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Abstract

In this paper, two O(h2)—accurate conservative finite element schemes with low-degree
polynomials for the incompressible Stokes equations are presented. The schemes use re-
spective H(div) finite element spaces, namely the third-order Brezzi-Douglas-Marini space
and Brezzi-Douglas-Fortin-Marini space, with enhanced smoothness for the velocity and
piecewise quadratic polynomials for the pressure, and are denoted as sBDMs3 — Py and
sBDFMs — P2 schemes, respectively. The discrete Korn inequality holds for both sBDM3
and sBDFM3 finite element spaces. For the sSBDM3 — P2 scheme, the inf-sup condition holds
on general triangulations, and for the sSBDFM3 — P2 scheme, the inf-sup condition holds on
triangulations with mild restriction. Both schemes achieve an energy norm of velocity errors
of O(h?) order and an L*-norm of pressure errors of O(h?) order. Numerical experiments
support the theoretical constructions.

Mathematics subject classification: 66N12, 66N30, 76D05.
Key words: Stokes equations, Strictly conservative finite element, Low-degree, O(h?)-accu-
rate, inf-sup stability.

1. Introduction

The incompressible Stokes problem is a fundamental model problem. Its divergence con-
straint dive = 0 represents the incompressibility of the fluid, or equivalently the conservation of
mass, and separates the velocity independently from pressure. If a stable finite element scheme is
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pressure-robust or conservative, i.e., it strictly maintains the divergence constraint and inherits
mass conservation, then the approximation of the velocity can be independent of the pressure
as exhibited in the continuous equations, and the method does not suffer from the locking effect
with respect to a high Reynolds number [3]. The strict conservation is also of crucial impor-
tance in, e.g., the nonlinear mechanics [1,2] and the magnetohydrodynamics [11-13]. Designing
conservative schemes has attracted much research interest.

Many approaches have been developed to construct conservative schemes. Following [14],
they can roughly be divided into three categories: mixed Galerkin schemes constructed by the
de Rham complex [6,10], H (div)-conforming schemes [5,9,15,22,24,25,27], and indirect methods
including the grad-div stablization [7,8] and appropriate reconstructions of test functions [16,17]
and so on. Conservative schemes of O(h)-accuracy have been well studied in [9,19,22,27] where
cubic or higher-degree polynomials are adopted for velocity approximation. Recently, [18,29]
presented H (div)-conforming finite element pairs which are stable and conservative on general
triangulations. All the pairs of [18,29] fall into the second category (H (div)-conforming schemes).
Though, different from the known methods(e.g., [9,22,27]) whose idea is to add some bubble
functions to a simple H (div)-conforming space to enhance weak tangential continuity, the tactic
in [18,29] is to impose weak tangential continuity upon the well-known Brezzi-Douglas-Marini
(BDM) and Brezzi-Douglas-Fortin-Marini (BDFM) finite element spaces. Some low-degree finite
element pairs are given in [18,29], and particularly, a P'™ —Pg scheme given in [18], which adopts
a slightly enriched piecewise linear polynomial space for the velocity, is demonstrated to be of
the theoretically lowest-degree on general triangulations.

In this paper, we present two stable and conservative schemes of O(h?)-accuracy with low-
degree polynomials locally. The construction of high-order and low-degree schemes pursues
a high balance between computational accuracy and efficiency. Some O(h?)-accurate conservative
schemes have been studied in, e.g., [9,10,27], where the polynomials with fourth and higher
degrees are adopted. Lower-degree O(h?)-accurate conservative schemes can be found in [20],
but an essentially restrictive assumption is needed for the triangulation. Motivated by [18,29],
in this paper, we construct so-called sSBDM3 and sBDFMg3 spaces by enhancing the third order
BDM and BDFM finite element spaces with weak tangential continuity to obtain new H (div)-
conforming spaces. The discrete Korn inequality holds for both sBDM3 and sBDFMj3 finite
element spaces. The sBDMj — Py and sBDFM3 — Py schemes achieve an O(h?) convergence
order in the energy norm, and as far as we know, they are of the lowest-degree among the O(h?)-
accurate schemes up to date on general triangulations and on mildly restricted triangulations
respectively. The main technical ingredients of this article are inf-sup conditions established for
the two finite element space pairs. We adopt Stenberg’s macroelement technique to show both of
them. Particularly, the inf-sup condition holds for sBDM3 — P, scheme on general triangulations,
and for sSBDFM3 — P5 scheme on triangulations under some restrictions, which are mild and can
be satisfied by, e.g., the frequently used well-centered grids [23]. Numerical experiments verify the
theoretical results. Further, it can be observed that the stability of the sSBDFM3 — Py scheme
seems not sensitive to the triangulation, and, for Stokes eigenvalue problems, the computed
eigenvalues may tend to the exact ones monotonously when the mesh is fine enough.

The remainder of the paper is organized as follows. Section 2 consists of fundamental nota-
tions, the basic theory of the Stokes equations and a review of Stenberg’s macroelement technique.
Section 3 contains the main results of this paper, including two novel finite element schemes, the
sBDM3; — Py and the sBDFM3 — Py, their corresponding theoretical construction, and numeri-
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cal performance. For the readers’ ease, we postpone the technical proofs of Lemmas 3.1 and 3.3
to Sections 4 and 5 respectively, and the readers will not be involved into details in Section 3.
Appendix A exhibits more detailed proofs of certain lemmas in Sections 4 and 5.

2. Preliminary

2.1. Notations

In this paper, we use € to denote a simply connected polygonal domain. We use H!(2),
H} (), H%(Q), H (div, Q) and L*(Q) to denote certain Sobolev spaces, and denote

L3(Q) := {wELQ(Q):/ﬂwdxzo}.

We use a letter in boldface to denote a vector-valued function or function space. Particularly,
H}(Q) := (H}(Q))2. The gradient and divergence operators are denoted by V and div respec-
tively. Let 75, be a shape-regular triangular subdivision of  such that Q = U7, T. We use the
subscript “ -, ” to denote the dependence on triangulation. In particular, an operator with the

subscript “-p
the mesh-dependent H '-norm

indicates that the operation is performed cell by cell. In addition, || - ||1,, denotes

%,h = Z H’U”%T

TETh

[v]

A generic constant C' throughout this paper depends on the domain, and when triangulation is
involved, it also depends on the shape regularity of the triangulation, but not on h or any other
mesh parameter.

Denote X, X7, X,i’, En, €} and 5}; as the set of vertices, interior vertices, boundary vertices,
edges, interior edges, and boundary edges, respectively. For any edge e € &, denote n. and t.
as the globally defined unit normal and tangential vectors of e, respectively. The subscript -,
can be dropped when there is no ambiguity. In addition, 7 denotes the arc length along e.

On the triangle T with vertices {a1, a2, a3} and edges {e1, e2, e3}, we denote local unit outward
normal vectors by {n1, n2, ng} and local unit tangential vectors {¢1, 2, t3} such that n;x¢,>0,
i € {1,2,3}; see Fig. 2.1 for an illustration. In addition {1, A2, A3} are the barycentric coor-
dinates with respect to the three vertexes of T. And {l1,l2,l3} are the lengths of {e1,es,e3}.

ai

Fig. 2.1. A triangle.
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Also, we denote the area of T' as Sp, and we drop the subscript when no ambiguity exists.
Specifically, St, shall be written as S;. Moreover, we use P (T) and Py(e) respectively to denote
the set of polynomials on the 7" and e of degrees not higher than k. Also, Py(T) := (Px(T))?,
Pk(e) = (Pk(e))Q

Let hr and pr be the circumradius and inradius of T', respectively. Let h := maxyeT;, hr be
the mesh size of Tj,.

Assumption 2.1. We assume that 7, is a family of regular subdivisions, that is,

hr
max — < 7o,
T€Th pT

where 7 is a generic constant independent of h.

Assumption 2.2. Every boundary vertex is connected to at least one interior vertex.

2.2. Model problem

The incompressible Stokes problem is

—?2Au+Vp=f in Q,
divu =0 in Q, (2.1)
u=0 on 0.

Here, u is the velocity field, p is the pressure field of the incompressible flow, and £2 is the
inverse of the Reynolds number, which can be small. The variational formulation is to find
(u,p) € H(Q) x LE(Q) such that

(2.2)

{a(u,v) +b(v,p) = (f,v), Yve H)Q),
b(u,q) =0, Vg€ L§(),

where
a(v,v) :=2(Vu,Vv), bv,q) :=—(divo,p).

Let V' and Qp be two finite element spaces to approximate H é(Q) and LZ(Q) respectively,
and consider the following discrete variational form: Find (up,pp) € Vi X Qp such that

{ah(uhv ’l)h) + bh(vhvph) = (f7 vh)a V'Uh S th (23)

bn(un,gn) =0, Van € Qn,

where

ap(wp, vp) = Z /Vuh-Vvhda:,
T

TeTh

bp(wn,qn) == — Z /divuh qr dz.
T

TeTh
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2.3. Stenberg’s macroelement technique for inf-sup condition [21]

A macroelement is a connected set of at least two cells in 7. A macroelement partition of Ty,
denoted by My, is a set of macroelements satisfying that each triangle of 7T, is covered by at
least one macroelement in My,.

Definition 2.1. Two macroelements My and My are said to be equivalent if there exists a con-
tinuous one-to-one mapping G : My — My such that

(G,) G(Ml) = MQ.
(b) If My =\J" ., Tt then T? = G(T}') with i = 1:m are the cells of Ms.

(c) G|T¢1 = FTf oFEll,i =1:m, where FT} and FTf are the mappings from a reference element

T onto T! and T?, respectively.

A class of equivalent macroelements is a set of macroelements such that any two are equivalent
to each other. Given a macroelement M, Vo ar, a subspace of V', consists of functions in V',
that are equal to zero outside M; and continuity constraints of V', enable corresponding nodal
parameters of functions in Vg pr to be zero on M. Similarly, Qp, s is a subspace of @)y, and it
consists of functions that are equal to zero outside M. Denote

Ny = {qh S Qh,M :/ div vy, qn dM =0, Vo € VhO,M}- (2.4)
M

Stenberg’s macroelement technique in [21] can be summarized as the following proposition.

Proposition 2.1. Suppose there exists a macroelement partitioning My, with a fizved set of equiv-
alence classes E; of macroelements, i = 1,2,...,n, a positive integer N (n and N are independent
of h), and an operator 11 : H}(2) — Vo such that

(C1) For each M € E;,i = 1,2,...,n, the space Ny defined in (2.4) is one-dimensional and it
only consists of the functions which are constant on M.

(Cy) Each M € M, belongs to one of the classes B;,i =1,2,... n.
(C3) Each e € &} is an interior edge of at least one and no more than N macroelements.

(Cy) For any w € H(Q), it holds that

Y hptlw —Twlr + Y hetw —Twlff, < Clwlf o, [Twlin < Cllw]ie.
TeTh e€E)

Then the uniform inf-sup condition holds for the finite element pair.

3. Main Results of This Paper

3.1. A conservative finite element scheme with O(h?) accuracy on general grids
3.1.1. A smoothened Brezzi-Douglas-Marini finite element space

An sBDM3 finite element is defined by the following triple (T, Pr, Dr):
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(1) T is a triangle.
(2) Pr = P3(T).

(3) For any v € H'(T), the nodal parameters on 7', denoted by Dr, are
. ][(v ~n)rhdT, E=0,1,2,3, ¢ € {e1,e2,e3};

. ][(v . t)Tk dr, k=0,1, e € {e1,e2,€3};

. ][ o™ dzdy, ][ v dzdy.
T T

Elementary calculation shows that D7 is Pp-unisolvent, and a set of nodal basis functions
is admitted. For a specific choice of the degrees of freedom, please refer to the first column of
Table 4.1.

Define sBDMj3 finite element spaces as follows:

VsBPMs {Uh € H(div,Q) : vp|r € P3(T), VT € Tn;

][(vh -t)7"d7 (k = 0,1) are continuous across interior edges e € EZ}, (3.1)

€

VEPMs = {vh € ViPPMs iy m =0 and ][(vh t)Fdr =0 (k=0,1), Ve € 5,’;}. (3.2)
By definition, V3*PMs ¢ H(div, Q) but V3°PMs ¢ H'(Q), and similarly V32°Me ¢ H(div, Q)
but VZ%DMS ¢ H'(Q). Also, it holds that both VZBDMS and VZ%DMS are smoothened subspaces
of the third-order BDM finite element spaces with weak tangential continuity.

We define a nodal interpolation operator IIj, : H*(Q) — VZBDMS such that for any e C &y,

][(Hhv -n)rhdr = ][(v -n)rhdr, k=0,1,2,3,

€ €

][(Hhv St)rhdr = ][(v “t)yrkdr, k=01

€ €

The operator is locally defined on each triangle, and is invariant under Piola’s transformation.
Moreover, II;, preserves cubic polynomials locally. Therefore, approximation estimates of IT;, can
be derived from [3, Lemma 2.1.5, Remark 2.1.8], along with standard scaling arguments and the
Bramble-Hilbert lemma.

Proposition 3.1. [t holds for 0 < k <1 < s <3 that
v —Mpolen S A7 |vlso, Yve H Q). (3.3)

3.1.2. Theoretical constructions of the scheme

Now we define a couple of specific @)y as follows:

Q= {m € Q) qalr € BAT)NT €T}, QR = Q3N L3(Q). (3.4)
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and consider the finite element discretization: Find (wp, pp) € VZ%DM3 x Q37 such that

{EQ(Vh’uh,Vh’vh) — (divop, pn) = (f,vn), Yoy € VoM, (35)

(diV’U,h, Qh) = 07 th S Q}%,*
The corresponding finite element scheme is denoted by sBDM3 — Ps.

Lemma 3.1 (Stability of V;%DMS' x Q2.). Let Ty, be a family of triangulations of Q satisfying
Assumptions 2.1 and 2.2. Then it holds that

N
inf osup VO o (3.6)
€@ o, cyeons [[anllonllonllin

The proof of Lemma 3.1 is a combination of Proposition 2.1, Lemmas 4.1-4.3 and please refer to

Section 4 for more details.

By the tangential continuity of VZ%DML", the following discrete Korn inequality holds [26].

Lemma 3.2 (Discrete Korn Inequality). Denote e(u) := (Vu + (Vu)')/2. Then

lulf,<C Y lle(@)fr, Vue Vi (3.7)
TETh

It is evident that (3.5) is a stable and conservative discretization scheme and its well-posedness
is immediate. By standard theory, the theorem below holds.

Theorem 3.1. Let (u,p) and (up,pp) be the solutions of (2.2) and (3.5), respectively. If
(u,p) € H*(Q) x H*(Q), then

lu —uplin < CR?|ulsa,  |lp—prlloo < CR?|pla.a + Ce®h?|ulsq.

3.1.3. Numerical experiments

In this subsubsection, we present two series of numerical examples about the sSBDMj3 — P finite
element scheme. Example 3.1 is designed to validate the convergence theory in Theorem 3.1 and
Example 3.2 to illustrate the numerical performance of sSBDMg3 — P4 for the Stokes eigenvalue
problem (3.8). Each series of numerical examples are computed on the five domains, three of
which are convex, and the other two of which are non-convex. Namely,

e Square (Fig. 3.1(a)). A1(0,0), A2(1,0), A3(1,1), A4(0,1);

o Hexagon (Fig. 3.1(b)). A1(0,0), A2(0.5,0), A5(1,0.5), A4(1,1), A5(0.5,1), A(0,0.5);

e Pentagon (Fig. 3.1(c)). A1(—0.1,-0.8), A5(0.9,—0.15), A3(1,1), A4(—0.6,0.8), A5(—1,0);
o Lshape (Fig. 3.1(d)). A41(0,0), A(2,0), As(2,1), A4(1,1), As(1,2), Ag(0,2);

e Star-shape (Fig. 3.1(e)). A;(—1,—-1.2), A5(—0.1,-0.8), A5(0.7,—1.1), A4(0.6,—0.3),
A5(0.8,0.35), Ag(0.4,0.4), A7(0,1.1), Ag(—0.5,0.5), Ag(—1.2,0.25), Ao(—0.8, —0.3).
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Ay T's As As a4, A Iy A3
4
Is
s Ty Ty
Ty s Ag As A
Ay
Tg Ty
Ts T,
Al T AQ Al T, A2 A1
(a) An unit square (b) A hexagon (c) A pentagon
Ag I's As
Ty
Ay I
Ts : A
Ty
Ay o Ay
(d) A star-shaped domain (e) A star-shaped domain

Fig. 3.1. Five domains: three (the upper row) are convex, and two (the lower row) are non-convex.

Example 3.1. Consider the Stokes problem (2.1) in the five domains. For each domain, 992 =
U;I';. Define

o=Cs [[ ()", r(@)=0
I;CcoQ
representing the equation of I';. Assume € = 1 and the right-hand side f is chosen such that the
exact solution pair is w = curl ¢ and p = 3z* + 3y? 4 C, where p satisfies [, pdx = 0.
Fig. 3.2 demonstrates that consistent with Theorem 3.1, the velocity errors in H'-norm are
of O(h?) order and L*-norm are of O(h?) order; the pressure errors in L?-norm are of O(h?) order.

Example 3.2. The variational form of the Stokes eigenvalue problem is: find (u,p, \) € Hé (Q)x
L3(Q2) x R, such that

{(Vu, Vo) — (dive,p) = A(u,v), Vv e H(9Q), (3.8)

(divu, q) = 0, Vq e LE(Q).
Consider the discrete form of (3.8): find (us,pn) € V5o°~° x Q7, and A € R such that
(Viwn, Vavs) — (divon, pn) = Aun, va), Yo, € V5PN,
(divun, gn) = 0, Van € Q.-

Simulations are performed on the five domains in Fig. 3.1 and six minimum eigenvalues are
recorded. Denote, for an indication to the convergence rate,

Aon — /\4h>

order := log, ( FV
h = A2n

which is computed for each case and recorded in the Tables 3.1-3.5.
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—>— [u — unllogn ——[lu —unflon
——|u = unlip ——|u = un|1,n
——lp — palloo ——|lp — prllog

—— [l —unflog
——|u = un|1,n
——|lp — prllog

2=
1

error
5

error
5

1k 1/h 1k

(a) An unit square (b) A hexagon (c) A pentagon

e ol e > Ju—ullon
e —H*—|U — Up|Lh N _— —r—|u — up|Lp
e —o—[lp ~ palloal | 0 A = lp-pillon

error

1/h 1/h

(d) An L-shaped domain (e) A star-shaped domain

Fig. 3.2. Velocity errors in the L?- and H'-norm and pressure errors in the L?-norm by the sBDM3z — P2

pair on five domains.

Table 3.1: Six minimum eigenvalues computed on Fig. 3.1(a) by the sBDM3 — P pair.

Mesh 0 1 2 3 4 Trend | Order
A1k 52.3651 52.3441 52.3446 52.3447 52.3447 N 3.4261
A2,h 92.2727 92.1226 92.1239 92.1244 92.1244 N 3.4026
A3,h 92.2817 92.1229 92.1239 92.1244 92.1244 N 3.4115
Aq,n | 128.6782 | 128.2107 | 128.2087 | 128.2095 | 128.2096 N 3.1054
As,n | 155.5963 | 154.1251 | 154.1233 | 154.1253 | 154.1254 N 3.4502
Xe,n | 168.8246 | 167.0288 | 167.0265 | 167.0289 | 167.0292 v 3.3876

Table 3.2: Six minimum eigenvalues computed on Fig. 3.1(b) by the sBDMs — P2 pair.

Mesh 0 1 2 3 4 Trend | Order
ALk 79.6035 80.6981 80.7412 80.7458 80.7461 v 3.9166
Aon | 108.4275 | 102.6239 | 103.1018 | 103.1232 | 103.1247 v 3.9468
As,n | 155.6664 | 150.3831 | 149.4039 | 149.4235 | 149.4263 N 3.5410
Aa,pn | 174.3579 | 169.6303 | 169.7040 | 169.7217 | 169.7234 N 3.8338
As.n | 199.4150 | 198.1051 | 198.4128 | 198.4988 | 198.5056 v 3.9854
Xe6,n | 236.8536 | 211.8241 | 208.0337 | 207.9773 | 207.9811 v 2.9201
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Table 3.3: Six minimum eigenvalues computed on Fig. 3.1(c) by the sSBDM3 — P3 pair.

Mesh 0 1 2 3 4 Trend | Order
A,n | 22.0793 | 22.0815 | 22.0827 | 22.0829 | 22.0829 Va 3.5583
A2,n | 34.2609 | 34.2679 | 34.2697 | 34.2701 | 34.2701 ya 3.4881
A3,k 42.5545 | 42.5414 | 42.5445 | 42.5451 | 42.5451 ya 3.4982
A4, | 53.8994 | 53.6110 | 53.6073 | 53.6082 | 53.6083 Va 3.2959
As.n | 58.4507 | 58.0302 | 58.0296 | 58.0310 | 58.0311 Va 3.3390
A6,k 72.9903 | 72.1440 | 72.1417 | 72.1438 | 72.1440 ya 3.3193

Table 3.4: Six minimum eigenvalues computed on Fig. 3.1(d) by the sBDMs — P2 pair.

Mesh 0 1 2 3 4 Trend | Order
Ai,n | 319595 | 32.0371 | 32.0865 | 32.1108 | 32.1224 ya 1.0673
Ao,n | 37.1134 | 37.0358 | 37.0233 | 37.0198 | 37.0187 AW 1.7870
As,n | 41.9345 | 41.9283 | 41.9353 | 41.9378 | 41.9389 Ve 1.1912
Aa,n | 49.0715 | 48.9836 | 48.9842 | 48.9838 | 48.9837 AV 1.1296
As,n | 55.4388 | 55.3719 | 55.3951 | 55.4059 | 55.4110 ya 1.1012
Xe,n | 69.5784 | 69.4105 | 69.4647 | 69.4895 | 69.5012 Va 1.0696

Table 3.5: Six minimum eigenvalues computed on Fig. 3.1(e) by the sSBDM3 — P3 pair.

Mesh 0 1 2 3 4 Trend | Order
A1,n | 24.3302 | 24.3507 | 24.3609 | 24.3650 | 24.3668 ya 1.2782
Ao, | 42.2298 | 42.2277 | 42.2424 | 42.2485 | 42.2509 ya 1.3470
A3,k 42.5131 | 42.5000 | 42.5081 | 42.5122 | 42.5140 ya 1.1264
Aq,n | 59.2273 | 59.1436 | 59.1413 | 59.1421 | 59.1428 Va 0.3731
As,n | 63.8774 | 63.7937 | 63.8087 | 63.8156 | 63.8183 Va 1.3258
Xé,n | 76.4173 | 76.0611 | 76.0713 | 76.0761 | 76.0779 ya 1.4254

The numerical results show that as grids get refined,
(a) on the convex domains, the six minimum eigenvalues all show an increase trend;

(b) on the non-convex domains, we can observe that the six minimum eigenvalues are not
always increasing, which is not deemed unacceptable as the theory in nonconvex domains
are still challenging and rare.

3.2. A conservative finite element scheme of low-degree with O(h?) accuracy
on mildly-restricted grids

3.2.1. A smoothened Brezzi-Douglas-Fortin-Marini finite element space

An sBDFMj3 finite element is defined by the following triple (T, P, Dr):

(1) T is a triangle;



Low-degree O(h?)-accurate Conservative Stokes FEM 11

(2) Pr=P3(T):={v € P3(T):v-n. € Pye), Ve C IT};

(3) for any v € (H'(T))?, the nodal functionals on T, denoted by Dr, are
. ][(v )R dr, kE=0,1,2, e € {e1,e0,e3);

. ][(v ~t)Tdr, k=0,1, e € {e1, ea,e3);

. ][ oM dzdy, ][ v dzdy.
T T

For the s BDFMg3 element, Dp is Pp-unisolvent. Please refer to the first column of Table 5.1
for a specific choice of the degrees of freedom.
Define sBDFM3 finite element spaces as follows:

VsBDFMs {Uh € H(div,Q) : va|r € P3(T), VT € Ti;

][(vh -t)r"dr(k = 0,1) are continuous across interior edges e € 5};}, (3.9)

€

VaPEMs {vhe VEPPEMs - gy o m =0 and ][(vh ~t)thdr =0 (k=0,1), Ve € SZ}. (3.10)
By definition, V5PPPMs < H(div,Q) but ViPPMs ¢ H'(Q), and similarly VZ%DFMB' C
H(div,Q) but V5P™s ¢ H'(Q). Also, both V3PPFMs and V35BPFMs are smoothened sub-
spaces of the famous third-order BDFM finite element spaces with weak tangential continuity.

Define a nodal interpolation operator IIj, : H*(Q) — VZBDFMS such that for any e C &,

][(Hhv -n)Thdr = ][(v -n)rhdr, k=0,1,2,

][(Hhv t)rhdr = ][(v ~t)yrhdr,  k=0,1.

(&) (&)

The operator is locally defined on each triangle, and is invariant under Piola’s transformation.
Moreover, I1;, preserves cubic polynomials locally. Therefore, approximation estimates of IT;, can
be derived from [3, Lemma 2.1.5, Remark 2.1.8], along with standard scaling arguments and the
Bramble-Hilbert lemma.

Proposition 3.2. [t holds for 0 < k <1< s <3 that

lv —Thvlen Sh 7 |v]en, Yoe H(Q). (3.11)

3.2.2. Theoretical constructions of the scheme

Firstly, we introduce two types of macroelements and several definitions.

Definition 3.1. A wvertex-oriented macroelement M is defined as a union of elements which
all have exactly one common vertex A in the interior of the macroelement, see Fig. 3.3(a).

Definition 3.2. An edge-oriented macroelement M. is defined as four sequential elements shar-
ing unique vertex with the interior edge e being the common edge of middle elements, see

Fig. 3.3(b).
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(a) Ma (b) M.

Fig. 3.3. Two macroelements oriented by an interior vertex (left) and an interior edge (right).

Ao
€3
€1
7 A3
-
Ay €2 .
S Ty e
\\ Tl //
S s €5
< .
€4 SO R4
~ |-
~L
Az

Fig. 3.4. Illustration of two adjacent cells within a macroelement.

Denote two signals on 77 and T3 in Fig. 3.4,
1
R12 = Z_Q(Sl (132) — lg) + SQ (l% — li)),
2
Zhg = % (S1(1113 4 513 — 515) + So (1115 + 515 — 517)).
2

Denote S := SA(Ao,A1,45) and ST5 := Sa(a,,4,,4,) Tespectively as areas of the cells with
vertices { Ao, A1, As} and {As, A3, A1}, then it holds that
Riz = Si5 — S5, Z12 =352+ 853, 5Ris+2Z12 = 11(S1 + Sa).

Denote a signal on an edge-oriented macroelement M, (cf. Fig. 3.3(b)) as follows:

2R3 R34) (2R23 R12)
F(e):=5,+ S35+ S + =1 +6 +—. 3.12
) ? ’ ? ( Za3  Z3a S\ Zas | Zia (3.12)

Assumption 3.1. For any m-cell vertex-oriented macroelement, if m is an even number and
Z19793 - Zm1 # 0, then there are not three sequential interior edges simultaneously satisfying
F(e) =0, where F(e) is referred to (3.12).

Now consider the finite element discretization: Find (wup,pn) € VZ%DFM3 x Q37 such that

(3.13)

e2(Vpun, Vivy) — (divon, pr) = (f,vn), Yo, € VZ%DFMS,
(le uhth) = Oa th c Q}%*

The space for pressure follows from (3.4). This finite element scheme is denoted by SBDFM3 — Ps.
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Lemma 3.3 (Stability of VZ%DFMs x Q37.). Let Ty, be a family of triangulations of Q satisfy-
ing Assumptions 2.1, 2.2, 3.1. Then it holds that

di
infosup VR o (3.14)
€@y, cyeors lanllo.llvnllin

We postpone the proof of Lemma 3.3 to Section 5. The discrete Korn inequality holds for
V3EDFMs - y7sBDMs g

lulf,<C Y lle(@5r, Yue VigP™e (3.15)
TETh

It follows that (3.13) is a stable and conservative discretization scheme and its well-posedness is
immediate.

Remark 3.1. We remark that, Assumption 3.1 is proposed to exclude a very special class of
grids, and most grids satisfy the assumption. For example, the widely accepted well-centered
triangulation given by [23] satisfy it. For this kind of triangulations, each simplex contains
its circumcenter in its interior, and it ensures that Sj% ., > 0,S7%,; > 0,Z; ;41 # 0 and thus
F(e) #0,Ve € &.

Theorem 3.2. Let (u,p) and (up,pn) be the solutions of (2.2) and (3.13), respectively. If
(u,p) € H3(Q) x H*(Q), then

lu — uplin < CR?|ulsa,  |lp—prlloo < CR?|plaa + Ce®h?|uls .

3.2.3. Numerical experiments

This subsubsection is arranged analogously to Section 3.1.3: Example 3.3 is carried out to
test the convergence rate of the sSBDFM3 — P9 scheme and Example 3.4 aims at exploring the
numerical performance when utilized to solve the Stokes eigenvalue problem (3.8). It deserves
to be mentioned that the SBDFMs — P pair is observed to provide upper bounds for the exact
eigenvalues of (3.8).

Example 3.3. This example considers the Stokes problem (2.1) and it has the same domains
and exact solutions as in Example 3.1. The following figures about the convergence rate are
obtained by the discretization scheme: sBDFMg — Ps.

Fig. 3.5 indicates that consistent with Theorem 3.2, the velocity errors in H'-norm are
of O(h?) order and L*-norm are of O(h%) order; the pressure errors in L?-norm are of O(h?)
order.

Example 3.4. Consider the discrete form of (3.8): find (up,pn) € VZ}?)DFM3 Q2. and A €R
such that
{(Vh up, Vo) — (divoy, pp) = Mup, vp), Vo, € VZ%DFMs7

(div up, grn) = 0, Van € Q}QL*-

The simulations are performed on the five domains in Fig. 3.1 and six minimum eigenvalues are

recorded in Tables 3.6-3.10.
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—>—[[u —unflon
—t—|u = up|1pn
——|lp—walloa|] 10°

error

—>—[lu —unflon 10?
—h— U — Up|1p
——|lp — prllog 104

——[lu—unllon|4
—e— |1 = up |1 p
——lp — pallog | ]

10!
1/h

(a) An unit square

1/h

(b) A hexagon

error
5

——[lu —unflon
——|u = un|1,n
——|lp — prllog

(d) An L-shaped domain

1k

10’
1/h

(c) A pentagon

—>—|lu — unlloq) §
—h—[u— un1p
——lp — Paflos |

1/h

10!

(e) A star-shaped domain

Fig. 3.5. Velocity errors in the L?- and H'-norm and pressure errors in the L?-norm by the sBDFMj3 — P

pair on five domains.

Table 3.6: Six minimum eigenvalues computed on Fig. 3.1(a) by the sSBDFM3 — Py pair.

Mesh 0 1 2 3 4 Trend | Order
A1k 53.2285 52.4209 52.3496 52.3450 52.3447 N\ 4.1015
A2,h 95.0649 92.3658 92.1405 92.1254 92.1245 AV 4.0596
A3,h 96.7211 92.4833 92.1479 92.1258 92.1245 AV 4.0545
Aa,n | 140.3577 | 129.2185 | 128.2780 | 128.2137 | 128.2098 AV 4.0535
As,n | 162.9623 | 155.0965 | 154.1894 | 154.1294 | 154.1257 N\ 4.0272
Xeé,n | 177.6041 | 168.2320 | 167.1128 | 167.0344 | 167.0295 N 4.0070

Table 3.7: Six minimum eigenvalues computed on Fig. 3.1(b) by the sBDFM3 — P pair.

Mesh 0 1 2 3 4 Trend | Order
A1k 81.4108 80.8408 80.7545 80.7468 80.7462 AV 3.7594
A2, | 107.8438 | 103.5686 | 103.1621 | 103.1274 | 103.1248 N\ 3.7824
As,n | 164.6074 | 150.8761 | 149.5314 | 149.4331 | 149.4268 N 3.9475
Aqn | 172.6789 | 170.0333 | 169.7503 | 169.7255 | 169.7235 ¢ 3.6811
As,n | 203.0663 | 199.6669 | 198.6094 | 198.5138 | 198.5062 AV 3.6620
Xeé,n | 257.7784 | 211.6450 | 208.2410 | 207.9974 | 207.9821 N 3.9947
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Table 3.8: Six minimum eigenvalues computed on Fig. 3.1(c) by the sBDFM3 — P pair.

Mesh 0 1 2 3 4 Trend | Order
A1,n | 22.4482 | 22.1180 | 22.0852 | 22.0830 | 22.0829 ¢ 4.0363
A2,n | 36.2739 | 34.4362 | 34.2813 | 34.2708 | 34.2701 N 4.0202
As,n | 44.3672 | 42.7085 | 42.5558 | 42.5458 | 42.5451 N 4.0214
A4, | 59.6039 | 54.1136 | 53.6465 | 53.6107 | 53.6084 ¢ 3.9983
As,n | 63.0435 | 58.5698 | 58.0698 | 58.0336 | 58.0313 ¢ 3.9869
Xe,n | 78.2625 | 72.9801 | 72.2092 | 72.1482 | 72.1443 N 3.9747

Table 3.9: Six minimum eigenvalues computed on Fig. 3.1(d) by the sBDFM3 — P pair.

Mesh 0 1 2 3 4 Trend | Order
Ai,n | 32.8905 | 32.2642 | 32.1680 | 32.1462 | 32.1386 N 1.5199
A2,p | 37.6174 | 37.0927 | 37.0291 | 37.0206 | 37.0189 N 2.3139
As,n | 43.1411 | 42.0289 | 41.9457 | 41.9405 | 41.9402 ¢ 3.8531
A4, | 51.6194 | 49.1801 | 48.9984 | 48.9848 | 48.9837 ¢ 3.6762
As,n | 99.1626 | 55.7099 | 55.4445 | 55.4214 | 55.4178 N 2.6603
Xé,n | 73.8393 | 70.0391 | 69.5869 | 69.5302 | 69.5186 N 2.2908

Table 3.10: Six minimum eigenvalues computed on Fig. 3.1(e) by the sSBDFMs — P3 pair.

Mesh 0 1 2 3 4 Trend | Order
A,n | 24.7992 | 24.4429 | 24.3865 | 24.3740 | 24.3702 N 1.7061
Ao.n | 43.2838 | 42.3508 | 42.2648 | 42.2550 | 42.2532 N 2.4232
As,n | 44.1901 | 42.7303 | 42.5637 | 42.5312 | 42.5214 N 1.7256
Aa,n | 60.9213 | 59.3323 | 59.1661 | 59.1478 | 59.1447 N 2.5424
As,n | 65.9695 | 64.0544 | 63.8469 | 63.8258 | 63.8220 N 2.4893
Xé,n | 79.3820 | 76.5305 | 76.1470 | 76.0982 | 76.0861 N 2.0122

The numerical results show that:

(a) The six minimum eigenvalues are decreasing strictly with mesh refinements not only in
convex domains but also in nonconvex domains.

(b) The convergence order in convex domains approximates O(h?), square of the convergence
rate of the eigenfunctions, which represents excellent agreement with the theoretical pre-
diction of [28], robustly validating our numerical scheme.

4. Proof of Lemma 3.1

In this section, we validate the four conditions of Stenberg’s macroelement technique (see
Proposition 2.1) for the sBDM3 — Po scheme. To unfold it, Lemmas 4.1 and 4.2 show that the
condition C holds on an edge-oriented macroelement and a three-cell vertex-oriented macroele-
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ment respectively, and the latter is just a special case of the former; Lemma 4.3 demonstrates
that the conditions C5, C's and Cy hold. We firstly write the details on a local cell as a separate
subsection (Section 4.1) as preparation for the subsequent discussions in Section 4.2.

4.1. Structure of the kernel space of the divergence operator on a cell

The local directions of t;, n;, tx, ny are shown in Fig. 4.1 and thus every local cell can be
embedded into Fig. 4.2(a) straightforwardly. Table 4.1 exhibits a set of locally defined functions
Ps1,5 = 1:8 and span{, r}s=1.s forms a basis of the kernel space of the divergence operator
on a local cell T" with nodal parameters vanished on edge e;. It reveals that fej Psr-m;dr =
fek Y1 npdr = 0,s =1:7 and fej Y- n;dr # O,fek Ys1 - npdr # 0. Furthermore,
{11 7,13 v} are nonzero only on the edge e; and {12 7,14 7} are nonzero only on the edge ey
in the sense of nodal parameters.

Fig. 4.1. Illustration of the supports of locally defined basis functions; nodal parameters vanish on dotted
edges.

(a) Meg (b) M

Fig. 4.2. An interior edge oriented macroelement (left) and its degeneration circumstance (right).

4.2. Verification of the four conditions of Stenberg’s technique (Proposition 2.1)
Given a macroelement M., we define

Vi = {'vh € H(div, M.) : vy|r € P3(T), VT € M,; vj, - n and ][('vh ~t)yrkdr (k=0,1)

€

are continuous across interior edges and vanish on the edges lying on 6Me},
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Table 4.1: Locally defined div-free functions with nodal parameters vanished on the edge e;.

P Y11 | Y210 | 3T Yar | Y51 | Ye,r | Y11 s, T
][ P - mydr 0 0 0 0 0 0 0 —251;12
€j
28
][ Pnj(Ap — \)dr 0 0 -7 0 0 0 0 251512
€j J
1 28
30][ P - (6 )\k>\z> dr 0 0 0 |0 0 481; (12 -2 4213)
e J
5 25 115 S S
T+ P nj(E(Ak - )3 = |0 - 0 T 0 0 —l—_(3z§l]2. -2z
i / / / J4 272 4 74
73(AkiAi)>dT =31+ + 1)
][ P - tidr 1 0 0 0 0 1 —51; | 0
€j
1212 1 l;
][ P ti (A — Ng)dT 0 0 szv tlo EJ 0 L 5’(1121]2. + 1212
e J
! U+ 42 — 1)
Y - npdr 0 0 0 0 0 0 0 —25151y,
ek
28
Png(Aj — X)dr 0 0 0 T 0 0 0 2Sl]2.lk
e k
1 28
304 o -ny (77iji) dr |0 0 0 0 0 -==1o0 0
en 6 Uk
5 25 115 S
T+ n,@(f(AJ -3 0 - 1lo -—— 1o -= 1o 0
€k 2 Ui lg Uk
fg(xrxi)}h
][ P - tpdr 0 Ui 0 0 Ui 0 51}, 0
Ck 2 2
12 -2 l
][ - ti(Aj — \)dr 0 0 0 ity * I, |o
x 21y, 2
][ P»Ddzdy 0 0 zi—xp | zi—z; | O 0 0 0
T
][qu@)dmdy 0 0 Yi—Uk | yi—vj | O 0 0 0

V;%B&}/f = {vh € H(div,Ma) : vp|r € P3(T), VT € Ma; vp, - n and ][(vh ~t)mhdr (k=0,1)

e

are continuous across interior edges and vanish on the edges lying on 0M A}.

Lemma 4.1. For an edge-oriented macroelement M., (see Fig. 4.2), the space
N]p[ea = {qh S Q}%,]Wes : / divovpqn =0, Vo, € VZ%?&}/:}
M.y
is a one-dimensional space consisting of constant functions on Me,.
Proof. By definition, it holds div(Vio®) C Q- If dim(ker(div, V3gr#)) = 3,
then by
dim (div (V355 ) ) + dim (ker (div, V3553 ) ) = dim (V52535 ),
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we can derive

. . sBDM _ T 2
dim (le (VhO,MeZ)) =23 = dim (Qh*7M63)
and further div(VZBO%}/:) = Q. a1,,» Which trivially concludes that dim Ny, = 1 and Na,,

consists of sonstant functions on M,,.

Therefore, the entire proof is reduced to show
dim (ker (div, ViRRY?)) = 3.

VSBDMS

Assume vy, € ker(div, hO, M.,

), with

vplr = Z cs, 75, VT € M,,.
s=1:8

Firstly, on 17 and T} it holds that

vplr, € span{1 1, Y31}, vi|r, €span{ea 1, YaT,}

Further, by Table 4.1 we obtain

vulm, € span{Yim,, Yo 1, Y310, Va1, Y510, Y110}
vulry € span{1 1y, Vo1, Y315, Va1, Ye,15, Y115}

Specifically, considering the continuities on es, we reach such relations

S1 S1
T, = —5 C1,T CaTy = — 5 C3,T
2 SQ 19 2 SQ 19 (4 1)
S1+ 52 SRi2 Ry .
CsTh = — o aOmn T 5o 63Ty CrT, = —5g5 63,11
’ Sy Ut 25, 7 ’ 29,

which suggests that {c1,1y, cs 1, Co1, Ca1,}
are computed.
Likewise, the continuities on ey4 lead to

can be consequently obtained once {cs 1, c7.1,}

Sy Sy
C1,15 = _5_302,T4; C3, T3 = _5_304,T4;
4.2)
. Ss+ 54 S9R34 _ Rsy (
CG,Tg - Sg C2,T4 253 c4,T47 C7,T3 - 253 C4,T47

which implies that {ca2 1, ¢4y, C6,15, ¢7.15} can be immediately obtained once {cg 1, c7.1, } are

computed.
Now we consider the continuites on e3

cl,TQ C27T3

C3,T: C4.,T:

(Y117, Vs s Yrm) | = Wor, Yarm Yer, Y71 :
es | C5,T, es | C6,T3

C7. Ty C7,Ts
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With the help of Table 4.1, we can establish the following system:

0 —21—52 0 0 0 —21—53 0 0 [e1m, ]
0 o 24 o oo [P o
I3 I3 5.7, 0
285, 115, 1153 S 0 253 S3 0 ‘T _ g
ls ls I3 I3 I3 ls C2,T3 0
ls 0 0 —dlg  —l3 0 0  —5lg| |45 0
o Lk Lo, JEZE ko Zi;
25 2 25 2 1"
The rank of the coefficient matrix is 5, thus the solution space is 3-dimension, which together
with the analysis of (4.1) and (4.2) shows dim(ker(div, V33)) = 3. O

In particular, if the exterior cells 77 and Ty in Fig. 4.2(a) are superimposed, the edge-oriented
macroelement M., degenerates into a closed patch as depicted in Fig. 4.2(b), which is exactly
a 3-cell vertex-oriented macroelement M 4.

Lemma 4.2. For a three-cell vertex-oriented macroelement M 4, the space

. BDM:
NMA = {qh (S QhJV[A : / divvy, qn = 0, Yoy, € V;O,MAS}
Ma
is one-dimensional space consisting of constant functions on M 4.

The proof idea of Lemma 4.2 is similar to that of Lemma 4.1 and we refer to Appendix A.1 for
a thorough proof.

Lemma 4.3. Let Ty, be a family of triangulations of Q0 satisfying Assumptions 2.1 and 2.2. The
macroelement triangulation My, consists of all edge-oriented macroelements and all three-cell
vertex-oriented macroelements. Then the conditions Cs,Cs and Cy presented in Proposition 2.1

holds.

Proof. By Assumption 2.2, M}, defined above includes two classes of equivalent macroele-
ments, then condition C holds. For any e € £}, it exists in at least one edge-oriented macroele-
ment or one three-cell vertex-oriented macroelement and at most five edge-oriented macroele-
ments where the five edges (including itself) are exactly edges sharing vertexes with e. Therefore
condition Cj is satisfied. Moreover, condition Cy is obtained by Proposition 3.1 and the well-
known trace theorem(see, e.g., [4, Theorem 1.6.6]). O

5. Proof of Lemma 3.3

The section aims at proving the inf-sup stability of the finite element spaces pair VZ%DFMB X
Q3?, (Lemma 3.3) by Stenberg’s macroelement technique (Proposition 2.1). As a centerpiece
of this current section, Section 5.2 presents the verification of the four conditions in Proposi-
tion 2.1. Specifically, Lemmas 5.3 and 5.4 show that the condition C; holds on a vertex-oriented
macroelement and an edge-oriented macroelement respectively; Lemma 5.5 shows that the condi-
tions Cs, C5 and Cy hold for a certain definition of macroelement triangulations My,. In addition,
Section 5.1 gives a thorough interpretation of the kernel of the divergence operator on a local
cell, serving Section 5.2.
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5.1. Structure of the kernel space of the divergence operator on a cell

The local directions of t;, n;, ty, ny are shown in Fig. 4.1 and thus every local cell can be
embedded into Fig. 5.3(b) straightforwardly. Table 5.1 exhibits a set of locally defined functions
ws 1,5 =1:6 and span{w, r}s=1.¢ forms a basis of the kernel space of the divergence operator
on a local cell T with nodal parameters vanished on edge e;. It reveals that fej wsr - njdr =
fek ws - -npdr =0,s=1:5and fej we,r - n;dr #0, fek we,r - Ny d7 # 0. Furthermore, wy r is
nonzero only on e; and wa 7 is nonzero only on ey in the sense of nodal parameters.

Remark 5.1. Refer to Fig. 5.1 and investigate the geometric significance of Z15 = 0 for adjacent
units 77 U To. Since by definition Z1o = 35 + 85 = 0 and Si% + S{% = S; + S > 0,
it can be obtained that Si% > 0,598 < 0 and S§§/Si% = —3/5. Prolong A;As to A4 until
|A1A3|/|A3A4| = 5/3, then T1 = A(Al,AQ,AB) and T2 = A(Al,Ag,B) satisfy Z12 =0 if and
only if B lands on the extension cord of AyAy (e.g., B = B;,i =1:4), and in this case it must
be true that |A; As| < |A1B].

Based on Remark 5.1, the following lemma can be proved by contradiction and it plays
a crucial role in the proof of Lemma 5.2.

Table 5.1: Locally defined div-free functions with nodal parameters vanished on the edge e;.

w w1, T W2, T |W3,T | W4T |W5T w6, T
][ w-n;dr 0 0 0 |0 0 —281;17
€j
][ w-nj (A —A;) dr le—fq 0 0 0 0 251513
e; J
30F w-ny (% - /\k/\i> dr |0 0 21_5 0 0 484 (17 — 15 + 213)
e J

<.

~

J

€
5~
<
a
\‘
o
o
o
-
|
(@)
&

(31212 — 212 — 3% + 41212 + 12

]{j 2 2 2
][ w-t; (e — \i) dr bl g boto |y |Leeyee - raze -
e 2lj 2 2
][ w-ngdr 0 0 0 |0 0 |—25CL
ek
2
][ w-ng (Aj —N) dr 0 25 0 o 0 (2S5
er 2
30 W Ng (l —)\j)\i> dr |0 0 0 —§ 0 0
ek 6 lk
][ w -ty dr 0 0 Ik 0 5k 0
ek
][ t (A —\i) d 0 il o |k Ik |0
. W Tk (A5 i T 20 B k
][ w dzdy Ti — X |2 —x; |0 0 0 0
T
][ w? dzdy Yi— Yk |Yi—Yy; |0 0 0 0
T
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Lemma 5.1. If m cells are concatenated sequentially and every two adjacent cells satisfy
Zii+1 =0, they do not form a vertez-oriented macroelement; see F'ig. 5.2.

Fig. 5.1. Geometric interpretation of Z12 = 0.

Fig. 5.2. If Z1o = -+ = Zn1 = 0, the m cells fail to form a vertex-oriented macroelement.
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5.2. Verification of the four conditions in Stenberg’s technique (Proposition 2.1)

On a macroelement M, we can define VZES%I;M:" as follows:

VZ%%I;MZ" ::{vh € H(div, M) : vy|r € P3(T),VT € M; v, - n and ][(vh ~t)yrhdr (k =0,1)

€

are continuous across interior edges and vanish on the edges lying on 8M}. (5.1)

Set M = M4 and M = M, in (5.1) respectively and we have VZ%?E?S and VZ%BVZM?

Lemma 5.2. Let Ma=UD"Ts (m>3) be a vertez-oriented macroelement as shown in Fig. 5.3(a).
Then in the following two cases:

a) m is odd.

b) m is even, and Z19Z53 -+ Zm1 = 0,
it holds that dim(ker(div, V5g0ie)) = m + 1.
The proof is postponed to Appendix A.2.

Lemma 5.3. Let Ma=UD"Ts (m>3) be a vertez-oriented macroelement as shown in Fig. 5.3(a).
Then div : VZ%B\E/IL" — Q%L"MMA is surjective, and

NMA = {qh S Qh,MA : /M div vy, qn = 0, Yvy, € Vz%i)\gi/ld}
A
s a one-dimensional space containing only constant functions.
Proof. By Lemma 5.2 it holds
dim (div (V5E00 ) ) = dim (VRN ) — dim (ker (div, VIER))

= (5m +2m) — (m + 1) = dim (Q3, 4r,),

(a) Ma (b) Meg

Fig. 5.3. Two types of macroelement employed in the inf-sup stability proof of sSBDFMs — Pa.
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which demonstrates that div : VZ%?E?S — Q,QL*’ M, 18 a surjective operator. Then, utilizing

the same proof fashion as in Lemma 4.1, we concludes that N, is a one-dimensional space
containing only constants. U

Lemma 5.4. Let M., be an edge-oriented macroelement (see Fig. 5.3(b)) with Z137Z23734 # 0.
Recall from (3.12) that

2Rs3 R34 2R3 Rio
F =S S S. —_— S — .
(ea) 2255 ( Za3 * Z34) o ( Zo3 * 212)

: sBDFM3\ _ ... . y7SBDFM; 2 . I
If F(e3) # 0 then durn(VhOME3 ) = 0. Moreover, div : VhO,MeS — Qh*7Me,3 is a surjective

operator, and

2 : BDFM
N, = {qh € Qh7M63 : / divvpgn =0, Vo, € V207M633}

Me,

s a one-dimensional space containing only constant functions.
The proof is postponed to Appendix A.3.

Lemma 5.5. Let T, be a triangulations of Q satisfying Assumptions 2.1, 2.2, and 3.1. Define
the macroelement triangulations My, below:

a) An m-cell vertex-oriented macroelement is defined to the first class of macroelement, if m
is odd or m is even and Z19293 -+ Zm1 = 0.

b) For each interior edge e, if it cannot be concluded in any first class of macroelement, then
we can get s(3 < s < b5) edge-oriented macroelements whose center edge is either e itself or
the edges sharing a cell with e, and there must exist some M.~ among the s macroelements
such that F(e*) # 0, and we define such M« to be the second class of macroelement.

Then the My, as defined above satisfies the conditions C1,Cs, Cs and Cy in Proposition 2.1.

Proof. The definition of M}, together with Lemmas 5.3 and 5.4 infers that the conditions C}
and Cs holds. Furthermore, since any interior edge e € £ belongs to at least one macroelement
and no more that seven macroelements(two are the first class macroelements and five the second
class macroelements), the condition Cj is verified. Finally, by Proposition 3.2 and the well-known
trace theorem(see, e.g., [4, Theorem 1.6.6]), the condition Cy also holds. O

Appendix A. Elementary Proof of Three Technical Lemmas

A.1. Proof of Lemma 4.2

Proof. In order to prove dim Nj;, = 1 which thus implies Njs, consists of only constant
functions on My, it is sufficient to show div : VZBOBV?F3 — Q}%*,MA is a surjective operator, i.e.,

div( V;%ggiws) = Q7 1,» which further can be deduced by

dimker (div, V3ER) = 7. (A1)
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Hence, it remains to prove (A.1).
To this end, we shall prove firstly

dim (ker (div, WZ%%S)) =6, (A.2)

where
WiBDMs {vh ViR fonmedr =0, e g;;(MA)}_
€
Assume wy, € ker(div, WZ%%S) with
wp|r = Z cs, s, VI € Mag.
s=1:7

We can establish equations by the continuities on interior edges. For example, considering the
continuities on e; we reach such relations

i - S1+ e - S =0,
e3y - S1+cam, - S2 =0,

C51T1 . Sl + CS,TQ . SQ = 0,

S1+ S 5R 5(51+ S
—C6,1y T Co,1, - 151 2 team, - Flf T 5Ty T CoTy (;Tlﬂ =0,
R S1+ S
—Cr,1y +Cay 2—51‘? + 6,15 12T12 —err, =0

We can build analogous equations based on the continuities on es and e3.
Denote

A
CTSZ[CLTS C2,T, €31, Ca4T, C5T, C6,T, C?,TJ7 s=1,2,3.

We can form the overall linear system in matrix form

A A CT1
Azp  Aos Cr, | =0, (A.3)
Az Ass Cr,
where
S, 0 00 0 0 0
0 0S5 0 0 0 0
Ay;=1 0 0 0 0 S 0 0 , 1=1,23,
O 0 0 0 0 -1 0
000 0 0 0 -1
o S 0 0 0 0 0 7
0 0 0o S; 0 0 0
O 0 0 0 0 S, 0
A = S; + S 5R;; 5(S; + 55) 1 7.
0 i j 0 1] 1 [ 7 0 )
S; 25; 25;
Rij S; + Sj
|0 0 0 25, 0 25; -1
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Denote by A the coefficient matrix of (A.3), and after a series of elementary row transformation,

A turns out to be

[A1 A
where
[S; 0 0 00 0 0 0 So 0 0 0 0
St 0 00 0 0 0 0 0 Sy 0 0
S1 00 0 0 0 0 0 0 0 0
S1 0 0 0 0 0 0 0 0 0
551 + 553
1 0 0 0 0 0 0 0
253
S1 0 0 0 0 0 0 0
-1 0 0 0 0 0 0
A = So 0 0 0 0 0
S1+ S, 0 5R12 1 551 + 55,
S1 25, 25,
Sy 0 0 0
@ 0 S1+ .52
251 251
So 0
-1
0 0 0 0 0 0]
0 0 0 0 0 0
0 0 0 0 0 0
0 S3 0 0 0 0
5R31
0 — 0 0 -1 0
251
0 0 0 S3 0 0
R3; S1+ 53
—_— — -1
0 251 0 251 0
S3 0 0 0 0 0
Ay = 0 0 0 ] 0 0
S1
0 0 S3 0 0 0
R31 S1+ 53
— 1
0 251 0 251 0
0 0 0 0 S3 0
So + 53 0 5Ro3 1 555 + 553 0
SQ 252 252
Ra3 S + S
0 0 — 0 -1
2S2 252
2 2
Sy + S5 5];31 5];23 551 + 5;33 + 2S5 555 + 5;33 + 25, 0

It reveals that rank(A) = 15, and thus we come to (A.2).

SO O OO o O o o oo

S3

St
Si

o

oo O o o o o

S1+ S35 |
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Let vy, € ker(div, VZ%?&}/LL"). Considering the continuities of zero-order normal moment across
interior edges and using the div theorem in T3, 75,75, we get

ll-][vh-nldT:lg-][vh-nng:l3-][vh-n3dT. (A4)
el €2 €3

It implies

][vh-nldT:() & ][vh-nng:() = ][vh-n3dT:0.
el () €3

Thus it holds that
{’Uh € ker (div, V;%%d) s vy, ¢ ker (div, WZ%B&}/LJ)}
= {Uh € ker (diV, VZ%%S) : ][vh ‘neds #0, e= 61,62763} =: Z;0,

In the remainder, we focus on the space Z sBDMs 4nd prove
, RO, M 4

dim (z;%ﬁvﬁﬁ) = 1. (A.5)

From Im(div, V3¢50°) € Q7 4/,, dim(Q?, ;) = 17 and dim( V57}}"*) = 24, it holds that
dim(Im(div, V;%%é}/f')) < 17 and dim(ker(div, V;%gé}/f')) > 7. This fact, together with (A.2),
gives dim(ZZ%%s) > 1. Next we show dim(ZZ%B&}/LS) <1

Assume zj, € ZZ%%S with

8

Zplr = ZQ‘,T?/%,T, VT € My.

i=1

1 1 1
][zh~n1ds:][ zh~n2ds:][ zZp-ngds=—:—:—.
o s s Iy s 13

It determines a unique relation

From (A.4),

c8T 1 C8T, tC8Ty =1:1:1,

which implies dim(ZZ%%S) < 1, and further (A.5).
The proof of dim(ker(div, VZ%%%) = 7 concludes with a combination of (A.5) and (A.2).
The proof is complete. O

A.2. Proof of Lemma 5.2
Proof. To prove dim(ker(div, VZ%BE}% ))=m++1, we shall show dim(ker(div, WZ%?EVIS ))=m
firstly where

W = o € VIR f o medr =0, cejonn
e
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Let wp, € ker(div, W37, ™) with
whlr =Y corwsr, VT € Ma,
s=1:5

Considering the continuity on e;, we obtain

Si-cm +S2-cam =0,
S1-e3m +S2-cam, =0,
—Si-car, — Z12- o, + S1-e3 1 +2(S1+ S2) - eam, =0,
=251 ¢s,m + Riz-comy, + (S1+52) - ca, —251 -5, =0.
In order to reduce variables, add the third equation by —5/2 of the fourth equation, and recall
2719+ 5R19 = 11(51 + SQ), yielding that
287 - C4,1y — 105, - cs 1 + 11(51 + SQ) - Co.Ty
— 251 - C3,15 + (Sl + SQ) CC4 Ty, — 105, ©C5. Ty, = 0.

Travel all the interior edges ey, e, -+ , e, and establish the following equations:
Ay App CTy
Agp Aas Cr,
=0, (A.6)
Am—l,m—l Am—l,m CT,,_1
Aml Amm CT,,
where
S, 0 0 0 0
0 0 S 0 0
Aii: ‘ s .:1527'-'5 )
0 0 0 25 -108] i
0 0 0 O —25;
0 S 0 0 0
0 0 0 S; 0
A = J | 4§,
J 0 11(S1+Sj) —25; S1+S] —10S; ’ Z#]
0 Rij 0 Si + Sj —251'
and
N T
cr, 2| crn o arn on |, s=1,2....m,

Denote by Mat € R*™*5™ the coefficient matrix of (A.6). If rank(Mat) = 4m, the fundamen-
tal system of solutions of (A.6) is m-dimensional, which yields dim(ker(div, WZ%IJ)\EF“")) =m.

Our next goal is to prove rank(Mat) = 4m. We denote with 71, 72,73, 754 the rows num-
bered 471 — 3,44 — 2,44 — 1,4i of Mat, and with ¢;1, ¢io, ¢i3, Cia, ¢;5 the columns numbered 5i — 4,
51 — 3,51 — 2,50 — 1,51 of Mat, for i =1,2,...,m. Assume that there exists a set of constants

’}/ﬂ,"yiQ,’yig,’yM,i = 1,2, R 1) such that

m
2%'1 “Ti A Yiz c Ti2 Vi3 ri3 + Yia - Tia = 0,
i=1
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that is,
T

Mat" xT £ Mat' « (Y11 712 M3 Y4 Ymi Ym2 Yms  Yma] =0. (A.7)

It is easy to see that v, =0,i=1,2,...,m.
When m is odd, we have
(Cm5 70154’025 — e fcm,275+cm— 1,5)T *F
= —205,_1- Tm—1,3 — 481 - TYm—1,4 = 0,
from which it holds that
9Ym—1,3 + Ym—1,4 = 0. (A.8)

Recall the (5m — 2)-th equation of (A.7)
Sm *Ym—1,1 + 11(Sm71 + Sm) *Ym—1,3 + Rmfl,m *Ym—1,4 = 0;

and combine it with (A.8), we get 11(Spm—1 + Sm) = 5Rm—1,m, and thus Z,,_1 ., = 0.

By a same fashion, we obtain Z19 = Zo3 = -+ = Zy,—1,m = Zm1. By Lemma 5.1 we know
that Ty UTo U - --UT,, fail to form a closed vertex-oriented macroelement, which contradicts the
beginning assumption. Therefore, we have

v =0, i=1,2...,m, j=1,234. (A.9)

When m is even, and Z12 73 - - - Zm1 = 0, then we assume Z,,,1 = 0, i.e., 11(S;, +S51) = 5Rm1.
From the second equation of (A.7), it follows that 5, 3 + Ym,4 = 0, Bringing it into the fifth
equation of (A.7), we have 5y13 + 14 = 0, which combined with the seventh equation of (A.7)
yields 11(S1+S2) =5R12, i.e., Z12=0. Analogously, we can prove Zio=Zog =" =Zm_1.m=Zm1
and ultimately (A.9) is obtained as well.

The above analysis show that the homogeneous linear system (A.7) has only zero solution,
thus rank(Mat) = 4m, and further the solution space of (A.6) is m-dimensional, which leads to
dim(ker(div, WZ%%IE/IZ")) =m.

Finally we shall prove dim(ker(div, V5337V)) = m + 1. Let wy, € ker(div, V505 ™e). The
divergence theorem gives

/vh-nlz/vh-ngz---:/ V- Ny
€1 e2 e

m

Assume there exists some v}, € ker(div, V;%gvb;iws) such that fei v; -nyds=1fori=1,2,...,m.
Then for any vy, € ker(div, V;BO%P;}:/IS), there exists o such that

. \BDFM:
v, = Qv + wp, wy € ker (dlv, Wihont, 3) ,

which shows that
ker (div, V;%BVWS) — ker (div, V;%fﬁﬁ%) @ span{ v} }.
On the other hand, we can deduce that

dim (ker (div, V3RO ) ) = dim (V3R ) — dim (aiv (V5E50"))
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> dim (VIRRIN®) — dim (QF. ) =m+ 1,

suggesting the existence of vj. Therefore, we come to dim(ker(div, VZ%B\EYIB')) =m+ 1. The

proof is complete. O

A.3. Proof of Lemma 5.4

Proof. Assume v, € ker(div, VZ%B\Z\:S), with

vy = E Cs, TWs T VT € Meg'
s=1:6

Firstly, using the divergence theorem on 7} and 7y we have
vplr, € span{wir }, il € span{wa T}
Further, by Table 5.1,
Uh|T2 S Span{wl,TgaWQ,TZ;W3,T2aw5,T2}; 'Uh|T3 € Span{wl,TgaWQ,Tgaw4,T3aw5,T3}-

Now, by continuities on interior edges es, e3, e4 we can establish the following linear system:

St So 0 0 O C1,1y
0 11(51 + Sg) —-105;-25, 0 C2.T,
0 R12 *251 0 0 C5, T,
0 0 SQ Sg 0 0 0 637T2
0 SQ 0 0 Sg 0 0 CI,TQ —0 (A 10)
—-105, 0 O 11(52 + 53)52 + S3-1055 0 C2,74 ' '
—252 0 0 R23 SQ + Sg —252 0 C4, T3
0 0 0 Sg S4 C5,T3
0 253 —1053 0 11(S3 + S4) C1,T;
| 0 0 =25 0  Rss | [com]
From the first three equations of (A.10), we know that
S R AD)
CQ,TQ = 7s_2c1,T1; CS,TZ = 72—‘S¢2c1,T17 CB,TQ = 75—261,1-‘1' (A'11>
Analogously, from the rearmost three equations in (A.10) we have
Sy Rsy Z34
cLTy = *S—302,T4, C5,15 = 2—5,302,T4, cary = *S—Bcz,n- (A.12)

Substituting the relations (A.11) and (A.12) into the middle four lines of the Eq. (A.10), a smaller
linear system equivalent to the original system (A.10) is obtained

Ziz 0 0 Z34
0 So S3 0 C1,1y
(S2+ S3)Z34 + 5S2R34 | | 1.1

5Ris 0 11(52 + Sg) — 3 o =
3 13

(S2 4 S3)Z34 + S2Ray Co.1y
S3

o O O O

Ris O Ras -
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After elementary row transformations, the above equations can be further converted to

If
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[z 0 0 Z3y
0 SQ S3 0 C1,1y 0
2(S2 + S3)Zs4 c1T 0
0 0 Z - =2 A.13
3 S3 2.7y 0 ( )
2Ro3  Rsg ) ( 2R3 Ria ) c2,T, 0
0 0 0 S(142240%) g (1422800 ’
? ( Z23  Z3a ’ Zaz  Zi2) |
2Ra3 Rg4> ( 2R3 R12>
Sp 1+ 222 ¢ 280 Loy (14228 4 212
? ( Zas  Z3a ’ Zas  Zia 7

then (A.13) has unique solution, and further dim(ker(div, V;%%;}:S)) = 0.

Moreover,

dim (div (V5E00) ) = dim (VRN ) — dim (ker (div, VIERE))

=23 0=dim (Q}. ).

. . . . sBDFM5; 2 . . .
which implies that div : VhO,MES — Qh*,MES is surjective.

Finally, a same proof fashion as in Lemma 4.1 concludes that Ny, is a one-dimensional

space containing only constants. O
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