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Abstract

An improved nonlinear fourth-order Cahn-Hilliard (INFOCH) equation is first devel-
oped to ensure that its numerical model is symmetric, positive definite, and solvable.
Then, by introducing an auxiliary function, the INFOCH equation is decomposed into
the nonlinear system of equations with second-order derivatives of spatial variables. Sub-
sequently, by using the Crank-Nicolson (CN) technique to discretize the time derivative,
a new time semi-discretized mixed CN (TSDMCN) scheme with second-order accuracy is
constructed, and the existence, stability, and error estimates of TSDMCN solutions are
analyzed. Thenceforth, a new two-grid mixed finite element (MFE) CN (TGMFECN)
method is created by using two-grid MFE method to discretize the TSDMCN scheme, and
the existence, stability, and error estimates of TGMFECN solutions are discussed. Next, it
is most important that by using proper orthogonal decomposition to reduce the dimension
of unknown coefficient vectors of TGMFECN solutions and keep the MFE basis functions
unchanged, a new TGMFECN dimensionality reduction (TGMFECNDR) method with
very few unknowns, unconditional stability, and second-order time precision is created,
and the existence, stability, and error estimates of TGMFECNDR solutions are proved.
Finally, the superiority of TGMFECNDR method and the correctness of the obtained
theoretical results are showed by two sets of numerical experiments.

Mathematics subject classification: 65N12, 65M15, 65N35.
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1. Introduction

Let Q@ C R™ (n =1,2,3) be a connected bounded region with the boundary 99 and ty be
a given time upper-bound. We develop a new improved nonlinear fourth-order Cahn-Hilliard
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equation with two strong nonlinear terms as follows, which is slightly different from the usual
Cahn-Hilliard equation in [4,8,17,29,33].

Problem 1.1. For any t € [0,ty), find v : [0,t5) — C*(Q), satisfying

O(t, ) + €V - (G(v(t, 2))V(Ap(t, z)))

~V - [f(v(t.2)Ve(t,z)] =0, Y(t,z)e (0,tn) x
Y(t,x) = AY(t,x) =0, V(t,x) € (0,tn) x 09,
(0, 2) = O(x), Vo e,

(1.1)

where the unknown function (¢, ) indicates the phase field or order parameter, C*(Q) rep-
resents a space formed with functions with fourth-order consecutive derivatives, 9, = 9/0t,
x = (21,22, -, ), € > 0is a constant and indicates the interface width, G(¢(t, )) indicates
a positive mobility, f(1(t,)) > 0 is a nonlinear source function, and 1/°(x) is an adequately
smooth known initial value function.

Remark 1.1. There are two explanation for Problem 1.1.

(1) The improvement of this paper is to take the source function f (¥(t,x)) > 0, which can
ensure that the time semi-discrete mixed Crank-Nicolson scheme, and finite element (FE) and
two-grid mixed FE CN methods have unique solutions. If F(¢(t,x)) = (1*(t,z) —1)?/4 stands
for the free energy density in mixture and f((¢,x)) = F'(¢(t,x)) = 3(t,x) — ¥(t, x), then

we can take f(¢(t,x)) = fL(¢(t,x)) + f.(¥(t,)), where f| () and f’ (i) are the positive
part and negative part of f/(¢), respectively, as defined below

302 —1, ¢e[-1,-1/v3U[1/V3,1],
0, ¥ e [-1/V3,1/V3),
0, e -1, -1/V3U[1/V3,1],
1392, e [-1/v3,1/V3].

frw) =

fL) =

Thus, f (¥) = fi(y) + fL(x) > 0 almost everywhere. Two numerical examples in Section 4
show that the INFOCH equation with f(v) = f1 (¥) + f_(¢) is very effective and reasonable.
Of course, the nonlinear positive function f(i(t,)) is also taken as other functions. For
example, it can be taken as f(¢(t, ) = cos(¥(t, ) (—1 < (t,x) < 1). Thus, it satisfies

f((t,x)) > 0. Hence, the INFOCH equation has wider adaptability and versatility than the
usual Cahn-Hilliard equation in [4,8,17,29, 33].

(2) The unknown function ¢ (¢, ) in Problem 1.1 usually represents the difference between
the two components in the concentrated binary mixture, namely ¥(t, ) = gq(t, ) — gs(t, )
satisfying 0 < g4 (¢, ), gp(t, ) < 1 and g, (¢, )+ gp(t, ) = 1. So, there holds —1 < ¢(t,x) <1,
here g, and g are the mole fractions of phases a and b. In some application of Problem 1.1,
for instance, it is used to characterize the diseases transmission, ones take

G (Yt @) = Go(1 —¢*(t, 2)),
here Gg > 0 is a real number.

The improved INFOCH equation with two strong nonlinear terms is an important mathe-
matical physics model. It can not only describe the phase separation process in the binary alloy
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mixture, like the usual Cahn-Hilliard equation in [5,6], but can also applied to many fields men-
tioned in [2,3,5,7,10-12,15,16,18,28,37,38], such as the dynamics spin decomposition, diblock
copolymer, image restoration, multi-phase fluid flows, elastic inhomogeneity micro-structure,
phyma development simulation, and topological optimization.

However, because the INFOCH equation has two strong nonlinear terms, it is difficultly to
solve analytically. Using numerical methods to find the numerical solutions of the INFOCH
equation is the most choice. Fortunately, the numerical methods for the INFOCH equation
play a important role in the numerical calculations of the dynamics spin decomposition, diblock
copolymer generation, image restoration, multi-phase fluid flows, elastic inhomogeneity micro-
structure, phyma development process, and optimizing of topological structure. Therefore, it
is very meaningful to study the INFOCH equation by numerical methods.

Two-grid FE algorithm is one of the best numerical methods for solving nonlinear partial
differential equations (PDEs). It consists of a nonlinear FE system of equations on coarser grids
and a linear FE system of equations on finer grids with sufficient precision. Hence, it can simplify
calculation and improve calculating efficiency. It was originally used to solve quasi-linear elliptic
equations (see [34]). More recently, it has been used by Liu’s and Shi’s teams to solve some
more complicated nonlinear PDEs (see [25,30,31]). However, to our knowledge, at the moment,
the INFOCH equation has not been solved by the TGMFECN method. Therefore, the first
task of this paper is to create a new TGMFECN method with second-order time precision
and unconditional stability for the INFOCH equation. The TGMFECN method has at least
the following three advantages. First, the TGMFECN method has unconditional stability and
time second order precision. Second, the TGMFECN method is also composed of a system of
nonlinear MFE equations on a set of coarser meshes and a system of linear MFE equations on
a set of finer meshes with adequately high precision, which can greatly simplify the calculation
and enhance the calculation efficiency. Third, by introducing an ancillary function @ = —Aq,
the INFOCH equation is decomposed into two system of second-order equations that can be
easily settled by lower-order FEs, such as linear or quadratic FEs. While the standard FE
methods including stabilization methods for the fourth-order equations since they need at least
to use the piecewise fifth-degree interpolation polynomials to construct conforming FE space on
triangulation or the piecewise third-degree interpolation polynomials to construct conforming
FE space on rectangular subdivision (see [26, Chapter 1]). The TGMFECN method is better
than the standard FE methods including stabilization methods for the fourth-order equations.

However, the TGMFECN method is still very complicated and contains lots of unknowns.
In particular, when the TGMFECN method is applied to practical engineering calculations, it
will have tens of millions of unknowns. Therefore, the second task of this paper is to create
a new TGMFECN dimension reduction method by using the proper orthogonal decomposition
(POD) to reduce the dimension of unknown coefficient vectors in the TGMFECN solutions,
so as to vastly reduce calculating burden, delay the cumulation of computation errors, and
improve calculation efficiency.

A large number of numerical examples (see, e.g., [1,9,13,19,20,22,27,32]) have shown that the
POD method has a very powerful action for reducing the unknowns in numerical methods. But
these examples belong to the category of reduced-dimension methods of FE space, namely the
vectors formed with FE basis functions for the Galerkin and FE methods, which are thoroughly
different from the TGMFECNDR in this paper. This is explained in detail below.

In theory, the unknown FE solutions ¥ (1 < k < K) at moment t;, are represented by the
linear combination of the known FE basis functions (;(«) and the unknown solution coefficients
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¥k (1< j < My) as follows:
Mp,
Gh=Y Gt =¢ ¥, 1<kE<K, (1.2)
j=1

= (@), G(@), -, Cary (@) i a vector
formed with the FE basis functions ¢;(x) (1 < j < Mj), whose existence is proved in [36,
Proposition 1.6.21], and W% = (¥ ok ... ,Mcwhf (1 < k < K) are K vectors formed by
the unknown FE solution coefficients 1/1;?, whose dimension M}, is equal to the number of FE
grid nodes. Hence, to find the unknown FE solutions of PDE is just to find the unknown
FE solution coefficient vectors ¥* (1 < k < K) after substituting (1.2) into the variational
formulation of PDE.

In the algorithm, the FE model is written as a total stiff matrix and the values of FE

where h is the maximum diameter of all FEs, ¢

solutions at FE grid nodes are solved on a computer. In essence, it is to calculate the unknown
FE solution coefficient vectors ¥¥ (1 <k < K), which are exactly made up of the values of FE
solutions at the FE grid nodes.

It follows that both theoretically and algorithmically, finding the unknown FE solutions of
PDE boils down to finding the unknown FE solution coefficient vectors ¥* (1 < k < K).

(a) The dimension reduction of the FE space is actually to reduce the dimension of FE
basis function vector in (1.2). If the FE space Uy is spanned by the FE basis functions
G(x), G(x), -,y (), then it is denoted as follows:

Un :span{@l(m),@(m),~~ ’CI\/Ih(m)}' (13)

Thus, the previous reduced-dimension methods in [1,9,13,19, 20,22, 27, 32] are established by
replacing the FE basis functions (1 (x), (2(x), - - - , Car,, (@) with the most main d continuous POD
basis functions ¢1(z), ga(x), - - -, da(x) (d < My) formed with some continuous FE solutions
obtained from classical FE method, namely by replacing the FE space Uy, in (1.3) with the sub-
space Uy = span{ggl (), &g(m), cee g?)d(m)} generated by the most main d continuous POD basis
functions ¢; (x), (52($), e ,d;d(m). Thus, the construction of continuous POD basis functions
and the theoretical analysis of existence, stability, and error estimates for the reduced-dimension
solutions of the FE space reduced-dimension method need very abstract functional analysis
(see [26, Section 4.1]), which is very complex and not easily understood by engineers with
a weak mathematical foundation. Moreover, the precision of reduced-dimension solutions is
also influenced by dimensionality reduction of the FE space.

(b) The dimension reduction of unknown FE solution coefficient vectors of this paper is
started from another direction, that is, the FE basis functions (i (), (2(x), -+, (u, () in (1.2)
are kept unchanged, that is, the FE space Uy, in (1.3) is kept unchanged, and the dimensionality
reduction method is built by replacing the unknown FE solution coefficient vectors W* with the
linear combination \Il’fl = ®;,8% of the most main d POD basis vectors ®;, = (1, @2, - ,Pa)
formed with some FE solution coefficient vectors obtained from classical FE method. Thus,
the obtained reduced-dimension solutions ¥% (1 < k < K) of unknown FE solution coefficient
vectors can be expressed as follows:

YE=¢- Wh=¢- (®18"), 1<k<K, (1.4)

where B = (8%, 85,---,B%)T are the unknown vectors with only d unknown components
(d < Mp). By comparing (1.4) with (1.2), it is easy to see that reduced-dimension solutions 1%



A Novel Dimension Reduction Based on POD and TGMFECN Methods 5

of unknown FE solution coefficient vectors have the same FE basis functions
¢ = (Gi(x),C(x), -+ ,Cm, (x)) T and precision as the usual FE solutions f. In particular,
in Section 3, we will see that the construction of POD basis vectors and the theory analysis
of existence, stability, and error estimates for the reduced-dimension solutions of unknown FE
solution coefficient vectors need only matrix analysis, rather than very abstract functional anal-
ysis, which is very straightforward and easily accepted by engineers with a weak mathematical
background. Hence, the reduced-dimension method of unknown FE solution coefficient vectors
of this paper is distinctly better than the existing reduced-dimension method of FE space,
including those in [1,9,13,19,20,22,27,32].

Although the TGMFECNDR methods for the unsaturated soil water flow problem, the non-
linear wave equation, the fourth-order extended Fisher-Kolmogorov equation, and the nonlinear
fourth-order reaction diffusion equation have been posed in [14, 23,24, 35], respectively, the IN-
FOCH equation with two strong nonlinear terms and fourth-order spatial derivatives herein
are much more complex than the above four equations. Hence, the creation of TGMFECNDR
algorithm of the INFOCH equation and the theory analysis of the existence, stability, and er-
ror estimates of the TGMFECNDR solutions are confronted with more difficulties and require
more techniques than all the previous works. But, just as mentioned above, the TGMFEC-
NDR method for the INFOCH equation has very important applications. Therefore, it is very
valuable to study the TGMFECNDR method for the INFOCH equation.

The rest of this article consists of the following four sections. First, in Section 2, a new
TSDMCN scheme with second-order time accuracy and a new TGMFECN method with un-
conditional stability and second-order time accuracy for the INFOCH equation are created, the
existence and stability together with error estimates of the TSDMCN and TGMFECN solu-
tions are proved. Thenceforth, in Section 3, a new TGMFECNDR method with unconditional
stability and second-order time accuracy is developed by using the POD method only to reduce
the dimensionality of unknown coefficient vectors in the TGMFECN solutions and keep the
FE basis functions unchanged, and the existence and stability as well as error estimates of the
TGMFECNDR solutions are proven by matrix analysis. Next, in Section 4, the validity of
TGMFECNDR method and the correctness of theoretical results are verified by two numerical
examples. Finally, in Section 5, the main conclusions of this paper are summarized and some
expectations in the future research are given.

2. The TSDMCN and TGMFECN Methods of the INFOCH Equation

2.1. The TSDMCN scheme

The Sobolev spaces and norms presented in context are classical (see [21,26]). Let U=H}(Q).
By introducing auxiliary function @w = —A% and using the Green formula, a mixed variational
formulation for Problem 1.1 can be built as follows.

Problem 2.1. For any t € (0,ty), find (¢,w) € U x U, satisfying

(040, 9) + (G (¥) Vo, VI) + (f()Vy, VI) =0, VI e,
(w,v) = (Vy, Vo), Voel, (2.1)
¥(0,z) = (x), w(0,z)=—A¢°(x), Ve,

where (-, -) denotes the L? inner product, i.e., (¢,v) = [, 9(x) - v(x)dx.
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The existence and stability of the weak solution of Problem 2.1 can be proved by using the
same technique as proving Theorem 2.1.

It is obvious that G(v), f(¥), G'(¢) =: dG(¥)/de, and f'(¢)) =: df(+)/dy are bounded,

namely there are two positive constants ¢; > 0 and co > 0 such that

c1 SGW), fF(),IG' @), |f ()] < ca. (2.2)

In addition, by Poincaré’s inequality (see [26, Corollary 1.1.19]), there is a constant ¢y > 0
such that |91 < co]| VYo for any ¥ € U.

In order to construct the TGMFECN method, we firstly design a new TSDMCN method.
Toward this purpose, we assume that K > 0 is an integer, At = t./K indicates the time step,
and ¥* and @® (0 < k < K) indicate the approximations to ¥ (z,t) and w(z,t) at time node
ti = kAt, respectively.

Discretizing the first equation of (2.1) by the implicit scheme with first-order time precision
yields

Ait(w —pF L 0) + E(GWF)VEr, Vo) + (f(F)Vyk, Vo) =0, V9 eU.  (2.3)

Discretizing the first equation of (2.1) by the explicit scheme with first-order time precision

yields

1
At
Adding (2.3) and (2.4) yields the following new TSDMCN scheme with second-order time

precision, which completely differs from all the previous time semi-discrete schemes of the usual
Cahn-Hilliard equation.

(WF —pF=19) + (G Ve L, Vo) + (F(pF Vb=l V) =0, VIeU. (2.4)

Problem 2.2. Find {(¢*, ")} | C U x U, satisfying

é(wk _ ’L/Jk_l, 19) + ;(G(wk)vwk + G(wk—l)vwk—l’ Vﬂ)

+ %(f(wk)w’“ + fFH VR VY) =0, VY9elU, 1<k<K, (2.5)
(w*,v) = (VyF, Vu), Voel, 1<k<K,
PO =9y (z), @ =-A¢°(z), xe.

For the TSDMCN scheme (Problem 2.2), we obtain the following results.

Theorem 2.1. Problem 2.2 has a unique series of solutions { (1", wk)}f:1 C Ux U, satisfying
the following boundedness, i.e., stability:

[9* 1+ s < (9l + 12%h), 1<k <K, (2.8)

here and thereafter c¢ indicates a generic positive constant independent of At. Furthermore,
when the solution (Y(t,x),w(t,x)) for Problem 2.1 is adequately smooth, the series of TSDMCN
solutions {(Y*, w*)}< | to Problem 2.2 meets the error estimates

[ (tk) — %], + |@(th) — @], <cA?, 1<k<K, (2.9)

in which ((tr), @(tr)) = (W(te, ), @(tr, ) (1< k < K).
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Proof. (1) The proof of existence and uniqueness for the TSDMCN solutions.

(i) The proof of existence for the TSDMCN solutions.
From (2.6) in Problem 2.2 we obtain

(@" — " ph —F ) = (V" — "), V(" —¢*h),  1<E<K, (2.10)
(" " o — ) = (V(F £ ), V(" — "), 1<k <K, (2.11)

Taking ¥ = w® — @w®~! in Problem 2.2, and using Lagrangian’s differential middle value

(LDMYV) formula, the Hélder and Cauchy inequalities, (2.10), and (2.11), we obtain

2
196 — 95Dl + LRV — 194 1B) + 22 (=13 — = 3)
< |(VF =P 1), v(h —gF 1)) + #(G(W)V(wk + w1, V(o? — w* 1))
+ LTV +0h ), Tk )
k k—1 1k k—1 At k k k—1 k k—1
=|(@" —w" LYt = )+T(G(1/) W(z" + @), V(z" — @ ))
+ 2LV + 0, Tk - b))
_ 622At ((G(wk) . G(1/)k71))Vwk71,V(wk _ wkfl>)
A - -
- SH(F) — Fh ) Ve vt - et )
At ’ k—1 k k-1 k k—1
< S max |G () 192 locell* — 6ol V(e — ) g
A -
+ S max PO IV foel[9* — 050V — 24
< APV (@~ F )+ IV~ 9, 1<E<K. (2.12)

Simplifying (2.12) yields

e (193 — [V 1R) + e (113 - 1= 1)
< AUV o+ 1953 ) (IVF I3 + [V 2)
< AUV + [V R), 1<k <K (2.13)

Summating (2.13) from 1 to k, when At is fully small, satisfying cAt < 1/2, by Gronwall’s
inequality (see [26, Lemma 3.1.9]), we get

k—1
loo* 13 < @Il + Aty oo'|} < [@|F exp(ckAt) < ¢|@’|lf, 1<k < K. (2.14)
i=1

Noting that, when ¢° = 0, we obtain @” = 0. Thus, by (2.14), we obtain ||=®||; = 0 so as to
get ¥ =0 (0 <k < K).



8 H.R. LI, Y.J. LI, L. HE AND Z.D. LUO

Further, taking v = 1* in Problem 2.2, by the Holder and Poicaré inequalities, we obtain
V5 = (VoF, Vb)) = (@, o) < [lw"[lol|9" [lo
< lla®lollvfll < ellw™ ol Ve*llo, 1<k < K. (2.15)
Simplifying (2.15) yields
IVY*llo < cll®lo, 1<k<K. (2.16)

Thereupon, when ¢° = 1%(x) = 0, by @* = 0 and (2.16), we can get ||V1*||o = 0 so that ¢¥ =0
(1 < k < K). Hence, Problem 2.2 has least a series of TSMCN solutions {(¢*, @®)}EX_ | c UxU.
(ii) The proof of uniqueness for the TSDMCN solutions.

If Problem 2.2 has another series of TSDMCN solutions {(¢*,&*)}K | € U x U, then it
should meet ||V4¥|12 < ¢||V4°|2 and ||[V&"|]2 < ¢||V4°||2 as well as the following equations:

S~ ) + ; (GEHVE* +GE N VE !, Vi)

£ (WY 4 FF)TI V) =0, YoeU, 1<k<K,  (217)
(&%, v) = (V§F, Vo), YVoelU, 1<k<K, (2.18)
PO = (), @° =—-Ay°, xzeQ. (2.19)

Let 0% = ¢* — ¢)* and ©% = wk — &". Subtracting (2.17)-(2.19) from Problem 2.2 yields
1 _ € _ - ~
(0" = 0" 0) + S (GWHV(O" + 08 + (GWF) - Gh)) vat, vi)

2

| ™

(GW* 1) = G*)Vver— + (Gw* 1) — GWr 1)) ver—t, vv)

2

3 (FWVE* + 654 + (Fwh) — F@) vk, v9)

+1 + 5 (F@) = F@h) Vo= + (Fw*™h) = F@F ) Veh =1 vo) =0, Vo el, (220)
(0%, v ):(wk,vu), VoelU, 1<k<K, (2.21)
°(x) =w’(z) =0, x€. (2.22)

From (2.21) we obtain

(OF —eF 1 oF — o1y = (V(0F — 0" 1), V(" - 0F1)), 1<k<K (2.23)
(OF + ©F 1 oF —eF 1) = (V(0F + 0" 1), v(eF —e" 1)), 1<k<K. (2.24)

By (2.20), (2.23), (2.24), the LDMV formula, the Hélder and Cauchy inequalities, we obtain

016

1 _ _ c _
A—tllv(ﬁ’“f@’“ DI+ == (IVe*|§ - [ve* 1II3)+31(H®’“||37H®’“ 1)

< é(vwk—ekfl),vwk—e’“*l) (F@HVE* + 65, v(eF - 0F))

N)I»—l

+ = (GWr)v(©eF + F 1), v(eF —eF 1)

| T
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= é(gk _ Gk—l’@k _ @k—l) + ;(G(WW(@k + @k—l), V(@k _ @k—l))
+ (f(l/ik)V(Qk + 61, v(er - @k_l))

N~

G — GF) — (G — GEH 1)) vk, v(eF — ek 1)

I
| N
—~
—~

_|_
|mwl\9|mw

_|_

G = GEF ) V(S - &4, v (eF — ek )

_|_

+
N N =N o
e
=

((f™h) = f*)ver1, v(eF —eF )

+ o ((fF ) = F@M 1)) V(@F —F 1), v(eF — eF 1))
< c]|0F — 0571 |o||[V(OF — ©F 1) ||o + cAt|VOF o[V (6 — 0F 1|
+ A VIR [o [ V(OF — ©F 1) [|o + cAt]|VOF o] V(% — ©F 1o

1 - - -
< oall0" = 0G4 At (VORI + [VOETHE + (IVOH[E), 1<k< K. (225)

Simplifying (2.25) yields
e (IVOrI§ = IVer=H3) + (1915 - 1e*7H13)
< AL([VOTHE + IOF T+ I0F]F), 1<k < K. (2.26)
Summating (2.26) from 1 to k, using ©° = 0° = 0, when At is fully small, satisfying
cAt < 1/2, we obtain

k—1
10717 < cAt> " (IVO[I§ + 107]7), 1<k<K. (2.27)
1=0

By applying Gronwall’s inequality to (2.27), we get

k—1 k—1
1017 < ALY VO [[g exp(ckAt®) < eAtY " [VO'5, 1<k <K. (2.28)
1=0 1=0

Further, by (2.21) and the Holder and Poicaré inequalities, we get

IVOF[I3 < 19]lol1©% 0 < | VO¥[lo|©*]l1, 1<k < K. (2.29)

By (2.29), we get
V6 ]l < €1, 1<k <K. (2.30)

Substituting (2.30) into (2.28) gets

k—1
[O%]F <cAtd (107, 1<k<K. (2.31)
=0
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Once again applying Gronwall’s inequality to (2.31) yields
|©F12 < 0 x exp(ckAt) =0, 1<k<K.

@’ (1 <k < K). Further (2.30) we get |[V6*||o = 0 so as to

It follows that ©%F =0, i.e., @* =
YF (1 < k < K). Hence, the TSDMCN solutions of Problem 2.2 is

get 0% = 0, namely % =
unique.

(2) The proof of boundedness about the TSDMCN solutions.
When Problem 2.2 has a unique series of TSDMCN solutions, from the proof of the existence
of the TSDMCN solutions, the boundedness of TSDMCN solutions is gotten.

(3) The error analysis of the TSDMCN solutions.
With the Taylor expansion, we obtain

A At? At?
P(tr) = Dt y) + G0 (b y) + St () + et k), (2.32)
A At? At?
Dltnr) = ltioy) = S0 (tmy) + 0 () — et ) (233)

g((te)) = g(¥(te_1)) + [W(tr) = ¥(ti_1)lg' (W (ti-1)) + O((ty) — "/’(tk—%))2’ (2.34)
9(W(tr-1)) = g(W(te_ 1)) F [ (tk—1) = (te_)]g (V(tr-1)) + 0(7/)(%71)*7/)(%71))27 (2.35)

where t;,_1 /5 <G <tg and tp_1 < Gop < t_1/2. From (2.32)-(2.35) we obtain

_ 2 . .

1//(%_%) = M)TW - AQ—ZW”(&), te—1 < &k < trga, (2.36)
2

Y(tp_1) = w - Al—gw”(ék), tho1 < Sk <ty (2.37)

o(Uty)) = g(U(tr)) +29(U(tk—1)) AR (1), (238)

in which Ry(z,t) is a bounded remainder function obtained by (2.32)-(2.35) and g(-) = G(-)
or ().
Subtracting Problem 2.2 from Problem 2.1 after taking ¢ = t;_; /2, and setting
uk:d}(tkvm)*wka wk:w(tkvm)fwkv

we obtain the following error system of equations:

(= 0) + S (CWl )V (0 + (1), T)

— g((c(wk)vﬂ + G Ve, V)

+ %(f(wk,%))vw(tk) +(tr-1)) — fO)VOE — Vet vo)
:AtQ(R V), VoelU, 1<k<K, (2.39)
(wh,v) = (VuF,Vv), YoelU, 1<k<K, (2.40)
u’ =w’ =0, xef), (2.41)

where R is also a bounded remainder function determined by subtracting Problem 2.2 from
Problem 2.1.
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By (2.40), we obtain

(wWh £t — ) = (VP £d ), VW —uF ), 1<k <K, (2.42)
(wWh £t wh — k) = (VP £, V(wh —wbY), 1<k <K (2.43)
Taking ¥ = wk — w*~1 in (2.39), by (2.42), (2.43), the LDMV formula, the Hélder and
Cauchy inequalities, Green’s formula, and Taylor’s expansion, we obtain
2V (u” = * Y + cr? At ([ Vwr I — [V THF) + crat(w® 5 — [lw"~HF)
< [2(V(uF = ub1), k= uF 1) + Ab(wb + wh ! wk — wht)
+ eQAt(G(z/J(tkfé))V(wk + k1), V(Wb —wkh)) + A3 (R, w* — wk_l)‘
< |2(V(uk —uf), V(U — uk_l)) + A (R, wk — wh)
+ EQAt(G(’L/}(tk_%))V(’LUk +wh ), V(Wb —wh )
+AL(f($(t- 1)) VP + 671, V(" —wb )|

— Q(wk _ wk—l’uk _ uk—l) + At?’(é, wk _ wk—l)

+ GZA L((GWH) + GuF V(@ — o), V(b - wh )

= A (G(00) + Gblta)) T - =), T — )
+ QA L(GWh) - 1) V(" - =F ), Yk — b))

+ % (F*) + FrP=1) V(- * 1), V(wk —wh1))

- %((ﬂwk)) + F((th-1)) V(F — pF1), T (wh — wh1))

+ % (F@") = F@F ) V(@F = ), V(wh —wh))

< eV By llo.o0 max G ()AL (Vo + [ V*~ o) — w* o
+ A | V0o, 00 ma |G (v)[[lw" = "o + eAL|w® —w
+ €l VO o o max | (WA V(0 = u* ) ol — ™o
+ cAt3||V8tz/1||Om Huleau)f |f’(v)|||wk _ wk—1||0

<V (uF = uF DR + A + AL (| VP (E + [V 1), 1<k <K (2.44)

By simplifying (2.44), summating from 1 to k, and noting that w® = 0, when At is adequately
small, satisfying cAt < 1/2, we obtain

k—1
[wk|[} < kA + cAt Y |lw|f, 1<k <K. (2.45)

j=1

Applying Gronwall’s inequality to (2.45) yields

|w* |y < \/ckAt® exp(ckAt) < cAt?, 1<k <K. (2.46)
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Further, by (2.40) we obtain
IVutlls < llu*flollw*llo < el Vu*(low®[l, 1<k <K. (2.47)
Simplifying (2.47) and using (2.46) yield
IVl < ety < eA2, 1<k <K, (2.48)
To combine (2.46) with (2.48) yields the error estimates of TSDMCN solutions. The proof

of Theorem 2.1 ends. U

Remark 2.1. Theorem 2.1 shows that the TSDMCN solutions to Problem 2.2 are uniquely
existing and stable, and achieve second-order time precision.
2.2. The TGMFECN method for the INFOCH equation

To create the TGMFECN method, we need to use the two-grid MFE method to further
discretize the spatial variables in Problem 2.2. For this end, we assume that Jpy is a quasi-
uniform coarse grid division on € and H indicates the max-diameter for all FEs in Jz. Then,
the FE space on Jpy is defined as

Uy ={vy € C(Q)ﬂU cvglg €P(E), VE € Ju},

where P;(E) (I > 1) indicates the space of polynomials with degree less than or equal to [
defined on F € Jp.

Further, we assume that J;, indicates a quasi-uniform fine grid division on Q and h indicates
the max-diameter for all FEs in J, (h < H). Likewise, the FE space defined on Jj, is taken as

Uy, = {Uh € C(Q) NU: Uh|e € ]P’l(e), Vee :(h}

Define two Ritz projections R, : U — U, (k = H, h), i.e., for u € U, there are two unique
R.u € Uy, satisfying

(V(u— Rxu),Vv,) =0, Vv, €U, r=Hh, (2.49)
and the error estimates
lu — Reul, < k™77 YueUNnHTYQ), r=0,1, k=hH, (2.50)

where ¢ presented in the context indicates a generical positive constant independent of At, h,
and H, and is different at different places. Thereupon, a new TGMFECN method can be
created as follows.

Problem 2.3. Step 1. Find {(¢/%, @)X, C Uy x Uy defined on the coarse grid division J,
satisfying the following nonlinear system of equations:

1 2
55 (Wl = U 0m) + 5 (G(h) Vel + G (e ) Vel ', Vi)
+ %(f(w;g)wz + F(WE Ve V) =0, Vg €Uy, 1<k<K, (2.51)

(&, vm) = (VY. Vor), Vug €Uy, 1<k<K, (2.52)
VY = Rpy’(z), @% = Ryw®(x), zef. (2.53)
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Step 2. Find {(¢F, @)}, C Uy x Uy, defined on the fine grid division Jj, satisfying the
following linear system of equations:

1 _ €2 _ _
E(%’? — Ut 0n) + g(G(%]@)V@Z +G () Vet Vi)
+ %(f(w’fz)w;’i + f(R VR V0L) =0, VO, €U, 1<k<K, (2.54)
(wf, o) = (Vr, Vug), Vo, €Uy, 1<k<K, (2.55)
) = Ry’ (x), wp = Rpw(z), zel. (2.56)

Remark 2.2. Problem 2.2 may be simplified by other form two-grid FE methods, but Prob-
lem 2.3 is the simplest and most convenient.

For Problem 2.3, we obtain the following results.

Theorem 2.2. Under the same conditions as Theorem 2.1, Problem 2.3 has a unique series
of solutions { (1%, wif{)}i(:l C Uy x Upg defined on the coarse grid division Jg and a unique
series of solutions {(1/12, w,’i)}le C Uy, x Uy, defined on the fine grid division Jp, respectively,
satisfying the following unconditional boundedness, i.e., unconditional stability:

Il + llefill + 95l + lorlh < e[+ [[@°]l), 1<k <K. (2.57)

When At = O(h) and h = O(H'TY/Y), the series of solutions { (Y%, wh )} and {(vf, @i},
have the following error estimations:

[o(tx) = vy + H|o(te) = V5|, + | (te) — @ ||, + Hlw(tr) — o],

<c(A* + H'TY, 1<k<K, (2.58)
(k) — x|, + R (k) — ¥r|, + | (ts) — @5, + h|@(te) — =5,

<c(A 4+ AT, 1<k <K, (2.59)

where P(ty) = Y(tk, ®) and w(ty) = w(ty, x) (1 <k < K).
Proof. The demonstration of Theorem 2.2 constitutes the following two steps.
(1) Prove the existence and unconditional stability of the TGMFECN solutions.

(i) Prove the existence as well as unconditional stability for the solutions of Problem 2.3
defined on the coarse grid division Jg.

Because the system of Eqs. (2.51)-(2.53) has the same structure as the system of Eqgs. (2.5)-
(2.7), by using the same approach as demonstrating Theorem 2.2, we can demonstrate that
the system of Egs. (2.51)-(2.53) has a unique series of solutions {(¢%, @)}, C Uy x Uy,
satisfying

okl + @kl < el +1wl), 1<k<K (2.60)
(ii) Prove the existence along with unconditional stability for the solutions of Problem 2.3
defined on the fine grid division Jp,.

The linear system of Eqs. (2.54)-(2.56) is rewritten into the following problem.

Find {(¢F, @k} | C Uy, x Uy, satisfying the following linear system of equations:

{ A((¥f, @), (v, 01)) = F(un, 9n), ¥ (vn,91) € Up x Uy, (2.61)

YY) = RpyP(x), w@f) = Ry@’(z), x€Q,
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where
At
2

A((w}]i’w}]i)a (’Uhaqgh)) = (walia vvh) - (WZ,’U}L) +

+ 5 (F(h) ek, von),
At At

5 (G ) Ve~ Vin) — - (P~ V™" Vo) + (057", ).

(G Vh, Von) + (VF,0n)

F(vn,95) = —

Using the Holder and Cauchy inequalities, we obtain

= 2AtL At
| F(vn, 91)| < sz’i’lHolwhHwCQe 19k o191l + 2= (995 |y 19als
< MO(HﬂhH% + HUhHl) , Y(vn,0n) € Up x Up, (2.62)
JA((0F, @F), (on, 90) | = | (65, 0n) — (@, vn) + (VoF, Vor)
At At
+ 5 (G(Uh) Vel VOu) + - (F (V) VR, V)|
< [l 1 9nlls + [kl onlls + [ ] Tonll
At At
=kl 1n lh + 5=k I9al

Co€ At
2

At
gmax{1+ ,1+c2 }(H hH1+||"/)h||)(||19h||1+||vvh”1)

< My [([[0f15 + b5 Qlonll? + 19a13) ]
Y (¢F, @f), (vn,9n) € Up x Uy, (2.63)
A((wr, @), (v, @F)) = (VF, @r) — (wf, ) + (VYF, VF)

At At
+ S (G (o) Yk, Vao) + 5L (F(vl) Veh, Vo)
2 ceAt cAt
> ||Verlly + —5— Ve hHo—gHWhHo = lIv=hls
> ao (|| Vo5 + HthHo) Y (b wh) e Uh x Uy, (2.64)
when
_ ceAt cAt
Mo = [[en g + =5 —IV@h " lly + == Vo5~ o
2
ﬁmax{lJr 2€2A ,1+022At},
1 0162At At2 0
ap = min BY 5 5 > U,

when At is adequately small, satisfying At < ¢; /c3. Hence, F(-,-) is a bounded linear functional
and fl(( ,),(+,+)) is a bounded and positive definite bilinear functional when %, @¥,, 1/1571,
and wh ! are given. Thus, by Lax-Milgram’s theorem (see [26, Theorem 1.2.1]), we assert that
(2.61), i.e., Step 2 of Problem 2.3 has a unique set of solutions { (¢, @wf)}< | C Uj, x Uy. And
by (2.62), (2.64), and the inverse estimation theorem (see [26, Corollary 1.3.2]), when At and h
are sufficiently small such that cmax{At¢, h} <1, we obtain

IVeillo + [Vetlly < emax{ae, m} ||V o + [V o)
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<[Vl + 11V <

<||IVaill, + 1IVERll, < IVE°llo + VY llo, 1<k <K. (2.65)

Combining (2.60) with (2.65) yields (2.57).
(2) Prove the error estimations for the TGMFECN solutions.

Let

],z:wkfR,ﬂw, Hk:R,iwkfwk
] :'l/Jk_ k &Ezwk_Rka, ék_ ,g'l/Jk

K

By (2.6), (2.52), (2.55), (2.2), and (2.49), we obtain

(IIvaklls — [V [) = (V (@ + ). V(@) —

k
or1), (2.66)

K K

GW*)V (wf +wf™1), v (0F — k1))
GW*)Va* + G Ve, v (0 —oF 1))

(
GV (wk + w’,:*l),v
MWV (wh +wk 1), v

¢

— (G(vk )Vw +G(w,’j DVoh!
(G (wx
(

G@W") - (1/1’“ D)V 4 (G(wh) -G
Jwklly = k= 5) = e (V@ + @k ). ¥ (wf — wi™))

V) Vk, v (0F —ok1)), (2.67)

Q
AR
/~

< (fMV (@ + @k, V(ok — ot + (FF)V (@k + @k, v (0F - 0571))
= (fWMV(@f + @), V(ok —ok™")) + (FF)VYF + f* ) Vyrt v (eF — 6871)
— (F(h) Vi + F( ) Ve V(05 — 057Y)
+((FE) = F@M)veEt,v(or —o87"))
+ ((F@") = ) VR + (F(wh) — FM) Vol v (08 — 0571)), (2.68)
||Vw,]zHO§c||wE||O§c||Vw,]z||O, k=Hh, 1<k<K. (2.69)

(a) Prove the error estimates of solutions {(¢%, %)} | of Problem 2.3 defined on Jp.

Subtracting the system of Eqgs. (2.51)-(2.53) from the system of Egs. (2.5)-(2.7) taking
¥ =9y and v = vy, we obtain

— (0, — @ ) + = (GWF) Ve — G(¥) Vel Viu)

+ S(EWVE - Gyl ) Vb Vo) + 5 (Ft) Vet — F(uh) Vol Vou)

(f vkt — fF( VYl Vy) =0, Vig €Uy, 1<k<K, (2.70)
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(w’;{,vH) = (Val, Vo), Vog € Uy, 1<k<K,
oY = wo( ) — RH’L/JO(w), wy = wo(:n) — RHwo(:B), xefd.

(2.71)
(2.72)

By (2.2), (2.66)-(2.70), the LDMV formula, and the Holder and Cauchy inequalities, when

At = O(H?), noting that

’va{ — va{’s = ’(wk — " 1) - Ry (w® fwkfl)‘s < cAtH™' s s=0,1,
5 — &h|, = |(WF =) = Rp (¢ —¢F Y| < cAtH'TIT0 s =0,1,
we obtain
L k—1 cie” e -1
I A (\wH\f\ i 1) + 5 (lefelly = et 5)
1 . . 1 - ke
S_t(V(UHJFU}IE[ 1) ( G 1))+A_t(wH+w];{ 17‘7?—1*‘71;1 1)
1 1 . - _ _
+ R (0 + ol Wy — ) + ( W)V (wh +wi '), V(o — o))
2
+ 5 ((GWH) = GEA ) Vg + (GW*) - G(vl)) Vel V(6 — 057))
2
+ 5 (G = G ) Vel LV (why —wl = ol + "))
1

+ 5 (PN = FRE D)Vl + (F@*) = () Vel V(05 - 057))

+§((f(¢k_1)—f( ))le;{ 1’v(wH wlffl_aﬂ"'alfi 1))

SEH@% @Z71||(2J+0H21+0Atuw%+wk’1H§
+ 2 At Jnax |G/(UH)Hwk_1| lwhy —whi ' — ol + ol 1,
+ ¢ meax |G/ ’wif 1’100‘10}[‘ HwH wlkﬂl 1_UH+UH 1H0
e vr 0 &' Wil 1’100‘wH Hollwhy = wi = ok + oy,
+ At oax | (v ||~k 1| }U}H w§1170H+JH1}1
+UI}§1€aﬁ(H|f VH le]ﬁ]fl’l oo}wH} HwH wllc-l ' _UH+UH 1H0
+ max | f )l | @ | el —wirt = o+ o g

= 2At|| @]IcleiﬂAt(\w’%\l+\ Wiy |)+cAtH2l, 1<k<K.

Simplifying and summating (2.73) from 1 to k, using (2.50), we obtain

k
||w£,||f < CAtZ Hw%”i + ckAtH?, 1<k<K.
j=0
When At is adequately small, satisfying cAt < 1/2, by (2.74), we get

k-1
w]Ii,QScAt w’ 2+0H2l, 1<k<K.
1 Hih
Jj=0

(2.73)

(2.74)

(2.75)
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By applying the Gronwall inequality to (2.75), we obtain

k], < e/ H? exp(cht) < cH', 1<k <K (2.76)

Combining (2.69) with (2.76) yields
@5 ||, + |lwirll, <2||lwi]|, <cH', 1<k<K. (2.77)

Further, using the Nitsche technique (see [26, Theorem 1.9.3]) and (2.77), we can directly
obtain the following error estimations:

il + lwilly + H[ @5, + Hlwhll, < cH™, 1<k <K (2.78)

Combining (2.78) with Theorem 2.1 yields (2.58).

b) Prove the error estimates of solutions {(¢¥, w?)}X . of Problem 2.3 defined on Jy,.
ko %h) S k=1

Subtracting the system of Eqs. (2.54)-(2.56) from the system of Eqgs. (2.5)-(2.7) and taking
¥ = 9y, and v = vy, respectively, we obtain

(i — i 00) + S (GWHVE — Gl Yk Vi)
+ %( GV = Gy ) Ve, V)
F L (P f el Vi)
+ %(f(w)wk — F(Wh)Vr, Vio,) =0, Vi, €Uy, 1<k<K, (2.79)
(wy, o) = (Vg Vun), Vog €Uy, 1<k<K, (2.80)
wy, =¥ (@) = Rny)’(x), wj =="(z) - Ry’ (2), 2EQ (2.81)

By (2.2), (2.66)-(2.69), (2.79), the LDMV formula, and the Holder and Cauchy inequalities,
when At = O(H?), noting that

|O’h - O’h| \( w® — w1 — Ry (w” — wk71)|s < cAthtH1=s)

o5 — = |(F — ") = Rp(F — FN)| < eAth'T 0 s =0,1,
and Q/JZ, wlf{, wZ and w’;{ are bounded, we obtain

1 _ c1€2 _ c _
Sl =k S (k) = [ ) + 5 (lwklly = e~ 5)

- ke - - 1 - ke
(V(65 +557), V(5 647)) + s (k + k™~ 54)

At
+ é(a;’i +oy iy —ayt) + %(G(W“)V(wh +wy ), V(of — o))
+ S (G = G ) Vel V(0 - 057)
~ S ((GWF) — G(wh)) Veok + (G ) — G(uf 1)) Vb =L, V(8 — 61 7))

(FMV (@ +@,7"), V(eh —oy7")) + %((ﬂw’“) — F@EY) VT V(o) - 057Y))
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— (@R = Fh)) Yok + (F@A) - Fwh ) el v 0k - a5)
< gl — @+ eh® + et - b

+ A oo [k ™} + ek —wh™ [} + ok — o7 )

+ellG"llo,co max {[ap], o @]y o H(wh], + [wh ™) 167 = 65 o

U oo (J5 7 + [k = wh™ [} + [of = o]}

el Fllo,oo max {0y o [ oo d (W], + [ ) 108 — 627

1
[0 — a7 [+ et (Jwh[} + [wh T [7) + cALHPHE 4 cAth®, 1<k < K. (2.82)

IN

By simplifying and summating (2.82) from 1 to k, when At is adequately small, satisfying
cAt < 1/2, we obtain

k—1
[wh ||} < eat S |jwh || + ckAtH? 2 4 ckAth®, 1<k < K. (2.83)
=0

With Gronwall’s inequality, from (2.83) we obtain
[wk]|? < e(H?+2 4+ h?) exp(ckAt), 1<k <K. (2.84)
By (2.84) and (2.69), we obtain
@k ||, + [Jwr]l, < 2llwill, < c(H* +4h), 1<k<K. (2.85)
Further, using the Nitsche technique and (2.85), when h = O(H't'/!), we can directly obtain
[@hlly + lwhlly + Pllarll, + hllwi]l, < eh™ 1<k <K (2.86)

Combining (2.86) with Theorem 2.1 yields (2.59). This finishes the proof of Theorem 2.2. [

Remark 2.3. Theorem 2.2 implies that the TGMFECN solutions to Problem 2.2 are uncondi-
tionally stable and achieve optimal order error estimates when the coarse and fine grids satisfy
the relationship h = O(H'*1/!). However, when  is a non convex regions or regions with
poor smoothness, the generalized solution for the INFOCH equation has at most third-order
derivatives, in this case, [ can at most take as 2.

2.3. The matrix form of TGMFECN model for the INFOCH equation

The most important step in constructing the TGMFECNDR method is to rewrite the
TGMFECN method in vector form. Toward this purpose, we set that {Cg}é\g C Uy and
{Cn}Mr | € Uy, are two sets of normalized FE basis functions under the L? inner product,
which may be generated by the normalized approach in [36, Section 1.6.3] and whose existence
has been provided in [36, Proposition 1.6.21]. Whereupon, the FE spaces Uy and Uy can be,

respectively, indicated by

Uy = {UH € C(Q) NU: 'UH|E S ]P)I(E), VE € JH} = Span{Cl,CQ,“' ,CMH},
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Uy = {vn, € C(Q)NU : vye € Py(e), Ve € I} = span{(i, o, -+, Cary

in which My and M}, indicate the dimensions of Uy and Uy, respectively.
Thus, the TGMFECN solutions 1% and 1/),’? can be indicated in vectors as follows:

Mg
T
wlfizzgi‘/;k:(claéba”' aCMH)T' (Vlka‘/Qka"' ’V]\]ZH) :C'Vk, (287)
=1
My, _ o _ - _
w}li:chwf:(glaééa aCI\/Ih)T' (,U/1€7,U]2€,.“ av?\/fh) :C'vka (288)
j=1

where the vectors 3 o )
C= (GG, Gu) 'y =G )t

are, respectively, formed with the FE basis functions ¢1,¢2, -+, (ary and GG ’EM*" and
the vectors
T T
Vk:(vlk7‘/2ka"'7vf\k4}{) s ’Uk:(’l)f,vlgc;"' av?\/fh)

are, respectively, formed by the unknown coefficients in the TGMFECN solutions ¥, defined
on the coarse grid division Jg and 1/),’? defined on the fine grid division Jp,.

If we set that W}fl and wZ are, respectively, the unknown solution coefficient vectors of w’;{
and wy, then by (2.52) and (2.55), we immediately obtain

k k k k k k k p k
W5 =BpVy, wp =Bpvy, wi=¢-BpVy, wi=( By,

where ) )
By = ((vCi’ij))IvIHxILIH’ By = ((vCi’ij))Ithxlwh'

Accordingly, the functional TGMFECN method can be reexpressed equivalently in the fol-
lowing matrix form, which is independent of the TGMFECN solutions wgy and wy of the
auxiliary function w, and easy to solve.

Problem 2.4. Step 1. Find {V*}X < RM# and {¢§}5 | € Uy such that

VO = ((RH’I/)Ov Cl)v (RH’I/)Ov C2)7 ) (RH’I/)Oa CIWH))Tv
Vk = vkl _05AL(DY,BrV* + D' B Vi)

2.89
—0.5AL(FEVE + Fp VL) 1<k <K, (2.89)
where
Dt = ((G(C- V™V V) sy
Fip = ((F(¢- V™YV V) ar earys ™= kk—1.
Step 2. Find {v*}X | c RM» and {¢F, }X | C U, such that
v = (Rhwoa él)a (Rh/&oa 62)3 T (Rhwoa gkfh))Ta
vF = vk~ — 0.5At(DfByv* + D7 ByokY) (2.90)

—0.5At(Fhot + Ff'oP 1), 1<k <K,
’l/)]]i:é'vkv 1§k§Ka
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where
ﬁ’,j = 62((G(¢§J)v§j’ véj))thMh’ FIE’ = ((f(w}g)v{;-, ij))thMh,
Flf_l = ((f(C : vkil)v@a VCj))thMh, Dfli_l = 62((G(C : vkil)vcl'a VCj))thMh-
For the TGMFECN solution vectors of Problem 2.4, we obtain the following results.

Theorem 2.3. Under the same conditions as Theorem 2.2, Problem 2.4 has two unique series
of TGMFECN solution vectors {Vk}i(:1 c RMu and {vk}i(zl C RMn | satisfying the following
unconditional boundedness, i.e., unconditional stability:

IVE+ 10" < (9l + l1e®lh), 1<k <K,
in which ||v|| indicates the Euclidean norm of vector v.

Proof. Severally, multiplying (2.87) and (2.88) by the FE basis vectors ¢ and ¢ yields

Vk:w]IC-IC’ vk:d’j}jc, 1§I€§K
< €112

Thus, by Theorem 2.2, we can assert that Problem 2.4 has two unique series of coefficient
vectors of TGMFECN solutions {VF}K ¢ RM# and {vF}E | c RM»,
Further, using the inverse estimate inequality and (2.57) in Theorem 2.2, we obtain

VR + 108 = [0k ]+ [or] < c(ltllo e + 1R 10.00)
<e(|eh], + [0Fl) < (el + [@°)1), 1<k<K.

Hence, the TGMFECN solution vectors {V*} and {v*}X | to Problem 2.4 are uncondition-
ally bounded, i.e., unconditionally stable. This finishes the proof for Theorem 2.3. g

Remark 2.4. If the time step increment At, the coarse and fine division parameters H and h,
the parameter ¢, the initial function ¢°(x), and the nonlinear functions G(-) and f(-) are pro-
vided, a series of TGMFECN solutions {1¥}X_ | C Uy, can be obtained by solving Problem 2.4.
It is not necessary to find the TGMFECN solutions wy and wy of the auxiliary function w.
However, when Problem 2.4 is applied to real engineering problems, it usually involves many
unknowns (usually exceeds millions) so that its computational effort is too much for a common
computer. Therefore, it is highly necessary to use the POD technique to reduce the dimen-
sion of unknown TGMFECN solution vectors in the TGMFECN method and build a new
TGMFECNDR method.

3. The TGMFECNDR Method for the INFOCH Equation

3.1. Generation for the POD basis vectors

The POD basis vectors can be generated according to the following flowchart.
(1) Obtain two series of coefficient vectors of TGMFECN solutions {7*}£_, by solving the

first and second equations of (2.89) and (2.90) in Problem 2.4 at the initial L time steps
and constitute two matrices A, = (71,72, 71) (1 = V,v).
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(2) Find two sets of normalized eigenvectors ¢.; (1 <i < r, =: rank(A,)) of matrices AT A,
associated with two sets of positive eigenvalues \r;1 > Ao > -+ > App. >0 (7 =V, 0).

(3) Find two sets of d, most important orthogonal vectors {¢,1,¥r2, -+, @rq. } of matrices
A, AT by the formulas ¢.; = A,¢,;/v/Ar; and construct two matrices ®, = (¢-1, Pr2,
- rd.) (dr <r; and 7=V, v), which are known as two sets of POD basis vectors.

It has been demonstrated in [26, Section 5.1] that ®, (7 = V,v) meet the following proper-

ties:
|A- - <I>T<I>IATHZ2 =/ A1), 7=V, (3.1)

in which ||A+||2,2 = sup,cre [|A-u|l/||u|| (7 = V,v) and ||u|| still indicates the Euclidean norm
of vector wu.
By (3.1), we obtain

7~ @ @] = |4, ~ B0 A )| < [, — @ BT A, "]

<V Ard 41, T=V,v, 1<EkE<L, (3.2)

in which ey, (1 < k < L) indicate the L-dimension orthonormal vectors with k-th element 1.

3.2. Establishment of the TGMFECNDR method

If we set that

k_ (. k _k k T k_ (. k _k E o\ T _ _
Td _(Tld’TQd’.“’TI\/fmd) ’ a‘r_(a‘rlﬂa'r?)"'aa'rdq—) ’ "i_haHa T_V;U;

and

Oy =¢ ®vay, ¢h=( ®,af, 1<k<K
indicate the TGMFECNDR solutions, then two series of first L coefficient vectors of TGM-
FECNDR solutions

Vi=®,® V= ®yal, vP=0,8/v" =8, 1<k<L

v

are immediately obtained by Section 3.1.

Thereupon, by replacing 7% in Problem 2.4 with 7% = ®,af (1 =V,vand L+1 <k < K)
and using the orthogonality of vectors in ®,, respectively, the TGMFECNDR method can be
created in the following.

Problem 3.1. Step 1. Find {af}X | c RY and {¢&}K | C Uy defined on the coarse grid
division J g, satisfying the following nonlinear system of equations:
af, =@ V¥, 1<k<L,
ol = a7t - 0.5At@ ] (DEBy®yval + DY ' By®yval )
—0.5At® ] (FE®yaf, + Fy '®val '), L+1<k<K,
Wi =¢-®yal, 1<k<K,

(3.3)

where V¥ (1 < k < L) indicate the initial L solution vectors of Problem 2.4 defined on the
coarse grid division Jz,

Dy =E((G¢- @Va’y)vgi,vgj))MHxMH, m=kk—1,
FP = ((f(¢-evai) VG, V) ) yxar,  M=kk—1
By = ((vQ’vgj))MHxMH'
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Step 2. Find {af}E | c R% and {¢*}5 | C Uj, defined on the fine grid division Jj, satisfying
the following linear system of equations:

af =& vk, 1<k<L,

ok = okt - O.SAfi’I (DEB®,ak + DI 1B, @,k 1) (3.4)
—05At®] (Fi®,af + FF~1®,ar1), L+1<k<K,

UE=¢- ®oal, 1<k<K,

where v* (1 < k < L) are the initial L solution vectors of Problem 2.4 defined on the fine
grid Ja,

DF = ((G(¢ @valﬁ)vfjvvfj))thMh’
DFl = 62((0(5 . @Uaﬁ_l)véi, véj))MhXI\/[h’
Fk = ((f(C . @Valxc/)véia Véj))thMh’

FF = ((F(E- @vaffl)vévvgj))MMMﬂ
By, = ((véiavéj))thMh'

Remark 3.1. It is easy to see that Problem 2.4 in per time step has (Mg + M},) unknowns,
while Problem 3.1 in per time step has only (dy +d,) unknowns (dy < Mp,d, < Mp). There-
fore, the unknowns in the TGMFECNDR method are much less than those in the classical
TGMFECN method, but the TGMFECNDR, method has the same FE basis function vectors ¢
and Q: as the TGMFECN method so as to keep precision unchanged. That is, even if the
unknowns of the TGMFECNDR, method are greatly reduced, it keeps the same precision as
the TGMFECN method. Therefore, the TGMFECNDR. method is markedly superior to the
TGMFECN method.

3.3. The theoretical analysis of the TGMFECNDR solutions

To analyze the TGMFECNDR solutions requires the following Kellogg’s inequalities (see [26,
Lemmas 5.1.2 and 5.1.3]).

Lemma 3.1 (Kellogg’s inequalities). If I, (kx = h,H) indicate two M, X M, identity
matriz and By (k = h, H) are two positive semidefinite M, X M,; matrices , then we obtain the
following estimates:

[(Le +9Bx) ], <1, [(Ie +9Bi) " (Lo =By, <1, Yy 20, w=hH.

The theoretical analysis of the TGMFECNDR solutions in Problem 3.1 still needs the fol-
lowing lemma, which can be obtained directly by [26, Lemma 1.3.5].

Lemma 3.2. Let (-,-) indicate the L? inner product, and ¢;, (1<j<Mp) and (j, (1<j<Mjy)
be respectively the FE basis functions defined on the grid divisions Jg and Jn. Then, By :=
((V¢i, V) Muxmy and By = ((VG, V), xa, meet the following estimates:

S Cl‘i%

IByll22 < cv™=, ||B; . k=hH.

I
2,2

For Problem 3.1, we obtain the following conclusions.
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Theorem 3.1. Under the identical hypotheses of Theorem 2.2, Problem 3.1 has two unique
series of TGQMFECNDR solutions {p}_ | C Uy and {¢¥}E | C Uy, satisfying the following
unconditional boundedness, i.e., unconditional stability:

[ovlly + esll, < c(le’lh+1=°1h), 1<k<K. (3.5)

Furthermore, when the solution v of Problem 2.1 is adequately smooth and h = (’)(H1+1/l),
{EYE | and {¢E}E | meet the following error estimations:

[ (te) — ||, < e (At2 +H ,/Av(dv+1)) , 1<k<K, (36
|W@m7wﬂb§c(Aﬁ+h”ﬁ+¢%wﬁm+vhww+ny 1<k<K.  (37)

Proof. The proof of Theorem 2.3 constitutes the following three steps.

(1) Demonstrate the existence of TGMFECNDR solutions.

(i) When 1 < k < L, it is obvious that the first subsystems of equations in (3.3) and (3.4)
have, respectively, a unique sets of solution vectors {a*}£_, (7 = V,v), further to obtain two
sets of TGMFECNDR solutions {¢&}L_ C Uy and {¢*}£_, C U, by the third subsystem of
equations in (3.3) and (3.4).

(ii) When L+ 1 < k < K, with 7% = ®,a* (r = V,v), the second and third subsystems of
equations in (3.3) and (3.4) may be restored into the following two equations:

VE=V[' -~ 05A(DE\By V) + Dy ' By Vi)

—0.5ALFE + 0.5AtFE Y k=L+1,L+2,...,K, (3.8)
Pk =¢-VEF k=L+1,L+2,... K.
vk = vh1 — 0.5AH(DEByE + DE1BLvh )

—0.5AtFE + 0.5AtFF Y k=L+1,L+2,...,K, (3.9)
Yk = ¢ vk, k=L+1,L+2,... K.

Because (3.8) and (3.9) have the same form as (2.89) and (2.90), by the same proof as
Theorems 2.3 and 2.2, we can prove that (3.8) and (3.9) have, respectively, a unique series of
solutions {¢f 1 ., C Uy and {5}, | C U.

By combining (i) and (ii), we affirm that Problem 3.1 has two unique series of TGMFECNDR
solutions {¢¢ }< | C Uy and {YA}E | C U,.

(2) Demonstrate the stability of TGMFECNDR solutions.

(i) When 1 < k < L, with the boundedness and orthonormality of the POD bases vectors
&, (1 = V,v), and the unconditional stability of TGMFECN solution vectors 7% (7 = V,v) in
Theorem 2.3, we obtain

75|l = 1@ 7| < (|- @7 (|, L1751 < el < (¢’ + 1@°]h), 7=Vie.  (3.10)

Thus, using the boundedness of ¢ and ¢, namely ||¢||; < cand ||¢]1 < ¢, (3.10), and Lemma 3.2,
we obtain

ol + sl = 116 Vil + IS wally < NSV + ST o]
< c(IViE + obl) < el + =), 1<k<Lo (311)
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(i) When L + 1 < k < K, with the LDMV formula, the boundedness of ¢ and ¢, namely
[I€llh < ¢ and ||€]]1 < ¢, and Lemmas 3.1 and 3.2, from the first subsystem of equations (3.8)
and (3.9), we obtain

[V < Vi ]+ 0588 (T + 056D Bar) ™I, , (| FE]| + 177 1))
+ A (I +05ADY Brr) ||, , (1D, + [1DY [0 1Bl Vi
<[V I+ eat (VN + VD (3.12)
g < [loi= | + 0.5A4|(T +0.58D5B) ", , (|1FE | + | )
+ 05 (I + 058D By) [ 5 (1 D5 + 105 | o) 1Bz [
< ol ||+ eAt (V] + [log™ ] + [lvll)- (3.13)

Summating (3.12) and (3.13) from L + 1 to k (k < K), respectively, we obtain

k

IVE < [V +eat Y[Vl L+1<k<K, (3.14)
=L
k . .

[o§]] < |vill, +eatY  (|Vill + lvil)), LT+1<k<K, (3.15)

i=L

When At is adequately small, satisfying At < 1/(2¢), by (3.10), (3.14), (3.15), Gronwall’s
lemma, we obtain

k—1
[VE] < c(le®lh + 1°11) + At Y |V < (¢l + 12°]11) exp (cAt(k — L))
i=L
<c(lWOll + [@°1), L+1<k<K, (3.16)
k—1
o]l < el + 1°11) + eAt > [Jvi]] < e[l + =°]l) exp (c(k — L)At)
i=L
<c(|9h + =), L+1<k<K. (3.17)

By using the boundedness of ¢ and ¢, namely [|¢[|; < ¢ and ||{]l; < ¢, (3.16), and (3.17),
we obtain

[l + sl < 11¢-Vally + 1€ -vall, < DKl - [[VaEl| + 1€l - o]l
<c([vh + 1=°1), L+1<k<K. (3.18)

Combining (3.11) with (3.18) yields the inequality (3.5).
(3) Demonstrate the error estimates of TGMFECNDR solutions.

(a) When 1 < k < L, by (3.1), the first equations in (3.3) and (3.4), and ||{|lo < ¢ and
[¢llo < ¢, we obtain

[ = vl = [l (V* — v @y VH) [, < licllol[V* - v @V VE] < e/ Avay+n), (3:19)
[k =il = NS - (v* = @@ v")[lg < IKlo|v” — @@, 0" < e/ Auia,10)- (3:20)
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(b) When L + 1 < k < K, using the first equations in (3.8) and (3.9), the second equations
in (2.89) and (2.90), the LDMV formula, and Lemmas 3.1 and 3.2, we obtain

V5 = VE < VA = Vet ([VE - v+ V- VA, (321
o — A < ot~ — e+ ene([oF ] + o - o5 V. (2)

Summating (3.21) and (3.22) from L + 1 to k (k < K), when At is adequately small,
satisfying At < 1/(2¢), by (3.19) and (3.20), we get

k—1
IVF = Vi < elvE = Vi +eaty |V - Vi
i=L
k—1

< Cﬁ/)‘V(varl) + CAtZ Hvl _ ‘/dl

i=L

., L+1<k<K, (3.23)

k—1
[o* = wi|| < el — v ||+ cat Y ||v’ —vg|
i=L

k—1

< v/ Au(do+1) + cAtZ Hvl — vZIH

i=L

k
+eAtY ||[Vi-Vy

i=L

, L+1<k<K. (3.24)

Applying Gronwall’s lemma to (3.23) and (3.24), we obtain

HV’c - deH < e/ Aviay+1) exp (cAt(k — L — 1))
< Cy/ Av(dVJrl), L+1 < k < K, (325)
Hvk — vin <c (\/)‘V(dv+1) + \/)\v(dvﬂ)) exp (cAt(k —L-— 1))

<c (\/Av(dv+1) n \/Av(dm))  L+l1<k<K. (3.26)

By (3.25), (3.26), the boundedness of ¢ and ¢, and Lemma 3.2, we obtain
10k = v llo = 1€+ (VP = Vi) llg < IKlol|V* = Vil < ey/Avav+n), (3.27)
[ = wklly = 1€ @* = wh)lly < ICloflo* vk < e (\/Aatarin) + PAvaavin) s (328)

where L 4+ 1 < k < K. Combining Theorem 2.2 with (3.19) and (3.20) as well as (3.27) and
(3.28) yields (3.6) and (3.7), respectively. This completes the proof of Theorem 3.1. O

Remark 3.2. Though the error estimates in Theorem 3.1 have more two terms \/A-(q,+1)
(t = V,v) than those in Theorem 2.2, these increased terms can be used to determine the
needed number of POD basis vectors for building the TGMFECNDR method. In fact, as
long as d, is elected to meet m < A2 4+ pMt (1 = V,v), the accuracy of TGM-
FECNDR solutions is not influenced by dimension reduction. Lots of numerical tests (see
[1,9,13,19,20,22,27,32]) have demonstrated that the eigenvalues /A-4 41y (T = V,v) will
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soon fall to 0. Generally, when d. = 5 or 6, \/Ar(a,4+1) (T = V,v) are already very small
to meet that \/A-(q 11) < At? + At (7 = V,v). It is more important that if the TGM-
FECNDR solutions w‘k}ﬁ'l and kot at ¢, 11 fail to meet the specified precision, while 1%
and wfj at time ty < g, still reach the specified precision, then we can retake two sets of

TGMFECNDR solution vectors T§°7L+1, T507L+2, “ee ,TZICU (1 = V,v) to constitute two new
matrices A, = (T;O_L+1,T50_L+2, e ,‘rf") (t = V,v) and to produce two new sets of POD

bases ®, (17 = V,v), and create a new TGMFECNDR method to calculate the TGMFECNDR
solutions satisfying the specified precision. This is unmatched by the traditional TGMFECN
method.

4. Two Sets of Numerical Experiments

Here, two sets of numerical experiments are given to confirm the correctness of the obtained
theoretical results and show the advantage of the TGMFECNDR method for the INFOCH
equation.

4.1. Two-dimensional numerical experiments

In the two-dimensional INFOCH equation, we take Q = [0,1] x [0,1] C R2,e = 0.1,Gy = 1,
f(p) = fo(@) 4+ f- (), f(1p) = 1® — ¢, and the initial function ¥°(x) = 0.5 + 0.01rand(x).
The fine grid division Jj consists of the equal squares with length of side h = 1/100. When
[ =1, in order to meet the condition h = O(H?), the coarse grid division Jpy consists of the
equal squares with length of side H = 1/10. When time step At = 1/100 and \/m <
\/)\U(dﬁl) +\/)\v(dv+1) < 107%, according to Theorems 2.2 and 3.1, the L? norm error estimates
for the TGMFECN solutions ¥ and the TGMFECNDR solutions ¥ of the INFOCH equations
can theoretically achieve O(107%).

The TGMFECNDR solutions can be calculated by the following flow chart:

(1) Experientially, find two sets of first 20 TGMFECN solution coefficient vectors V1, V2 ... |
V20 and vt v?, .-+, v?° to constitute two matrices Ay = (V1, V2 ... V) and A, =
('Ul,’l)2, e ,’U20).

(2) According to the technique in Section 3.1, find two sets of normalized eigenvectors ¢,;
(1 <4 < 20) corresponding to two sets of eigenvalues A\r; > Ao > -+ > Aigg > 0 for
matrices A A, (7 = V,v).

(3) By reckoning, obtain the result that v Av7 < vVAvr + vAur < 2.25 x 1074, Therefore, it
is necessary to take two sets of the first six normalized eigenvectors ¢.; (1<i<6) to con-
stitute two sets of POD bases ®, = (-1, @r2, - , Pr6) by formulas ¢,; = A, @ri/V/ Ari
(r=V,vand 1 <i<6).

(4) Substitute the POD bases ®, (7 = V, v) and the above specified data into Problem 3.1 and
find the TGMFECNDR solutions ¥ at ¢ = 0, 50, 100, and 200, as shown in Figs. 4.1(a)-
4.4(a). Here, we only focus on the TGMFECNDR solutions ¥ of the original unknown
function v, the TGMFECNDR solutions of auxiliary function w have not been calculated
and the transition process solutions 7,/1{“, are also unnecessary to show.

In order to show that the TGMFECNDR method is superior to the TGMFECN method,
we also find the TGMFECN solutions w,’i of the INFOCH equation at ¢ = 0,50, 100, and 200,
as shown in Figs. 4.1(b)-4.4(b).
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Fig. 4.2. (a) The TGMFECNDR solution of ¢ at ¢ = 50. (b) The TGMFECN solution of ¥ at ¢t = 50.
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Fig. 4.3. (a) The TGMFECNDR solution of ¢ at t = 100. (b) The TGMFECN solution of ¢ at ¢t = 100.
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Fig. 4.4. (a) The TGMFECNDR solution of ¥ at ¢ = 200. (b) The TGMFECN solution of ¢ at t = 200.
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It is worth noting that, in practical application, it is unnecessary to compute the TGMFECN
solutions, which may be replaced by the observations on the coarse grid division Jz and fine
grid division J; and to find directly the TGMFECNDR solutions ¥* by the above four steps.

By comparing each pair of graphs in Figs. 4.1-4.4, it can be easy to know that the
TGMFECNDR solutions are very closed to the TGMFECN solutions at ¢ = 0,50, 100, and 200.

By the above divisions Jz and Jj, we can reckon that the TGMFECN method has (10%2+10%)
unknowns at per time step, but the TGMFECNDR method has only 2 x 6 unknowns at per time
step. Therefore, when the TGMFECNDR method is used to solve the INFOCH equation, it can
greatly reduce the unknowns so as to greatly reduce the calculated workload, save CPU running
time, reduce the accumulation of calculation errors, and improve the computation efficiency.

In order to further show that the TGMFECNDR method is superior to the TGMFECN
method, we compared the errors and the CPU operating time of both TGMFECN and TGM-
FECNDR solutions at ¢ = 50, 100, and 200 calculated by Problems 2.4 and 3.1, respectively, as
shown in Table 4.1. Because the analytical solution for the INFOCH equation is incalculable,
the errors of the TGMFECN and TGMFECNDR solutions in Table 4.1 are approximatively
reckoned by |[¥i Tt — ¥k and ||kt — 4F|o, respectively, which are the accumulation of
computing errors on the entire time domain.

The data of Table 4.1 also signify that as the time node moves forward, the CPU operating
time for calculating the TGMFECN solutions (including 10100 unknowns at per time step)
increases quickly, but the CPU operating time for calculating the TGMFECNDR, solutions
(only including 12 unknowns at per time step) increases very tardily. For example, when
t = 200, the CPU operating time for calculating the TGMFECN solution is about 40 times
as that for calculating the TGMFECNDR solution. Hence, the TGMFECNDR method can
highly save the calculating time. In addition, because the TGMFECN method contains too
many unknowns, the errors of TGMFECN solutions amass gradually in the calculating process,
while the TGMFECNDR method contains very few unknowns, the errors of the TGMFECNDR
solutions amass slowly. Luckily, the numerical calculating errors are yet consistent with the
theory errors and both achieve O(107%). Tt is further shown that the TGMFECNDR method
is far better than the TGMFECN method and is very valid for solving the INFOCH equation.

Table 4.1: The CPU operating time and errors of the TGMFECN and TGMFECNDR solutions.

TGMFECN solutions TGMFECNDR solutions
t k Errors CPU runtime Errors CPU runtime
50 | 5000 | 2.326 x 10~* 956 s 2.326 x 1074 26 s
100 | 10000 | 4.652 x 1074 1916 s 3.453 x 1074 48 s
200 | 20000 | 9.311 x 10~* 3828 s 4.616 x 1074 96 s

4.2. Three-dimensional numerical experiments

In the three-dimensional INFOCH equation, we take Q = [0,1]> € R?,e = 0.1,Gy = 1,
f(p) = fo@) + f-(¥), f(1) = > — 1), and the initial function °(x) = 0.5 + 0.01rand(z).
The fine grid division J; consists of the equal cubes with length of side h = 1/100. When
[ = 1, in order to meet the optimal order error estimates condition h = O(H?), the coarse
grid division Jg consists of the equal cubes with length of side H = 1/10. When time step
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At = 1/100 and /Ay gy +1) < vV Aodor) T VAviar+1) < 1074, according to Theorems 2.2
and 3.1, the L? norm error estimates for the TGMFECN solutions z/;,’i and the TGMFECNDR
solutions ¥ of the INFOCH equations can also theoretically achieve O(107%).

Similarly, by the flow chart for finding the TGMFECNDR solutions in Section 4.1 and
Problem 3.1, we can calculate the TGMFECNDR solutions 1/1’5 at t = 0, 50, 150, and 300, as
shown in Figs. 4.5(a)-4.8(a).

In order to compare the TGMFECNDR method with the TGMFECN method, we also find
the TGMFECN solutions 1/),’2 of the INFOCH equation at ¢t = 0, 50, 150, and 300 by Problem 2.4,
as shown in Figs. 4.5(b)-4.8(b).

51801
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—0.506

— 0504 — 0504

[ 0.502
50e-01

(a)

Fig. 4.5. (a) The TGMFECN solution ¢¥ at t = 0. (b) The TGMFECN solution 9 at ¢t = 0.
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Fig. 4.6. (a) The TGMFECN solution ¥ at t = 50. (b) The TGMFECN solution v at ¢ = 50.
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Fig. 4.7. (a) The TGMFECN solution %% at t = 150. (b) The TGMFECN solution ¢} at t = 150.
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Fig. 4.8. (a) The TGMFECN solution ¥ at t = 300. (b) The TGMFECN solution 1} at t = 300.

By comparing the each pair of graphics in Figs. 4.5-4.8, it can be easy to see that the
TGMFECNDR solutions are almost identical to the TGMFECN solutions at ¢ = 0,50, 150,
and 300.

By the above divisions Jy and Jp, it is easy to know that the TGMFECN method has
(103 4 105) unknowns at per time step, whereas the TGMFECNDR, method has also only 2 x 6
unknowns at per time step. Therefore, when the TGMFECNDR method is used to find the
numerical solutions for the three-dimensional INFOCH equation, it can indeed greatly reduce
unknowns so as to greatly mitigate the calculated workload, save the CPU operating time,
lessen the accumulation of computing errors, and enhance the computing efficiency.

In order to further exhibit the advantage of the TGMFECNDR, method, we also compared
the errors and the CPU operating time for calculating the TGMFECN and TGMFECNDR
solutions by Problems 2.4 and 3.1 at t = 50, 150, and 300, respectively, as shown in Table 4.2.

The errors of the TGMFECN and the TGMFECNDR solutions in Table 4.2 are also ap-
proximatively reckoned by [yt — 9F|lo and [|9E+! — ¢F||o, respectively.

The data of Table 4.2 also signify that as the time node moves forward, the CPU operat-
ing time for calculating the TGMFECN solutions (including 1001000 unknowns at per time
step) increases promptly, but the CPU runtime for finding the TGMFECNDR solutions (only
including 12 unknowns at per time step) increases very slowly. For example, when ¢t = 300,
the CPU operating time for calculating the TGMFECN solution is about 50 times as that for
calculating the TGMFECNDR, solution. Therefore, the TGMFECNDR method can indeed
highly save the computing time. In addition, because the TGMFECN method contains too
many unknowns, the errors of TGMFECN solutions gradually amass in the calculating process,
while the TGMFECNDR, method contains very few unknowns, the errors of the TGMFECNDR
solutions amass slowly. Luckily, the numerical calculation errors are yet consistent with the the-

Table 4.2: The CPU operating time and errors of the TGMFECN and TGMFECNDR solutions.

TGMFECN solutions TGMFECNDR solutions
t k Errors CPU runtime Errors CPU runtime
50 | 5000 | 3.252 x 107* 1276 s 2.326 x 1074 26 s
150 | 15000 | 6.495 x 1074 3849 s 3.323 x 1074 76 s
300 | 30000 | 9.881 x 107 7658 s 4.436 x 1074 153 s
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ory errors and both also reach O(107%). Hence, the TGMFECNDR method is indeed much
better than the TGMFECN method and is indeed very valid for solving the three-dimensional
INFOCH equation.

5. Conclusions and Discussions

In this article, in order to solve the INFOCH equation, we have created a new TSDMCN
scheme, a new TGMFECN method, and a new TGMFECNDR method. We have austerely
analyzed the existence, stability, and errors of the TSDMCN, TGMFECN, and TGMFECNDR
solutions, theoretically. We have also used two sets of numerical experiments to testify the
correctness of the obtained theoretical results and revealed the superiority of the TGMFECNDR
method. It is worth noting that the TSDMCN, TGMFECN, and TGMFECNDR. methods for
the INFOCH equation are firstly established in this paper, which are entirely distinguished
from all the previous works. Undoubtedly, they are also distinguished from the existing FE and
POD-based reduced-dimension methods with only time first-order accuracy, single layer grid,
and conditional stability. Hence, they are original and bran-new.

The biggest advantage of the INFOCH equation is that the symmetry and positive defi-
niteness of TSDMCN, TGMFECN, and TGMFECNDR methods are guaranteed, so they have
unique series of solutions, achieving order error estimates.

Although we have merely developed the TGMFECNDR method for the INFOCH equation,
the method presented in this paper can be generalized to more complex unsteady nonlinear
PDEs, even to the practical engineering problems. Hence, the TGMFECNDR technique holds
a very extensive applying room.

In this paper, we only focus on the numerical solutions of original unknown function ¢ for
the INFOCH equation. Therefore, the approximative solutions of the auxiliary function w in
the TGMFECN and TGMFECNDR matrix methods are eliminated and not solved. If ones
care about the TGMFECNDR, solutions of the auxiliary function w, they can be added into
the TGMFECN and TGMFECNDR matrix methods and their existence and unconditional
stability as well as error estimates can also be proved, which should be worth to lucubrate.
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