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Abstract

In this work, the inverse nodal problem for the Sturm-Liouville operator with three dis-
continuities is studied. It is proved that the dense nodes of the eigenfunctions can uniquely
determine the potential on the whole interval and some parameters, and a reconstruction
algorithm for the solution is presented. Finally, numerical examples were provided, and
the effectiveness of the algorithm was verified through numerical calculations.
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1. Introduction
Consider the following Sturm-Liouville problem:
ly == —y"(z) + q(x)y(x) = My(z), € (0,m) (1.1)

with the boundary conditions

and the jump conditions (i = 1,2, 3)

{y(di +0) = a;y(d; — 0), (1.4)

y'(di +0) = a; 'y'(d; — 0) + biy(d; — 0).

Here \ = p? is the spectral parameter, g(z) is a real-valued function in L2(0,7), h, H,a;, b;,d;
(1 =1,2,3) are real, and dy = 7/4,dy = 7/2,ds = 37 /4. The problem (1.1)-(1.4), denoted by
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L = L(q,h,H,a;,b;,d;), is called a boundary value problem for the Sturm-Liouville operator
with three discontinuities.

McLaughlin [13] was the first scholar who proved the uniqueness for the Sturm-Liouville
operator with the Dirichlet boundary condition by using the node points as spectral data.
The problems solved in this way are called inverse node problems (see, e.g. [4,10,15-17,21,
22]). That is, the uniqueness of operators can be proved by a dense set of the node points
of eigenfunctions. In 1989, Hald and McLaughlin [8] extended the results of McLaughlin to
the case in which the boundary conditions are general separated boundary conditions and the
conclusion stilled stands. In 1998, Law and Yang [11] solved the inverse nodal problem of
reconstructing the potential and the boundary condition using the nodal points together with
the integral average of the potential. Guo and Wei [6] considered the Sturm-Liouville problems
with general separated boundary conditions and showed that a twin dense subset of the nodal set
in interior subinterval uniquely determined the potential and the boundary conditions through
two different case. Zhang et al. [23] studied the inverse nodal problem with a weight and the
jump condition at the middle point. It is shown that the dense nodes of the eigenfunctions can
uniquely determine the potential on the whole interval and some parameters.

This results about the inverse nodal problems are generalized to the boundary value prob-
lem with discontinuous conditions which is related to discontinuous material characters (see
[1-3,5,7,9,20]). In 2008, Shieh and Yurko [18] discussed the discontinuous Sturm-Liouville op-
erator with the Robin boundary condition at /2, proved the uniqueness theorem and provided
a constructive procedure.

In this paper, we present the inverse nodal problem for the Sturm-Liouville operator
L = L(q,h,H,a;,b;,d;) with three discontinuities and prove that the potential and some pa-
rameters can be uniquely determined by a dense nodes of the eigenfunctions (see Fig. 1.1).
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Fig. 1.1. The three discontinuities.

2. Preliminaries

In this section, we mainly present the spectral property of L = L(q, h, H, a;, b;, d;), especially
the asymptotic estimation of eigenvalues. Let ¢(x,\) be the solutions of Eq. (1.1), satisfying
the initial conditions ¢(0,\) = 1, ¢’(0,A) = h and the jump condition (1.4). We can obtain
the following lemma.

Lemma 2.1. The following asymptotic relations hold as |p| — oco:

L i Il
2/, 5 p :
o(x,\) = O cos pr + C cosp (g _ x) +ea) Slnpp;L'

inp(nw/2 —x elrlz T
ootz (),
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o(x,\) = Cf Cff cos px + CFCy cos p(m — x) + azCy cosp (g - Jc)

- A() sin px N A2($)sin p(Z —x)

+ As(x)Sinp(WZQ —) +o0 (e;m) , g <z < %T, (2.3)
oz, \) = CF CF Cf cospx + (Cy a2Cf + Cf C5 Cy ) cosp (g — ac)

+ (C1 axCy + CF C5 CF ) cos p(m — z) + CF CF C5 cos p (37” - z>

+ By(a) sin pz + Ba(a) sin p(37;/2 — ) n Bg(z)sin p(;r — )

+ By(x) sinp(w/{2 —o) +o <e;r> , ?% <z<m, (2.4)

where CF = (a; £ a;*)/2,7 = Imp and
n 1 [* b1
&(z)=CF | h+ = q(t)dt | + =,
2 )y 2
z

§a(x) = CT (h_%/;q(t)dt—i—/o q(t)dt) _%1,

+ + +ot
hCy | bCf | CFC / Ot
0

Ay(w) = Cf O h+ = 5 5

Oy bCy  CfCcy [*
Ag(w) = ~CF Cph - 2152 4 221 4 S22 / a(t)dt,

us

—1 — = % — > — xT
A3($):C;a§1h7a22b17b20;7012c2/ q(t)dtf%/ q(t)dtf%/ q(t)dt,
0

s

Bi(z) = CFCF CF h +

WCSCy | bOICE | hCiC | Cfeicy /zq(t)dt
0

WCFCr  bCECr  bCFCE  CHOFCE (7
BQ(,%) = Crc;‘cz;h + 1022 C3 + 2022 C3 _ 3012 C2 n Cl 6‘22 CS / q(t)dt7
0
; O +of + o _
B3($) = —ClJrC;rC;rh . b1022 Cg + b2012 03 . b3012 02 _ b3a;CI
+—ct T _ _ = i :
+M/ q(t)dtJrM/ q(t)dt+M/ g(t)dt,
2 0 2 % 2 %
o BCFOT bCFCT e ag'h O
Bu(w) = Cf Cy Oy h+ 2=3 — L8 4 Oray 'O h - 25
o - — (' x
_ bQC;C; B b301 CQ - b3a201 " Cl 02 Cg / q(t)dt
2 2 2 0
— —+ x — 1+ % ot %
# 2 [ o= S [Pawa - S22 [P
™ x |

Proof. The proofs of (2.1) and (2.2) are similar to [24, Lemma 2.1], so we only prove (2.3).
Considering ¢(z, A) has the following representation on (7/2,3m/4):

o(x, A) = D1(X) cos pr + Da(A) sin px + /m wq(t)gp(t, A)dt. (2.5)

0 P
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Clearly, o(x,\) satisfies the conditions (1.4) at m/2. Together with the expression (2.2) on
(w/4,7/2), we have

D1()\) = CFCF + CFC5 cos pr + axCy cos gp

+ (- - +
. (cl Cih  hCy O )sinpﬂ'

p 2p 2p
T -1 —
h by b 7|
+<Cl b2 72 QCl)sinE/)+O<e2 > (2.6)
p 2p 2
_ . _ . T C+C+h b10+ bQC+
Dy()\) = CFCy sinpr + a2 Oy sin §p+ ! p2 + 2: + 2p1
n (CfC{h _bhiCyh n bngh) cos p
P 2p 2p
T -1 — s
h by b I7|
(Ciaz h a3 by bCf cos EerO e? (2.7)
P 2p p 2 P
as |p| — oo. Substituting asymptotics (2.6) and (2.7) into (2.5), we arrive at (2.3). O
Denote
AR = V(9). 2.8)

The function A(A) is called the characteristic function of L, which is entire in A, and it has the
zeros { Ay }n>0. From (1.3) and (2.4), we get that as |p| — oo,

A(N) = p |CFCF Cf sinprr + (Cf axCf — Cffay'Cy ) sin Ep}

2
+ wi — wa oS P + W3 €OS gp+o(exp(7r|7|)), (2.9)
where
w1 = —Bs(m) + H(a2C7 Cy + CT C5 CY), (2.10)
wo = By(m) + HC CF CF (2.11)
w3 = —Bsy(m) — By(m) + Hao (CY C5 + C7 CF ). (2.12)

Lemma 2.2. The boundary value problem (BVP) L has real eigenvalues

{AM}n>0 == {A2n}n>0 U {A2n41 tn>o-

For n — +o00, there holds

92 Ko
pan = poy + 5+ 57, (2.13)
2n Pan

0 K

0 2n+1 2n+1
P2n+1 = Pop+1 + 5 0
2n+1 Pan+1

, (2.14)

where Aap = p3,, Aont1 = Papi1s and {Kon}, {Kont1} € 2. And X3, = (09,)%, A3pi1 = (09,41)2
are zeros of the function

Ag(N) := p|Asin(pr) + Bsin (gp)} . (2.15)
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Here,
A:=CfCfCF, B:=CyaCf —Cfay'Cy,
. _ oo (m) — wacos (1i8/2) _ e+ s — (1)"wg
2A0(>‘8n) A+ (—1)"371‘/2 ’ (2.16)
o = —w1 + wsy cos (pgnﬂw) — w3 cos (mpY,41/2) ,
2A0(A3,,11)
and

; d 1 Br s
Ag(\0) = (JAO()‘)) =3 |:A7T cos (pOm) + — cos (5/)91)] .
A=A

Proof. Take the proof of (2.13) for example. The expression of pa,+1 could be obtained by
following the similar procedure, here the proof is list as follows.
From (2.15), we can calculate that the zeros are

2 B
09, = 2n, pgn_H == arccos <ﬂ> + 4n.
According to the Rouché’s theorem, it follows from (2.10) and (2.15) that
Pon = PO, +0n =20+ 06,, n — 00, (2.17)

where d,, = 0(1). Combing A(Az,) = 0 and (2.17), it yields

Asin(panr) + Bsin (pgng) -0 (l) . (2.18)

n

Considering
Ao(N,) = p[Asin(2n7) + Bsin(nr)] = 0, (2.19)

and substituting pa, into (2.18), we obtain

S (Aﬂ cos(2n) + % cos(mr)) =0 (Aw + (—1)"@) -0 (1) +0(52).

Together (2.18) and (2.19), we get

On <A7r + (1)”%) =0,A0(7\3,) = O <%> +0(82). (2.20)

Then

by =0 (1) . (2.21)

n

Taking A(\,) = 0 into account and using (2.21), we have

Oop  Kon = —wi+wr—(—1)"w3  Kop
Oy = —2 + = .
S,  2n  2n(Am+ (-1)"Bw/2) 2n

This completes the proof. O
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3. Main Results

Together with the problem L = L(q, h, H,a;,b;,d;), we consider a boundary value problem
L= L(q, h,H,a;,b;,d;) of the same form but with the different coefficients q(z), h,H,a;, b;,d;.
We agree that if a certain symbol v denotes an object related to L, then © denotes the analogous
object related to L. Denote o(x, Aan) = pan(x) and o(x, Aapt1) = @ant1(x) are real-valued
functions. For brevity, we only consider the eigenvalue {2y }n>0 and present the following
corresponding lemmas about o, (). Assume that

Fln = Cf_ + (*1)”01_ 7& 0,
Dy, = O CF +CFCy + (—=1)"axCy # 0,
L3, := Cf a2Cyf + Cr axCy + (—1)"(CyaxCy + CF C; Cf + CHCFCy) # 0.

Define

T :=T1,=Cf +C] =a,
FQO = an = C;FCQJF + C;FC; + QQC; = aiaz,
T30 := s, = C{ a2C5 +2CT a2Cy + Cf Cy Cf + CFCSFCy

when n is even.

Lemma 3.1. The following asymptotic formulaes hold as n — +oo:

x sin(2nx) + o (%) ) % <z< g, (3.2)
won(x) = Loy, cos(2nz) + % {Al(z) — As(z) — (=) As(x)
— O, (C’f‘C’;‘x - CfCy (r—x) — (=1)"a2Cy (g — z) >}

1 3
), Teo<cZ (3.3)

x sin(2nz) + o (— 5 1
n

Yon(x) = Ty cos(2nx) + % [Bl(ac) — (=1)"Ba(x) — Bs(z) — (—1)"By(x)

~o (et ofe - (17 (Cracs +oter o) (5 -2)

— (CrasCs + Gy Cy Cf ) (m — 2)

_(—1rerofe; (37” - x) )}
3T

1
x sin(2nx) + o (—) , 4 <e<m (3.4)
n

Here 09, &1(x), &2(x), A1 (2), Aa(x), As(x), B1(x), B2(x), Bs(x), Ba(x) are given in Lemma 2.1.
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Proof. Take the proof of the representation (3.3) for o, (x) on (7/2,3mw/4) for example.
Putting the expression of pa, into (2.3), it yields n — 400,

pon (1) = CF Cf cos[(2n + 6,)x] + Cf C5 cos[(2n + 6,) (7 — z)]
+asC cos [(2n+8,) (5 — )] + Ay 2LELE )]
+ Ao() sin[(2n +257:>(7T — )] + As() sin[(2n + 5272@/2 — )] Y (%)

™

— OO cos(2na) — CF of 208

2n
+cfey Zz—n(w —x)sin(2nx) + (—1)"a2Cy cos(2nzx)
n
n — 9271 ™ . A . B .
+ (—=1)"a2C] o (5 — z) sin(2nz) + o sin(2nx) — o sin(2nx)

- (—1)”%)511&(27130) +o (%)

sin(2nx) + O Cy cos(2nz)

= Ty, cos(2nz) + [ -crof %—;x + OTCQ‘%—;(F —x) + (—1)"a20f922—7;‘ (g - fc)

A B 2CT . 1
+ on "o (-1) %] sin(2nx) + o (E) .

Simplifying the above formula, we get the expression of ¢a,(z) on (7/2,37/4). The same
method can be used to obtain representations of ¢, (x) on other intervals. O

Lemma 3.2. For sufficiently large n, the eigenfunction pa,(x) exactly 2n nodes
{23, :s=1,2n}
in the interval (0, ), which are simple.

Proof. First, consider the function
F(z) := Iy, cos(2nx).
By calculating, we can get that the zeros of F'(x) are

(5—1/2)7r.

S .
Top = m

It follows from the representation of ya, () on (0,7) that the zeros of va, () are

(s—1/2)m

5 +en, O0<a;, <m, (3.5)

s __ .S _
an*T2n+€n*

where €, = o(1). Since 0 < z§, < m/4, together with (3.5), we can get s = 1,[n/2]; simi-
larly, when 7/4 < 28, < /2, it yields s = [n/2] 4+ 1,n; when 7/2 < a8, < 3w/4, it yields
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s=mn+1,[3n/2]; when 37/4 <z}, <, it yields s = [3n/2] + 1, 2n. That is,

n T
13 |:_i|a 0 5 Rl
5 <3, < 5
n T s T
3] +um <<
S =
1 3n s <z < 3
n ) ) ) 9 :CQn 4 )
3 3
{?n] + 1, 2n, Iﬂ < x5, <.
The proof is complete. O

Next, denote by X1, := {23, },,5, .73, the set of the nodal points of the problem L and

s (s—1/2)m

TS =
2n 2n ’

we can obtain the following estimations about nodes.

Lemma 3.3. For sufficiently large n, the following asymptotic formulas for nodes hold:

S S 1 S Tésn
x5, =T, + e <2h — 202,75, + /0 q(t)dt)

+0(%), O<az<l, s:l,[g}, (3.6)
11 _
‘Tgn = TQSn + 4An2 F—ln |:§1 (7-2571) ( 1)n€2 (TQS ) - 9271 (FlnTQn ( 1)7101 g):|
+0(i2), %<:c<g, 51{3}4*1,71, (3.7)
, , 1
T = Tt paT, A1 (75,) = A2(75,) = (~1)" Ag(73,)
— Oy, (r%r;n — OOy — (—1)%0;%) }
1 T 3 3n
ﬁ)’ —<x<z, s:n—f—l,{?], (3.8)

1 3 3
+0(—), Iﬂ-<$<ﬂ', sz[g]—i—l,Qn. (3.9)

n2

Proof. Here we only prove (3.8), since the relations (3.6)-(3.9) can be calculated by the
similar methods.
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Substituting (3.5) into (3.3), we have n — +o00
0 =Ty, cos [2n(75, + €,)]
1 — s
5= [6(75,) = (“1)"&(73,) = ban (CF 75, — (—1)"CF (5= 750) )]
x sin [2n(75, + €,)] +o (%)

— —2ne, Ty, sin (2073,
+ % [51 (73n) = (=1)"€2(73,,) — O2n (Cfrgn — (~1)rey (g _ Tgn))}
x sin (2n73,) + o (%) _
That is, when n — 400,

— 23 65 - e ()

— 020 (CF 75, — (-1)"CF (g ~75.)) } +o (%) .

6nFln

Then

1 n S

€n = F 4TL2 61( ) ( 1) €2 (T2n)
, N 1
- 92" (ClJrTSn - ( ) C ( T2n)):| +o (F)
1
1

We can get (3.6). The proof is complete. O

Note that X, is dense on (0, 7). Give the following auxiliary theorem.

Theorem 3.1. Fiz z€(0, 7). There exists a subsequences {x5 }€ X such that lim;_, . 57 =x.
Then the following equations exist:

us

2 1
lim —{CJrh—f—bl Cih—-Cr / dt+— q(t)dt
efe-cr )

{ Tht by — c/ £)dt + - / (t)dt—eo[rmx—c;f]}, (3.10)
FlO 0 2

bCF  bCF CreF (2
— lim — + o+ 2 1 1 ~2 /
fa(x) Jim. 20{0 Cyh+ 5 + 5 + 5 |

Oy bCf  CfCy
2 2 2

fi(z) :

q(t)dt

/2 q(t)dt — Cyay'h
0

+ OOy h+
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b -0 (% + x
+ a22 L1 bop + 01202 / q(t)dtJr%/ q(t)dt
0

s
4

~[er iy - Croy (i) —eacr (3 - 7it)] |

2 b tayl %
2 lotagny o2 Gras / q(t)dt — CTaz'h
T'a 2 > ),

;' CrCy [ LCF [F
+b20;+%+%/ q(t)dt+%/ q(t)
0

790 |:F20.CC701+0277T70,2017%:| }, (311)

hC3Cf | bCiOf | bCiOF Gy Oy

. 2
f3(x) := lim —{Ah—i— 5 5 5 5

n—oo 1 30

+ M N q(t)dt — Croro-h — bgC;_C?)_ + b3C{i_C;
1 2 Y3
2 0 2 2
_ GGy /I q(t)dt + Ah + hCy Gy baCrCy | bsCiCy
2 0 2 2 2
oycycf % CraxCy [F Cray'Cy (%
e e B e e e o AL
— - + - —1p
—cjc;c;h—b102203 +b201203 — CraytCyh+ 2708 b2103
bsCiCy  bsasCy bsasCy CrCyC5 [T
+ 0207 CFf + =2 + ?’azl + Sazl S 3/ q(t)dt
0
CraxC [ Cray'ct (% croyct [
—%/ q(t)dt+%/ q(t)dt—l—%/ q(t)dt
5 i 0

w|crofctns - (Cracs +oreye) (5 - o)

— (CraxCy +CYCy O ) (m —m37) — CY G5 Cy <3§ 75:;)]}

2 brazaz!
- F—%{QCijC’;h — Cf axCyh— O a7 Cf h+ 250
biay 'CF
+ L O Oy + 0O Cf + arashs
orcyof [F Craz'as' [? o &
+%/ W)dH%/ g(t)dt — %/ g(t)dt
0 z i

L (GGt CICy G CrCyCy /f A0yt
2 2 2 0

—~ 0o [rso:c — (O axCy +C{ 05 C) 5

(CrasCy +CF Oy Cf)r— CEOF O 37”] } (3.12)
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and
1 2 Sn __ . Sn ﬁ
Ax) := nh_}n;@ 8n® (x5, — Ton), 0<z< 7 (3.13)
B(z) := lim 8n*(z3: — m5n) Tea<l (3.14)
00 2n 2n ) 4 92’
8n2aias (:ES" — 728") T T
= 1. n n _ _ .1
C(x) Jim CFal 1 Coay 2<:c< 1 (3.15)
8 - Tom 3
D() = lim — +"_T“2“‘°’+($2_" 72”)_ T (3.16)
n—00 C C Cl 02 as — Cl asa3 4
Moreover,
A(z) := / q(t)dt +2h — 200z, 0<x < %, (3.17)
0
* ™ v
B(x) ;:/ ade+ fie),  T<w<l, (3.18)
4
* 3
Clz) ::/ a0t + o), 5 <e< (3.19)
z 3
D(x) := q(t)dt + f3(x), o << (3.20)
37
where
O i 0 — —1 + w2 —ws
0 T Am + Br/2
is bounded.
Proof. Take the proofs of (3.11) and (3.14), for example. It follows from (3.8) that
dn’aq (25, — 15,) = %/ " q(t)dt + Ch+by — C7h—Cy /
-
+ —/ dtfeo rw% C; 5}. (3.21)

Take the limit on both sides of (3.21), then

B(z) := lim 8n® (x5 — 7on)
_ 1131{/ Catydt + L {c+h+b1 Crh—Cy /
%

-+

+ %1/0 a(t)dt — 6 [01*755 -¢i (3 —75:;)}}}
[fzq(t)dtJrnli_}ngo{%{therlC’lhcl /0% o(t)dt
+—/ dt—eocTQn—cl(g—rgn)”}

:/W q(t)dt+{%{cl+h+blclhcl /04q(t)dt
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+

+071/0%q(t)dt90{01+$01 (%xﬂ}}

™

4

= [Catwie+ o)

Similarly, (3.10), (3.12) and (3.17)-(3.20) can be obtained by the above method. O

Finally, we could formulate the uniqueness theorem and provide a constructive procedure
for the solution of the inverse nodal problem. Denote by X a subset of dense nodes on (0, )
and X C Xp. Assume the a; (i = 1, 3) are given a priori in the next statement.

Theorem 3.2. If X = X, then q(z) = §(z) a.e. on (0,7),h=h,H=H, andb; =b; (i =1, 3).
The function q(x) and the parameters h, H,b; can be constructed by the following formulae:

(i) h= @, (3.22)
(i) H :
27 =
Oy azaz — Cfay ' CF + CfasCy
B
X |:Bl(7'r) —I—Bg(ﬂ‘) -‘ng(ﬂ') +B4(7T) — 0y (Aﬂ'-‘r Tﬂ.):|,
when  Cy agas — Ciay 'CF + CfaxCy #0), 3.23
1 12 3 1 3
+\ [
(i50) by = fl(g)al —a;'h+ (C; - %) /0 q(t)dt — EC{HO, (3.24)
—1 — _
(iv) bgii_ f2(0)(01+a2 + C] az) _Cra h,b1a2 C] a21/ ot
Cl 2 0
_ a;'ty CrCy % c-ct 3
+ oyt - | q(t)dtf%/ﬂ a(t)
+ 6 (fwcjc; - gagc;) (3.25)
0)(Cf CFazt — Cf Cyas — CF
) b= lﬁ( ! LG acrezepn
a1ag 2
b1a2a_1
— 201 CFCFh+ CfasCy h+ Cray ' Cfh — ——3—
+o-0+ i
b1a22c — b CCy — bQCfC;—%/ q(t)dt
0
Caylayt [3 - &
_Crayas / o(tydt + Fr92% / o(t)dt
2 = 2 Ja
CfCfaz!  CfC70f CIC Gy [T
<1223122 5 )/Oq(t)dt
+ 0o [ — (CraxCy + cfc;c;)g
- - + =t + ot =0T
— (CraxCy +Cf Gy Cf )n = CF O O3 | |,
(vi) qlz) = A (z) + 260, 0<x<E, (3.26)

4
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(vii) q(z) = B'(z) — fl (), % <z< g (3.27)
(wiii) q()=C'(x) - file), & <w< ‘%” (3.28)
(iz)  q(z) =D (z) — fi(z), %T <z <m. (3.29)

where
e a(5)aon(3) n(D). K- ()a ()

Proof. Putting 2 = 0 into (3.17), we have A(0) = 2h, i.e. h = A(0)/2. Substituting z = 7/4
into (3.17), we obtain that

A (%) - /O% q(t)dt — goo + 2h.
Deriving (3.17), it follows that

q(z) = A'(x) — 20, O0<az< %. (3.30)
Putting = = 7/4 into (3.18), we have B(w/4) = fi(n/4). Similarly, letting z = 7/2, it yields

5(5)= [ aaen (5),

Deriving (3.19), we have

q(x) = B'(x) — fi(), g <z<m. (3.31)
It follows from above formulaes that
A (%) — A(0) = /OZ q(t)dt — goo, (3.32)
B (g) .y (%) - /__ q(t)dt + K. (3.33)
So .
M=A (%) — A(0)+ B (g) - B (%) - /0 q(t)dt — geo +K. (3.34)

If we take fO% q(t)dt = 0 into account, we can obtain that

2(K —d
go = 2 =) (3.35)
T
Then, it follows from (3.30) that
4K —-d
o= w0 WD

Similarly, we can get (3.27)-(3.29). Next, we calculate b;,i = 1,2, 3.
Putting = 0 into (3.10), we have

2 1 _ (3 Cfr E _T
f1(0) = — a; h+b —Cj q(t)dt + N q(t)dt + 00C] 5 (" (3.36)
0 0

a1
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Then, together with the information of ¢(z) on (0,7/4) and (3.36), we can construct b;. That is

+
blmaflh+<cl_c—l)/
2 2 0

Substituting « = 0 into f2(z), we obtain

5]

™
a(t)dt — 5y bo.

2 b1a2 C+a_1 % _
0)=—————<CF h+—+¥/ t)dt — Cyay'h
f2(0) Cia,! +Cl_(12{ 1 a2 9 5 o q(t) 1 G
Sy crcy [F —cf 3
+ bQCl_ + G2 01 + %/ q(t)dt + %/ q(t)
2 2 0 2 z
_s [—cjc;w — ayCf g} } (3.37)

Combing the information of ¢(x) on (7/4,7/2) and (3.37), we can construct that

_ 1 [f0)(Cfaz' +Cras) ., biaz | Ciay' [?

;' CrCy [ crey (3
Forayth- S S [T awar- A7 [
0 f

+ 0o (—wcffcg - gagq—) ]

Similarly, we get

2
CCfCfazt - O Cyaz — C azas

f3(0)

X {201+02+c3+h — CfasCyh—Cray'CFh

—1 -1 v+
b1a2a3 b1a2 03

2 2
+ ~— 4+ ™ - -1 -1 s _ 37
+M/4 q(t)dt+m/2 q(t)dt—m/ ! q(t)dt
2 0 2 = 2 x
+0t -1 +0—F - i
+(01 022 a; _0102203 _0102203 )/ q(t)dt + arashs
0

— 6o { — (CraxCy +C 05 C) 5
3
— (CTaCy + Cf Cy Cf )m — Cf CF O g} } (3.38)
By virtue of the information of ¢(x) on (7/2,37/4) and (3.38), we can construct that

by =

1 _ _
1 [f3(0)(01+0;a3 — Cf C5 a3 — Clazas) 2O GO

a1ag 2

b —1
— 207 CFCFh+ CfasCyh + Cray 'OF h — O1a2a3
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—1 -+ +o-ct+ 1%
- S ey - oo - S [T
0

1 -1 = _ 37
- Clanag/Q atydt + 1 ;2a3 / " q(t)dt
% ™

2

CiCiay' CIC,0f GGGy [
—~ ( ; - /0 q(t)dt

+90[—(C&a2034—03026?)§
— (CraxCy +Cf Cy C ) — CfF e Cy 37”” : (3.39)
Finally, we construct H. It follows from (2.10)-(2.12) and (2.16) that

(A7T+ %) 0y = Bl(ﬂ') —I—Bg(ﬂ') -‘ng(ﬂ') +B4(7T)

— H(a:Cy Cy + Cf Cy Cf — Cf CF Cf + a2CF C5 + axCr CF)
= Bi(7) 4 Ba(m) + Bs(w) + Bu(r)

— H(Cy azaz — Ciay 'Cf + O axCy). (3.40)
So, we have
7o 1
Oy asaz — Cfay*Cf + CfasCy
X | B1(m) 4+ Ba(w) + Bs(w) + By(m) — 6 <A7r + %)} ,

where

Oy asaz — Cfay'Cf + CfasCy # 0.

Considering Theorem 3.1 and deriving (3.17)-(3.20), respectively, we can obtain the formulae
(3.22)-(3.29). The proof is complete. O

4. Numerical Calculation

In the section, we introduce a new method called the “Legendre wavelet method”, which
is used to compute the approximate solution of the potential function. By comparing recon-
structed potential with the actual potential, we further verify the effectiveness of the method.

4.1. Legendre wavelet method

Definition 4.1 (Legendre Wavelet Method, [14]). For k € N*,

2m+1_4 -1 l
25 P (28t —204+1), —— <t< ,
en(t) =4V 2 Fo2T st g

0, otherwise.
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Here @ym(t) is called the wavelet basis function, | = 1,2,...,28"1 m =0,1,2,...,M—1. P,(t)
is Legendre polynomial defined in (0,7) and can be determined by formula

P(t)=1, Pi(t)=t,

2m+1 m
Prii(t) = (m—i—l >th(t) <m—+1> Ppa(t), m=1,23,....

Definition 4.2 ([14]). For an arbitrary function h(t) € L%[0,n], h(t) € L?[0,7] can be ez-
panded in terms of Legendre wavelet series

ht) =)
=1

o0

clmPim (1),
0

m=

here ¢pm, is coefficient and ¢ m = (h(t) - @1.m(t)), (-) represents inner product.

Applying the similar method in [12,19], we can get that the potential ¢(x) can be approximated
by Legendre wavelet method and

2k=1 pr—1
q(t) = Z Z ClomPlm (t) = Con—1 pr—1pan—1 ar—1(t) = CT (1),
=1 m=0
where
CT = [CLOa 0L, M—-1,C20," " yC2,M—1," " ,Cok—1_7 05" " ,02k71,17M71],
‘I’T(t) = [801,0(t>a e ,Sﬁl,Mfl(t)a e ,802%1—1,0@), e ,502%1—1,1»1—1(15)]-
Let

2k71

Gt (1) = Y clmrm(t) = ax1 ar—1028-1 a1 (1).
=1

According to the results of [12,14,19], we can obtain that

q(t) = Z Z Cl,msal,m(t)v

=1 m=0

here c1m = (q(t) - 1,m(t))£2[0,1)- We employ the finite element solution g,/ (t) as an approxi-
mation to the continuum solution ¢(t).

4.2. Numerical example

Based on the Algorithm 4.1, the approximate solution of ¢(x) is computed using the Leg-
endre wavelet method. Additionally, two numerical examples are provided to demonstrate the
effectiveness and feasibility of the numerical computation method.

For the positive problem, we can calculate the information which we need by the Sturm-
Liouville problem. In this paper, we can calculate the information of the nodes (3.6)-(3.9) by
the Sturm-Liouville operator L = L(q,h, H,a;,b;,d;). But for the inverse problem, we can
reconstruct the Sturm-Liouville operator, especially the potential by the dense nodes which are
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Algorithm 4.1: Approximation Algorithm for Potential [12,19].

1 Select k, M. Let n=22M,n > 1.
2 Calculate the unknown vector C by using the following linear equation:

AC =B,
here
a},o ... a%7M71 a%,o ... a%,Mﬂ ... aék7170 ... a%k*17M71
A a%,o ... a‘iM—l ‘13,0 - a§,M_1 - a§k7170 - agkfl,M—l
- . 9
a’f,gl .. af?wl_1 a%,o .. ag;v}_l .. agk—}m .. ag;ll.’M_l
and

@,
aj,, = / Gm(t)sin® (p3,)dt, (=121 m=0,M—-1, j=TIn—1
0

Here

B = (p3, tan (p3,23,), p3, tan (p3,23,), -, pa, tan (p3,z5m)) -

3 Using the following formula to solve the approximate value ¢(t;) of ¢(¢), i = 1,n — 1:

21— 1 . 1 3 2n —3
ﬁi: m ’ 221725"'577‘_17 (P:[g(%)7£(%)7a€( m ):|

obtained by the positive problem. Below we provide two examples to verify the validity of the
inverse node problem. Let

1
a1 =ax =az =2, aflzazlzaglz—,
by =by = b3 =0,
+ + y_ 90 - — -3
01:02:03*17 01:02:03:17 h=H=1

Example 4.1. Denote by ¢;(z) the potential of the direct problem (1.1)-(1.4), and support
that ¢1(z) is constant function
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).

Taking n = 10 for example, we are able to explicitly determine the zeros z3, of the eigen-
functions ya, () arising in the direct problem. Selected the approximate node value of x5, are
tabulated as in Table 4.1.

Using the zero data in Table 4.1 as input data for the inverse nodal problem, we apply the
Legendre wavelet series to reconstruct the potential function. The recovered potential go(z)
from the inverse problem is then compared with the original potential ¢;(x) from the direct
problem for both two cases: when k =3, M =5 and k = 3, M = 7, with the results visualized

3
q1(z) =0, xe<7r

Za

in Fig. 4.1.

Table 4.1: The approximate node value of z5,,.

n =10
S 1 2 3 4 5
acg" 0.08124293 | 0.23871534 | 0.39607463 | 0.55350357 | 0.71102817
S 6 7 8 9 10
acgn 0.86459560 | 1.02204637 | 1.17901475 | 1.33633141 | 1.49340687
S 11 12 13 14 15
acgn 1.65118286 | 1.80841946 | 1.96544606 | 2.12265148 | 2.27973422
S 16 17 18 19 20
x5, | 2.43668263 | 2.59393379 | 2.75116728 | 2.90832095 | 3.06542817
M=5 M=7
S o sl
i t*.?i‘»:."’j ‘ e 14 Aii&-}i’ﬁ{:’ Hgy(x)
2 E 2 E
= | s '
= OROK K KK X K 'g 0 Lotk 3 3K Ok 3 K
= ) : < : '
2 P g 3
s o = L
1 Ita ¥ ZKJ:&: -1 "* x.av.;-.ﬁ’.:
-0.5 0‘.’0 0..'5 170 175 2‘.‘0 2:5 370 35 -0.5 0:0 0:5 ITO 175 2:0 2..'5 370 35

(a) () x

Fig. 4.1. Comparison of ¢;(z) and g2(x).

Example 4.2. Denote by ¢;(z) the potential of the direct problem, and support that ¢ (x) is
piecewise function

¢1(x) =z, x € (0, %) ,
Q1(IE):$2, YIS (%ag)v

(z) = 1 c m 3T
ql x) = 2:5) xz 2) 4 9
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q(x) =

+ 5 c 3T
—x+ -7 x —
4" 4

).

Similarly, when n = 10, we can get the zeros 3, of the eigenfunctions ya,(z) from the
direct problem.

Choosing the approximate node value of x5, (Table 4.2) as the input data for the inverse
nodal problem and applying the Legendre wavelet series, we can get the recovered poten-
tial go(z). Comparing the original potential ¢;(z) from the direct problem with the recovered
potential go(x) from the inverse problem in two cases: k = 3,M = 5and k = 3, M = 7,
respectively, we can obtain the comparison graphs of the two functions ¢;(z) and g2(z) in
Fig. 4.2.

As clearly demonstrated in Tables 4.1 and 4.2, the node data also increases with increasing n.
Figs. 4.1 and 4.2 reveal that for n > 10, the potential reconstructed from the inverse problem
closely approximates the original potential, that is the error between two kinds of potential
extremely small which conclusively validates the effectiveness of numerical solution method.

Table 4.2: The approximate node value of z3,,.

n =10
S 1 2 3 4 5
x5, | 0.08113253 | 0.23783727 | 0.39518429 | 0.55188391 | 0.70902501
S 6 7 8 9 10
xgn 0.86335274 | 1.02053433 | 1.17738064 | 1.33485138 | 1.49216499
S 11 12 13 14 15
x5, | 1.65119125 | 1.80827969 | 1.96528949 | 2.12225722 | 2.27952576
S 16 17 18 19 20
x5, | 2.43550197 | 2.59278907 | 2.74946076 | 2.90669254 | 3.06385752
M=5 M=7
3 3
% i 18] = A
x4 *ogylx) ‘:é A q(0)
- 21 ;:': 24 ¥i
5, 49 1 v = \;' : "
: LEI. & F K,
E FooL % g 7ol R %
'.? 1 w*j :Wfb" #& 21 “;i 'kf'&g&g ()‘\
E 27 ‘ g o
& 5 ra
Ved F
0 £ 04 #
05 00 05 10 15 20 25 30 35 A5 00 05 L0 L5 20 25 30 35
(@) X ®
Fig. 4.2. Comparison of ¢1(z) and gz2(z).
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