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Abstract

In this paper, we design a novel explicit second order scheme with one step for forward
backward stochastic differential equations, and the Crank-Nicolson scheme is a specific
case of our proposed framework. We first establish a rigorous stability result, and then
we derive precise error estimates. Moreover, we confirm that the proposed novel scheme is
second order convergent. The theoretical results for the proposed methods are supported
by numerical experiments.
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1. Introduction

Consider a complete probability space (2, F,F,P), where F = (F})o<i<7r represents the nat-
ural filtration generated by a standard g-dimensional Brownian motion. Within this probability
space, this paper does not prioritize the regularity of the solutions to the forward backward
stochastic differential equations (FBSDEs) but rather focuses on probabilistic numerical meth-
ods for solving them

t t
X =Xo Jr/ b(s,XS)der/ o(s, Xs)dWs, (SDE)
0o . o (1.1)
Y, = o(X7) +/ f(s,Ys, Zg)ds — / ZdWs, (BSDE)
t t
where T > 0 denotes a fixed terminal time; Xy € R? provides the initial condition for the SDE;
®(X7) € R™ specifies the terminal condition for the BSDE; b : [0,7] x R? — R? is the drift
coefficient; o : [0,T] x R? — R7*? represents the diffusion matrix; f : [0,7] x R™ x R"*7 — R"
is the generator function; and ® : R? — R"™ is a real-valued function. To facilitate analysis, we
assume that the functions b, o, f, and ® adhere to the following conditions:

* Received September 18, 2024 / Revised version received February 19, 2025 / Accepted May 12, 2025 /
Published online September 15, 2025 /
1) Corresponding author



2 Q. HAN, S.H. LAN AND Q.X. ZHU

(i) The functions b and o € C}, where CF denotes the space of continuous functions with
uniformly bounded derivatives up to order k. In particular, we assume that

sup {[b(,0)[+ |o(t,0)|} < L

0<t<T
with the non-negative constant L representing the Lipschitz constants for all relevant
functions.

(ii) We assume that o satisfies

o(t,x)o ! (t,x) > L, V(t,x)€[0,T] x R%
(iii) b,0, f, and ® € Cy,, where Cy, denotes the set of uniformly Lipschitz continuous functions
with respect to the spatial variables. Additionally, we assume

sup {|f(¢,0,0)| + |®(0)[} < L.
0<t<T

Under these conditions, the FBSDEs (1.1) is well-posed. Additionally, by taking the condi-
tional expectation on both sides of the backward component, the integrands are shown to be
continuous with respect to time.

The well-posedness of the FBSDEs (1.1), including both existence and uniqueness of the
solutions, is established in [20]. Moreover, the papers [21,22] show that the solution (Y3, Z;) to
the FBSDEs (1.1) can be expressed as

}/;g - U(t,Xt), Zt = vu(t,Xt)O'(t,Xt), Vit e [O,T], (12)

where Vu denotes the gradient of u(t, z) with respect to z; u(t,z) € Cp*([0,T] x RY) is the
solution of the following nonlinear parabolic partial differential equation:

LOu(t, ) + f(ult,x), Vu(t,z)o(t,)) =0 (1.3)

with the terminal condition u(7, z) = ®(z); and

E(O):g+zbi(t:€_ li it 2) =——=— ” .
at - 2 4= T 00z

The interest in FBSDEs has grown among researchers due to their extensive applications
across disciplines, including fields such as mathematical finance [6,8], stochastic optimal control
problems [28,30], risk measures [17,25], and more within the social and natural sciences. How-
ever, finding analytical solutions to FBSDEs is rarely feasible because the majority of these
equations are complex. Thus, numerical algorithms have to be constructed to approximate
their solutions. Consequently, significant work has been devoted to the numerical solutions of
FBSDEs. Specifically, the Euler schemes, which have been shown to achieve a convergence
order of 1/2, are discussed in [4,9,16,23,27]. For higher orders of convergence, the multistep
schemes, which generalize the Euler schemes by utilizing more previously known information,
have been developed and analyzed in [1-3,5,10-15,24]. However, since the multistep schemes
require multiple previous solution points to calculate the next one, they necessitate several
initial values, increasing computational complexity.
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To address the limitations of the multistep schemes, which require multiple initial values,
and to maintain higher orders of convergence, this paper introduces a novel one step second
order numerical scheme that generalizes the Euler schemes. The proposed scheme, developed
by a predictor-corrector approach, is entirely explicit for Y and Z. When solving FBSDEs, the
explicit schemes compute the next time step directly from known values, bypassing the need
to solve the nonlinear equations required by implicit methods, thereby enabling faster compu-
tations. Additionally, the explicit schemes avoid the complex matrix operations and iterative
processes inherent in implicit methods, significantly reducing computational complexity, partic-
ularly in high-dimensional problems. Moreover, a stability result will be established to provide
precise error estimates and confirm that our method achieves second order convergence. The
key distinctions between this paper and the references [7,29] are that our one step second order
scheme is fully explicit for both Y and Z, whereas the schemes in [7,29] are explicit for Y while
being implicit for Z. Furthermore, when o = 1, our approach simplifies to the Crank-Nicolson
method discussed in [7,29], highlighting the Crank-Nicolson method as a particular case within
our framework.

The structure of this paper is as follows: Section 2 outlines the explicit one step method
used to solve the FBSDEs (1.1). In Section 3, we conduct a comprehensive stability analysis of
the proposed method. Section 4 focuses on evaluating the local truncation errors for Y and Z,
and discusses the second order convergence of the numerical approach. In Section 5, numerical
experiments are presented to verify the theoretical findings. Lastly, Section 6 concludes the

paper.

2. Novel One Step Discretization of the BSDE

This section presents the time-discretization of the BSDE in (1.1) using a novel one-step
scheme. To achieve this, a uniform discrete mesh © = {tg,t1, -+ ,tn} is defined over the time
interval [0, T'], with the step size hy = T'/N, where N € N*. The BSDE in (1.1) is thus expressed
at the mesh points ¢; as follows:

tit1 tit1
Yi =Y., +/ fuds f/ Z,dW,, (2.1)
ti ti
where fs = f(s,Ys, Zs). Applying conditional expectations to both sides of (2.1), we get
tit1
Vi =B i)+ [ Eilflds (22)
ti

where
Etzl[] = E[.l‘}—ti’Xti = x]

As explained in Section 1, the integrand Ef [f,] in the equation above depends deterministically
on s. Thus, the one step method can be used to approximate it, namely

tit1 1 1 .
/ti Eti [fs]ds = htEti |:%fti+1a + (1 - %)fti+l:| + Ryfa (23)

where
fti+17a = f(tiJrl*av }/ti+17a7Zti+17a)’ o€ (07 1]7
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and

i fre T T 1 1
yf = /t Eti [f&]ds - htEti |:%fti+1a + (1 - %)fti+l:|'

i

Inserting (2.3) into (2.2), we obtain

h 1 .
Y;fi = Etml |:Y;E¢+1 + ifti#»l—a + ht (1 - %)fti+1:| + R;f (24)

The values of (Y;,,, ., Z,,_.) are at non-grid points and unknown for i = 0,1,..., N — 1.
Calculating Y;, with an explicit numerical scheme requires approximating Y,,, . and Zy,
in fi,,, .. Firstly, we approximate the value of Y3, , _ in f;, , . and then the computation
expression with respect to Z;,,, , will be given soon. We approximate the value of Y,,, by
the explicit Euler scheme, namely

_ x
}/;'H»l—a - E

titi—a

[Y;EH1 + ahtfti+1] + Rva (25)
where

Etli+1,a['] = E[ |‘7:ti+1—a’Xti+lfa = .Z'],
fti:f(tiay;fiazti% i:0517"'5N_15

~ ti+a
b= [ B lfMds - L, (fu)
tit1—a
Thus, the computation expression with respect to Y3, is
Yviz—l—oz = Etxprl,a [Y;:-l + ahtfiz-l]a (26)
where f7 = f(t;, Y™, ZT).
Then, we derive the expression for Z. By multiplying (2.1) with

AWi—;-i-l = (Wti+1 - Wti)T
and applying the conditional expectation, we obtain
ti+1 ti+1
0=Ey [Vi,, AW, 4] + / Ey [fs AW, ]ds — / Ef [Z]ds, (2.7)
ti ti

where AWy, o = W, — W;,. Similarly, we approximate the integral terms Ef [ fsAWt—;s] and
Ef [Zs] on the right-hand side of (2.7) using the same method as for calculating Y;,, namely

tit1
/ EY [f(s,Ys, Z) AW, ] ds
t

i

= htEti [%fti+1aAWiTi+1a + (1 - %)fti+1AWi—,l—i+1:| + Rz,lv (28>
tit1 ht )
| ElZds = T2+ 2]+ R, (29)
ti

where
AWiiti—a = Wiy, — W,
) bita x T x 1 T 1 T
2,1 = Eti [f(s,Ys, ZS)AWti,s]dS_htEti %fti+1—aAWi,i+l—a+ 1_% fti+1AWi,i+1 )
ti

] tit1 . ht .
2,2 / EY, [Zs)ds — ?Eti (24, + Z,11)-
t

7
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Plugging (2.8) and (2.9) into (2.7), we deduce

- 1
0= Eti [}/ti+lAWz l-‘rl} + htIEtZ |: ft1+1 aA 7 z+1 « =+ <1 - %)fti+1AWi—;+1:|
h )
- éEi [Zti + Zti+1] =+ R,lzﬂ

i pi i
where R, = R} | — R’ ,. Furthermore,

2
Zti = Etzl |:h 1+1AW1 z+1:| +2Ef |: ft1+1 aA zz+1 ot (1 )ft1+1A zz+1]

2 .
~Ef[Zi.,] + R (2.10)
t

Analogously, we approximate the value of Z;, ,__ in f;,, , . by the Euler scheme as below

ahtZt Etz+1 [ 1+1AW+1 az+1+ahtft +1AW+1 az+1] +RZ3’ (211)

itl-a
where
AWiJrl*Ot,iJrl = Wti+1 - Wti+l—a’

AWis1—aw = Wa— Wi, .,
7 m 7 7
RZ,B [Rz,Bl - Rz,32} )

1+1 a
) tit1
,12731 :/ fSA +1 asd ahtft1+1 +1 a,i+1
tit1—a
) tit1
;732 = / stS — ahtZti+17a.
tit1—a
Thus, the computation expression with respect to Zy,,,  is
Zzﬂ-Jrl @ ]:E11+1 a|: h szﬁ'rlAWJrl a,i+1 + z+1AWz+1 az+1:| (212)
Combining (2.4) with (2.5), (2.11), we have
. ht 1 i
Y;fi = Eti Y;5i+1 ftz+1 ot he(1— % ft¢+1 + Rya (2'13)

where

ft¢+17a = f(ti-‘rl Ot’i\/:ti+17a),thi+17a)’ 1 :0513"'3N_1a
R; = Ryf + Ryf’ ;;f = htEi [ftz#»lfa - fti+17a]’
Yti+17a Etm+1 o [Yti+1 + ahtfti+l]7

~ z 1
Zti+17a E titl—a [ ht Y;5i+1AW+1 a,i+1 + ftz+1 AWerl a z+1:|

Thus, the time-discretization of Y;, is

T T T h 1 T
Yvi = Eti |:Y;+1 + = 20 z+1 «@ + ht( %) i+1:|’ (214)
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where
iﬁrlfa = f(tiJrl*OH}/iilfaaZzFJrlfa)a { :0715-'-7]\]7 1.

From (2.10), we have the time-discretization of Z,,

2 1~ 20— 1
Z7 =Ef | Y5 AW + afzti-l—aAWi—;-l-l—a Tt T AW

hy i+l i+l Z5q| (2.15)

Thus, we deduce the discrete-time approximation (Y™, Z™) for (Y, Z) at t; fori = N, N —1,
ey 1,08
1. The terminal condition is (Y7, Z%) = (®(X7), Vu(T, X1)o (T, X71)).
2. For 0 <i < N, the step from i + 1 to ¢ follows the transition rule described as
Yviz-l—oz = E:tzi#»lfa [Y;T-li—-l + ahtfl?zi-l]’
T T 1 T T T T
Zia=Ef a—htY;HAWina,iH + T AW a1 |

2.16)
s x T ht o —1 ™ (
Y =Ef [YiJrl tog ot (1 - 2a) i+1}

2a_1 T

2 1~
h_tyviz-lAWi—,l—i+1+Efz'7r+1—aAWi—,l—i+1—a+T ﬁ1AWi,i+1—Zf+1]-

7 -]

3. Stability Analysis

In this section, we thoroughly analyze the stability for the numerical scheme. To simplify
notation, we first focus on a one-dimensional scenario. This approach can be easily generalized
to higher dimensions. We denote the perturbations affecting the generator f and the terminal
values Yi and Z; by ef,e7 v, and €7 5, respectively. Note that ey is an Fy-adapted process.
At any point (s,Y,Z) € [0,7] x R x R, we define Y, ZT , and f. as follows:

YZ,FN = ]G +€7yT,Na
ZIN=Z§ + el N, (3.1)
fs(saYsaZs) = f(S;Ys;Zs) +ey.

Te,m i, ~it1—a,T fﬂ
)

Furthermore, we define the quantities f", £ _ ., e¢", &} T

and ]N”E’Tl as follows:

£ = (800 225),

f;‘iTlr —a = f(tza eriJFJ —a Z;r,iJrl 7(1)’

1L,T . s T
& = Ef(tla Ys,i’ Zs,i)a
~i4+1—a,m . T T
€y =Ef (tH‘I—a’sz,iqLZfou Zs,iJrlfa)’

faTi = f;;aﬂr + 5}777’
7 Te,m ~i+1—a,m
=1 o t & .

Here Y, Z7,, Y"1 1o, and Z7,, ,_, are obtained by the Scheme 3.1.
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Scheme 3.1. Given

(YN, ZIn) = (YN +ep v ZN +eln), i=N-—1,...,0,
solve (Y7, ZZ,) by
Voo =Ef, Y Hahflin],
1
Zlivi—a =B, [a_ht c z+1AW+1 ait1 ST AW z+1:| ;
N hy 1 _ (3.2)
E z+1 + 5= 2078 z+1 « + ht 20 ei+1 |
0 T A AW.T 2a—1 AWT
Za,i = Eti h a z+1 Wz z+1+ fa Jit+l—a Wz i+1— a+— e,i+1 Wz i+1 a z+1 :
To enable further analysis, the above scheme can be equivalently written as
Y i a=Ef, . [YZ,riJrl + ahtfff} + ng i
1
Zfz‘rai-i-l—a = E?‘H»l—a |:Oé—ht € z+1AW+1 a,i+1 + fa FAWJ-I @ z+1:| + Rgz @)
hy - 1 (3.3)
Y;‘TZZE?-L |:Y;‘ 1+1 + 5= 20 ferl a+ht( %)fz+1:| +R§y 7
Za,i:Et-; h_t}/f;‘,i+1AWi,i+1+ f+1 a zz+1 a+—f1+1AWz i+1 El-‘rl +Raz 2l
where
ng P ]Ei+1 [O{ht51+1 Tr} ’
1,
Rgz P EtIJrl [ ot 7TAVVz—Jrrl « z+1}
1
t ~+1— +1,
ngin|:a~} Oz7r+ht<12 )} Tr:|7
T T ~L+1 o, T 2a—1l+1ﬂ' T
Rsz P E f AWz vat+l—a + AWz ,i+1
To obtain the error analys1s expression, we let
Eg,N = Y;‘WN - Yy, EQ,N = Zg,N —Zy.
Then subtracting (2.16) from (3.3), we obtain
o7 ivia = B (g0 i + b (FT = )] + B,
U xT 1
Ez,iJrlfa = titi—a h y z+1AW +1—a,i+1 =+ (fz+1 z+1)AWz+1 a,i+1 + Rsz 7
™ x m ht re,m s 1 e, m I
€y = Ef |egim + %(fi-i-l—oz — ) (11— %0 (fh — f5a) | + BE, . (3.4)

20— 1
—(

«

ffj:; - l-‘rl)AWZ i+1

|

+ RT

EZZ

2 1 ~
Eg,i = Ei [h y z+1AWz 141 + = (ferl a z'7r+1fa)AWi—,ri+1fa
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We refer to (3.4) as the permutation error equations for scheme (2.16). To prove the stability
of scheme (2.16), stability is defined as follows.

Definition 3.1. The scheme (2.16) is defined as stable. If, for any e >0 and 0 <i < N —1,
there exists a 6 > 0 such that

N-1
E ‘5%‘2 + he Z ’524’21 <e
=i

provided that

|:‘ zw’ + ’E ~+1— ozTr’ :| 57 E“E;,N’2+ ’EZN‘Q} <5

Theorem 3.1. Suppose the assumptions (i)-(iii) hold and (t,Y:, Zy) — f(t,Y:, Z:) € CP. Then
for a sufficiently small step size hy, we have

) N—-1
MﬁM+EMZ@W]
(=3

< C(E|lep nI*] + nE[|e7 0[]
b3 B[R+ (et ) (175 o7+ (Bl + el )
—

7

where C' denotes a positive constant.

Proof. From (3.4) and the Lipschitz-condition assumption, we have

. . ZAWH L.
’Ez,i’ S Eti |:€y,i+1 h +1:| +5Et¢ [(’ yz+1 a’+‘€zz+1 a’ ’A i,i+1— aH
t
20 — 1
# P2 B (g ] + L DAW s al) 4 BE (i) + RS 35)

From the Cauchy-Schwarz inequality, the inequality (3.5) is represented as

2
he twl: yz+1‘]

hy
L

+ 2 (VO - s [ o+ 0 = ez 120 P])
1
‘L (\/htlﬁ:tm y z+1‘ + \/ht €2 z+1‘ )

+E [[eZia]] + |RE |- (3.6)

etal < |7

From (3.4), we have
Ey i+tl—a| — titl—a y,i+1 Qg i+1 — Jit1 €y,i
| = EF,, [+ ok £ — f70)] + Rl

< |Ef er a1+ ohL(|e] |+ |eTia])] + RT,[ (3.7)

tit1—a [

2
i _
"Ez,i-l-l—a‘ -

T 1 ™ T
Et¢+1,a |:Oé_ht‘ y z-i—l’A i+1—a,i+1 + (fzajrl z+1)AWz+1 a z+1:| + Raz i
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x 1 T Yy
Brina Lé_ht‘ eri+ AW a i +L(| y1+1’+‘52,i+1‘)AWi11—a,i+1:|+Razz

< 2E}

titl1—a

[(aiht +2ah L? + 4L) T i |” + 20h L2[eT, | ] +2|RT [ (3.8)

Plugging (3.7) and (3.8) into (3.6), we obtain

EAREN A

L
+= (\/2(1 — ) EP [((1 +ahL)|er 1|+ ahLleT 1 |)? + (RE,) D

«

+ g\/2(1 o O‘)htEtml |:<£ + 2ahtL2 + 4L> |€y z+1| + 2ahtL2|€z z+1| + |R8Z z| :|

20— 1
~ ‘L(\/htﬂi‘:fi ez o] + \/htEfi UEQHJQD +EY [|eT 1 |] + | RE.|. (3:9)

Squaring (3.9), we deduce

2
|€7zr,i|2 < (? + 1001 — a)he L7

+

a2

1020 — 12h L2\, 1) = g2
+ o2 ' ]Eti“*’fy,iﬂ‘ }

10(1 — a)h, L? 10(2c — 1)°y L2
+ ((#(404%?132 +20m,?) 1 12O VT 5)152 ez l’]

2
(4 + 4a2h, L% + 8ah, L + o + 2ah, L2 + 4L)
Qg

a? o2
20(1 —
DO (17r 2 (R, ) + 512 (3.10)

(%

From (3.4), we preliminarily obtain

h W -
et < |EF [e] ]| + . EI [ffhfa — fii—a)
ht(2ae—1) . . .
+ a o Ef [fi — fRa]| + | RE,.|

h
< B [l + 5 LB (|5, is1-al + [eZin1-al]
2a0 — 1

+ 200

Mo LBy, ([ ia] + | [] + B, . (3.11)

Combining (3.4) and (3.11), we can further derive

200 —

Bl hoL
eyl < (1 + 5 (Lt ahd) +

AL |

h2L2 |20 — — L hI2\_,
+ ( ; + ht ) t; HEz,iJﬂH + (ﬁ + ;—Q)Eti HEy,iHAW;ka,z‘HH
htLQ T T
+ E HEZ z+1AWz+1 az+1H + ‘Rsy z’ + ‘Rsy z’ + ‘Rsz z’ (312)

200
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Squaring (3.12), we deduce

- 2
y i+1

2¢

h2L? 4(2 mL? | Lt
B 5<4+ S L+ %h%? + >EI IE

2a
ALY 2(20— 1)2
+5< Sy (O‘a2 Crere b > |

15ht |2 15ht

zz+1‘ :|

(3.13)

+15|RE, . |° + |RT, |+ |7 |°

Adding (3.10) to (3.13), we deduce
[e5.al” + heleZl”

Y,

— —1)2+1 1-— L(1—

4(1 304)L2ht+6(204 )+ +8(2 «) + 8L( Q)Lth
a o

§5<8+

L+32(1—a)+8L(1—
L3 052; ( O‘)L3h§+(1+8(1—a))L4h;1)Eg[5

- 2
y,i+1

4200 — 1)2 16(1 —a)+1 16(1—a)+1 4 aN\w 1 r 12

+ 5(ht + TIPh? + TL4h§ + fzf;ht Eti U‘Ez,i-i-l’ :|

‘2 15k L ‘2 15k L
2¢

2
20 ’ €y,t ’

’ 2,1

+15|RZ, .| +
20(1 — a)h2L?
+ TtORsz z‘ + ‘Ray z’ ) +5ht‘Rsz z‘

= 40(1 + CrR)ES, [|e7 01 |] + ComeB [|e7 ||

15k 20(1— a)h
15|RE, P (2015 L 20( O;‘)t )(,Rmy B2, ) + 5 RELP 319)

where

a2

ool =

2
o (4(1_O‘)L2+ 6(20 = 1)* +1+8(1—a) +8L(1—a) o
(6%

L3 O;zj BLO=0) a2 (1+8(1- a))L4ht3) :

4020 — 1)2 16(1 — 1 16(1 — 1
Cy 25(14—(&72)112}“—}—%L‘%f—i—%ﬂlhﬁ).
(e}

Two positive constants, denoted as Cy and Cj3, exist such that
2 2
Co |57yrz| + ht‘egyi

< (1 + C'ght)(CVQEfZ [ 5§,i+1‘2} + CthEtmi [ 52 i+1’2})
+ 03‘R6y Z‘ + (C3ht + C3h?) (|R€z Z‘ + ‘Rsy Z‘ ) + C3ht|R§zyi|2'

(3.15)

By applying the tower property of conditional expectations to (3.15), it follows that

il va-oo S ons-slf

=i

<(1+ C’sht)N_i(COE“E;N‘Q} + CthEUEZNfD
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2

-1
+ > (U Cyh) B |Cy|RT, 4| + (Cshe + Cand) (|RE|” + | Bz, )

1

~
I

+ Cght|R§M|2} . (3.16)

Furthermore, we have

N—
+ > CE|[RE, (| + (e + 1) (|BE, o + | RE ) + ho| R[] 317)

=i
The proof is complete. O

Remark 3.1. In stability theory, the impact of small perturbations to the terminal conditions
and the generator of BSDE is analyzed to assess the stability of the numerical scheme under
these disturbances. Specifically, perturbations (57’; N €D, ~) are applied to the terminal values
(YT, Z%), and a perturbation ey is introduced to the generator f(s,Ys, Z;). This stability
analysis confirms the robustness of the scheme described in (2.16) for practical applications.

4. Error Estimates

In this section, prior to presenting the error estimates for the scheme (2.16), we first in-
troduce a key proposition and three lemmas. To facilitate understanding, we define certain
symbols before discussing the Ito-Taylor expansions as outlined in [18, Theorem 5.5.1]. Let
v = (7,72,..-,7p) denote a multi-index of finite length, where p € N*; each component
v €{0,1,2,...,q}, k=1,2,...,p, corresponds to a differential operator defined as

e For v, =0,

£0 = = +thw + Zaa Utwaaaz
J

3,7=1

e For v; € {1,2,...,q},

q
7]
(V) — E . t
E P O—'L'Yk( 7:C) axl 9

define p = £() as the length of the multi-index . The composite operator £7 is recursively
defined by £¥ = L) o... 0 £O»). The space A7 consists of functions v : [0,7T] x R¢ — R%
for which £7v is continuous and well-defined. The subspace A] further requires £7v to be
bounded. For a positive integer m, A7* denotes the set of functions v such that v7 € A} for all

v E{ve(y) <m}\{a}.
Proposition 4.1 ([5,18,26]). Let m > 0. Then for a function v € A",

EyTo(t + he, Xeyn,)]
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h? B
— v+ hol® + 200 4y m—tut@)m +O(hy ), (4.1)

0
2 !
Ef [(Wisn, — We)v(t + hey, Xeyn,)]

5 nyt
_ hD 4 20 4 B w00 B w0, + O(Rh?), (4.2)

g
2 m!
where
vy = v(t, Xy), ’UEO) = LOy(t, X,),
0O = 2O 6 £Oy(t, X)), -, 00" = £O 6.0 £O) 4t Xy),
-

V= £yt Xy),
Ut(LO) — Mg E(O)v(t, X)), - vgl)*(o)m =LW 60 4. 60 v(t, Xy).
-

m

Lemma 4.1. Suppose the assumptions (i)-(iil) hold. Furthermore, let
(t, Y, Z) = f(t, Y, %) € Cy.
Then, fori=0,1,...,N —1,
v =0(h7), Ryp=0(hi).

Proof. By the assumptions (i)-(iii), the integrand Ef[f], for s > ¢, remains continuous in s.
Consequently, we arrive at the ordinary differential equation

dE; Y]
ds
From the definition of R; 7 and (2.4), we know

; tit1 . . 1 1
yf = /tl Eti [fs] ds — htEti |:%fti+1a + (1 - %)fti+l]

h 1
= Y;Ei - EZ |:Y;5¢+1 + ifti#»l—a + ht (1 - %)fti+l:| . (44)

= —EZ[f], seltT). (4.3)

Substituting (4.3) into (4.4), then applying (1.3) to the derived equation, we have

ht (o LY
yf = E |:ut1 Ut;yq + %’U/Eiilia + ht (1 — %)uglil s (45)
where u;, = u(t;, Xt,). Applying It6-Taylor expansion (4.1) at (¢;, X;,), we have

h? h
E? [ut,,,] = us, +hu(0) o (00)Jr o (000)+(9(h4)

— h?
Ef [u, ] =ul” + (1 - a)hsuy” + %ug?w +0O(h}), (4.6)

itl—a
h2
By [ufl),] = uf) + heuf?” + Zul00 + O(h}).
Plugging (4.6) into (4.5), we get
(3a — 2)h3

(0 0,0) 4
D +O(hy)|. (4.7)

xr
yf - Etw
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Eq. (4.7) shows that the result R} . = O(h{) is obvious. Analogously, by the definition of E; f
and (2.5), we obtain

~. it
;fz/‘ B, [f(5,Ye Zo)lds — ah(EL,_[fuuni]

= }/ti+17a Ef+1 o [Yti+1 + ahtfti+1]' (48)

Substituting (4.3) into (4.8) and then using Ito-Taylor expansion (4.1) at (ti41—a, X¢,,, ) On
the derived equation, we have

i T 0
uf = Ei [uti+1—a Uty + O‘htug ) ]
(0) a?hi (0,0) 3
= Etz+1 o | Wtigi—a = | Utig1_qo + O‘htutiJrl,a + Tutprlfa + O(ht)
+am@gla+mm$ﬁa+omaﬂ
T Oé2h,2 0.0

— B, |t o) (19)
Notice that the above result implies the result é; F= O(h?). |

Lemma 4.2. Suppose the assumptions (i)-(iii) hold. Furthermore, let
(t,Y:, Z) = [f(t, Y2, Z0) € Gy
Then, fori=0,1,...,N —1,
Ri

z

=0(h}), Rz =0(hi).

Proof. By Ito-Taylor expansions (4.1) and (4.2), we have

h3
EY [Vie, AW, ] = heal + 020 + E’fu@(w) +O(hd),

2 (4.10)
Bf [Z) = w4 by + Fug ™ + O ().
By (1.2), (1.3) and It6-Taylor expansion (4.2), we get
P z [, (0)
Eti [fti+17aAWi—,ri+1fa] E [ tig1— QAWZ-—E+17&]
—(1 = ) — (1 = @)?h2ul""0 — 0 (), (4.11)
Ef, [ftiHAWi,Tiﬂ] = —Ey, [ut +1AWz z+1] = *htug v h2 (1 00 O(h?)'
Substituting (4.10), (4.11) into (2.10), we obtain
1
h—tRZ < i)hfugj’o’o) +0(h}). (4.12)

From (4.12), we obtain the result R. = O(h}). Similarly, from (2.11), It6-Taylor expansions
(4.1) and (4.2), we have

Ri,S = ahtZti+1—a Ef, [S/ti+1 AW i+1l—a,i+1 + ahtftwlAWerl «a z+1}

tiv1—
" a®h? (1,00
_ Etma{ Ll 00+ O(}f*)} (4.13)

From (4.13), we deduce the result R, 5 = O(h}). O
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Lemma 4.3. Suppose the assumptions (i)-(iii) hold. Furthermore, let
(Y0, 20) = f(tYe, Z0) € G
Then, fori=20,1,...,N — 1, R; = O(h}).
Proof. From the definition of E; > we know
Ri; = My (feos o — Froono) < ha|Ef [frrs o — Fron ]| (4.14)
By the Lipschitz condition and the definitions of fftwlﬂ and ,thi+17a, we can rewrite (4.14) as
Ry < LB (Vi o = Yool 1 20 = Ziior ]

Eil)

tit1—a

= htLEi }}/t [Yti+1 + ahtfti+1]|

i+l—a

- 1
+ ‘Zti+1a Etwl o |: Y;5¢+1AW+1 a,i+1 + ftz+1AW+1 a z+1:|

hy
v =0(h?). (4.15)
By the definition of R, (4.15) and Lemma 4.1, we obtain

|

= hLE] \R i+ ’—R

From Lemmas 4.1 and 4.2, we have

Ri =Rl + R, =0(h}).
The proof is complete. O
In what follows, we focus on analyzing the convergence property of the scheme (2.16).

Theorem 4.1. Assuming that conditions (i)-(iii) and (¢,Yz, Zt) — f(t,Y:, Z:) € C} are met,
we further require that the initial values satisfy

s (E[[¥ey Y3 []. B[ Zn — 23]} = 002).

Then we have, for sufficiently small time step hy,

E[ sup |AYi|2} +NX_:1E[ht|AZ¢|2} < Ohd, (4.16)
0<isN =i
where C' denotes a positive constant.
Proof. Let
AY; =Y, — Y, AZ; = Zy, — Z7,
AYisia=Y o o Y 0 DZivia=24 o = Zi1_a

From (2.10) and (2.15), we have

T
IAZ| = |ET |AY; %Jrl(f. — fE_a) AW
i t; i+1 ht o i+l—a i+l—a i,i+1l—o

2a—1

2
(ftz+1 - z+1)AWz i+1 AZZ"|‘1:| + _R,Zz . (417)

hy
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The expression in (4.17) can be reformulated by applying the Lipschitz condition, as follows:

T AWlTH‘l T
P |:A}/z+17:| ’ + E [(|A}/z+1 a| + |AZZ+1 Ot| ’AWz i+1— aH

AZ;| < |E
| | — t ht
200 — .
P (08 oo 18700 DIAW o) + B 187+ [ 21| (029
t
From the Cauchy-Schwarz inequality, the inequality (4.18) is represented as
2 2
|AZ;] < hES [|AY41]?]
L
+ 5 (\/(Pa)ht]Ef_ [|AYi1-al?] + \/(lfa)htEfi [|Azi+1,a|2})
‘ (\/ht [|AY:g[2] + \/ht]Em [|AZi]? ])
B 187+ | (119)
t
From (2.5) and (2.6), we have
AYip1al® = [EBf,,  [AYip1 + ohe(fe,, — 1)) + R il
< [Bf,, (A + ahe LAY |+ [AZia )] + Ry (4.20)

From (2.11) and (2.12), we have
2

1
A}/ZJFlA +1 a,itl + (ft1+1 - z+1)AW+1 az+1:| +R23

|AZi1-ol = |Eg,, [aht
1 2
<[Br . | AV AW i b EOAY |+ IAZaDAWT |+
< 2F* (—h+2ahtL2+4L)\A}Q+1|2+2ahtL \AZ1+1|2} +2|R., | (4.21)

Plugging (4.20) and (4.21) into (4.19), we obtain

|AZi| < ’ heEF, [|AYi41]?] ‘

+ E\/Q(l — a)hEL [((1+ ahyL)|AYip1| + o LA Zia|)* + (R )]

L 2 .
+ —\/2(1 - Ck)htEtxl |:(—h, + QOéhtLQ + 4L) |A}/7;+1|2 + 2ahtL2|AZi+1|2 + ‘R; 3‘2:|
« t >

200—1 2 .
o (g [AYeg s B, |81 ) B2 17 | |

(4.22)

Squaring (4.22), we deduce

20 10(1 — a)hyL? 2
|AZi|? < (h— + % (4 +40”hy L? + 8ah: L + — 2ah L? + 4L)
t (07477

10(2a — 1)°h L2\ _,
o B [|AYi ]
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10(1 — a)h, L? 10(2a — 1)%h, L2
- ((#(m%fﬁ t2an,12) + 2020 DR 5) Ef [|AZi11]?]
« «
20(17a)htL2( 5 2
=R (IR R 4[") + 5| 4.23
P DO (7 2 ) + 5| 2 (129
Next, we deal with the term |Y;, — Y;"|. From (2.13) and (2.14), we obtain
T h z [7 Iz (20{71)}“ T ™ i
|AY;| < ‘Eti [AYHIH + ‘iEti [ftiJrlfa - i+1—o¢} + ‘TEQ [fti+1 B i+1] + ’Ry’
x h x Ve U
< ‘Et[AY%JrlH + _tLEt HYti+17a Y+1 oz’ + ‘th+1 o Z+1 aH
2a0 —
+ htLIE”” IAY ;1] + |AZia|] + | Ry (4.24)
By the definition of fftiﬂﬂ and (2.6), we get
|Y;51+1 o Y+1 a‘
|IE tit1—a Yti+1 + ahtfti+1] Ez',,+1 « [}/111 =+ O‘htfﬁrl} |
< (I + ahL)E] [[AY;41|] + ah LEf [|AZ;11]]. (4.25)
By the definition of ’thi+17a and (2.12), we deduce
|Zti+17a Z+1 a|
<[BE | AT AW i + LAY |+ 1AZeaDAWT ]| @20
Substituting (4.25) and (4.26) into (4.24), we obtain
heL 20 — 1
AV < (14 G0 aded) + 22 e B AV
h2L2 |20 —1 N L hI?\_,
i ( ;2 + htL)Eti“AZ”l” * (T,ﬁ T on )E [[AYii AW iga ]
hL? )
20 [ i+1AW, +1 az+1H + ‘R | (4.27)
Squaring (4.27), we deduce
h2L2 4(20 — 1) hI?  h3LA
2 i 4 272 t @ 2
|AY;] §5(4 o2 L +ThtL + 503 + 9% )Eti [|AY¢+1| ]
hiL*Y  2(2a —1)2 h3L4
+ 5( t2 + ( O‘QQ ) hiL? + o )E; [[AZi ] + 5[}2%\ (4.28)

Adding (4.23) to (4.28), we deduce

|AY;[? + he| AZ;?

4(1—304)LthJr 620 —1)2+1+8(1—a) +8L(1 —«
a

2

)LQh?

cs(ss (

L L+32(1-0)+8L(1-a

oo )L3h§’ + (148(1— a))L‘*h;*) Ef [|AY;41/?]
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4200 — 1) 16(1 — 1 16(1 — 1
- 5(ht + LQ)L%g + %L%? + %ﬁhf) Ef [|AZit[?]
2 2000 —)RIL% /s 2 2y 20, ;2
+5|Ry [+ ————— (17" + [RLs| )+E‘Rz’
= 40(1 + C1h)E} [|AYig1|*] + ColyEY [|AZi41]?]
2 201 —)hZL? /1~ 2 i12 20, ;2
+5|Ry [+ ————— (|Ryf| +| R4 )*E‘Rz|’ (4.29)
where
1/4(1 — 20— 1)> +1 1— L(1—
o =L ( Oé)L2+6'(0< )" +1+8(1 —a) +8L( a)L2ht
8 a3 a?
L+32(1 — L(1—
4 L s O;zjg =) pa,2 4 (1+8(1a))L4ht3),
4(2a — 1)2 16(1 — 1 16(1 — 1
02 :5(1+ ( « > ) L2ht+ ( 4a)+ L4ht2+ ( 2Oé)+ L4ht3).
(e}

There exist two positive constants Cy and C5 such that

Co |AY;[* + hy |AZi]
< (1+ Cshy) (CoBz, [|AYEL | + Comelg [| A7)

. . . Cao .
+ Co|B[* 4+ Co ((Riy)* + | RLo[") + h—j\R;f. (4.30)

From (4.30) and the tower property of the conditional expectations, we deduce

N—-1
CoE[|AY;[*] + (1 — Ca)hy Z (1+ Csht)eiiE“AZdﬂ
=i
< (14 Cshe) N (CoE[|AYN ] + ColE[|AZN[?])
N—-1
+ > (1+ Csh) B |G| Ry + Can ((REy)* + [RE[") + %]Rﬁﬂ. (4.31)
=i
Furthermore, we have
N—-1
E[IAY:] +he 3 E[IAZ0]
=i
< C(E[|AYN"] + ME[|AZN[*])
N-1
- 1
+ >0 CR[ |+ n2 ((Ryy)" + R [) + h—t\Rﬁﬂ. (4.32)
=i

From Lemmas 4.1-4.3, we have
|1 402 (| P+ )+ o 2| = 00, (4.33)

From

max {E[|Viy — Y|, E[|Zey — Z5|]} = O(R)
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and (4.33), we have the following estimates:
N-1
E[|AY;P] + ) E[h|AZ|?] < Ch.
£=1i
The proof is complete. O

Remark 4.1. Through the proof provided in Theorem 4.1, we have successfully demonstrated
that the proposed one step scheme achieves a second order convergence rate. This result is
further confirmed by the numerical examples constructed in the following section.

Remark 4.2. This paper differs from [7,29] in that our one step scheme is fully explicit for both
Y and Z, whereas the schemes in [7,29] are explicit for Y but implicit for Z. Moreover, when
a = 1, our method reduces to the Crank Nicolson method, as discussed in [7,29], demonstrating
that the Crank Nicolson method is a special case within our framework.

5. Numerical Experiments

In this section, we illustrate the accuracy and effectiveness of the aforementioned scheme
through numerical experiments. The time interval [0,7] is uniformly divided into N parts,
giving a time step size hy = T/N, where T represents the terminal time. The time step sizes
adopted in our experiments are N = 1/2™ m = 3,...,7. To compute the conditional expec-
tation [Ef [-] within the proposed scheme, we utilize the Gauss-Hermite quadrature method,
together with spatial interpolation. By choosing a sufficiently large number of Gauss-Hermite
quadrature points K, the local truncation error becomes insignificant; in the numerical exam-
ples provided, we set K = 12. We apply cubic spline interpolation for the spatial interpolation
process.

In the tables below, the errors err, := |Yy — Y| and err, := |Zy — Z§| denote the differences
between the exact solution (Yz, Z;) of Eq. (1.1) at t = 0 and the corresponding numerical results
(Y7, ZF) obtained from the scheme. Let CR denote the convergence rate with respect to the
time step size hy, which can be calculated using the least squares regression method. All the
numerical tests are implemented in Matlab R2023b on a desktop computer with Intel Core
i5-12600KF 10-Core Processor (4.9 GHz) and 32 GB DDR4 RAM (3600 MHz). The solution
process is presented in the Algorithm 5.1.

Example 5.1. Consider the BSDE as below

—dY; = (= Y2 4+ 25Y2 — 1.5Y;)dt — Z,dW,, t€[0,T),
exp(Wp +1T) (5.1)
exp(Wr +T)+1°

T =

The solution to the BSDE (5.1) is

Y, = exp(We +1) 7 _ exp(We +1¢)

’ t .
exp(Wy +1) + 1 (exp(W; +t) + 1)2

In this example, we set T'= 1 and the exact solution of the Eq. (5.1) at t = 0 is (Yp, Zp) =
(0.5,0.25). Table 5.1 presents the absolute errors, err, and err,, along with their convergence
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Algorithm 5.1: The Algorithm for Solving FBSDEs Based on Scheme (2.16).

1 Input: K,a,N,YS, Z%.
2 fori=N—-1to1ldo
3 Compute the interpolation points at time level ¢,,.

4 for k=1 to K do

T J— xT s T
Yiio= Etiﬂ,a [Yi+1 + O‘htfi-i-l}’
1
T _ : T T T T
Lo = Etiﬂ,a {—aht Yi+1AWi+1—a,z‘+1 + i+1AWi+1—a,i+1 .
5 end

for k=1 to K do

hy ~ 1
YT =Ef [Yfrl tog et ht(l - %) ZL],
2 1~ 2a0 — 1
Zgr = Ei {h_tnilAWi,TiH + afﬁrkaAWi,TiJrka + Q1AWJ¢+1 - Zi7r+1 .
7 end
8 end
9 Output: Y, Z7.
Table 5.1: Error values and convergence rates for the scheme in Example 5.1.
N a=1/4 a=1/2 a=3/4 a=1
Yo = YO | [Z0—Z° | [Yo=Y°| | |Z0— 2" | [Yo—Y°| | |Z0— 2" | [Yo—Y"| | |20~ 2°|
8 |1.3590E-04 [2.4418E-05|1.2017E-04 | 1.0366E-04 | 1.0258 E-04 | 1.9060E-04 | 8.2793E-05 | 2.8535E-04
16 |3.4884E-05 [4.9078E-06 | 3.0986E-05|2.6713E-05 | 2.6797E-05 [4.9519E-05 | 2.2350E-05 | 7.3383E-05
32 |8.8581E-06|1.1203E-06 | 7.8802E-06 | 6.8085E-06 | 6.8659E-06 | 1.2627E-05 | 5.8187E-06 | 1.8580E-05
64 [2.2179E-06 |2.3749E-07 | 1.9729E-06 | 1.6882E-06 | 1.7234E-06 | 3.1556 E-06 | 1.4697E-06 | 4.6399E-06
12815.5778E-07 | 5.2154E-08 | 4.9651E-07 | 4.1841E-07 | 4.3466E-07 | 7.8672E-07 | 3.7230E-07 | 1.1572E-06
CR| 1.9833 2.2111 1.9811 1.9889 1.9724 1.9813 1.9520 1.9875
Table 5.2: Run time(s) of the scheme for Example 5.1.
N 16 32 64 128
«
1/4 4.5610 | 9.0057 | 18.0326 | 36.4851 | 74.9443
1/2 4.5909 | 9.0988 | 18.1107 | 36.1546 | 75.3838
3/4 4.5842 | 9.0513 | 18.6429 | 38.0595 | 74.9173
1 4.5079 | 8.9543 | 17.9163 | 36.0204 | 74.6518
rates, for various values of a using the described method. The run time of the scheme for

Example 5.1 is provided in Table 5.2. Fig. 5.1 shows the log-log plots of err, and err, against

time interval h;.

Example 5.2. The FitzHugh-Nagumo (FHN) equation is widely used in biology and genetics,
particularly in the mathematical modeling of electrophysiological systems and the mathematical
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—O—a=1/4 -
2 b |—E—am12
——=3/4

—%—q=1

[ |= = = -Baseline (slope = 2)

Iogz(erry)
Iogz(errz)

7 65 6 55 5 -45 -4 35 -3 7 65 6 55 5 -45 -4 35 -3
log,(h)) log,(h))

Fig. 5.1. The plot of err, against time interval h; in Example 5.1.

modeling of neuronal dynamics.The following is the partial differential equation (PDE) form of
a simplified case of the FHN equation (taken from [19]):

1
—Opu — §Au — (cu® + bu® — au) = 0,

(5.2)
u(T,x) = g(x).
Let c=—1,b=1+a,a € R, and g(x) = (1 + %)L, then
u(t,z) = (1+exp{z — (0.5 —a)(T —1)}) " € C°([0,T] x R) (5.3)

is the solution of the Eq. (5.2). The corresponding FBSDEs is given by

t
Xt=m0+/ aw,,
o 7 T (5.4)
Ytzg(XT)-i-/ [—Yf—l—(l—f—a)Yf—aY;]ds—/ ZsdWs.
t t

From Ito-Taylor formula, the analytical solutions of the BSDE (5.4) can be represented in the
following form:

1
T exp{X; — (0.5 —a)(T — 1)}’
exp{X; — (0.5 —a)(T —t)} -
(1+exp{X; — (0.5~ a)(T — 1)})

Y

Z =~

Let T = 1,a = —0.5, and 29 = 1, then the exact solution of the Eq. (5.4) at t = 0 is
(Yo, Zp) = (0.5,—0.25). Table 5.3 presents the absolute errors err, and err, obtained using the
aforementioned method for the various values of a, accompanied by their respective convergence
rates. The run time of the scheme for Example 5.2 is provided in Table 5.4. Fig. 5.2 shows the
log-log plots of err, and err, against time interval h;.

Let T = 1,a = —1, and 2y = 1.5, then the exact solution of the Eq. (5.4) at t = 0 is
(Yo, Zp) = (0.5,0.25). Table 5.5 presents the absolute errors err, and err, obtained using the
aforementioned method for the various values of a, accompanied by their respective convergence
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rates. The run time of the scheme for Example 5.2 is provided in Table 5.6. Fig. 5.3 shows the
log-log plots of erry and err, against time interval h;.

From the errors, convergence rates and log-log plots listed in Tables 5.1-5.6 and Figs. 5.1-5.3,
we conclude that

1. In the examples provided, the scheme demonstrates a convergence rate close to order two, as
illustrated by Tables 5.1, 5.3 and 5.5. This finding aligns with the second order error estimate
presented in Theorem 4.1.

2. As illustrated in Figs. 5.1-5.3, the slopes of the fitted curves closely align with the baseline
slope of 2, regardless of the value of a. The specific outcomes for different a are influenced by
the particular examples used.

3. The run time in Tables 5.2, 5.4 and 5.6 demonstrate that, regardless of the value of «, the
scheme exhibits approximately the same efficiency. In the examples discussed, for a fixed N,
the run time for the four different values of a show minimal variation.

Iogz(erry)
Iogz(errz)

7 65 6 55 5 -45 -4 35 -3 7 65 6 55 5 -45 -4 35 -3
log,(h)) log,(h))

Fig. 5.2. Log-log plot of erry against time interval h: in Example 5.2 (a = —0.5, and z¢ = 1).

log 2(erry)
log 2(errz)

7 65 -6 55 -5 -45 -4 35 -3 7 65 -6 55 -5 -45 -4 35 -3
log,(h) log,(h)

Fig. 5.3. Log-log plot of err, against time interval h; in Example 5.2 (a = —1, and zo = 1.5).
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Table 5.3: Error values and convergence rates for the scheme in Example 5.2 (a
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—0.5, and zo = 1).

o =

1/4

o=

1/2

o =

3/4

a=1

N

Yo — Y°

|Zo — Z°|

Yo — V|

|Zo — Z°|

Yo — Y

|Zo — Z2°|

Yo — Y

|Zo — Z°|

16
32
64
128

1.3590E-04
3.4883E-05
8.8556E-06
2.2129E-06
5.4779E-07

2.4418E-05
4.9075E-06
1.1198E-06
2.3651E-07
5.0245E-08

1.2017E-04
3.0985E-05
7.877TE-06
1.9679E-06
4.8655E-07

1.0366E-04
2.6713E-05
6.8080E-06
1.6873E-06
4.1652E-07

1.0258E-04
2.6795E-05
6.8634E-06
1.7184E-06
4.2471E-07

1.9060E-04
4.9519E-05
1.2626E-05
3.1546E-06
7.8485E-07

8.2793E-05
2.2349E-05
5.8162E-06
1.4648E-06
3.6235E-07

2.8535E-04
7.3383E-05
1.8579E-05
4.6389E-06
1.1553E-06

CR

1.9888

2.2225

1.9873

1.9903

1.9795

1.9820

1.9603

1.9880

Table 5.4: Run time(s) of the scheme for Example 5.2 (¢ = —0.5, and zo = 1).

N 8

16

32

64

128

1/4

1/2

3/4
1

4.4760
4.4913
4.4974
4.5146

8.9910
8.8813
8.9137
8.8281

17.5931
17.8321
17.7552
17.9691

35.7508
35.4145
35.3493
36.1171

72.3901
72.4596
73.3658
71.7899

Table 5.5: Error values and convergence rates for the scheme in Example 5.2 (a = —1, and zo = 1.5).

N

a=1/4

o =

1/2

a=3/4

a=1

Yo — Y°

|20 — 2°|

Yo~ ']

|Zo — 2°|

Yo - Y|

20 - 2°

Yo - Y

|20 — 2°|

16
32
64
128

2.6130E-04
6.6635E-05
1.6869E-05
4.2222FE-06
1.0505E-06

1.0356E-04
2.2732E-05
5.3519E-06
1.2762E-06
3.0869E-07

3.1917E-04
8.2900E-05
2.1155E-05
5.3214E-06
1.3289E-06

3.7300E-04
9.6144E-05
2.4429E-05
6.1340E-06
1.5341E-06

3.7406E-04
9.8711E-05
2.5385E-05
6.4137E-06
1.6063E-06

6.6506E-04
1.7250E-04
4.3883E-05
1.1040E-05
2.7656E-06

4.2542E-04
1.1412E-04
2.9564E-05
7.4996E-06
1.8830E-06

9.8084E-04
2.5192E-04
6.3724E-05
1.5993E-05
4.0030E-06

CR

1.9897

2.0935

1.9777

1.9822

1.9671

1.9785

1.9567

1.9851

Table 5.6: Run time(s) of the scheme for Example 5.2 (¢ = —1, and zg = 1.5).

N N 8 16 32 64 128
1/4 4.3599 | 8.4507 | 17.0215 | 34.1154 | 69.5319
1/2 42851 | 8.5262 | 16.9074 | 33.9132 | 69.1714
3/4 4.2347 | 8.3933 | 16.5688 | 33.4880 | 69.3673

1 4.2455 | 8.3685 | 16.9407 | 33.5637 | 68.5035
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6. Conclusions

We have proposed a novel explicit one step scheme for solving decoupled forward backward
stochastic differential equations. The stability analysis of the proposed numerical scheme has
been conducted. We subsequently provided a rigorous proof that the proposed scheme achieves
the second order convergence rates. Additionally, when a = 1, our scheme degenerates into the
Crank-Nicolson method as presented in [7,29], making it a special case within our framework.
Furthermore, this work provides a reference for how we can develop a new one step higher order
scheme.

Acknowledgements. The authors extend their gratitude to the editor for overseeing the
review process and to the referees for their insightful feedback and recommendations.

This work is supported by the Golden Phoenix of the Green City-Yang Zhou (Grant No.
137013391), by the National Natural Science Foundation of China (Grant Nos. 62173139,
12501664), and by the Natural Science Foundation of Hunan Province, China (Grant No.
2023JJ30388).

References

[1] C. Bender and R. Denk, A forward scheme for backward SDEs, Stochastic Processes Appl., 117:12
(2007), 1793-1812.

[2] C. Bender and M. Steffen, A segment-wise dynamic programming algorithm for BSDEs, arXiv:
2307.06890, 2023.

[3] C. Bender and J. Steiner, Least-squares Monte Carlo for backward SDEs, in: Numerical Methods
in Finance. Springer Proceedings in Mathematics, Vol. 12, Springer, 257-289, 2012.

[4] B. Bouchard and N. Touzi, Discrete-time approximation and Monte-Carlo simulation of backward
stochastic differential equations, Stochastic Processes Appl., 111:2 (2004), 175-206.

[5] J.F. Chassagneux, Linear multistep schemes for BSDEs, SIAM J. Numer. Anal., 52:6 (2014),
2815-2836.

[6] Z. Chen, L.G. Epstein, and G. Zhang, A central limit theorem, loss aversion and multi-armed
bandits, J. Fcon. Theory, 209 (2023), 105645.

[7] D. Crisan and K. Manolarakis, Second order discretization of backward SDEs and simulation with
the cubature method, Ann. Appl. Probab., 24:2 (2014), 652-678.

[8] N. El Karoui, S. Peng, and M.C. Quenez, Backward stochastic differential equations in finance,
Math. Finance, 7:1 (1997), 1-71.

[9] E. Gobet and C. Labart, Error expansion for the discretization of backward stochastic differential
equations, Stochastic Processes Appl., 117:7 (2007), 803-829.

[10] E. Gobet, J.G. Lépez-Salas, and C. Vazquez, Quasi-regression Monte-Carlo scheme for semi-linear
PDEs and BSDEs with large scale parallelization on GPUs,; Arch. Comput. Methods Eng., 27:3
(2020), 889-921.

[11] E. Gobet and P. Turkedjiev, Linear regression MDP scheme for discrete backward stochastic
differential equations under general conditions, Math. Comput., 85:299 (2016), 1359-1391.

[12] Q. Han and S. Ji, A multi-step algorithm for BSDEs based on a predictor-corrector scheme and
least-squares Monte Carlo, Methodol. Comput. Appl. Probab., 24:4 (2022), 2403-2426.

[13] Q. Han and S. Ji, Two-step scheme for backward stochastic differential equations, J. Comput.
Math., 41:2 (2023), 287-304.

[14] Q. Han and S. Ji, Solving BSDEs based on novel multi-step schemes and multilevel Monte Carlo,
J. Comput. Appl. Math., 417 (2023), 114543.



24

(15]
(16]
(17]
(18]
(19]
20]

(21]

Q. HAN, S.H. LAN AND Q.X. ZHU

Q. Han and S. Ji, Novel multi-step predictor-corrector schemes for backward stochastic differential
equations, Commun. Nonlinear Sci. Numer. Simul., 139 (2024), 108269.

M. Hu and L. Jiang, An efficient numerical method for forward-backward stochastic differential
equations driven by G-Brownian motion, Appl. Numer. Math., 165 (2021), 578-597.

A. Ke, J. Wu, and B. Xu, Optimal strategy of mean-field FBSDE games with delay and noisy
memory based on Malliavin calculus, Dyn. Games Appl., (2024), 1-41.

P.E. Kloeden and E. Platen, Numerical Solution of Stochastic Differential Equations, in: Stochastic
Modelling and Applied Probability, Vol. 23, Springer, 1992.

A. Lionnet, G. Dos Reis, and L. Szpruch, Time discretization of FBSDE with polynomial growth
drivers and reaction-diffusion PDEs, Ann. Appl. Probab., 25:5 (2015), 2563-2625.

E. Pardoux and S. Peng, Adapted solution of a backward stochastic differential equation, Syst.
Control Lett., 14:1 (1990), 55-61.

E. Pardoux and S. Peng, Backward stochastic differential equations and quasilinear parabolic
partial differential equations, in: Stochastic Partial Differential Equations and Their Applications.
Lecture Notes in Control and Information Sciences, Vol. 176, Springer, 200-217, 1992.

S. Peng, Probabilistic interpretation for systems of quasilinear parabolic partial differential equa-
tions, Stoch. Stoch. Rep., 37:1-2 (1991), 61-74.

S. Peng and M. Xu, Numerical algorithms for backward stochastic differential equations with
1-d Brownian motion: Convergence and simulations, ESAIM Math. Model. Numer. Anal., 45:2
(2011), 335-360.

X. Tang and J. Xiong, Stability analysis of general multistep methods for Markovian backward
stochastic differential equations, IMA J. Numer. Anal., 42:2 (2022), 1789-1805.

Y. Xu, Multidimensional dynamic risk measure via conditional g-expectation, Math. Finance, 26:3
(2016), 638—673.

C. Zhang, J. Wu, and W. Zhao, One-step multi-derivative methods for backward stochastic dif-
ferential equations, Numer. Math. Theory Methods Appl., 12:4 (2019), 1213-1230.

J. Zhang, A numerical scheme for BSDEs, Ann. Appl. Probab., 14:1 (2004), 459-488.

Z. Zhang and Q. Zhu, Ultimate boundedness and stability of highly nonlinear neutral stochas-
tic delay differential equations with semi-Markovian switching signals, Commun. Nonlinear Sci.
Numer. Simul., 138 (2024), 108135.

W. Zhao, L. Chen, and S. Peng, A new kind of accurate numerical method for backward stochastic
differential equations, STAM J. Sci. Comput., 28:4 (2006), 1563-1581.

Y. Zhao and Q. Zhu, Stability of highly nonlinear stochastic systems with non-random switching
signals and multiple delays, Int. J. Control, 98:4 (2024), 973-981.



