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Abstract

In this work, a nonlinear subdiffusion initial-boundary value problem with a variable
exponent is considered, whose solution behaves a weak singularity at initial time. By
adding a corrected term to the nonuniform L1 scheme, a novel scheme is investigated to
approximate the time-fractional Caputo derivative with a variable exponent. This scheme
allows us to use a smaller grading parameter r to obtain a similar level of accuracy as
that of the L1 method. Combining the proposed scheme with the finite element method
in space and the Newton linearization for the nonlinear term, a fully discrete scheme is
constructed. To obtain the unconditional optimal error estimate, the temporal-spatial
splitting technique is adopted to derive the boundedness of the computed solution U} in
L% -norm. With the help of this bound and the discrete fractional Gronwall inequality, the
optimal error analysis without certain temporal restrictions dependent on the spatial mesh
size is derived. Furthermore, by using a simple postprocessing technique of the computed
solution, the convergence order in the spatial direction is improved. Finally, numerical
experiments are presented to verify the theoretical findings.

Mathematics subject classification: 65M60, 656M12, 35R11.
Key words: The nonlinear subdiffusion equation, Variable exponents, Weak singularity,
The corrected L1 scheme, Graded meshes.

1. Introduction

The subdiffusion equation represents a class of mathematical models that describe transport
processes occurring at a slower rate than classical diffusion. In contrast to normal diffusion,
subdiffusion is characterized by a linear relationship between the mean squared displacement
of particles and time (as described by Fick’s second law and leading to a Gaussian probabil-
ity distribution). This behavior is often observed in complex media with obstacles or traps
that hinder the motion of particles, such as porous materials, biological tissues, and polymer
networks. However, the subdiffusion equation with a variable exponent extends the standard
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subdiffusion equation by allowing the exponent of subdiffusion to vary in space or time. This
generalization allows these equations to model many problems ranging from science and en-
gineering fields, such as diffusion processes with changing diffusion modes [20], processing of
geographical data [2], and signature verification [19].

This paper considers the numerical simulation for the following nonlinear subdiffusion initial-
boundary value problem with a variable exponent:

Dta(t)u(ac,t) — k2 Au(z,t) = f(u(m,t)) +g(z,t), (z,t) € Q:=Qx(0,7T], (1.1a)
u(z,0) = up(x), x €, (1.1b)
ulon = 0, 0<t<T, (1.1c)

where 0 < a(t) < a* < 1,k is a given constant, Q C R? (d € {1,2,3}),u0 € C(Q), f € C%(R)
and g € C(Q). Moreover, the variable exponent time-fractional operator D}’ ® given in (1.1a)
is defined by

(), NN S t — )Wy (s)ds, v !
DEWy(t) : F(la(t))/o(t )W/ (s)ds, e CY0,T]. (12)

In recent years, the subdiffusion equation with weakly singular solutions has attracted a lot
of attention. Many efficient numerical methods have been developed for this problem, such
as the k-step BDF (BDF represents the backward difference formula) convolution quadra-
ture [9], the nonuniform L1 method [11,16], the nonuniform Alikhanov method [12,25], the
L1 method based on the change of variable [14], and the corrected L1 method [21]. However,
numerical simulation for the subdiffusion equation with a variable exponent is relatively less.
Kheirkhah et al. [10] developed a highly accurate numerical method to solve the time-fractional
advection-reaction-subdiffusion equation with a variable exponent, which used a third-order
weighted-shifted Griinwald scheme in the temporal direction and a fourth-order compact finite
difference scheme in the spatial direction. Zheng and Wang [24] proposed a fully discrete finite
element method to solve the variable exponent Caputo and Riemann-Liouville mobile-immobile
subdiffusion equation with non-smooth solutions, and obtained the optimal convergent result
on a uniform temporal partition. Quintana-Murillo and Yuste [15] proposed an adaptive finite
difference scheme for subdiffusion equations with a variable exponent, where the Caputo deriva-
tive was approximated by the L1 scheme on nonhomogeneous time steps. Ye et al. [22] combined
the quadratic spline collocation (QSC) method and the L1T formula to propose a QSC-L1T
scheme for the variable exponent time fractional mobile/immobile diffusion. Tan [17] introduced
a novel temporal second-order fully discrete approach of the finite element method (FEM) and
its fast two-grid FEM on nonuniform meshes to solve nonlinear time-fractional variable expo-
nent mobile/immobile equations with a solution exhibiting weak regularity, where the averaged
L1 formula on graded meshes in the temporal domain was utilized. Zheng [23] developed a con-
volution method to study the well-posedness, regularity, an inverse problem, and numerical
approximation for the subdiffusion equation with variable exponent.

Actually, the error analysis of the nonlinear subdiffusion equation (1.1) with a variable
exponent is relatively less. Huang and Chen [5] presented the nonuniform L1 scheme to solve the
linear subdiffusion equation with a variable exponent, and min{2 — o*, ra*} order was achieved
in the temporal direction. This convergent result implies that achieving global accuracy of
order 2 — o for smaller a* requires choosing larger r, which necessitates a very dense grid
near the initial time. To overcome this difficulty, this paper constructs the corrected L1 scheme
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on nonuniform meshes to approximate the Caputo derivative with variable exponent, enabling
sparser temporal discretization near the initial time. By combining the corrected L1 scheme for
temporal discretization, the finite element method for spatial discretization, and the Newton
linearization for the nonlinear term, we develop a novel numerical scheme for the problem (1.1).
By means of the temporal-spatial splitting technique, optimal error estimates of the proposed
scheme can be obtained without relying on temporal-spatial step size restrictions.

The main contribution of this paper is as follows:

o A novel scheme on graded meshes is constructed for discretizing the time-fractional Caputo
derivative with a variable exponent, which allows the grid closer to the initial time to be
sparser.

e With the help of the temporal-spatial splitting technique, the unconditional optimal con-
vergent result of the proposed fully discrete scheme is given.

e By using a simple postprocessing technique of the computed solution, the convergence
order in the spatial direction is improved.

The paper is organized as follows. In Section 2, a corrected L1 (CL1) scheme for the
variable exponent Caputo derivative is investigated, and then a fully discrete CL1-FEM scheme
is constructed. In Section 3, by using the temporal-spatial splitting technique, the optimal
convergence analysis for the proposed scheme is developed. In Section 4, numerical experiments
are presented to verify the theoretical analysis. In Section 5, a concluding remark is given.

Notation. The generic constant C' is independent of the mesh, and it can take different
values in different places. Let | - || and (-,-) denote the L?(2) norm and its associated inner
product, respectively. For any integer ¢ > 1, || - || and | - |, represent the norm and seminorm
on the Sobolev space H?(1).

2. The Construction of the Fully Discrete Finite Element Method

In this section, we will investigate the corrected L1 scheme for the variable exponent time-
fractional derivative and then construct the fully discrete scheme for the initial boundary value
problem (1.1).

Define temporal graded meshes by t,, := T(n/N)" for n =0,1,..., N, where N is a positive

integer and r > 1 controls the mesh grading. Set 7, = t, —t,—1 forn=1,..., N. It is obvious
that
K _ 1 T
TnT<%) T<"N > <t TN~™n""!, n=23,...N. (2.1)
For n =1,2,..., N, the variable exponent Caputo derivative D?(t")v(tn) can be estimated

by nonuniform L1 schemes

n—1
Dy u(ty) & oo = 0§ — 000 + 3 i (el — el (2.2)
j=1
where .
1 n—j+1
o .— / tn —s)~ ) ds, j=1,...,n.
i=1 F(l — a(tn))Tn_j+1 tn_j ( )

It is clear that we have @g") < @g@l for 1 < j <n —1 from the mean value theorem.
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Applying the notation of Eq. (2.2), we define the following complementary discrete ker-
nels Pgn) by:

1
P = :
eI
1
(n) (n—k) (n—k)\p(n) _ _
P = E)TH_)I;_O(ej_k_lfe)j_k B, n=1,...,N, j=1,...,n—1.

Define Ay :=1/In N. Imitating [4, Corollary 4.1], one has

=L r ZT(14+ Ay — alt
$ gy, < Cmsiea T —alu)

, (2.3)
P F(l + )\N)
- e WT(1+ Ay —alt
Sop, < i mangken DL+ Ay — aft) (2.4)
n L1+ An)
k=1
From [6, Lemma 4.1], we have
(63 1 (o3
(O3, o) = Zo P v = (ot € LX(Q), n=12. N, (25)
where the Ly(Q) inner product is defined by (v, w) := [, vw dx for any v, w € Ly(Q).
Define
o(n. o) ¢ N=ro if n=1,
n,o) =1 _ . .
tna(tn)N7 min{2—« ,’I“O'}, if 2<n<N.
Form [5, Lemma 2.1], we obtain that the truncation error of the L1 scheme (2.2) satisfies
[ DF oy — 53| < Co(n,0), @) < Ct7, 1=0,1,2. (2.6)

Now we construct the corrected L1 scheme, which allows us to use a smaller r than the

L1 scheme to achieve higher accuracy. The corrected L1 scheme for the Caputo derivative at
t = t, is defined by

]D?‘V(tn)vn _ 5%(%)071 FWI( =), n>1, (2.7)

where the weight W7 is chosen such that ]D?V(t"’)vn = Dta(t"’)v(tn) for v = t7. By directly
calculating, we have

I'(l+o0)
L(1+0—alty))

n—1
e —egVin = i (O —et) | (28)
k=1
In our later analysis, we should keep in mind that the solution of the problem (1.1) satisfies
the following assumption.

Assumption 2.1. Let 0 < 01 < 1,01 < 02. Suppose that the solution u of the problem (1.1)
can be decomposed into u = &, (x,t) + ny(x,t), where &,(z,t) and n,(x,t) satisfy

Eulz,t) =bo(x) + b1 (), |bell2 <1, k=01,

and
[0tna]], < Cto=7!, 1=0,1,2.

Furthermore, suppose that the solution u satisfies

ull2 + || DF D], < Cf.
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Remark 2.1. The recent paper [23] established the regularity of the solution u to the problem
(1.1) with f = 0, demonstrating the derivative bound [|9;u|| < Ct*(®)=1. This analytical result
confirms that solutions of the problem (1.1) with f = 0 satisfy Assumption 2.1 with parameter
choice o1 = «(0). Notably, the solution decomposition of Assumption 2.1 provides a general
framework for solutions to problem (1.1). Under certain suitable assumption on g and ug,
Gracia et al. [3] verified that the solution of the problem (1.1) with a(t) = ao (the constant
ap € (0,1)) satisfies the solution decomposition of Assumption 2.1.

Next we will state a priori bound of WJ* and the truncation of the CL1 scheme in following

lemma.

Lemma 2.1. Suppose that the reqularity of solution for the problem (1.1) satisfies the Assump-
tion 2.1, then one has

n<N, (2.9)
N. (2.10)

W7 < Crty 7 ®(n, 1), 1
||Dta(tn)un _ ]D%(t")u"H2 < Cr®(n,o9) + Crt]?~ 7' ®(n,01), 1<n

IN

IN

Proof. Applying the definition of W7 given in (2.8) yields
‘Wr(171| _ t;O"D?‘(tn)t,Zl _ (SR‘[(t")(tUl )n‘ < Cﬁ;al@(n, 0,1)’

where (2.6) is used. Hence, the proof of (2.9) is complete.
By using the definition of the corrected L1 scheme (2.7), we have

D5~ D3l
= |[D7 e = D€ + D — DY
= || Dy — o5 — W (nk — 1Y)
< C®(n,o2) + Ct7? 7' ®(n,01),

I

I

where (2.6) and (2.9) are used. Finally, we finish the proof. O

At each time level ¢t = t,,, the nonlinear term f(u) can be approximated by the following

Newton linearization:

Fl@™) = fu ™)+ f ") " = u . (2.11)
Define the truncation error of this linearization by
R .= f(un) _ f(un—l) _ f/(un—l)(un _ un—l)-
Next we will state the boundness of R™ in following lemma.

Lemma 2.2. The truncation error of the Newton linearization satisfies

CpN~2ro1, if n=1,

. (2.12)
CpN—min{22ro1} = 4 9 <p < N,

IVR™|| < {

Proof. Applying the Taylor expansion, one has

1 1
R = 5(un _ unfl)Q/ f”(u"71 + S(un _ unfl)) ds.
0
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Hence,

1
||VRn|| < (un o unfl)v(un o unfl)/ f”(u"71 4 S(un o un71>) ds
0

1
%(un o unfl)Q/ Vf”(u"il 4 S(un - un71>) ds
0

< Cllu™ —u" s V(™ = u" s + Cllu™ —u"

tn tn tn 2
tn—1 1 tn—1 2 tn—1
tn tn tn 2
<o [ udhat [ e+ o [ uileat)
trn—1 tn—1 tn—1

where Minkowski’s inequality and f € C%(R) are used. By using Assumption 2.1, we arrive at

i

2

t1 2
VR < 20(/ o1l dt) < 20137 < CpN~2ron,
to
For 2 < n < N, one has
tn 2 5
[VR™| < 2C</ t“lldt) <20 (rat7'7")
tn—1

< 202201 [N*T(Ulfl)(n o 1)r(0171)N7rnr71]2

— OT [N—Nnnral—l] 2’

where (2.1) is used. Hence,

CN—2, if roy>1, n=2,3,...,N,
CN~=2?rov if proy <1, n=2,3,...,N.

IVR"™|| < {

Combining this bound with the case n = 1, we finish the proof. O
Now applying the nonuniform CL1 scheme (2.7) to discretise the variable exponent Caputo

derivative of (1.1), and then using Newton linearization (2.11) to handle the nonlinear term,
we have

DYUT — AU = fUTY) + fUTHU" - U ) 4 g%, n=1,..., N,  (2.13)

where we set U? = ug and ¢"(-) := g(-, tn).

Fix k > 0. Let Vi, € H}(Q) be the finite element space of polynomials in d variables that
have degree at most k in each variable, with a mesh size h.

Next we will present the following two operators. Define the L? projection Py, : L?(Q) — V},
and the Ritz projector R : HJ(Q) — Vi by (Phyw,vs) = (w,Vuy) and (VRyw, Vo) =
(Vw, Vuy,) for all vy, € Vj,, respectively. From [18, Lemma 1.1], we have

|w — Rpwl|| + hllw — Rpw|1 < Coh?lwle, Yw € Hy(Q) N H(Q). (2.14)

Discretising (2.13) in space using the finite element method, we obtain a fully discrete scheme
(which we call CL1I-FEM): Find U]} € V}, such that

DY~ w2AUE = B[ (U + £ () (U - U 49", n=1 N (215)

with U = Rpug, where Ay, is the discrete Laplacian operator defined by (Apv, w) = —(Vv, Vw)
for any v, w € V},.
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3. Unconditional Error Analysis of the CL1-FEM

In this section, we will investigate a bound for the numerical solution in L*-norm by using
the temporal-spatial splitting technique. With the help of this bound, the unconditional optimal
convergent result in L°°(L?) is obtained.

Define " 1= " — U™ and ¢" := D3y — DX)ym From (1.1) and (2.13), we derive the
following time discrete system:

ID?V(t"’)e" — /A" ="+ R+ Qe+ (U e, n=1,...,N (3.1)

with €% = 0 and €"|pn = 0, where Q" is defined by
1
Qn :/ fl((l . ) n—1 +8Un_1) ds + (un 7un—1)
/ f// _ n 1 +SUn 1) ds_f/(Unfl).

Now we state a fractional Gronwall inequality for the L1 scheme in the following lemma.

Lemma 3.1. Let the Ay be nonnegative constants with 0 < Y0 s < A for n > 1, where A is
some positive constant independent of n. Suppose that the nonnegative sequences { fin, Vy : n>1}
are bounded and the grid function {w™ |n > 0} satisfies

a(t ) < Z,yn . +ann +( )2 n>1. (32)

If the number of the nonuniform grid satisfies

1 __1

N > Tr 12 ax [277,41"(2 —a(t;))A] =0,
then
w" <2 max Ey, )(27TAAt olts )) w’ + max ZP( ) (1 + 7)) 4+ max {17} (3.3)
1<j<n 1<k<n 1<j<n
form=1,... N, where w4 is a constant.

Proof. Define

F, =2 max E,,) (QWAAt?(tj)) ,

1<j<n

— (k) o+ v J
G :==wp + max ZP +v7)+ 121]:_’:2("{1/ 1.

Hence, the inequality (3.3) is equivalent to w" < F,,G,.

Now we replace the index n by j in (3.2), multiplying it by IP’( )

. and sum over j to obtain

J
> R ZPﬁ"ﬁj (Zw ) ZP("’ wl (). (34)
s=1

j=1
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Imitating [12, Eq. (3.4)], one has
Zpéi)j(;%(tj)(wj)Q _ (wn)Q B (wO)Q.
j=1

Inserting the above result into (3.4) yields

(w™ ’+ ZP(") (Z vj—s(v*01) ) + ZP(") (1w + (17)?). (3.5)
Imitating the induction of [8, Lemma 4.1], we can use the mathematical induction to prove
w™ < F"G™ by virtue of (3.5). O

Next we will state two useful properties in following two lemmas.

Lemma 3.2. Suppose that F(v(z),r) € C*(Rx Q) and the function v(z) satisfying ||v||2 < Cr.
Then there exists a positive constant C¢ such that

|F(v(z),z)w|| < Crllwl|, ||AF(v(z),z)w| < CrllAw|, w e Hy(Q2)NH? ().
Proof. Tmitating the proof of [13, Lemma 4.1]. O
Define
2CT .
Ch :=2C 24— |(1+T7277  +T¢
v=20n([pe g e e )

e’ maxj<;j<N F(l + Ay — Oz(t]‘))

X max Eu; )(87rACft (t]))

1<j<N I'(1+An) ,
r 2T~ CF
cy=C (o) + 20T~ + : ’
maxo<i<7 I'(1 + 01 — a(t)) maxg<i<7 I'(2 — a(t))
. 1 ko)
N} := max {ﬂ max [8maCyT(2 - alty))] =™,

2Cy >r(t> 1 +}
max - J TT, C’QC min{2—a¥,rog.2ro1} %
] (F( ) (CaCh)

te[0,T 1404
Next we will present the boundedness of U™ in the following lemma.

Lemma 3.3. The time discrete system (2.13) has a unique solution U™. If N > Nf and
1 <r <min{2 — a*, 09,201 }/a*, one has

[U"l2<14+C7, 1<n<N. (3.6)
Furthermore, if 1 <r < min{2 — a*, 03,201 }/a*, one has
DY un||, < C5, 1<n<N. (3.7)

Proof. Since the problem (2.13) is a linear elliptic problem, the existence and uniqueness
of the solution U} can be easily obtained. Multiplying (3.1) by AZe™, and integrating over €,
one has

(DA™ A€, Acm) + K VACT|? = (A" +R" +Q "™ + f/(U")e"), Ac").
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Applying a Cauchy-Schwarz inequality, one has
(D3 aem, Ac™) < (Jlag™ |+ AR + |A@ ™ | + A (S @™ 1)) 1A, (3.8)
Next we will prove (3.6) by using the mathematical induction. Firstly, we verify (3.6) holds
for n = 1. By choosing n = 1 in (3.8), then applying (2.8) and ¢ = 0, one has

F(l + 0‘1)
F(l + g1 — Oé(tl))

£ At < AR + AR + Crll At (3.9)

where we combine Lemma 3.2 with U® = ug and Assumption 2.1. By using (2.9), (2.10), and
(2.12), (3.9) is reduced to

2I' (1 4+ 01 — a(ty))
I'(1+o01)
- 20T (14 01 — a(t1))
- I'(l+o1)
207 (1 + T2~ +T7)
- I'(1+o01)
< ¢y N~ min{ros.2ron}

||A61|| < t?‘(tl)(CT(I)(L 0.2) + CTf72761¢(1, 0.1) + CTN—Qral)

t?(tl) (tl—a(tl)wam 4 t<172—01t1—6¥(t1)N7r01 + N72TUI)

N— min{roz,2roy}

where we used

2 —ral(t)
N > max i T+,
tef0,7) \I'(1 4+ 01)

Furthermore, we have

U2 < lletfl2 + [lu'll2 < CallAe! || + Ju']l2
< CCyN—mintroz2ront b, <14 CF, (3.10)

where we use ||v|2 < Cql|Av|| and N > (CqCy)Y/ min{2=a”re2.2r01}  The above result displays
that (3.6) holds for n = 1.

Fix m € {2,3,..., N}, assume that (3.6) is also valid for 1 <n < m — 1. Next we will verify
(3.6) holds for n = m. By using (2.5), a Young’s inequality, (2.9), (2.10) and (2.12), one has

a(tm m
S
< 2([|A@™ | + [[AR™ [ + W[ Aet [)lle™ | + CrllAe™ M| + 3Cy || Ae™ |
<207 (®(m,o2) + 17277 ®(m,01) + N~ min{2.2ron} 4 491 (i, ar)||Aet]])[le™ ]|
+CpllAe™ 7+ 3C, | Ae™|?

<207 <tma(tm)N min{2—a*,ro2} + t(172—0'1 tgla(tm)Nf min{2—a*,ro1} +N— min{2,2rcq }

2C7(1 + T2~ + T%7)
F(1+O'1)
+CrllAe™ | + 3Cy[|Ae™|?
2CT
<20r( 2+ =——
- Tq (1 +01)

+CpllAe™ [+ 3C, [ Ae™|f?, (3.11)

t;"l t:no‘(tm)Nf min{Qfa*qrgl}Ni min{2r01,r02}) ||€MH

:| (1 + To2—01 + Ta* )t;a(tm)N7 min{2a*,2ral,r02}) Hem”

where Lemma 3.2 combining with Assumption 2.1 and (3.6) is used.
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Now we use Lemma 3.1 to the above inequality, obtaining

|Ae™| < 207 max Eq(t )(87rACfta(t’ )
1<j<m

k
2
X max P(k) (|:2+F( CT ):|(1+T02 o1 +Ta) a(t; ))N min{2—a*,2roq,ro2}
1

1<k<m 1+o
j=1

2CT _ *
< 2C. 24— |(14+T9279L 4 T*
- T<[ JrF(1+01)}( * * ))

(87TAC ta(tj )eT maXlﬁjﬁm (1 + AN - O[( ))N min{2—a*,2ro1,roa}
(1 + M)

< ClN_ min{2—a*72r01,7‘02}, (312)

x max FEq(t;)
1<j<m

where we invoke (2.3) and (2.4). Furthermore, combining (3.12) with the regularity ||u(-,t)|]2 <
Cy and ||v||2 < Cq||Av]|| given in [1, Section 5.5.1], we have

U™ )2 < lle™|lz + [lu™ |2 < CoOyN~mmEmem2rovresd 4y, <14 CF, (3.13)

where we use N > (CqC4)Y/ min{2—a”,2ro1.r02} - Therefore, (3.6) is also valid for n = m. By the

principle of induction, we conclude that (3.6) is proved.

Now, we approximate (3.7). By using the definition of ]Da(t")e” and (3.6), we arrive at

n—1

DS e, < 05 ez + Sl (0§ — e\™))
j=1

< 20" Oy N~ min{2-aT ro 2r1)
2
re2- a(tn))ﬂ?(t”)
2T Cy
L2 -a(tn))’

IN

C*N— min{2—a*,ro2,2ro1}
1

IN

(3.14)

where we use Tff(t") > 7'10‘* and 1 < r < min{2 — a*, 03,201}/a*. Hence, applying (2.9) and
(3.14) yields

DT, < [[DFut )], + DA u = Dl )|, + DI e,
Cl tn . —a(tn) ,o1—1
S 2T~ CF
HO R ) e o,
< Cil(o) + 2077~ + 277 G =C3,

T maxo<i<T F(l + 01 — a(t)) Maxo<¢<T F(2 - a(t))

where 1 < r < min{2 — a*, 03,207} /a* and Assumption 2.1 are used. Finally, we complete the
proof. O

Now we split

U™ —Up = (RU™ = UP) + (U™ — RyU™) = 9" + ™.
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From (2.13) and (2.15), we get the following system:
D" — k280" = P (DR I (07 ) £ U@ 4 )) (3.15)

forn=1,..., N, where
1
" = / (A=) U +sUr ) ds+ (U™ —U")
0
1
x/ (A =s) Ut +sUp ) ds — f/(UR).
0

Define
C; = QCQ (C; + 20f(1 + Cik)) 1I§ré'aéXN Ea(tj) (27TA(1 + Cf)Qt?(tj))

T N T (14 Ay — alt; 20271 .
o & MAXI<G<N (1+ Ay O‘(J))( Cr )—i—TO‘),

(14 An) I'(l1+ o1
1 1
N3 = maX{Nl*,— max [27TAF(27a(tj))(1+Cf)2] “éj)},

7 1<G<N
27" (O3 + 204 (1 + Cf))Ca
F(l + 0'1)

4

hi := min {(CQ)_72d, [

NG

]_%,w;)

3

Next we will state a bound for the computed solution U}’ in following lemma.
Lemma 3.4. Assume N > N h<hi, and 1 <r <(2—a*)/o1. For 1 <n < N, one has
|RaU™ — U < 7, (3.16)
U], < K. (3.17)
Proof. Multiplying (3.15) by 9™ and integrating over 2, we have

(]D%(tn)ﬂn,ﬁn) + H2||v19n|‘2
= (P (DR + @ ) (U @ ) ) 9"
Applying a Cauchy-Schwarz inequality, one has
(D3, 0m) < (DA | + o=+ e e
@R g ) 9 (3.18)
Next we will use the mathematical induction to prove (3.16). By choosing n = 1 in (3.18),
then applying (2.8) and a Young’s inequality, we arrive at
F(l + 0'1)
F(l +o01 — Oé(tl))

where Lemma 3.2 and Uy = Rpug are used. By using N > N3, (2.14), (3.6), and (3.7), (3.19)
is reduced to
191 < 20 (1 4 01 — a(t1))
- F(l + 0'1)
27"
< ==
- F(l + 0’1)

NN < DRt |+ Coll®ll+ Cr (9 + ). (3.19)

(0 (cgmun)x“")ylu? + CrCR2| U2 + cfcgh2||U1|\2)

(C5 +2C(1+ CF))Cah? < hi,
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where
27" (C3 +2C5(1 4+ C))Ca 71
F(l + 0'1)
is used. This result implies (3.16) holds for n = 1.
Fix m € {2,3,..., N}, we assume that (3.16) is valid for n = 1,2,...,m — 1. Applying this
assumption and (3.6), we have

h<h <

1UR ] < [1BaU™ = UR] oo + [ RRU™|
< Coh™% | RpU™ = U + CallU™|2

< Coh™hi+Co(1+CY) < K1, 0<n<m-—1, (3.20)

I

where h < h} < (CQ)_4/(7_2d) is used.
Next we will prove (3.16) holds for n = m. Now applying (2.5), a Young’s inequality, (2.14),
and 1 <r < (2—«a*)/o1, we arrive at

oo
< 2D | 9+ T 02+ 2o
w2 1+ 2| O3 @0+ |
< 2Cah? (DX 0™, + CHT™ | + Cr U™ | ) [9™ | + (1 +2C,) 9™ |

} 2037

+02 ng—l 2+tfa'lt;zoz(tm)N—min{2—a*,r01

(C3 +2C5(1+ C7))Cah®(|9™||

C2T
<9 2(0* 19 1 * 1 —a(tm) T m
< 2Coh*(C3 + 2C4( +Ol))( +t 7F(1+01))|19 I

+CHIY™ M + (1 +2Cp) 19",

where we combine Lemma 3.2 with Assumption 2.1 and (3.20).
Now applying Lemma 3.1 to the above inequality yields

m * * oz(t~)
|97 < 2Cah? (C5 + 20 (1 + ) max. Ea(tj)(zmu 4oyt )

J
L ® (t;) 2037
P (14t T
x lg}caéxm ‘ kj( + tj F(l + O'1>

* * at;
< 2001 (C5 +205(1 +C7)) max Eo, (27TA(1 + g n)

) e’ maxi<jem T(1+ Ay — alt;)) < 2027 . t‘”)
L(1+Ay) Nl4+oy) "
= C3h® < b,
where we use [|93]] = [[Ryu® — UP]| = 0, (2.3), (2.4), and h < hf < (C5) =1/,
Furthermore,
U5 | e < 197 1 + [ BAU™ | o < Cah™%hT + Cal1 +CF) < K,

where h < hi < (Cq)~* (=29 is used. Hence, (3.16) and (3.17) hold for n = m. By the
principle of induction, we finish the proof. O
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Now we split
u" = Up = (Rpu" = UP) + (u™ — Rpu™) := (" + p™.
Imitating [7, (5.5)], we obtain the following error equation:
D — k2ALC
e G R A e (A B A (/S (S0 ) IS G R XY

where U™ is defined by
1
" = / F(A=s)u" ™t +sUp ) ds+ (u" —u"h)

.
></ F(A = syt +sUP ) ds — f1(URT).
0

Define

. (V2+1KCr N .
=Y (7 4T
CV4 F(1+O'1) ( + + )a

o 5T C(1+2C3)
o 21(1 + o) K2

5Ta o 2,0ty Ci(1+ T )e" maxi<j<n T'(1+ Ay — a(t;))
CQCftj

C¢ = max Ea(tj)(

1SN 2 T(1+Ay) ’
_ OTA 9 o a(t;) 1 To‘*e’”maxlngN F(1+>\N 704(tj))
Cr = 1%2XN Eot) (?Cgcftj Tor + T(L+ )

1 *
X <1 + /Toz*):|c5’
maxi<;<n [10C3C3mAT (2 — alt;))] = }

Nj = N3
3 = Hax { 2 k2T
Now we present the optimal convergence analysis in L>(L?) for the CL1-FEM (2.15).

Theorem 3.1. Assume N > Nj and h < hj. Let u™ and U}’ be the solutions of (2.13) and
(2.15), respectively. Then forn=1,2,..., N, we have

|u™ = UR | + || VRru™ — VU ||
< (1 + CQ) [(CZ + Cg)N_ min{2—a*,2roy,ros} + (Cg + C; + 1)h2}. (3.22)

Proof. Now multiplying (3.21) by —A,{™ and integrating it over €2, one has
(DRven, wen) + 2| ang
= (D + W (o T+ T + (U (0 + €M) Ak
+ (VP (R™ = Rug™), V"),

where the definition of the operators Ay, and P}, are used. Applying a Cauchy-Schwarz inequal-
ity, a Young’s inequality, ||VPyw|| < K||Vw||, and ||[VRyw|| < ||Vw]| yields
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(D“““’vcn, v¢")
re (e B L e S R P A T R PG Iy
+ (VBR[| + ([ VP Ra™ 197

I /\

oz (I8 57| + Rl 12+ CHIC 2 + GBI + C )
+E(IVR"[| + [V DIVE (3.23)

where we combine Lemma 3.2 with Assumption 2.1 and (3.17).
Now we verify the convergent result (3.22) holds for n = 1. Applying the definition of the
corrected L1 scheme (2.7), a Poincare inequality, and (2.14), one has

I'l4+o ,a )
Cro) e jwey?
P(l1+o1— a(tl))
5C3 (1 + 2C% 5C3C%
< 2l f)h4+ SIveP

- 4k2
+ KCr(®(1,02) + t? TD(1,01) + N2 ||V
5C% (1 + 202 5C%C?
< XBOL2CT) 0, 20T e
4k2 4k2

+KO [ a(tl)(1+T02701)N7r02 +N72T61}HV<1H,

where (2.9), (2.10), and (2.12) are used. Furthermore, applying
20303 \ =m
N > max i Lhet B T%,
tef0,7) \I'(1 4+ o1)

we arrive at
KCr

Ve - e
(76 - Fr ey
E)Ta*cg(lJr2Of)h4+ 2K2C2

T 2P(1+oy)k? (T(1+01))”

2
[(1 + To2—01 )N*TU2 + TQ*N2T61}>

[(1 4+ TP TN TQ*N72T0'1} 27

which implies
V¢ < CN—mintronread 4 Crp?, (3.24)

For 2 < n < N, applying (2.5), a Poincare inequality, and (2.14), (3.23) is reduced to
IV < 15 (HD |24+ CH MR+ 1 HR) + CHle I + 1S
(vah (Rue™) || + VPR DIVE | + W IV IV
< 2 C3(1+ AR + (K(IV" | + [VR™[) + [We [ IV ) IV e
+ g CRCH(IVE I + V¢ ).
Now using Lemma 3.1, the above inequality gives

" Y
V6"l < e Eucy (T CBCH ™)
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(nng [+ max ZP“’ [ IV I+ IVRI) + W7 11V

% 2} 05 o
+ h2| + h
To” VT

< max Fyq,) (SWACQCf )

1<j<n

1<k<n 4
Jj=1

k
X ( max Plgk_)] |:KCT ((I)(], 0—2) 4 t<172—01 @(]7 0_1) + N~ min{2,2r01})
+ tl_alq)(j, 0'1)(011\77 min{2roq,ro2} + C;hQ)

+

Cs hQ} G52
VT VT
< max Fyq,) (57TA CQCf )

k
X ( max P](f_)j [Cztj—a(tj)N—min{2—a*72r01,7‘02}
1

: C: C3
+ (CZN_ min{2royi,ro2} + CghQ) + 1;5 - h2:| + 5 - h2>

% A
<
1111]a<X n Ea (t ( CQ Cf )

N— min{2—a*,2roq,ro2}

L1+ An)

n |: 1 _ t%z*eTmaxlgjgnF(l + AN —a(tj)) ( 1 *)]CghQ
VT L1+ An) VT

< Cng min{2—a*,2ro1,ro2} + C;h?, (325)

y (CX (1 +to )eT maxlgjgnl"(l + AN — a(tj))

where (2.3), (2.4), (2.9), (2.10), (2.12), and |[V¢?| = [|[V(Rpu® — UP)|| = 0 are used.
Furthermore, applying (2.14), (3.24), (3.25), and the Poincaré inequality, one has

[u* = U < ||u™ = Rau®|| + [|Rpu™ — UR|| € Cah® + Co| | VRyu™ — VU||
< Co[(Cf + Cg)N—mint2mel2rovrost 4 (O 4 CF + 1)h7].
Hence, the bound (3.22) follows. O

Now the convergence accuracy of (3.22) in the spatial direction can be improved on certain
rectangular domains.

Corollary 3.1. By organizing mesh elements into macroelements, a postprocessing of the nu-
merical solution U] on these meshes yields a piecewise quadratic solution mopU'. If the bilinear
element s used in space, then we have

Hvun _ Vﬂ-QhU}?H < C(Nf min{2—a”*,2roq,ro2} + h2)

Proof. Imitate the analysis of [7, Section 6]. O
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4. Numerical Experiments

In this section, we will present some numerical examples to verify the convergent results
given in Theorem 3.1 for the CL1-FEM (2.15).

In our computation, we use the bilinear element on a uniform rectangular partition of §2
with M 4+ 1 nodes in each spatial direction. By choosing o1 = a*, g9 = 2a*, and

2 —a*
r=maxq ———,1p,
2a*

Theorem 3.1 and Corollary 3.1 achieve the optimal rates of convergence viz., O(h% + N—(2=27))
for ||[u™ — U}!|| and ||Vu™ — Ve, U

Example 4.1. We consider the problem (1.1) with

sin (27(1 — 1)) )

a(t):a*—l—(O.l—a*)(l—t— 5

k?2=0.1,T=1,Q=(0,0.5) x (0,0.5), and f(u) = 0.1(u — u3). The function g(z,y,t) is chosen
such that the exact solution of this problem is

w(z,y,t) = (% + 2 + %) sin(0.52 — 22) sin(0.5y — y?).

Tables 4.1 and 4.2 present the errors and their associated orders of convergence for the
maxo<n<n ||t — U] and maxo<n<n ||[Vu"™ — Vo n U] with different o*, where M = 3N is
taken to eliminate the effect from the spatial error. The results of these two tables indicate
that the convergence order in the temporal direction is 2 — a*, as predicted by Theorem 3.1
and Corollary 3.1.

Table 4.1: maxo<n<n ||[u”™ — UJ}|| errors and rates of convergence in time for Example 4.1.

N =10 N =20 N =40 N =80

o =04 9.5883E-6 | 3.1919E-6 | 1.0578E-6 | 3.4967E-7
1.5879 1.5924 1.5956

o — 06 1.1806E-5 | 4.1920E-6 | 1.5157E-6 | 5.5555E-7
1.4937 1.4669 1.4509

o — 08 2.1178E-5 | 8.7369E-6 | 3.6744E-6 | 1.5637E-6
1.2783 1.2518 1.2342

Table 4.2: maxo<n<n ||Vu" — Vo nUJY|| errors and rates of convergence in time for Example 4.1.

N =10 N =20 N =40 N =80

o =04 8.5521E-5 | 2.8434E-5 | 9.4160E-6 | 3.1110E-6
1.5900 1.5920 1.5988

o — 06 1.0521E-4 | 3.7317E-5 | 1.3484E-5 | 4.9407E-6
1.4931 1.4662 1.4503

o —08 1.8845E-4 | 7.7703E-5 | 3.2670E-5 | 1.3902E-5
1.2747 1.2486 1.2342
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Table 4.3: o = 0.4; maxg<n<n ||t — U7’|| and maxg<n<n |[|[VUu™ — Vma ,U|| errors and convergence
) n< h <n=< s h
rates in space for Example 4.1.

Polynomial | M | maxo<n<n [[u™ — Uyl | Order | maxo<n<n [|[Vu™ — Ve ,UF|| | Order
10 2.9126E-5 - 2.6489E-4 -

20 7.2413E-6 2.0079 6.5815E-5 2.0098

@ 40 1.8119E-6 2.0002 1.6465E-5 1.9956

80 4.5732E-7 1.9857 4.1539E-6 1.9912

Table 4.3 shows the maxo<n<n |[u™ — U}?|| and maxo<p<n ||Vu"™ — Vo , US| errors and
their associated orders of convergence in space for o* = 0.4, where N = 1000 is taken. The
obtained results display that the convergence order in the spatial direction attains 2 orders, as
consistent with Theorem 3.1 and Corollary 3.1.

Example 4.2. Considering the initial-boundary value problem (1.1) with x? = 0.1,7 = 1,
Q= (0,1) x (0,1), and f(u) = 0.1(u — u?). We consider different choices of a(t) which are
presented in Table 4.4. The function g(z,y,t) satisfies that the exact solution of this problem is

u(z,y,t) = 1+t + ) (cos(x — 2%) — 1) (cos(y — y?) — 1),

where o = maxg<i<7 (t).

In this example, we only pay attention to the convergent result in time. Tables 4.4 and 4.5
display the error maxj<n<n [|[u™ — U"|| and maxi<p<n ||[Vu"™ — Vo, U"|| for different a(t),
where M = 3N is chosen to eliminate the effect from the spatial error. The displayed results
of these two tables imply that the rates of convergence in time are O(N *(2’0‘*)), as predicted
by Theorem 3.1 and Corollary 3.1.

Table 4.4: maxo<n<n ||[u”™ — U}}|| errors and rates of convergence in time for Example 4.2.

N =16 N =32 N =64 N =128
3t 7.3994E-7 | 2.5451E-7 | 8.6902E-8 | 2.9389E-8
a(t) = 0.4e
1.5396 1.5502 1.5641
9 2.3750E-6 | 9.8090E-7 | 3.9440E-7 | 1.5562E-7
a(t) = 0.6 cos(m(t — t%))
1.2757 1.3144 1.3416
2.9205E-6 | 1.2412E-6 | 5.2512E-7 | 2.2193E-7
a(t) = 0.8 — 0.2sin(nt/2)
1.2344 1.2410 1.2425

Table 4.5: maxo<n<n ||Vu" — Vo, UfY|| errors and rates of convergence in time for Example 4.2.

N =16 N =32 N =64 N =128
ot) — 0.4t 3.5382E-6 | 1.2060E-6 | 4.1258E-7 | 1.4036E-7
- 1.5527 1.5475 1.5554
9 1.0921E-5 | 4.5277E-6 | 1.8357E-6 | 7.3156E-7
a(t) = 0.6 cos(m(t — t%))
1.2703 1.3024 1.3272
1.3257E-5 | 5.6110E-6 | 2.3696E-6 | 1.0005E-6
a(t) = 0.8 — 0.2sin(nt/2)
1.2404 1.2436 1.2438
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5. Conclusions

By adding a corrected term to the L1 scheme, a corrected L1 scheme is developed to ap-
proximate the Caputo derivative with a variable exponent. Combining the proposed scheme
with the finite element method in space and the Newton linearization for the nonlinear term,
a fully discrete CL1-FEM is constructed. The boundeness of the computed solution is proved
by adopting the temporal-spatial splitting technique. With the help of this bound, the uncon-
ditional optimal convergent result for the proposed scheme is obtained. Finally, the theoretical
findings are confirmed by numerical examples. In the future, we will pay attention to the fast
scheme and the pointwise-in-time error analysis of the proposed scheme for the problem (1.1).
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