uy of u
with
’EL[Z’LL[*C}“ (65)

where (, € Uy, is called the correction function and is used to correct the error bound a(u —
uy, w*) such that a(u — 4y, w*) = a(u — ur, w*) + a(Cp, w*) for all w € Uy, is of higher order.

Proposition 6.1. If u € H***1(Q), then there exists a function (j, € Uy, satisfying

ISkllor < B2 (lull ke,

Bl (@, sy, ) [ 1 el S P2 ullak,
and for all w € Uy,
ot — wr + Gy )| S B ullyaepfuwllo, 7 <k — 1. (6.7)

The detailed proof of Proposition 6.1 will be given in the Appendix A.
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Define the following errors:

k 3
oo (i 2 Sl

rETh ij=1
1 k k 3
eq = <% Z <Z@z(u —up)? (7%, y,t) + Z Oy (u —up)?(z, 2V, t))) ;
reTh \i=1 j=1

where
(Z;rwaz;’y) = Fr(2i,2j), 2,1 € Lk

zeros of the polynomial 9;((s —1)Lg(s)) in [—1,1]. Thanks to the construction of the correction
function (p, we have the following superconvergence results for the LSV method.

Theorem 6.2. Let u € H2**! be the solution of (2.1), and uy, € Uy, be the solution of the LSV
method with the initial value chosen as up(x,y,0) = ar(x,y,0) and up = ur, (x,y) € (0Q)~ for
the inflow boundary condition. Then

un — ugllo S RPEF22R) ]| g, (6.8)
en < B2 |ul|anst, ee S0 ||ull2ks1,

eg S Wy g S RO (6.10)

Proof. Due to the special choice of the boundary discretization (2.3) and (4.7), we have for
both the periodic and inflow boundary conditions that

1d

5 7 lun — irl|% < a(un — g, (up —@r)*) = > ar(u—ug+ G, (un — @r)*).

TETH

In light of (6.7), we have
I = an) ()l S un = @), 0)|le + A (14 8 uf et
Using the special choice of the initial value and (4.4), we easily get
ICun = an) (. O)llo S P+ O)llullbrosr, 7 <k -1 (6.11)

Taking » = min(1, k — 1) in the above inequality and using the first inequality of (6.6) and the
triangle inequality yields

1(un = ur)(O)llo S un —an) (- t)llo + l1Gullo S R EREF2 (L 4 ) [ul|irs. (6.12)

Then (6.8) follows. Noticing that

(e gy t) =uley,vg, 1),

we have, from the second inequality of (6.6) and the inverse inequality that

1
1 S, - NN E
en s (% 2 (=) (o, 4 vy ) +Cﬁ<%+é’yq+%’t)>

q
< W@z —un) (- )llo + B> [[ull2r1-



Analysis of 2D SVM 17

By taking r = k — 1 in (6.11), we obtain the superconvergence property on the upwind points
which is presented by the first inequality of (6.9).

We next estimate the cell average error e.. Using the formula of Newton interpolating
remainder, we have

k
QU y)lry = 9(,y) (Y — Ygr1) H Y= Yai) = 0 9) (¥ = Ygr1) Lok (y); (6.13)

where 9(-,y) denotes the Newton’s difference quotient, y, ;,j € Zj are k Gauss points on 77
and Ly (y) = H?Zl(y — Yq.4)- Since Ly 1 L P_1(y), then for all w € Pj(y),j < k — 2,

[ @] =| [ Earty = )@= 2 o)y
T T
< W[5 — Ig_Q_jT)HO’Tq

5 hk+1+TH’U”k+1+r,TqyHU}HO,T;“’? r < k 7‘7 - L (614>

Here Z}! , , v € Pr_o_,,(y) denotes the interpolation function of v, and in the last step, we
have used the formula of Newton’s difference quotient [|v[lg ;v < [[vl[js1,-2- Especially, we
choose r =k — 1 and w =1 in (6.14) and then obtain

(QVu, 1)< S A* Y |ull2k 1,7
Similar results also hold true for Q%u, Q*QYu. Then
|(uw—ur, 1)-| = [(Q +(QVu,1); — (Q7Q¥u, 1); | S ¥ uf|2kt1,7-
Consequently,

[(w = wn, V)| = [(u—ur, 1) + (Cn, 17 + (41 — un, 1)
S s r,r + (@r — un, 1),
Since Ty, is quasi-uniform, we have |7|=/nm < 1 and thus
e % 1r = un)Bllo + A ok S Ao

Then the second inequality of (6.9) is obtained.
Next we prove (6.10). First, by the definition of u; and the triangle university,

1 b 5
- (% 2 Zwr-uﬁ(gzj,t)) < llur = unllo

TET i,j=1

Then the first inequality of (6.10) follows from (6.8).
On the other hand, by (6.13), we have

0, Q¥u(x, 2], t)| S hFTH o0 (2, 20Y  8) | S BP0k, s

10, Qu(=1%, 1) | S R 0l y2.re

Consequently,

N

1
= (% D> s —uhnimJ) + B e

T€TH
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S B (ur = un) (5 ) llo + A |ulkye-

The second inequality of (6.10) follows from (6.8). The proof is complete. O

Remark 6.1. The assumption v € H?**! in Theorem 6.2 implies that we also require uy €
H?#+1 In addition, the process of initial and boundary discretizations for LSV are provided in
the Appendix A. For RRSV, we refer to [6] for the detailed information about the initial and
boundary discretizations.

Remark 6.2. We would like to point out that the stability and error analysis of SV methods
on 2D rectangular grid is not a direct generalization from 1D results in [10] . On the one hand,
the main challenge in the SV stability analysis is to define a special mapping from the trial space
to the test space. Due to the extra variable and the interplay between the two variables x,y,
the mapping is much more sophisticated than that for 1D. As defined in (3.3)-(3.6), how to
construct the (k + 1)? piecewise constants in 2D is very technical, which is not a simple tensor
product of that in 1D. On the other hand, in the error analysis, especially the superconvergence
analysis, again the correction function is not a simple tensor product, which should be carefully
designed to eliminate the impact of the interplay between the two variables z, y.

7. Numerical Experiments

Some numerical experiments are presented in this section to justify the results in The-
orems 5.1, 6.1 and 6.2. We shall test various errors including the standard L? error ||el|o :=
[lu—un|lo, the cell average error e, the function value error at Gauss points e,, the function value
error at right Radau points e,, and the derivative error e; and ey at superconvergent lines. In
our numerical experiments, we take the correction initial discretization up(z,y,0) = ar(z,y,0)
and choose (2.4) as the boundary discretization for the Dirichlet boundary condition. The
fourth order Runge-Kutta method is used for time discretization with At = 0.05h2 ;.

Example 7.1. We consider

Ut + Uy + uy =0, (z,y,t) € [0,27] x [0, 27] x (0,1],
u(z,y,0) =sin(z +y), (x,y) € [0,2n] x [0,27],

w(0,y,t) = u(2m,y,t), Vyel0,2n],

u(x,0,t) = u(zx, 2m,t), Va e |0,2n],

(7.1)

which admits the exact solution u(x,y,t) = sin(x + y — 2t).

Non-uniform meshes of N x N rectangles are obtained by equally dividing [0,7/2] and
[7/2,27] into N/2 elements in each x and y directions. The problem is solved by using LSV
and RRSV methods with Q,k = 1,2,3 polynomials. We compute the numerical solution at
t=1.

Listed in Tables 7.1 and 7.2 are errors and their corresponding convergence rates for LSV
and RRSV methods, respectively. From these two tables, we first observe optimal orders
(i.e. (k+ 1)-th order) for the L? error |e|o, for both the LSV and RRSV methods, which
confirm Theorem 5.1. Moreover, from Table 7.1, we observe superconvergence rates of (2k)-th
order for the numerical cell averages and numerical approximation at the downwind points
(i.e. e. and e,), (k + 2)-th order for the numerical solution at the Gauss points (ey) and
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Table 7.1: Errors and convergence rates of the LSV for Example 7.1.

k| N llello | Rate ec Rate eg Rate én Rate edq Rate
8 | 2.4e-0 - 1.5e-1 - 2.7e-1 - 6.5e-2 - 4.3e-1 -
16 | 7.0e-1 | 1.8 4.7e-2 1.7 | 71e-2 | 20 1.4e-2 2.2 | 1de-1 | 1.7
1 32 1.9e-1 1.9 1.5e-2 1.7 2.1e-2 1.7 7.8e-3 0.9 3.8e-2 1.8
64 | 4.9e-2 2.0 4.2e-3 1.8 6.1e-3 1.8 2.7e-3 1.5 1.0e-2 1.9
128 | 1.3e-2 | 2.0 1.1e-3 1.9 | 1.6e-3 | 1.9 7.7e-4 1.8 | 2.6e-3 | 2.0
256 | 3.1e-3 2.0 2.9e-4 2.0 4.2e-4 2.0 2.1e-4 1.9 6.5e-4 2.0
4 | 3.0e-0 - 5.6e-2 - 6.7¢e-1 - 2.3e-2 - 1.3e-0 -
8 5.0e-1 2.6 4.9e-3 3.5 1.1e-1 2.7 2.3e-2 - 2.8e-1 2.3
9 16 | 6.7e-2 | 2.9 1.4e-3 1.8 | 7.9e-3 | 3.7 2.7e-3 3.1 | 34e-2 | 3.0
32 | 85e-3 | 3.0 1.2e-4 36 | 53e4 | 39 1.7¢e-4 39 | 42e3 | 3.0
64 | 1.1e-3 | 3.0 8.6e-6 3.8 | 3.4e-5 | 4.0 1.1e-5 39 | 524 | 3.0
128 | 1.3e-4 | 3.0 5.6e-7 3.9 | 2.2e-6 | 4.0 7.3e-7 40 | 6.4e-5 | 3.0
4 1.1e-0 - 1.3e-2 - 2.9e-1 - 1.8e-2 - 7.9e-1 -
8 | 7.9e-2 | 3.8 3.4e-4 52 | 1.0e-2 | 4.8 1.5e-3 35 | 57e-2 | 3.8
3 16 | 5.1e-3 | 4.0 2.3e-5 39 | 38e4 | 4.8 3.8e-5 54 | 4.0e-3 | 3.8
32 | 3.2e-4 | 4.0 4.0e-7 59 | 1.2e-5 | 5.0 6.3e-7 5.9 | 2.5e-4 | 4.0
64 | 2.0e-5 | 4.0 6.7¢-9 6.0 | 3.7¢-7 | 5.0 8.7e-9 6.2 | 1.6e-5 | 4.0
128 | 1.2e-6 | 4.0 | 1.1e-10 | 6.0 | 1.2e-8 | 5.0 | 1.4e-10 | 6.0 | 9.9e-7 | 4.0
Table 7.2: Errors and convergence rates of the RRSV for Example 7.1.
k| N lleflo Rate ec Rate er Rate en Rate e Rate
8 1.5e-0 - 8.4e-2 - 2.9e-1 - 1.3e-1 - 4.2e-1 -
16 3.7e-1 2.1 1.7e-2 2.3 4.8e-2 2.6 2.5e-2 2.4 1.2e-1 1.9
1 32 | 9.2e-2 | 20 2.7e-3 2.7 | 6.7e-3 | 2.8 3.7e-3 2.8 | 2.8¢-2 | 2.0
64 | 2.3e-2 | 2.0 3.7e-4 2.9 | 88e4 | 29 4.9e-4 2.9 | 6.8¢-3 | 2.1
128 | 5.7e-3 | 2.0 4.8e-5 3.0 | 1.le4 | 3.0 6.3e-5 3.0 | 1.6e-3 | 2.0
256 | 1.4e-3 | 2.0 6.1e-6 3.0 | 14e-5 | 3.0 7.9e-6 3.0 | 4.0e-4 | 2.0
4 3.3e-0 - 1.6e-1 - 1.4e-0 - 4.2e-1 - 1.9e-0 -
8 3.7e-1 3.2 2.0e-2 3.0 1.0e-1 3.8 2.1e-2 4.3 2.2e-1 3.1
9 16 | 4.4e-2 | 3.0 6.7e-4 4.9 | 4.7¢-3 | 44 1.7¢-3 3.7 | 3.0e-2 | 29
32 5.4e-3 3.0 1.9e-5 5.2 2.2e-4 4.4 2.4e-5 6.1 3.0e-3 3.3
64 | 6.8¢-4 | 3.0 4.5e-7 54 | 1.3e-5 | 4.0 5.5e-7 55 | 3.7e-4 | 3.0
128 | 8.5e-5 | 3.0 1.2e-8 52 | 8.2e7 | 4.0 1.6e-8 51 | 4.6e-5 | 3.0
4 | 7.2e-1 - 1.1e-2 - 2.4e-1 - 2.8e-2 - 6.0e-1 -
8 | 4.9e-2 | 4.0 1.5e-4 6.3 | 6.6e-3 | 5.2 4.6e-4 59 | 3.9e2 | 4.0
3 16 | 3.1e-3 | 4.0 3.0e-6 56 | 2.2e-4 | 4.9 3.4e-6 7.1 | 2.6e-3 | 3.9
32 | 2.0e-4 | 4.0 2.5e-8 6.9 | 7.1e-6 | 5.0 3.5e-8 6.6 | 1.8¢-4 | 4.0
64 | 1.2e-5 | 4.0 | 2.0e-10 | 7.0 | 2.2e-7 | 5.0 | 3.0e-10 | 6.9 | 1l.1e-5 | 4.0
128 | 7.7e-7 | 4.0 | 1.6e-12 | 7.0 | 6.9e-9 | 50 | 2.0e-12 | 7.2 | 6.6e-7 | 4.0

19
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(k 4+ 1)-th order for the partial derivatives error (e4) when k > 2, which confirm our theoretical
results of the LSV method in Theorem 6.2. We note that for & = 1, no superconvergence
phenomenon exists for the function value approximation while superconvergence for the deriva-
tive approximation is still observed. Similarly, Table 7.2 demonstrates an order of 2k + 1 for
€c, €n, k + 2 for the numerical solution at the right Radau points e,, and k + 1 for the partial
derivatives of the approximation at the interior left Radau lines e;, respectively. These results
are consistent with the theoretical results in Theorem 6.1 for RRSV methods.

Example 7.2. We solve the following problem:
u +uy +uy =0, (x,y,t) €[0,1] x [0,1] x (0,1],
u(z,y,0) =", (z,y) € [0,1] x [0,1],
u(0,y,t) = !, Vye0,1],
u(z,0,t) = e* 2 Vael0,1],

(7.2)

which admits the exact solution u(z,y,t) = e*¥=2t

We obtain our meshes by equally dividing the unit square into NV x N rectangles. We test
this problem by LSV and RRSV methods using Qj polynomials with & = 1,2,3. Listed in
Tables 7.3 and 7.4 are the corresponding errors and convergence rates. We note that the errors
en, €c converge to zero and achieve the Matlab machine epsilon rapidly for £ = 3, and thus only
the numerical results at some coarse meshes, i.e. N < 16, are provided.

From Tables 7.3 and 7.4, we observe that, the L? error converges to zero with an optimal
convergence rate k 4 1 for both LSV and RRSV methods, the convergence rates of e, and ey

Table 7.3: Errors and convergence rates of the LSV for Example 7.2.

k| N | |ello | Rate €c Rate eg Rate €n Rate €ed Rate
2 | 1.9e-2 - 1.6e-2 - 1.7e-2 - 9.6e-3 - 2.5e-2
4 | 4.6e-3 2.0 3.8e-3 2.1 3.6e-3 2.3 1.9e-3 2.3 5.8e-3 2.1
1 8 | 1.1e-3 2.0 9.1e-4 2.1 7.Te-4 2.2 4.0e-4 2.3 1.4e-3 2.0
16 | 2.8e-4 2.0 2.2e-4 2.0 1.8e-4 2.1 9.0e-5 2.2 3.5e-4 2.0
32 | 7.0e-5 2.0 5.5e-5 2.0 4.2e-5 2.1 2.1e-5 2.1 8.6e-5 2.0
64 | 1.7e-5 2.0 1.4e-5 2.0 1.0e-5 2.0 5.2e-6 2.0 2.1e-5 2.0
6.3e-4 - 3.4e-5 - 1.9e-4 - 4.3e-5 - 2.5e-3
7.6e-5 3.0 2.5e-6 3.7 1.1e-5 4.1 1.4e-6 4.9 2.8e-4 3.1
9 9.3e-6 3.0 1.7e-7 3.9 7.0e-7 4.0 6.7e-8 4.4 | 3.4e-5 3.1
16 | 1.2e-6 3.0 1.1e-8 4.0 4.4e-8 4.0 3.7e-9 4.2 4.1e-6 3.0
32 | 1.4e-7 3.0 6.9e-10 4.0 2.8e-9 4.0 2.2e-10 4.0 5.1e-7 3.0
64 | 1.8e-8 3.0 4.4e-11 4.0 1.7e-10 4.0 1.4e-11 4.0 6.3e-8 3.0
1.2e-6 - 1.1e-9 - 1.5e-7 - 5.0e-9 - 7.5e-6 -
2.3e-7 4.0 1.0e-10 5.8 2.0e-8 5.1 3.6e-10 6.5 1.5e-6 4.0
3 7.3e-8 4.0 1.9e-11 5.8 4.7e-9 5.0 5.9e-11 6.3 4.6e-7 4.0
10 | 3.0e-8 4.0 5.1e-12 5.9 1.5e-9 5.0 1.5e-11 6.3 1.9e-7 4.0
12 | 1.4e-8 4.0 1.8e-12 5.8 6.1e-10 5.0 4.6e-12 6.3 9.0e-8 4.0
14 | 7.8e-9 4.0 6.9e-13 6.2 2.8e-10 5.0 1.8e-12 6.2 4.8e-8 4.0
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Table 7.4: Errors and convergence rates of the RRSV for Example 7.2.

k| N llello Rate ec Rate er Rate en Rate e Rate
2 | 8.5e-3 - 1.4e-3 - 3.3e-3 - 3.6e-4 - 1.9e-2 -
4 | 2.0e-3 2.1 1.9e-4 2.9 4.2e-4 3.0 4.4e-5 3.0 4.3e-3 2.2

1 8 | 4.8e-4 2.1 2.4e-5 3.0 5.3e-5 3.0 6.0e-6 2.9 1.0e-3 2.1

16 | 1.2e-4 | 2.0 3.0e-6 3.0 | 6.6e-6 | 3.0 7.6e-7 3.0 | 2.5e-4 | 2.0
32 | 29e-5 | 20 3.8e-7 3.0 | 83e7 | 3.0 9.4e-8 3.0 | 6.3e-5 | 2.0
64 | 7.2e-6 | 2.0 4.8e-8 3.0 1.0e-7 | 3.0 1.2e-8 3.0 1.6e-5 | 2.0
3.9e-4 - 3.2e-6 - 1.0e-4 - 8.0e-6 - 1.6e-3 -
4.8¢-5 | 3.0 1.1e-7 4.8 | 6.1e-6 | 4.1 1.8e-7 5.5 2.0e-4 | 3.0
2| 8 | 5.9e-6 | 3.0 3.7e-9 4.9 | 3.7e-7 | 4.0 4.5e-9 5.3 | 2.4e-5 | 3.0
16 | 7.3e-7 | 3.0 1.3e-10 | 5.0 | 2.3e-8 | 4.0 1.2e-10 | 5.2 3.0e-6 | 3.0
32| 9.1e-8 | 3.0 | 3.8e-12 5.0 14e-9 | 4.0 | 3.3e-12 | 5.2 3.7e-7 | 3.0
4 | 7.3e-7 - 5.8e-11 - 8.9e-8 - 2.7e-11 - 4.9¢-6 -
5 | 3.0e-7 | 4.0 1.2e-11 7.0 | 29e-8 | 5.0 | 5.6e-12 7.1 2.0e-6 | 4.0
3 6 1.4e-7 4.0 3.4e-12 7.0 1.2e-8 5.0 1.5e-12 7.1 9.6e-7 4.0
7
8

7.7e-8 4.0 1.1e-12 7.2 5.4e-9 5.0 5.2e-13 7.1 5.2e-7T | 4.0
4.5e-8 4.0 4.5e-13 6.9 2.8e-9 5.0 - - 3.0e-7 | 4.0

are both k + 2, and the order of ¢; and e4 are k + 1, the convergence rate for e, and e, can
reach 2k for LSV methods, while 2k + 1 for RRSV methods. Again these results confirm our
theoretical findings in Theorems 5.1, 6.1 and 6.2, which indicates that the results are also valid
for the Dirichlet boundary condition.

8. Concluding Remarks

In this work, we have presented a unified analysis of the stability and convergence prop-
erties of two arbitrary-order semi-discrete SV methods for 2D linear hyperbolic equations on
non-uniform rectangular meshes. Our approach involves reformulating the SV method as a spe-
cialized (nonsymmetric) Galerkin method, facilitated by a carefully crafted one-to-one mapping
from the trial space to the test space. This methodological departure from traditional matrix-
based approaches used for stability analysis over uniform meshes distinguishes our work.

Additionally, we have uncovered and substantiated novel superconvergence properties not
previously documented in the literature. Notably, we demonstrate that the RRSV method
achieves convergence rates of (2k + 1) at downwind points, while the LSV method achieves
(2k)-th order convergence. Considering that the 2k-conjecture has only recently been estab-
lished for other numerical methods such as finite element methods, finite volume methods, and
discontinuous Galerkin (DG) methods, our findings represent a significant advancement for SV
methods.

While our analysis provides insights into the mathematical underpinnings of the SV method,
it also highlights the ongoing challenges and opportunities for further exploration. The the-
oretical framework developed here may potentially extend to linear problems with variable
coefficients or linear hyperbolic systems. However, extending our findings to nonlinear prob-
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lems, fully discrete SV methods, and SV methods on unstructured meshes poses substantial
challenges and forms the basis of our current and future research endeavors.

Appendix A. Proof of Proposition 6.1

In this appendix, we construct a special (, € U, which satisfies the properties in Proposi-
tion 6.1. To this end, we first note the decomposition of the term

alu —ur,w) = a(Q%u,w*) + a(QVu, w*) — a(Q* QYu,w*), Vw € Uy.

In light of the approximation property of Q¥ and QY, the term Q*QYw is of higher order,
comparing to other two terms O%u, QYu. Therefore, to achieve our superconvergence goal, we
only need to construct correction functions (i, (;/ € Uy, to correct the first two terms a(Q%u, w*)
and a(QYu,w*) respectively such that

|a(Q7u+ G w?)
for some positive 7. Then by defining ¢, = ¢} + ¢}/, we have

la(u — G, w*)| = |a(Qu+ §F,w*) + a(QVu + f,w*) — a(Q Q¥u, w*)

5 hk+1+r||wHO

+[a(Qu+ ¢ w")

< A fwlo.

This is the basic idea on how to construct the correction functions.
We next demonstrate how to construct (i, (}/, respectively.

1. Correction of the term a(QYu,w*).

Let (o = QYu and for 1 <7 < k — 1, we define
G =T00 (0 + 02)Cimr = (TVO;) (0 + 82) o, (A.1)

where 7}/ is defined in (5.2). Apparently, ¢; € Pi(y). In addition,

Y

91
Ci (:L'ag;’y) = /7— (at + aw)Ci—ldya
go’y
- - 974
Ci(xvgjfl) - Ci(zagjyy) = /ﬂ_ (at + 8I)C171dy
g;"

For all 7, 4 € Tj,, multiplying both sides of the above equation by wlTJ* and summing up all [, j

yields
@)+ [ GlalJwtde = (0 + 961, w) (A2)
For any v,w € Hj, we define
(w,ohey = [ (uldy, (i vheg = [ 0)de, (92) € Zn X 2o
We have the following estimates for (;,7 < k — 1.
Lemma A.1. For all T =1y 4 € Ty and i < k — 1, there hold
18e +02)'Gill, S BT+ 02) s o 106 Dl S B s, (A.3)

Gy, )|+ (/I ’Ci(x’yq%)ﬁdx) SHT T ullkgroy, <k L (A.4)
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Proof. First, by the boundedness of 7}/,
160+ 02)'Gillo,» S 1195 (e + 02)* Gia [l S PII(@s + 02)  Gima [ -
By using the method of recurrence and the approximation property of QY,

@ +8. Gl 2@+ )

~

SH (8 + 02) | Vr<k+1.

| g
0,7 ~~ 41,7

This finishes the proof of the first inequality of (A.3).

Second, for any function v € Hy, note that
k = k
((To,") = (o (:oy )’ = (0,1 (@) o) (g7
j=1 Jj=1

Using the fact that the k-point Gauss numerical quadrature is exact for polynomial of degree
not more than 2k, we have

_1\? _ _1y1—1 _1yi—1
<(I}Zay 1) v’1>7—§‘ = <ay1(:z’—gay 1) ’U,1>Tqy = 7<(Igay 1) v’yiyq+%>q—f;"

where in the last step, we have used the integration by parts. Using the method of recurrence
again, we obtain

i (1)t _ i1
(o, ) v, 1)y = (T, o (Y = vs1) " )
Choosing v = (9; + 9,)"¢o and using the equation Z;/ = I — QY in the above equation, we have

(-1
(i~ 1)

In light of (6.14), we have for all r < k — ¢ that

(Gir1)ry = (= Q") (0,100 + 22)'C0), (3= Ygs) ™ )

q

’<an_1(at + am)iCOa (y - yq+l)i_1>7'g’

<07 Dot 0 Gl 10 0 2)

< pRHiFTE el i, -

Similarly, by using the integration by parts,
_ i i1
(0,19 +02)'Gos (¥ = vg1) )
_ i i1
= <8y1Qy(8t+az) u, (yfyq—i-%) >Tqy

1 ; i
—7(QU @ + 30", (y =Yg y) Doy
which yields, together with the approximation property of QY that
_ ; i—1 i1 .
€0, (9 + 02)'Cos (v = yq+%)l >Tqy’ YRR lullbtrigrry, 7<k—i.

Consequently,
i 1 .
|<CM 1>Tqy| S hk+z+r+2 Hqu-i-i-i-T,Tgv T < k—1. (A5)
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Then by the Cauchy-Schwarz inequality,
[(CTRYEADS hk+i+r+1”u|‘k+i+nﬂ r<k—i

The second inequality of (A.3) then follows by taking r = k — 1.
To prove (A.4), we note that

k
> (Gilzglt) = ¢(z.g7Y)) + ¢ g7)

Jj=1
k gy
j+1
:Z/ Gior(oy) y+/ = Gl (AB)
= g}',y grY
Then (A.4) follows directly from (6.14), (A.5) and the Cauchy-Schwarz inequality. O
Define
k—1
Clay) =) (1)'Glay), Gla,y) =L (@,y). (A7)

1

.
Il

Here Z{ ¢ € Pi(x) denotes the Gauss-Lobatto interpolation function of ¢ along the x direction.
That is, in each element 7.7,

II?C(‘TPJ’Q) = C(‘%ﬁja y)’ JE Zk-i-la

where 1), ; are zeros of the Lobatto polynomial in 7,7. Note that ¢; are continuous about z, and
thus ¢/ € Uy, is also continuous about the variable z.

Lemma A.2. Let ¢/ be defined in (A.7). Then for all T =74 € Th,

162 o 0 S B+ ulisa,r,

_ _ (A.8)
h]g‘}j(xp%ayq% ‘ + ’(Ch’ 1)T’ S h%HH“H%HaT-
Moreover, there holds for all w € Uy,
(@ + ¢ w?)| S B ullyspiallwlle, Vr < k1. (A.9)

Proof. The first inequality of (A.8) follows directly from (A.7) and by taking r =k +2 — i
n (A.3). By using the first inequality of (A.4) and the trace inequality,

(G (2 1w )| S P (lullon + hllullzkssr) S B2 |ullang -

We next estimate the cell average error. In light of the second inequality of (A.3), we get

k—1

(¢, -] S D16 Dol S PP ull2nra e

i=1

Consequently,

(G D) S 1S =G 1) [+ 1@ e S 205V, 4+ B i,
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Then the second inequality of (A.8) follows directly by taking ¢ +r = k — 1,k > 2 in the first
inequality of (A.3).
To show (A.9), we first divide the term in the right hand side into two parts, i.e.
aT(Qyu + ¢, w*) =a;(Q%u+ Y, w*) —a, (Cy + ¢, w*). (A.10)
We next estimate the two parts respectively. By (5.7), we have
GT(QyU, w*) = ((at + al)g()a w*) .

T

Noticing that ¢¥ is continuous about x, we have from (3.9),

ar (€ w0*) = (B + By + B,)CY, w) +/ (€)@, 3 )" d

x
Tp

Combining the last two equations and (A.2), we get

—_

a‘r(Qyu + Cyaw*) = (_1)k((at + am)(k—l;w*),r - /I Ci(xay_,

1

e

)w*dm,

1
2

3

which yields, together with the first inequality of (A.3) and (A.4),

— _1
lar(QVu + ¢, w)| S A* T Jullir w0 o, + B2 ullpr -1, w0,y

S ullegr s wllos,  r < kL (A.11)

where in the last step, we have used (5.1) and the inverse inequality.

On the other hand, we conclude from (3.9) that
ar (¢¥ = i w*) = (9 + 0x + 0,)(¢" — TiCY) w™)  + / ¢ - TEe (@, gy Jwda.
Summing up all 7 and using the trace inequality and (5.1),
la(¢¥ = Zi¢h w) | £ (WYY = ZecY||, + II¢¥ — T, + [0 (¢¥ = Zec¥) ||, llwllo
S Pl llwllo, V<. (A.12)

Substituting (A.11) and (A.12) into (A.10), we get (A.9) directly. O

2. Correction of a(Q%u,w*).

Similar to that for a(QYu,w*), we correct a(Q%u,w*) by defining {;, = Q%u and defining
foralll1<i<k-—1,

G =TE0; 0+ 0,)Cin = (T70;Y) (0 + 8,)'Co. (A.13)

We further denote i i
=D DG =Y T (A.14)

i=1 i=1

Following same arguments in Theorem A.2, we can show that
16t Nl S F**2 ullsar,
G (730 ) G, | S 3 oo

la(Q%u+ ¢ w*)| S PRl psonr|wllo, VP <k—1, w € U (A.16)

(A.15)
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3. Proof of Proposition 6.1.

Let
Ch = + Gy

where ¢/, (7 are given in (A.7) and (A.14), respectively. Next we show the above (}, satisfies
all the properties given in Proposition 6.1.

Proof. First, (6.6) follows directly from (A.8) and (A.15). Secondly, we use the estimates in
(5.5) to derive
197 Q ullo, < W [Jullkrsrr, T < k1

In light of (5.8), we have
0(Q Q" w)| S W ullesisawlo, 1<,

which yields, together with (A.9) and (A.16),

]a(u — g +Ch,w*)‘ = ’a(Q”” +¢F,w*) +a(QVu+ (L w*) — a(QIQyu,w*)]

S ulleyrllwllo, T < k-1

The proof of (6.7) is complete. O

We end this section by discussing how to implement the initial and boundary discretizations.
Note that u; + u, +uy = 0, we have

(0 + 0.)'u(z,y,0) = (—l)iaéuo, (0 + 3y)iu(:c,y, 0) = (—1)"0 up.
Then the process of the initial discretization can be divided into the following steps:

1. Compute the interpolation functions Z/((—1)"d;uo) to Zj; ((—1)"d%ug) obtain (8 + dz)"Co
and ((')t + ay)iCQ.

2. Obtain ¢; and ¢; from (A.1) and (A.13).

3. Calculating the Gauss-Lobatto interpolation function of ¢; and ¢;, and then derive ¢ Cr
from (A.7) and (A.14).

4. Figure out up(x,y,0) = (uo)r — ¢ — ¢

The process of the boundary discretization follows the same way, with ug replaced by 1, @2,
and thus we omit it here.
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