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Abstract

Inspired by Polyak’s heavy-ball method, this paper proposes an adaptive determinis-
tic block coordinate descent method with momentum (mADBCD) for efficiently solving
large-scale linear least-squares problems. The proposed method introduces a novel col-
umn selection criterion based on the Euclidean norm of the residual vector of the normal
equation. In contrast to classical block coordinate descent methods, mADBCD does not
require a fixed pre-partitioning of the column indices of the coefficient matrix and avoids
the expensive computation of Moore-Penrose pseudoinverses of submatrices at each itera-
tion. The method adaptively updates the block index set at each step, thereby improving
both flexibility and scalability. When the coefficient matrix is of full column rank, we
prove that mADBCD converges linearly to the unique solution of the least-squares prob-
lem. Numerical experiments are conducted to show that mADBCD outperforms several
recent block coordinate descent methods in terms of iteration count and CPU time. In
particular, when solving extremely sparse least-squares problems, mADBCD is the first
block coordinate descent method reported to achieve CPU time nearly comparable to that
of the classical least squares QR (LSQR) method [Paige and Saunders, ACM Trans. Math.
Softw., 8 (1982)].
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1. Introduction

The least-squares problem has long played a fundamental role in scientific computing and
optimization; see [1,7,12,25,27] and the references therein. In this work, we focus on the
following large-scale linear least-squares problem:

min ||b — Ax||2, (1.1)
xER™
where the coefficient matrix A € R™*" (m > n) has full column rank, b € R™ is a given vector,
and | - |2 denotes the Euclidean norm. Under the full-rank assumption, problem (1.1) admits
a unique solution x,, which can be explicitly written as x, = A'b, where

AT =(ATA)IAT

is the Moore-Penrose pseudoinverse of A. This solution is equivalently obtained by solving the
normal equations

ATAx=A"b (1.2)

as they are mathematically equivalent.

1.1. The coordinate descent methods

The problem (1.1) can be solved by various direct methods, such as QR factorization (where
@ is an orthogonal matrix and R is an upper triangular matrix) and singular value decompo-
sition (SVD) [3,11]. However, when the problem dimensions become extremely large, these
methods require substantial memory and incur significant computational cost, resulting in im-
practical runtimes [3]. As a result, a wide range of iterative methods have been developed to
address large-scale least-squares problems.

Among them, the coordinate descent (CD) method is one of the most economical and
effective approaches. It can be viewed as a direct application of the classical Gauss-Seidel
method to the normal equations (1.2) [24]. Starting from an initial guess x(*), the CD iteration
takes the form AT (b Ax(®

KO+ — (k) G X )e‘ ,
[AGols

k=0,1,2,...,

where A ;) is the ji-th column of A and e;, is the ji-th standard basis vector in R".

Leventhal and Lewis [13] introduced the randomized coordinate descent (RCD) method,
which achieves an expected linear convergence rate. This method is also referred to as the
randomized Gauss-Seidel (RGS) method in the literature on randomized algorithms for solving
large-scale linear systems [6,10,17]. Tts simplicity has inspired extensive developments in both
theory and applications; see [9,15,18,21] and references therein.

In 2019, Bai and Wu [2] proposed the greedy randomized coordinate descent (GRCD)
method by designing a probability-based criterion for selecting working columns. Later, Zhang
and Guo [29] introduced a relaxation parameter 6 € [0,1] and developed the relaxed greedy
randomized coordinate descent (RGRCD) method, along with a convergence analysis. Zhang
and Li [30] further improved GRCD by proposing the greedy Gauss-Seidel (GGS) method,
which selects columns based on the maximum entries of the residual vector associated with
the normal equations. Most recently, Tan and Guo [26] developed a multi-step version, the
MGRCD method, which achieves a faster convergence rate than GRCD.
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1.2. The block coordinate descent methods

Let [z] denote the set {1,2,...,z} for any positive integer z. Consider a partition
{71,72,...,7p} of the column index set [n] such that for all i # j, we have 7, N7; = 0, 7; # 0,
and |J_, 77 = [n]. Extending the idea of the randomized block Kaczmarz method [19,20],
Wu [28] proposed the randomized block Gauss-Seidel (RBGS) method, which applies a ran-
domized strategy to select a column submatrix of the coefficient matrix A at each iteration.
The RBGS iteration is given by

k+1 k T AT k
x) =x® 11, (AL Ar )AL (b— Ax™")

=x® +1, Al (b—Ax"), k=0,1,2,..., (1.3)

Tjk
where the subscript (')Tjk- refers to the column submatrix corresponding to the index set 7;, in
the given partition {7, 72,...,7,}.

Li and Zhang [14] proposed the greedy block Gauss-Seidel (GBGS) method by adopting
a column selection strategy from the RGRCD method. Subsequently, Liu et al. [16] developed
the maximal residual block Gauss-Seidel (MRBGS) method and established its convergence
properties. In 2022, Chen and Huang [4] introduced the fast block coordinate descent (FBCD)
method, which employs a novel update scheme distinct from that of RBGS and MRBGS.
Their numerical experiments demonstrate that the FBCD method outperforms both GBGS
and MRBGS in solving problem (1.1).

Inspired by Polyak’s heavy-ball method [23], this paper proposes an adaptive deterministic
block coordinate descent method with momentum (mADBCD) for efficiently solving large-
scale linear least-squares problems. The method employs a novel column selection criterion
based on the Euclidean norm of the residual of the normal equations. Unlike classical block
coordinate descent methods, mADBCD avoids fixed pre-partitioning of column indices and the
costly computation of Moore-Penrose pseudoinverses at each iteration. It adaptively updates
the block index set at each step, enhancing both flexibility and scalability. Assuming the
coefficient matrix has full column rank, we establish that mADBCD converges linearly to the
unique least-squares solution x, of problem (1.1). Numerical experiments demonstrate that
mADBCD outperforms GBGS, MRBGS, and FBCD in terms of both iteration count and CPU
time. In particular, when applied to extremely sparse problems, mADBCD is the first block
coordinate descent method reported to achieve CPU performance nearly comparable to that of
the classical LSQR method [22].

The rest of the paper is organized as follows. Section 2 introduces the notations, reviews the
FBCD and heavy-ball methods, and presents two auxiliary lemmas. The proposed mADBCD
method, together with its convergence analysis and error estimation, is detailed in Section 3.
Section 4 presents numerical experiments that demonstrate the effectiveness of mADBCD and
its advantages over existing block coordinate methods. Finally, Section 5 concludes the paper.

2. Necessary Notation and Preliminary Results

Notation. For any vector a € R", we denote by a; its i-th entry, and by ||x||2 the Euclidean
norm of a vector x € R”. The symbol e; refers to the j-th standard basis vector in R™, which
has a 1 in the j-th position and 0 in all other entries. The Euclidean inner product between
two n-dimensional column vectors x and y is denoted by (x,y). Given a matrix G € R™*"™
we use G;) to denote its j-th column, G its transpose, GT its Moore-Penrose pseudoinverse,



4 L.Z. TAN, M.Y. DENG, J.L. QIU AND X.P. GUO

R(G) its column space, and ||G||r its Frobenius norm. The singular value decomposition of G
is given by

G=U F] \'AR
0
where U € R™*™ and V € R"™"™ are orthogonal matrices, and
¥ = diag (01(G),02(G),...,0n(G)) € R™™
is a diagonal matrix of singular values. The nonzero singular values satisfy

Omax(G) := 01(G) > 02(G) > -+ > 0.(Q) := omin(G) > 0,
where r = rank(G), and pax(G) and omin (G) denote the largest and smallest nonzero singular
values, respectively. For any vector x € R, we define the energy norm induced by a symmetric
positive-definite matrix G € R"*" as ||x||q := Vx| Gx. Let the residual vector r*¥) = b—Ax(*)
and s®) = ATr(®). For an index set 7 C [n], the column submatrix formed by selecting the
columns of A indexed by 7 is denoted by A7, and the cardinality of 7 is denoted by |7|.

The FBCD method. Chen and Huang [4] proposed the FBCD method for solving prob-
lem (1.1), based on the greedy column selection criterion introduced in [2] and the following
iterative update:

n s
TAmdE™

x(B+1) — (k) + (2.1)

where

Nk = Z (S(k))jkejk’

Jrk€Vk
see [4] for the definition of V.

The heavy ball method. Consider the unconstrained optimization problem mingeg» f(x),
where f(x) is a differentiable convex function. A widely used approach is the gradient descent
(GD) method, which starts from an initial point x(°) and updates iteratively via

x(FH) = x (k) _ aka(x(k)), k=0,1,...,

where aj > 0 is the step size and Vf(x*)) denotes the gradient of f at x(*),

Polyak [23] enhanced the GD method by adding a momentum term B(x*) —x*=1) known
as the heavy ball term. This leads to the momentum-based gradient descent method (mGD),
commonly referred to as the heavy ball method

xFHD = x®) _ 0, Vi) 4+ P —x*Dy kg =0,1,.... (2.2)

Finally, we conclude this section with the following two lemmas, which are crucial for the
convergence analysis of the mADBCD method.

Lemma 2.1. If G € R™*"™ has full column rank, we have

i (G) X3 < |Gx[I3 < 07 (G)IIx]5,  Vx €R™.

min max
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Lemma 2.2 ([8]). Fiz F() = F©) >0, and let {F®};>0 be a sequence of nonnegative real
numbers satisfying the relation

FEFD <y R oy pE=D 0y e >

where 9 > 0,71 + 72 < 1. Then the sequence satisfies the relation

FRD < gk(1 4+ 7)F°, VE>0,
where
MH+VE+Aye
¢g={4 2 if 2 >0,
Y1, Zf Y2 = 07

and T = q— 1 > 0. Moreover, y1 + v2 < q < 1, with equality if and only if v = 0.

3. The mADBCD Method and Its Convergence

In this section, we first present the mADBCD method. Subsequently, our focus will be on
establishing its convergence analysis. To construct the mADBCD method, we need to introduce
the following novel block control index set:

(k)2
. 2 S
o= ] 600 = 12

It is easy to know that the set 71 is a non-empty set. To expedite the convergence speed of the
iterative scheme (2.1), we apply the idea of the heavy ball method (2.2) to obtain the following
mADBCD method.

Algorithm 3.1: The mADBCD Method.

Require: A, b, 7, 5> 0,x(0 =x(D € R” and s(V) = AT(b — Ax(1).
Ensure : Approximate solution x(©).
for k=1,2,....—1do

=

2 Determine the control index set
(k)2
(k) > HS H2 3.1
UMY (3.1)
3 Compute e = Z (s®));, e, - (3.2)
JkE€Tk
4 Set

x(B+1) — (k) H77k (”)277k +B(x k) _ X(k—l))_ (3.3)

5 end

Remark 3.1. The proposed mADBCD method is primarily designed for overdetermined linear
least squares problems, i.e. the number of rows m is larger than the number of columns n. In this
setting, the index set 7, defined in Eq. (3.1) typically selects only a small subset of coordinates,
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making the algorithm computationally efficient. Nevertheless, we observe that the method also
performs well in more general scenarios. As shown in Table 4.8, the mADBCD method exhibits
good convergence behavior even when applied to square systems (e.g. cage8 and cagel0, where
m = n). Furthermore, Table 4.4 demonstrates that mADBCD remains efficient on dense least
squares problems where the number of columns exceeds half the number of rows.

As follows is the important property for the mADBCD method.

Proposition 3.1. From any initial vector x(9), the iterative sequence {x(k)}?;o generated by
the mADBCD method is well-defined.

Proof. For any x(9 = x(1) ¢ R*, |AT (b — Ax™)||y either equals zero or not. If
IAT (b — AxW)[|2 =0,

the sequence contains only x(9 and x(*). When [|AT (b — Ax(M)||5 # 0, it is easy to show that
the set 71 defined by (3.1) is non-empty. To demonstrate the existence of x? as defined in
(3.3), we just need to show that ||An;||2 # 0. Assuming ||An]2 = 0, then An; = 0 and

ms =n AT(b— AxM) = (Am) " (b — AxM) =0. (3-4)

However, according to (3.1) and (3.2), it follows that

2 1
msV =" |(sW);, " = Il Is™1I3 > o, (3.5)

J1ET1

which generates a contradiction to (3.4), thus this shows the existence of x(2).
Suppose x(¥) (k > 2) has been computed by the mADBCD method, then we can repeat the
above derivation process by using 7, and x(®) to replace 7; and x(!), respectively. Thus, when

Is™2 = AT (b — Ax")|2 = 0,

i.e. iterations stop and the sequence generated by the mADBCD method is {x(o), xW o xk) }.
On the other hand, if ||[AT(b — Ax®)||5 # 0, (3.4) and (3.5) still remain true after n;,x*)
and 71 are replaced by 1, x®) and 73, respectively, which means that the same contradictions
will still occur. This can introduce ||Ang|l2 # 0, and thus we can show the existence of x(®*1)
in the same way as above. It follows by induction that the iterative sequence {x}x>¢ generated
by the mADBCD method exists. O

The error estimate of the mADBCD method is characterized in the following theorem.

Theorem 3.1. Consider the large linear least-squares problem mingegn||b — Ax|l2, where

A € R™*™ (m > n) is of full column rank and b € R™ is a given vector. Suppose that
the following expressions:

7|0 in (A)

1=1+33+28%— (38 +1)——mnr

! B o ()

satisfy y1 +v2 < 1. Then the iteration sequence {x(k)},;”;o, generated by the mADBCD method

starting from any initial guess x(9), exists and converges to the unique least-squares solution

X, = ATb, with the error estimate

Yo =2B%+

™ — s fqra < ¢° 1+ ) [x — xR, (3.6)

where ¢ = (y1 + /7% +472)/2 and 7 = q — 1. Moreover, v + 2 < ¢ < 1.
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Proof. Based on the property (Proposition 3.1), it can be deduced that the iterative se-
quence {x®} ;¢ indeed exists. For certain values of 0 < k < oo, when [[AT (b — Ax(®)]||; =
0, {X(k)} k>0 is simply a sequence containing only a finite number of elements, in which case the
iteration terminates with x(*) = x,. If, for any k& > 0, it holds that ||[AT (b — Ax®))|y # 0,
then we will prove that the sequence {X(k)}zozo converges to X,.

For k > 0, set

Angn, AT
Pp=—F1—""5
(| Ank |3
it is easy to prove that Py satisfies Py = P,;'— and Pi = Pj. According to the definition of Py
and ATAx, = ATb, it holds that
Ts(k) T(ATb — ATAx(k)
77; QAUk:nk( e )Aﬁk:
[ A I3 | A1
ny AT(Ax, — AxM) Al AT (Ax, — Ax(®))
= A 2 Ank = A 2
[ A I3 | A1

P (AP —x.). (3.7)

ny (AT Ax, — AT Ax()
[ An|3

Ang

Then we can deduce that
[T — x, A7 a = AR — x5
= HA(x(k) —x,) — Py (A(x(k) —x,)) + BAx™ — x(kfl))Hz

= (@ -P) (AP —x,)) + BARP —xE=1)y|2
= @ =P (AD —x,)) |5 + B2 A" —xE1))3

+ 26<(I — Pk)(A(x(k) — X*)) , A(x(k) — x(k_l))>
=@ - Pu) (AP —x) |2 + 82| A(x®) —x*E=D)|2

+28(AM —x,), A(x®) —xF=D)y)

—2B8(Ps (A(X(k) - x*)),A(x(k) - x(kfl))>. (3.8)

We now carefully analyze each term on the right-hand side of the last equation in (3.8). By
using P, = P} and P? = Py, the first term satisfies

- Po)(A® -x)];
={1-Pr)(AY —x,)), I Pp)(Ax" —x,)))
— (AW —x,)) T=P) T -Py)(AH® —x,))
= (AN = x,)) 1P (A - x,))
= (A" —x)) (AP - x.)) = (A = x.), Pr (AP - x.))
= [AY —x)[5 - (A" = x), Pr (AP - x,))). (3.9)
Then, by

<A(x(k) — X4), Py (A(X(k) — X*))> = (A(X(k) — x*))TPk (A(X(k) — x*))
= (A(x(k) — X*))TPi (A(x(k) — X*)) = (A(X(k) — x*))TP;C'—P;€ (A(x(k) — X*))
= <PkA(x(k) — x*),PkA(x(k) — X*)> = HP;€ (A(x(k) — X*))’ 2

27

(3.10)



8 L.Z. TAN, M.Y. DENG, J.L. QIU AND X.P. GUO
and (3.9), it yields

|- PO A —x)) 2 = IAGH —x )~ [PrAG® —x)[} @)
For the second term, by Cauchy’s inequality we can deduce that

FAD —xED)E = gAY —x.) + Alx, — x5
= BIAY x5 +268° (A" —x0), Al —xFY)) +AETY —x,)3
< BAY — x5+ 287 A" —x)IBIAEETY —x)I + B2 A" —x)|3
< 267 |AGx™ = x| + 287 | A Y — x5 (3.12)

The third term can be rewritten as

2B(A(x™ —x,), A(x®) — x+1))
— ﬂ(A(x(k) -x,), A" — X(k—l))> + ﬂ<A(x(k) —x,), Ax® X(k71>)>
= B(Ax® —x,), Ax®) —x, +x, —x*1))
+ ﬂ<A(X(k) —x®D =Dy A(x®) — X(k71))>
— ﬂ(||A(x(k) —x)|2 + ||A(X(k) _ X(k71))||§ _ ”A(X(kq) B X*)||§)- (3.13)

For the last term, by (3.11) and the inequality |[a+b]|3 < 2|/al|3+ 2||b]|3, we have the following
estimate:

—28(P (Ax™® —x,)), A(x®) — x(*E=1))
- 5(HA(X(1€) —x=D) _ P (AP —x,)|?
[ AG® = xFD) 3~ [P (A - x.))];)
= B PO (AY —x)) ~ A - x|
A =< — [Pr(A® - x.))
B2 @ =P (A® —x) [ + 2 A = )3
— A —xE)3 — [Pr(AD ~x.)|3)
= B(21A® — )3 - 3[Pe(AS —x)];

+2 AP — x5 — A"~ X(kfl))llg)- (3.14)
Replacing (3.11)-(3.14) into (3.8), we obtain the following inequality:

D =3 a < (U436 +267) [ AP —x)|3
+ 28 + B A*D — x5
~ 38+ D||PL (A" —x)3, (3.15)

We now establish inequality relationship between || Py (A(x*) —x,))||3 and ||A(x®) —x,)||3
by detailed derivation. Let Ej € R™*I7| denote a matrix whose columns in turn consist of all
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vectors ej, € R™ with ji € 7%, then A, = AE; and E/ E; = I, where I, | € RITs X7l ig

the identity matrix. Denote by 7x = E} 1, we can get

1712 = | EL me|s = wk)T(E;Uk) = nl;rEkEank
=ik = ||77k||2 > (s
JkETK

On the one hand, based on Lemma 2.1, we can deduce

A7 N3 = (Ary i) " (Ary i) = ¢ A Ar il < O (Ar,) 1k ]I3.

While on the other hand, we have
" " " T
||A7'knk||§ = U;A;Amnk = (Egnk) A;ATkEan
T
= (Einx) ELATAEE]n;
T

= (ExE{m) ATA(E:E; ne)

=g AT Ay, = || A 3.
Hence, based on Egs. (3.17) and (3.18), we can derive the following inequality:

[ADK13 < T (A7 13-

From the definition of n in (3.2) as well as (3.16), it yields that

s ( > <s<k>>jkej1)s“” SIS

JkETK JkETE
k 2 ~
= > 16" )] = lmell3 = llxll3.
JkETE

It can be inferred from Lemma 2.1 that
Is™j3 = HAT(b — AxM)[3 = AT A(x, —x*)|3
2in(ADAR —x,)|3

\/

— mm

= omin(A T A)JAXY — x| = ofn (A)[AY - x5

According to (3.21) and the definition of the set 75, in (3.1), it holds that

ell3 =0l s® = 37 |s™),,]?

JkETE
(k)12 X ATA
S Jmln
> |Tk|—” ks |Tk|7(n JjAax® —x)l3

A" —x)|3.
Therefore, from Egs. (3.19), (3.20) and (3.22), we have

IPr(AGH — )],

2 ~
_ s mes™] 1113
| Anr|l3 | Anl3

Il IreloZaA)  x o o
> min A\ —x)l5.
(A  non (A A Iz

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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By substituting (3.23) into (3.15), the following error estimation equation:

[x®T) —x, |34 < (1438 + 28 |AY —x,)[13 + (287 + B)|Ax*D —x,)|3

~ @8+ DPe(A"Y —x)|;

< (198420 - (394 2L gt

+ (267 + B A" — x|
= nlAE" = x5 + vl AT = x5
= nlx® —xZra +72lx*TY —xdia (3.24)
can be derived. For any nonzero vector «f € RI™ it follows that
E)TATAEL) ETEJATAELE
(Bxd)T(Bkf)  TE[EkC

02, (A) = omin(ATA) < (

_ ETA Tkg
£Té
Accordingly, (|7|02,,(A))/(no?,.(A+,)) € [0,1] holds, which makes v; > 0. Let

Omax (A‘f—'rkA"'k) = 0-12nax(ATk)' (325)

FO =[x =, |37,
then (3.14) can be written as
FHD <~ ) 4y plR=1)

The admissible range of S ensures 72 > 0. If 99 = 0, then § = 0 and ¢ = «; > 0. Since
v1+72 < 1 by assumption, the conditions of Lemma 2.2 are satisfied. Consequently, Lemma 2.2
guarantees the error bound (3.6) and the convergence of the mADBCD iterates {x(®)}%°
to x,. The proof is complete. O

Remark 3.2. Next, we discuss the existence of 8 > 0 in Theorem 3.1 to ensure that the crucial
condition 1 4+ v < 1 holds. Let

mln(A)
Az’

then 71 + 72 < 1 can be equivalently rewritten as the quadratic inequality

_mkle

0

48% + (4 — 3a)B — oy, < 0.
We analyze the roots of the corresponding quadratic equation
4B% + (4 — 3ay)B — ay = 0.

By the quadratic formula, the roots are

—(4—3a) £ VA

B= s ,

where the discriminant is
Ay = (4 - 3az)? + 160y = 907 — 8oy, + 16.

We evaluate Ay at the boundary points and critical point:
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L] AtOszO, Akilﬁ
o Atap=1,A,=9(1)2-8(1) +16 = 17.

e Finding the critical point, we differentiate

d

o (90 — 8ay 4 16) = 18ay, — 8.

Setting it to zero gives

4
18a, —8=0 = =3

4\ 2 4
Ak9<§> 8<§>+16.

144 288 12
144 288 1296 1152 oo
81 81 ' 8l 81

Evaluating Ay at ag = 4/9,

Computing,
Ap =
Thus, the range of Ay is approximately

14.22 < A < 17.

Since Ag > 0 for all ay € [0, 1], the quadratic equation always has two real roots. Among the
two roots, the nonnegative root is given by

(4 —3ag) + VA
< .

Br=—
It is easy to see that 81 > 0, which confirms the existence of § > 0 such that v; + 2 < 1 holds.

Remark 3.3. When 3 = 0, basis on (3.24) it can be easily deduced that

) Ix® — 2 4.

Theorem 3.1 establishes that the upper bound on the convergence rate of the mADBCD method

_ Imeloin(A)

min

max (ATk )

k+1 2
HX( +1) *X*”ATA < <1 o2

depends on the momentum parameter 5, the minimum singular value of the system matrix in
the linear least-squares problem (1.1), and the maximum singular value of the selected column
submatrix. It is important to note, however, that this bound may be conservative, and in
practice, the mADBCD method often converges significantly faster than the theoretical estimate
suggests.

4. Numerical Experiments

In this section, we present a series of numerical experiments to demonstrate the superior
performance of the proposed mADBCD method, in comparison with several recently developed
block coordinate descent algorithms — including GBGS [14], MRBGS [16], and FBCD [4] — as
well as the classical method LSQR [22]. The performance of these methods is evaluated in
terms of the average number of iterations (denoted by “IT”) and average CPU time in seconds
(denoted by “CPU”). Each method is executed 10 times, and both IT and CPU represent the
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arithmetic means of the corresponding results. All experiments are conducted on a Windows 10
machine with an Intel(R) Core(TM) i7-10510U processor (1.83 GHz) and 16 GB RAM, using
MATLAB R2020b with machine precision 107'6. In this experiment, we consider solving the
following four different linear least-squares problems.

Example 4.1. Linear least-squares problems with their coefficient matrices being twenty dense
matrices generated by using the MATLAB function randn(m,n) and the right-hand side vec-
tors b being set as b = Ax,, where the solution x, is randomly generated by the function
randn(n, 1).

Example 4.2. Linear least-squares problems with their coefficient matrices being twenty spar-
se matrices from the Florida sparse matrix collection [5] with their dimensions, densities and
condition numbers listed in Table 4.5 and the right-hand side vectors b being set as Example 4.1.

Example 4.3. Image reconstruction problems from the 2D seismic travel-time tomography by
using the function seismictomo(N, s, p) in the MATLAB AIR Tools package [9] with N = 50,
s = 80 and p = 120. That means a sparse matrix with 9600 rows and 2500 columns is generated.
The right-hand side vectors b are set as b = Ax, with the true solutions x, shown as images
in Fig. 4.17 (top left).

Example 4.4. The Shepp-Logan medical model problems generated by function fancurved-
tomo(N, 0, P) in the MATLAB package AIR Tools II [9] with N = 50,6 = 0 : 1 : 300° and
P = 50, which generate a sparse matrix with 15050 rows and 2500 columns. A corresponding
true solution x, is shown as images in Fig. 4.18 (top left) and b = Ax,.

0)

All methods start with an initial vector x(©) = 0. The termination criterion for Examples 4.1

and 4.2 is that the relative solution error (RSE) at the approximate solution x(*) satisfies

[x® —x, 13

_ (—6)
RSE = TR <107, (4.1)
while for the examples of image reconstruction (Examples 4.3 and 4.4), it is based on the CPU
time reaching 180 seconds.

Both the GBGS and MRBGS methods require computing the product Az, Tr(*), where
r®) = b—Ax(® and AT is the Moore-Penrose pseudoinverse of A7y,. To reduce computational
cost, we use the MATLAB function 1sqminnorm(A7y, r®)) rather than computing pinv(A,, )
explicitly and then multiplying it by r*). For the MRBGS method, the block index set is
defined as

o= {1 [ 16®)5, * = 0.3 max |(s*),[*},

1<j<n
as in the numerical setup of [16]. The parameter 6 in the GBGS method is set according
to [14]. In our experiments, we observed that the mADBCD method tends to diverge when the
momentum parameter 3 exceeds 0.9. Therefore, all implementations use /3 € [0,0.9].

We compare the numerical performances of the GBGS, MRBGS, FBCD and mADBCD
methods on Examples 4.1-4.4, see Tables 4.1-4.4 and 4.6-4.9. To better compare the convergence
speeds of these four methods conveniently, we also present the speed-up of the mADBCD
method against the other methods, defined by

CPU of Method
CPU of mADBCD"

speed-up-Method =
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Figs. 4.1-4.5 illustrate the effect of the momentum parameter g on the iteration count and
CPU time of the mADBCD method. When the row-to-column ratio m/n > 5 (Figs. 4.1-4.2),
the method shows low sensitivity to 5 for § < 0.5, with the optimal value typically lying in
[0,0.3], as also supported by Tables 4.1-4.2. However, for § € [0.55,0.9], both metrics increase
with 8. In contrast, when m/n < 0.5 (Figs. 4.3-4.5), the performance becomes more sensitive
to 8. In this regime, increasing f first improves and then degrades the efficiency of the method.

The best results are observed for 5 € [0.5,0.65], as confirmed by Tables 4.3-4.4.
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4.1. Pictures of 3 versus IT (left) and CPU (right) for mADBCD when A=randn(7500, 750).
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Fig. 4.2. Pictures of 3 versus IT (left) and CPU (right) for mADBCD when A= randn(7500, 1500).
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Fig. 4.3. Pictures of 3 versus IT (left) and CPU (right) for mADBCD when A =randn(6000, 3000).
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Fig. 4.4. Pictures of 3 versus IT (left) and CPU (right) for mADBCD when A= randn(8000, 5000).
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Fig. 4.5. Pictures of 8 versus IT (left) and CPU (right) for mADBCD when A=randn(21000, 12500).

Table 4.1: IT and CPU of GBGS, MRBGS, FBCD and mADBCD for different A=randn(m,n).

m 3500 4500 5500 6500 7500
n 350 450 550 650 750
1T 47 51 49 54 52
GBGS CPU | 0.0896 | 0.1476 | 0.2191 | 0.5432 | 0.6154
1T 20 22 22 22 22
MRBGS CPU | 0.0614 | 0.1297 | 0.1909 | 0.3065 | 0.4079
1T 48 53 53 53 52
FBCD CPU | 0.0275 | 0.0742 | 0.1189 | 0.1901 | 0.3318
8 0.10 0.20 0.10 0.15 0.15
mADBCD 1T 12 13 12 12 12
CPU | 0.0055 | 0.0163 | 0.0246 | 0.0351 | 0.0486
speed-up-GBGS 16.29 9.06 8.91 15.47 12.66
speed-up-MRBGS 11.16 7.96 7.76 8.73 8.39
speed-up_FBCD 5.00 4.55 4.83 5.42 6.83

Tables 4.1-4.4 show that all four block iterative methods — GBGS, MRBGS, FBCD, and
mADBCD - successfully converge on the 20 tested least-squares problems. Among them, the
mADBCD method achieves the best overall performance in both iteration count and CPU
time when the momentum parameter [ is properly chosen. The FBCD method consistently
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Table 4.2: IT and CPU of GBGS, MRBGS, FBCD and mADBCD for different A=randn(m,n).

m 3500 4500 5500 6500 7500
n 700 900 1100 1300 1500
1T 84 89 99 94 99
GBGS CPU 0.4387 0.5182 1.2411 2.2123 3.3781
1T 32 34 36 35 37
MRB
RBGS CPU 0.3575 0.4770 0.7900 1.9296 2.6369
1T 85 96 97 95 100
FBCD
© CPU 0.1582 0.3426 0.5269 1.0664 1.3669
8 0.25 0.25 0.25 0.30 0.25
mADBCD 1T 16 16 16 16 16
CPU 0.0256 0.0480 0.0744 0.1042 0.1436
speed-up-GBGS 17.14 10.78 16.68 21.23 23.52
speed-up-MRBGS 13.96 9.94 10.62 18.52 18.36
speed-up_-FBCD 6.18 7.14 7.08 10.23 9.52

Table 4.3: IT and CPU of GBGS, MRBGS, FBCD and mADBCD for different A=randn(m,n).

m 4000 5000 6000 7000 8000
n 1000 2000 3000 4000 5000
GBGS IT 112 283 508 768 1164
CPU 0.5404 5.6765 12.4093 59.3751 141.3525
1T 42 78 129 190 277
MRBGS CPU 0.4224 3.6299 23.7199 100.0796 277.5756
FBCD IT 122 285 505 783 1166
CPU 0.3635 2.2697 7.4719 36.4584 79.3965
B 0.30 0.45 0.55 0.65 0.65
mADBCD 1T 18 27 37 47 59
CPU 0.0516 0.2069 0.5545 1.0630 1.9208
speed-up-GBGS 10.47 27.44 22.38 55.86 73.59
speed-up-MRBGS 8.19 17.54 42.78 94.15 144.51
speed-up_FBCD 7.04 10.97 13.48 34.30 41.34

Table 4.4: IT and CPU of GBGS, MRBGS, FBCD and mADBCD for different A=randn(m,n).

m 10000 13000 16000 19000 21000
n 5000 6500 8500 10500 12500
GBGS IT 554 597 738 835 1110
CPU | 71.5051 163.6368 | 265.7505 | 403.0384 1045.7000
1T 142 153 180 198 255
MRBGS CPU | 140.5002 | 358.1978 | 608.0710 | 1083.0000 | 2409.0000
FBCD 1T 552 613 756 852 1103
CPU | 28.5252 83.6194 154.0855 | 213.7058 437.9306
153 0.50 0.55 0.60 0.50 0.65
mADBCD 1T 37 37 41 44 52
CPU | 1.6140 2.6188 5.0988 7.5382 12.7072
speed-up-GBGS 44.30 62.49 52.12 53.47 82.29
speed-up-MRBGS 87.05 136.78 119.26 143.67 189.58
speed-up_FBCD 17.67 31.93 30.22 28.35 34.46
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outperforms GBGS and MRBGS in convergence speed. Moreover, when m/n < 0.5, GBGS
outperforms MRBGS (see Tables 4.3 and 4.4). The speed-up ranges relative to mADBCD
for GBGS, MRBGS, and FBCD lie in [8.91,82.29], [7.76, 189.58], and [4.55, 34.46], respectively.
These results further confirm that mADBCD delivers the best numerical performance among
the four methods, followed by FBCD.

Figs. 4.6-4.7 report the relative solution error (RSE) versus iteration count (left) and CPU
time (right) for GBGS, MRBGS, FBCD, LSQR, and mADBCD on dense least-squares problems.
Among these methods, LSQR exhibits the fastest convergence, achieving both the fewest itera-
tions and the lowest CPU time under the termination criterion (4.1). The proposed mADBCD
method performs slightly behind LSQR. In contrast, for highly sparse problems (Figs. 4.13-
4.16), while LSQR still requires the fewest iterations, the CPU time of mADBCD is nearly
comparable, underscoring its practical efficiency in sparse regimes.

Figs. 4.8-4.12 demonstrate that the momentum parameter § has a substantial influence
on the performance of the mADBCD method when solving sparse least-squares problems in
Example 4.2. A well-chosen 3 can significantly accelerate convergence and improve overall
efficiency. Tables 4.6-4.9 indicate that the mADBCD method delivers the most competitive
numerical performance, followed by FBCD, with GBGS being the least effective. Although
GBGS and MRBGS require fewer iterations than FBCD, FBCD is more efficient in terms of

T
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- mADBCD

- LSQR

Shibo

200 300 400 500 600 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
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Fig. 4.6. RSE versus IT (left) and CPU (right) of GBGS, MRBGS, FBCD, LSQR and mADBCD for
coefficient matrix A=randn(6000, 3000).
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Fig. 4.7. RSE versus IT (left) and CPU (right) of GBGS, MRBGS, FBCD, LSQR and mADBCD for
coefficient matrix A=randn(16000, 8500).
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Table 4.5: Information of the matrices from Florida space matrix collection.

Name ash958 abtahal abtaha2 ash608 WorldCities
mXn 958 x 292 14596 x 209 37932 x 331 608 x 188 315 x 100
density | 0.68% 1.68% 1.09% 1.06% 23.87%
cond(A) | 3.20 12.23 12.22 3.37 66.00
Name well1033 well1850 rail516 rail582 r05
mxn 1033 x 320 1850 x 712 516 x 47827 582 x 56097 | 5190 x 9690
density 1.43% 0.66% 1.28% 1.28% 1.23%
cond(A) | 166.13 11.13 143.89 185.91 121.82
Name cage8 cage9 cagelO nemsafm 1p22
mXn 1015 x 1015 | 5226 x 14721 | 11397 x 11397 | 334 x 2348 2958 x 16392
density 1.07% 0.33% 0.16% 0.36% 0.14%
cond(A) | 11.41 12.60 11.02 4.77 25.78
Name modell model8 nemscem P05 pgp2
mxn 362 x 798 2896 x 6464 651 x 1712 5090 x 9590 | 4034 x 13254
density | 1.05% 0.14% 0.31% 0.12% 0.14%
cond(A) | 17.57 53.63 44.63 85.37 31.95
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Fig. 4.11. Pictures of 3 versus IT (left) and CPU (right) for mADBCD when A is rail516" .

Table 4.6: Numerical results of GBGS, MRBGS, FBCD and mADBCD for Florida sparse matrix

collection.
Name ash958 abtahal abtaha2 ash608 WorldCities
GBGS 1T 53 771 1277 47 1448
CPU | 0.0078 1.6182 5.8035 0.0049 0.4238
1T 24 345 498 23 1338
MRBGS CPU | 0.0060 1.3409 5.6426 0.0029 0.4141
FBCD 1T 69 450 1245 63 2078
CPU | 0.0022 0.0699 0.9450 0.0013 0.0536
154 0.30 0.35 0.65 0.30 0.75
mADBCD 1T 17 116 149 19 558
CPU | 0.0005 0.0196 0.0540 0.0005 0.0127
speed-up-GBGS 15.60 82.56 107.47 9.80 33.37
speed-up-MRBGS 12.00 68.41 104.49 5.80 32.61
speed-up_FBCD 4.40 3.57 17.50 2.60 4.22

CPU time. The speed-up ranges of GBGS, MRBGS, and FBCD relative to mADBCD lie in

[9.80, 668.03], [5.80, 546.07], and [2.60, 81.86].

For the image reconstruction problems in Examples 4.3 and 4.4, the GBGS, MRBGS, FBCD,
and mADBCD methods are run for 180 seconds, with results shown in Figs. 4.17 and 4.18,
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Fig. 4.12. Pictures of 8 versus IT (left) and CPU (right) for mADBCD when A is cage9.

Table 4.7: Numerical results of GBGS, MRBGS, FBCD and mADBCD for Florida sparse matrix

collection.

Name well1033 | well1850 | rail5167 | rail582" r05 "
CBAS IT 73057 113952 | 62672 101317 19922
CPU | 8.2718 32.5437 | 434.3091 | 716.4277 | 39.4501
MRBGS IT 50625 22714 27246 96403 4921
CPU | 5.9303 12.2070 | 362.0436 | 1164.4000 | 17.6058
FRCD IT 103731 142306 | 94850 165856 52648
CPU | 1.7977 4.2263 124.6174 | 219.4461 | 21.1645
8 0.90 0.85 0.90 0.90 0.90
mADBCD IT 6927 2334 12990 19866 2387
CPU | 0.1039 0.0624 13.5245 | 24.7864 0.7799
speed-up-GBGS 79.61 521.53 32.11 28.90 50.58
speed-up_.MRBGS 57.08 195.63 26.77 46.98 22.57
speed-up_FBCD 17.30 67.73 9.21 8.85 27.14

Table 4.8: Numerical results of GBGS, MRBGS, FBCD and mADBCD for Florida sparse matrix

collection.
Name cage8 cage9 cagel0 | nemsafm’ Ip22"
IT 109 227 145 73 19922
GBGS
CPU | 0.0445 | 0.3244 | 1.7932 0.0191 39.4501
IT 1 41 4921
MRBGS 6 97 53 9
CPU | 0.0496 | 0.2945 | 1.7576 0.0086 17.6058
IT 2 42 2 132 264
FBCD 80 5 50 3 52648
CPU | 0.0101 | 0.0550 | 0.1599 0.0026 21.1645
B 0.55 0.60 0.45 0.45 0.05
mADBCD IT 83 67 52 31 6028
CPU | 0.0026 | 0.0088 | 0.0238 0.0005 1.2944
speed-up_-GBGS 17.11 36.86 75.34 38.20 47.39
speed-up-MRBGS 19.08 33.47 73.85 17.20 45.54
speed-up_-FBCD 3.88 6.25 6.72 5.20 11.21
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Fig. 4.13. RSE versus IT (left) and CPU (right) of GBGS, MRBGS, FBCD, LSQR and mADBCD for
coefficient matrix abtahal.
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Fig. 4.14. RSE versus IT (left) and CPU (right) of GBGS, MRBGS, FBCD, LSQR and mADBCD for
coefficient matrix abtaha2.

Table 4.9: Numerical results of GBGS, MRBGS, FBCD and mADBCD for Florida sparse matrix
collection.

Name modell” | model8" | nemscem ' p05 " pep2 "
GBGS IT 485 49551 1090 16581 1894
CPU | 0.0701 41.7820 0.2240 34.9072 | 36.2071
1T 177 8214 519 4685 989
MRBGS
CPU | 0.0417 12.7197 0.1398 21.3427 | 29.5970
1T 776 60880 2705 48300 2512
FBCD
CPU | 0.0195 5.9184 0.0513 18.4968 | 0.5408
I3 0.80 0.90 0.80 0.90 0.80
mADBCD 1T 118 832 620 1354 388
CPU | 0.0013 0.0723 0.0089 0.3384 0.0542
speed-up-GBGS 53.92 577.90 25.17 103.15 668.03
speed-up-MRBGS 32.08 175.93 15.71 63.07 546.07
speed-up_FBCD 15.00 81.86 5.76 54.66 9.98
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Fig. 4.15. RSE versus IT (left) and CPU (right) of GBGS, MRBGS, FBCD, LSQR and mADBCD for
coefficient matrix cage9.
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Fig. 4.16. RSE versus IT (left) and CPU (right) of GBGS, MRBGS, FBCD, LSQR and mADBCD for
coefficient matrix cagelO.
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Fig. 4.17. Performance of GBGS, MRBGS, FBCD and mADBCD methods for seismictomo(n = 50,
s =80, p = 120) test problem.
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Fig. 4.18. Performance of GBGS, MRBGS, FBCD and mADBCD methods for fanlineartomo(N =50,
6 =0:1:300°, P = 50) test problem.

respectively. As observed, mADBCD achieves the highest reconstruction quality within the
same CPU time, followed by FBCD, while GBGS performs the worst.

5. Conclusion

In this paper, we propose an adaptive block coordinate descent method with momentum
for solving linear least-squares problems. Similar to GBGS, MRBGS, and FBCD [4,14,15], the
proposed mADBCD method updates all selected coordinates simultaneously in each iteration,
in contrast to RCD, GRCD, and RGRCD [2,13,29], which update only a single coordinate
at a time. A notable advantage of mADBCD lies in the simplicity of its iteration scheme:
the update follows a momentum-augmented block coordinate descent strategy that involves
only basic matrix-vector operations, resulting in a clear computational structure and ease of
implementation. This feature clearly distinguishes mADBCD from the LSQR method, whose
iteration scheme is designed based on a bidiagonalization process and involves operations such
as subspace projections.

Under the full column-rank assumption, we establish the convergence of mADBCD to the
unique solution, and show that the convergence rate depends on the minimum singular value of
the full matrix, the maximum singular value of the selected submatrices, and the momentum
parameter 5. Numerical experiments demonstrate that mADBCD outperforms existing block
methods in terms of efficiency. In particular, for highly sparse problems, the CPU time of
mADBCD is nearly comparable to that of LSQR. This result suggests the potential of block co-
ordinate descent methods, such as mADBCD, to surpass LSQR in solving sparse least-squares
problems. Moreover, the experiments reveal that the performance of mADBCD is sensitive to
the choice of the momentum parameter 8. According to Theorem 3.1, the optimal selection of
(5 depends intricately on the properties of the matrix and the sampling strategy, making it the-
oretically challenging to determine an optimal range. Therefore, developing adaptive strategies
for selecting effective momentum parameters remains a promising direction for future research.
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