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Abstract

This paper develops a low order weak Galerkin (WG) finite element method for the
steady thermally coupled incompressible magnetohydrodynamics flow. In the interior of
elements, the WG scheme uses piecewise linear polynomials for the approximations of
the velocity, the magnetic field and the temperature, and piecewise constants for the ap-
proximations of the pressure and the magnetic pseudo-pressure; and on the interfaces of
elements, the scheme uses piecewise constants for the numerical traces of velocity and the
temperature, and piecewise linear polynomials for the numerical traces of the magnetic
fields, the pressure and the magnetic pseudo-pressure. This WG method is shown to yield
globally divergence-free approximations of the velocity and magnetic fields. Existence and
uniqueness results as well as optimal a priori error estimates for the discrete scheme are
obtained. A convergent linearized iterative algorithm is presented. Numerical experiments
are provided to verify the theoretical analysis.

Mathematics subject classification: 65N30, 65M60, 65M12.
Key words: Thermally coupled incompressible magnetohydrodynamics flow, Weak Galer-
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1. Introduction

Magnetohydrodynamics (MHD) equations describe the basic physics laws of electrically
conducting fluid flow interacting with magnetic fields, and are widely used in engineering areas;
see, e.g. several monographs [8,9, 26,30, 33] and the references therein. In this paper we
consider the steady thermally coupled incompressible MHD model, which is a coupled system
of incompressible Navier-Stokes equations, Maxwell equations and a thermal equation.

Let Q@ ¢ R? (d = 2,3) be a polygonal/polyhedral domain. The considered steady ther-
mally coupled incompressible MHD model reads as follows: Find the velocity vector u =
(u1,usz,...,uq) ", the pressure p, the magnetic field B = (Bj, Ba,...,By4) ", the magnetic
pseudo-pressure r and the temperature 7' such that
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V-u=0 in €, (1.1b)
1

R—VxVxB—Vx(uxB)+Vr:f2 in Q, (1.1c)
V-B=0 in €, (1.1d)

1 .
PR AT+ (u-V)T = f3 in Q, (1.1e)

subject to the homogenous boundary conditions

u|aQ =0, (B X n)|aQ =0, T|5Q =0, T'|6Q =0. (1.2)

Here H, is the Hartmann number, N the interaction parameter, R. the Reynolds number, P,
the Prandtl number, R,, the magnetic Reynolds number, and G, the Grashof number. g is the
vector of gravitational acceleration with g = |g|. fi and f3 are the forcing functions, and f3
denotes the heat source term. We refer to [2,23,24] for the study of the existence and uniqueness
of weak solutions to related steady thermally coupled incompressible MHD models.

There are limited works in the literature on the finite element analysis of the steady ther-
mally coupled incompressible MHD equations. Meir [24] proposed a Galerkin mixed finite
element method and established optimal error estimates. Codina and Herndndez [7] developed
a stabilized finite element method. Yang and Zhang [39] analyzed three iteration algorithms, i.e.
the Stokes, Newton and Oseen iterations, based on conforming mixed finite element discretiza-
tion. We refer to [22,28,29] for several works on fully discrete mixed finite element methods
for unsteady thermally coupled incompressible MHD model equations.

It is well-known that the two divergence constraints on the velocity and magnetic fields
in the steady thermally coupled incompressible MHD model (1.1) are corresponding to the
conservation of mass and magnetic flux, respectively, and that poor conservation of such physical
properties in the algorithm design may lead to numerical instabilities [1, 3,15, 16,21, 27, 32].
For incompressible MHD equations, there have developed some divergence-free finite element
methods, e.g. the mixed interior-penalty discontinuous Galerkin (DG) method with the exactly
divergence-free velocity [10], the central DG method with the exactly divergence-free magnetic
field [14,18,19], the mixed DG method with the exactly divergence-free velocity and magnetic
field [13], the constrained transport finite element method with the exactly divergence-free
velocity and magnetic field [20], and the weak Galerkin method with the exactly divergence-
free velocity and magnetic field [41].

This paper is to develop a low order WG method with exactly divergence-free velocity and
magnetic field for the steady thermally coupled incompressible MHD model (1.1). The WG
method, pioneered by Wang and Ye [34, 35] for second-order elliptic problems, is of the same
advantages as the DG method and has the local elimination property, i.e. the unknowns defined
in the interior of elements can be locally eliminated by using the numerical traces defined on
the interfaces of elements. We refer to [6,11,12,25,36-38,40,42,43] for some applications of the
WG method to the incompressible fluid flows and Maxwell equations.

Our WG discretization for (1.1) is of the following main features:

e It uses in the interior of elements piecewise linear polynomials for the approximations of
the velocity, the magnetic field and the temperature, and piecewise constants for the ap-
proximations of the pressure and the magnetic pseudo-pressure, and uses on the interfaces
of elements piecewise constants for the numerical traces of velocity and the temperature,
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and piecewise linear polynomials for the numerical traces of the magnetic fields, the pres-
sure and the magnetic pseudo-pressure.

e [t is “parameter-friendly” in the sense that no “sufficiently large” stabilization parameters
are required.

e It yields globally and exactly divergence-free approximations of the velocity and magnetic
fields, thus leading to pressure-robustness of the method.

e The obtained error estimates are optimal.

The rest of this paper is arranged as follows. Section 2 gives weak formulations of the model
problem. Section 3 is devoted to the WG scheme and some preliminary results. In Section 4
we discuss the existence and uniqueness of the discrete solution. Section 5 derives a priori error
estimates. Section 6 proposes an iteration algorithm for the nonlinear WG scheme. Finally, we
provide some numerical results in Section 7.

2. Weak Problem

2.1. Notation

For any bounded domain D C R® (s = d,d — 1), nonnegative integer m and real number
1 < ¢ < oo, let W™4(D) and Wy"?(D) be the usual Sobolev spaces defined on D with norm
|- lm.q.0 and semi-norm |-|,, 4. p. In particular, H™(D) := W"2(D) and H*(D) := Wy"*(D),
with || lm.p == |- llm,2,p0 and | - |;m,p :== | |m,2,0. We use (-, )m,p to denote the inner product
of H™(D), with (-,-)p := (-,-)o,p. When D = Q, we set || - [[m == || - lm. 2 | - |m :=| - [m.q, and
(-,-) :== (-,)q. BEspecially, when D C R4! we use (-,-)p to replace (-,-)p. For any integer
k >0, let Pi(D) denote the set of all polynomials on D with degree no more than k. We also
need the following spaces:

L3(Q) :={v e L*(Q) : (v,1) = 0},

H(div,Q) := {v € [L*(Q)]?: V-v € L}(Q)},
H(curl; Q) := {v € [L>(Q)]?: V x v € [L3(Q)]*3},
Hy(curl; Q) := {v € H(curl; Q) : n x v. = 0 on 990},

where the cross product x of two vectors is defined as following: for v = (vy,---,vq) ",
_ T
W = (wla"' ,’LUd) )
V1Wwy — VW1, if d= 2,
VX W= .
(U2w3 — V3Ww2, V3W1 — V1W3, V1W2 — Uzwl) , if d=3.

Let 75, be a shape regular partition of €2 into closed simplexes, and let €, be the set of all
edges (faces) of all the elements in Q. For any K € Ty, e € &5, we denote by hx and h. the
diameters of K and e, respectively, and denote by 0K the set of edges/faces of K. Let ng
and n, denote the outward unit normal vectors along the boundary 0K and e, respectively.
Sometimes we may abbreviate ng as n.

We use Vj,, V- and Vi, X to denote respectively the operators of piecewise-defined gradient,
divergence and curl with respect to the decomposition 7;,. We also introduce the following
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mesh-dependent inner products and norms:

N[

wotor = 3 {usbores [oloor im ( 5 umaaK)

KeTy, KeTy
Throughout this paper, we use a < § to denote o < Cf3, where C' is a positive constant
independent of the mesh size h.
2.2. Weak form

For simplicity, we set

V= [HY(Q)]', W :=Hy(curl; Q).

For allu,v,® € V,B,w € W, T,z € H}(Q),q € L3(Q),0 € H}(Q), we define the following
bilinear and trilinear forms:

1
a(u,v) = E(Vu, Vv), b1(v,q) == (q,V - V),

1 1
az(B,w) := E(V x B,V xw), by(w,0):= E(VG,W),

1 Gr g
as(T, z) = N (VT,Vz), G3(T,v) = <NR§ ;T, V> ,
1 (P;u,v) = E 1(V-(<I>®u) v) — 1(V-(<I>®v) u)

bl ) N 2 ) 2 ) )

c2(v;B,w) := RL(V X w,v x B),

1 1
es(w; T, z) = §(V (uT),z) — §(V (uz),T).

It is easy to see that ¢1(®;v,v) =0 and c3(u;z,2) = 0.
The weak form of the problem (1.1) reads: Find u € V,B € W, T € H}(Q),p € L(Q),
r € H}(Q) such that

ai(u,v) + az(B,w) + b1(u,q) — b1(v,p) + ba(w, )
—b2(B,0) + c1(u;u,v) + c2(v; B,B) — c2(u; B, w)
1
= (f17V)+R_(f25W)7G3(TaV)a V(V,W,q,a) EVXWXL%(Q) XHOl(Q)a (213“)

m

az(T, 2) + c3(w; T, 2) = (f3,2), Vze Hy(Q). (2.1b)

3. Weak Galerkin Method

3.1. WG scheme

To establish the WG finite element scheme for the problem (1.1), we firstly introduce the
discrete weak gradient operator V,, s, the discrete weak divergence operator V,, s- and the
discrete weak curl operator V,, ¢x for s =0, 1.
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Definition 3.1 (Discrete Weak Gradient). For any
veV(K) = {v={vo,vs}:v, € LK), v, € H(IK)},
and K € Ty, the discrete weak gradient, V., s kv € [Ps(K)|?, of v on K is defined by
(Vs 6V, @)1 = —(Vo, V- @)k + (v, dnkc)orc, Vb € [Po(K))". (3.1)
Then the global discrete weak gradient operator V., s is defined by
Vuwslk :=Vusk, VEKET,.
Moreover, for a vector v = (vi,...,va) ", the discrete weak gradient Vw,sV 1s defined by
VsV i=(Vsvi,..., Vw,svd)—r.
Definition 3.2 (Discrete Weak Divergence). For any
w e W(K) = {w={w,,wy} : w, € [L}(K)]?, wyng € Hﬁé(aK)},
and K € Ty, the discrete weak divergence, Vs x - w € Ps(K), of w on K is defined by
(Vs kW, )k = —(Wo, VO )k + (Wp g, Q)or, Vo € Ps(K).
Then the global discrete weak divergence operator V., - is defined by
Vus |k :=Vysk, YKET.
Moreover, for a tensor W = (w1, ..., Wq), the discrete weak divergence V., s - W is defined by
Vs W:i= (Vs Wi,...,Vis cwa) .
Definition 3.3 (Discrete Weak Curl). For any
w e W(K) = {w = {wo,wn} : w, € [L(K)]%wy, x nc € [H30K)]) "},
and K € Ty, the discrete weak curl Vo, s X w € [Po(K)]?4=3 on K is defined by
(Vus.x X W, 0)k = (o, V X §) i + (wy x ng, d)ax, Vo€ [Po(K)3  (32)
Then the global discrete weak curl operator V., sx is defined by
Vs X |k =Vusrgx, VKET.
For any K € T, and e € ep, let Q9 : L2(K) — Ps(K) and Q¥ : L?(e) — Ps(e) be the standard L?

projection operators. For vector spaces, we use Q2 to replace Q2 and Q! to replace QY.
We introduce the following finite dimensional spaces:
V), = {vh ={Vho, Vib} : Vho|K € [’Pl(K)]d, Vible € [’Po(e)]d, VK T, Vee Eh},
Vi = {vih = {Vho, Vio} € Vi3 Vislao = 0},
W, = {wn = {Who, Wit} : Whol|k € [P1(K)]%, Whs|e € [Pi(e)]?, VK € Ty, Ve €en},
Wi = {wn = {Who, Wi} € Vs Wiy x nlgq = 0},
Zn = {21 = {2hos 2hb} : 2ol € [P1(K)], znple € [Po(e)], VK € T, Ve € en},
Zy = {zn = {2hos 2} € Zn : 2mb|o=0
Qn = {an = {qho, anv} : aholx € [Po(K)], ansle € [Pi(e)], VK € Ty, Ve € en},
Q) = {an = {aho, anv} € Qn : no € LF(Q)},
Ry = {rn ={rho,Tho} € Qn; Tholoa =0}
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We also define the following bilinear forms and trilinear terms:

arp(ap, vp) = Hig(vw,ouh,vw,ovh) + s1p(up, Vi),

sip(up, vp) 1= HL3<T(quho — b)), Qi Vo — Vhb>67—h;
asp(Bp, wp) == %(VUJ,O X Bp, V0 X Wi) + Son(Br, wp),
son(Bh, Wp) 1= %(T(Bho —Bpy) X n, (Who — Wrp) X D)ar;,,
asp(Th, zp) = PrlRe (Vw,0Th, Vwozn) + ssn(Th, zn),

s3n(Th, zn) = m@'(QgTho — Th), Qbzno — Zhb>a7—h;

b1n(Vh, gn) == (Vuw,1qn, Vho),

1

ban (Wp, 01) == R_(Vw,lehawho)a
G

Gan(Th,vn) = 3 (%Tho,"ho) :

T 2N

1
cin(Ppiup, vy) = (Vw1 {tho ® @ho,uny ® v}, Vio)
1
— — (Vw1 {Vho @ Pho, Vb @ Ppp}, Upo),

Con (Vi B, wy) i= (Vw1 X Wh, Vo X Bpo),

R,
1 1
can(up; Th, 2n) = §(Vw,1 (WhoTho, o Ths), Zho) — §(vw,1 (WhoZho, Whbzhb), Tho)

for

uy, = {Upo, Unp}, Vi = {Vho, Vib }, ®p, = {Ppo, Prv} € Vy,

Bj, = {Bho, B}, Wi, = {Who, Wiy} € W,

Th = {Thos Ths}, Zn = {Zho, Zo} € Zy,

an = {qho-ane} € Q, 0 = {Oho,Ons} € RY,
where the stabilization parameter 7 in s15(-;+,+), San(;-,-) and sgp(-;-,-) is given by

Tlox = hit, YK €T.
We easily see that

cin(®n;vh,vi) =0, V&, vy,

csn(up;zn, zn) =0, Vuy, 2.

The WG finite element scheme for the model (1.1) reads as follows: Find uj, = {upo, ups} € VY,
Bh = {Bho, B} € W, Th, = {Tho, Thv} € ZJ), i = {PhosPrb} € Q0 Th = {Tho,The} € R}
such that

arn(un, vi) + a2n(Br, wp) + bin(Vi, pr) — bin(Un, gn) + ban (Wi, 7)) — ban (B, 0)
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+ cin(up;up, vi) + con (Vi Br, Br) — con(un; B, wi) + Gap(Th, Vi)

1
= (f1,Vho) + R—(fg,who), Y (Vih, Why qn, 1) € VI x W9 x Q) x RY, (3.3a)
asn(Th, z) + can(un; Thy 21) = (f3, 2h0), YV 2n € Z). (3.3b)

Notice that the above scheme can be rewritten as the following system: Find

w, = {Who,upp} € Vi, Bp = {Bpo,Bpp} € W),
Th = A{Tho, Trv} € Z2,  Ph = {Phor P} € @9y Th = {Tho,Tho} € R},

such that

arn(un, vi) + 010 (Va, pr) + cin(Un; un, vi) + con(vi; Bp, Bp)

= (f1, Vho) — Ggh(Th,Vh), Vv, € VY, (3.4a)
bin(un, qn) = Yan € QY, (3.4b)
asn(Br, wi) + ban(Wh, 1) — can(up; Br,wp) = le (f2, Who), Ywy € WY, (3.4¢)
bon (B, 0h) = Vo, € Ry, (3.4d)
azh(Th, 2n) + Csh(uh,Th,Zh) (f35 2ho), Y2 € Z. (3.4¢)

As shown in [41, Theorem 3.1], the Egs. (3.4b) and (3.4d) lead to the globally divergence-free
discrete solutions of velocity and magnetic field, respectively, i.e. there hold
u, € H(div,Q), V-u,=0, (3.5)
B, € H(div,Q), V- -B,=0.

To discuss the existence and uniqueness of the discrete solution of the scheme (3.3) and
derive error estimates, we will give some preliminary results in next subsection.

3.2. Preliminary results

In view of the definitions of weak gradient and curl operators, the Green’s formula, the
Cauchy-Schwarz inequality, the trace inequality and the inverse inequality, we can easily derive
the following inequalities on Vj, W}, and Zj,.

Lemma 3.1 ([6]). For any K € Ty, and vy, = {Viho, Vin} € Vi, Wi = {Who, Wiy} € Wy,
zh = {2ho, 2nb} € Zn, and s =0, 1, there hold

IVholloxc < IV, Qv — vinllg e (3.7)
IV, < 9Vho Q0o — Vsl e (3.7h)
IV X Whollo.x S | Vw,s X Whllox + hl_(%H(who —whp) X 00,0k, (3.7¢)
Vs % Wallo.ie S 11V % Whollo.sc + hig [ (Who — wis) % 0o o, (3.7d)
IVzhollo,x S IVw,sznllo,x + h;(% Q6 zno — 2hb|g orco (3.7¢)
1V, S Vo ;(% |Q82h0 — 2hb [ o (3.7f)
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Introduce the following semi-norms respectively on V9, W9 Z9 Q% and R):

1
2

1 2
lIvally == (va,OVhHg + |7 (ngho ) Ho,aTh) ) Vv, € VY,
1
1 2 3
wullyy = (10 % w3+ |7 (wno — wia) x mlf2 o )" ¥ € W,
1
1 2 3
lznll 2= (1903 + 174 (QBzno = ) 3 07, ) Van € 2,
%
llanlllg = { llanolls + Wl IVuianll§x | Van € Qh,
Q
KeTy,
1
2
164l = <|ohooho||% ) hi|vw,19h||3,K> , Von € R,
KeTy,
where )
Oho = — [ Onod
ho |Q| /Q hoX
denotes the mean value of 05, and we recall that 7|sx = hl}l. It is easy to see that || - [,
([P |||Q and || -[ z are norms on VY, Z9, Q% and R}, respectively (cf. [6]). |||}y is & norm

on W, (cf. [41]).

Lemma 3.2. There hold

[Vavhollo < llvally, Vv, €V, (3.8a)
IVa x whollo < lIwallyy, ¥Vwn € Wi, (3.8b)
IVhznollo < llznll 2 Vzn € Z. (3.8¢)
In addition,
Iviollo.q < Ivallly, Vi € V3, (3.9a)
Iznollo,g S llznlllzs  Vzn € Z3 (3.9b)

for 1 < q < oo whend=2, and for 1 < q <6 when d=3.

Proof. The inequality (3.8) follows from Lemma 3.1 directly and (3.9) comes from [12,
Lemma 3.5]. O

Lemma 3.3 ([41]). There holds

IWhollo.s.0 S wWhllys VWi = {Who, Wt} € W, (3.10)

In light of the trace theorem, the inverse inequality and scaling arguments, we can get the
following lemma (cf. [31]).

Lemma 3.4. For all K € Ty,v € HY(K), and 1 < q < oo, there holds

_1 1—1
[¥llog.or S hic" [¥llo,g.x + by " [l1,q.5-

In particular, for all ¢ € Pr(K),

1
[¥llo.g.0r < b [¥llo,g,5-
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Lemma 3.5 ([31]). For any K € Tp,e € ey, and s =0, 1, there hold
||V7ng||Q,K+hK‘V7QgV|1,K/Shjl.(|v|j1K7 Vve HI(K), 1<j<s+1,
||V_ng||0,6K+||V_Q2V||O,6K§h§<_%|v|ij’ VveH!(K), 1<j<s+1,

1Q2v 1y s < IVllo,x, Vv e LK),
Q% o, < lI¥llo.e, Vv e L2(e).

For any K € Ty, we introduce the local Raviart-Thomas (R7T) element space
RT: (K) = [P1(K)]? + xP1 (K),
and the RT projection operator PR7 : [H'(K)]¢ — RTy(K) (cf. [5]) defined by

<P?TV ‘ne,w), = (V-ng,w)e, YwePi(e), ecdkK, (3.11a)
(P?TV,W)K = (v, W)k, VYw € [Po(K)]%. (3.11b)

Lemmas 3.6-3.8 give some properties of the R7T element space and the R7T projection.
Lemma 3.6 ([5]). For any vi, € RT{(K),V - Vio|x = 0 gives vy, € [P1(K)]%.
Lemma 3.7 ([5]). For any K € Tj, and v € [H(K)]¢, the following property holds:
(V-P{v, 1) = (V-v,on)k, Vve[H K, oénePi(K).

By using the triangle inequality, the inverse inequality, Lemmas 3.5 and 3.7 we can get more
estimates for the R7T projection (cf. [12]).

Lemma 3.8. Let j be a nonnegative integer. For any K € Ty, and v € [H7(K)]?, the following
estimates hold:

}V*P?TV|1,KSh?1|V|j7K, 1<5<2,
VPRV SHCE Nk, 0<j<2
V=PRIV, SHRC VL, 1<,
\v—P?Tv]wyaK5h§é7%|v|j,;(, 1<j<2.

We also have the following commutativity properties for the R7 projection, the L? projec-
tions and the discrete weak operators.

Lemma 3.9 ([6,25]). There hold

Vuo{PTTv,Qlv} = Q5(Vv), Vv e [H Q)Y
Vo x {PTFTw,Qw} =Q§(V xw), Vw e H(curl;Q),
Vuo{Q5z,Qbz} = Q§(V2), Vze H'(Q),

Vu,1{Q8¢, Q1a} = Q7(Va), Vqe H'(Q).
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4. Existence and Uniqueness of the Discrete Solution

4.1. Stability conditions

Lemma 4.1. For any up, vy, Py € V?L,Bh,wh € Wg, and Ty, zn, € Z,OL, there hold

1
aip(up, vp) < ﬁ|||uh|||v|||vh|||v,
alh(vhavh) H2 |||Vh|||Va
1
azn(Br, wn) < 2o [IBallw Wl
m
1 2
azn (W, Wp) = R—2|||Wh|||Wa
m
1
T < ——|IT;
azn(Th, zn) < PR NZwll 2wl 2
1 2
azn(zn, 2n) = ﬁlll%lllz,
G3h(Th,Vh,)

G,
NRE g Tl Z Ml vl

cin(®r; v, vy) =0,

o

1(@nsun, vi) S I@aflly llfanly lvally

(
(
con (Vs Br, wi) S (Bl Wl I vally
(
(
(

Q

3n(Wns 2n, 2n) = 0,

Q

sh(Wn; Thy 20) S [lanlly 1Tkl 2124l 2-

Proof. The results (4.1a)-(4.1d) and (4.1h)-(4.1j) are from [41].

From the definitions of as (-, -) and G (-, -), Cauchy-Schwarz inequality and Lemma 3.1, we

can easily get (4.1e)-(4.1g). The relation (4.1k) follows directly from the definition of ¢35 (- ;

,)

Finally, similar to (4.1i), the estimate (4.11) follows from the Holder’s inequality, the inverse

inequality, Lemmas 3.4 and 3.2.

Lemma 4.2 ([41]). There hold the following inf-sup inequalities:

bin(vn,
sup 2RO >y g € Q)
o vl

b 0
sup 28O0 >y e, € RY.
o Tl

4.2. Existence and uniqueness results
We introduce the following two spaces:
Vi i={vn € V) :bin(va,qn) =0, Vgn € Q) }
= {Vh S V?L Vo € H(diV,Q), V. vpo = 0},
V_Vh = {Wh S W2 : bgh(Wh,eh) =0, Ve, € Rg}

= {Wh S Wg I Who € H(diV,Q),V “Who = 0}.
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Thus, the solution (up, By, 1)) € VI x W9 x ZI of the scheme (3.3) also solves the following
discretization problem: find (up, By, Th) € Vi, x Wy, x Z9 such that

ain(p, Vi) + aon (B, wp) + cip(up;up, vi)

+ con (Vi By, Br) — con(un; By, wi) + Gan(Th, vi)

1 _ _
= (fl,VhO) + R—(fg,who), V(Vh,Wh) €V x Wy, (44&)
asn(Th, zn) + can(Wn; Thy 20) = (f3,2n0), V21 € Zj. (4.4b)

For the discretization problems (3.3) and (4.4), we easily have the following equivalence
result.

Lemma 4.3. The problems (3.3) and (4.4) are equivalent in the sense that (I) and (II) hold:

(1) If (up, B, T, prorn) €VY x W x Z9 x QY x RY is the solution to the problem (3.3),
then (up, By, Th) is also the solution to the problem (4.4).

(11) If (up, Bp, Th) e\_/th_thZ,? is the solution to the problem (4.4), then (up, Bp, Th, ph,Th)
is also the solution to the problem (3.3), where (pn,ry) € QY x R is given by

bin(vi, pn) = (£, Vo) — arn(n, vi) — cin(up; up, vp)

—Cgh(Vh;Bh,Bh) —G3h(Th,Vh), Vv € Vg, (4.5&)
1
bgh(Wh,Th) = R—(fg,W}w) — agh(Bh,Wh) + Czh(uh; Bh,Wh), VWh (S Wg (4.5b)

Proof. We only need to show (IT). In fact, since the problem (3.3) is equivalent to the system
(3.4), it suffices to show (up, By, Th, pr, rn) satisfies (3.4a)-(3.4e).

Notice that (4.4b) is as same as (3.4e). From the definitions of V), and W}, we know that
(3.4b) and (3.4d) hold. Finally, (4.5a) and (4.5b) imply (3.4a) and (3.4c), respectively. This

completes the proof. O
Denote
(p .
My, = sup C2n(®Pn; Un, Vi) , (4.6)
0 unvneVy I1@nllyllanllyllvally,
:B
My, = sup can (Vi Bp, wp) 7 (4.7)
0B wnew,, [IBallw vally [wnlly
O#Vhé\_’h
2
My, = sup can(an; Th, 2n) ' (4.8)
02T,z e 20, Il I Tull 2 llznl
O;éuhE\_/h

From Lemma 4.1, it is easy to know that Mi,, Map, and Mgy, are bounded from above by
a positive constant independent of the mesh size h.

Lemma 4.4. The WG scheme (4.4) admits at least one solution (u;,, By, Ty) € V. x W x Z9.
In addition, there hold

lhanlly +1Ballly < 2¢* (€l + I£2]l26 + | f5l5n) (4.9)
I Tulllz < PrRell f3ll3n, (4.10)
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where
H,P.R.G f
¢ = maX{Ha,Lg’“g}, Ifillin == sup M,
NReg Oqévhe\_/h |||Vh|||v
1/R,,(f2, wy, f3, zn,
ollon = sup  LEmlEnno) ey (o),
orwnew,  IWally ozznez9 |I2nllz

Proof. First, by Lemma 4.1 it is easy to see that, for a given u, € Vj,, the bilinear
form asp(-,-) + can(up;-,-) is continuous and coercive on Zj) x ZJ. Then the Lax-Milgram
theorem implies that the problem (4.4b) has a unique T, = T} (uy) € Z) with the boundedness
estimate (4.10).

We easily see that the scheme (4.4) is equivalent to the following problem: Find (uy,B},) €
V5, x W), such that

ain(Wn, Vi) + aon(Br, Wn) + cin(up; un, vi) + con (Vi Bi, By) — con(up; Br, wi)

1 _ -
= (fl,Vh)+R—(fQ,Wh)ngh(Th(uh),Vh), V(Vh,Wh) €V, x Wy, (411)

m

Taking v, = up and wj, = By, in (4.11), by Lemma 4.1 we obtain

1 , 1 )
ozl + o 1Bl
1
< —Gsp(Th(up),up) + (F1,up) + R—(f2,Bh)

< <P%R6Grg

1
NRZg Il f3llsn + ||f1||1h> lanly + E”fQHthBhMWv

which further yields
1 . 1 1 2
gmin{ 777, = b (sl + B4l )
. 1 1 2 2
< minq —, VN (llanlly -+ IBrll)

1 s 1 )
< gzl + 1Bl

P.R.G,g ?

2 rile Ty 2
H,P:R.G,g °

< | ——— H, |t f .

This indicates the boundedness result (4.9).
To show the existence of solution to the problem (4.11), we define a mapping A : V;, x W;, —
Vi x Wy, with A(uy, Bp,) = (x4,%x5), where (x,,xp) € V), x Wy, is given by

ain(Xu, Vi) + azn(XB, Wh)
1
= (f1,vn) + =—(F2, wp) — Gap(Th(un), vi) — cin(up; up, vi)

R,
—CQh(Vh;Bh,Bh)+02h(uh;Bh,Wh), V(V}“Wh) E\_fh th. (4.12)
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Clearly, (uy,By) is a solution to (4.11) if it is a fixed point of A, i.e.
A(up, Bp) = (up, Bp). (4.13)

In order to show the system (4.13) has a solution, from the Schaefer fixed point theorem [17,
Theorem 2.11] it suffices to prove the following two assertions:

(i) A is a continuous and compact mapping.
(ii) The set
Oy := {(vi,wn) € Vi x W (v, wp) = A (v, wp,) for some 0 <\ < 1}
is bounded.

To show (i), let up1, ups € V5, and Bpi,Bpe € W), be such that A(up1,Bp1) = (X1u, X18)
and A(upz, Bpa) = (X2u,X2p), then we have

aip (X1, Vi) + a2n(X18, Wn) + cin(Up1;ap1, Vi)

+ con (Vi Bri, Bri) — con(uni; Bpi, wp)

= (fl,Vh) =+ Ri(fg,wh) — Ggh (Th(uhl), Vh), (414)

m
aip(X2u, Vi) + a2n(X2B, Wp) + c1n(Un2; up2, Vi)

+ con (Vi Bra, Bra) — con(un2; Bpa, wi)

= (fi,va) + Ri(fz,wh) — Gsn(Th(unz), vn) (4.15)

m

for all (v, wn) € Vi, x Wy, Subtracting (4.15) from (4.14), and taking v, = X1, — Xou,
W = X1B — X2B, we get

a1p (X1 — Xou, X14 — X2u) + a2n(X1B — X2, X158 — X2B)
= —C1h(uh1 — Up2; Up1, X1y — qu) - C1h(uh2; Up1 — Up2, X1y — qu)
— con(X1y — X2u; Bn1 — Br2, Bu1) — con(X14 — X2u; Bn2, Bpa — Bpa)
+ can(up1; Br1 — Bra, X1 — X2B) + con(Wn1 — un2; Bra, X18 — X2B)
— G (Th(un1) — Th(un2), X1u — X2u). (4.16)

Substitute Th1 = Th(up1) and The = Th(upz) into (4.4b), respectively, and then subtract the
first resulting equation from the second one, we can obtain

asn (Th(un1) — Th(unz), zn)
= —c3n(up1 — wp2; Th(un1), 21)
— csn(un2; Th(up1) — Th(un2), 21), Vz € Zp. (4.17)
Taking zp = Th(up1) — Th(upe) in (4.17) and using Lemma 4.1 and (4.10), we get
1
P.R,

S lant = wnz|ly 17 (an)ll .
< Mz PrRe|| f3)|3n[[unt — unzl|ly (4.18)

I Tn(un1) — Th(un2)ll
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which, together with Lemma 4.1 and (4.16), implies

1 2 1 2
7w = Xeullly + Za-llx1m = x28]]
g2 TV R2) W

< Myn (llanflly + lranzflly ) lans = anoflly %1 — xzullly
+ Man ([1Buallly + 1Bzl ) 11w — %2ullly 1B1n — Bazllly,

+ Mo ||x18 — %2l y (lanllyy Br1 — Bhally + IBrzlly llun — unz|ly,)

G,g
My, P2R?—=
A N

[ fallanllans = wnzlly %1 = xaullly -
This estimate plus (4.9) yields

%10 = x2ully + %18 — %28 ly
<2 [HaMlh(llluule + llanzllly ) llwns = sl
+ Ho Mo (Bl + [IBnzlly) 1B1n — Brally

+ Ry Map ([[an [l I1Br1 — Bazllyy + [IBazlllyy llun: — uh2|||v)}
G,g

20 M3, H,P2R?> ——
+ 2¢ M3z e Nz,
<A (IExll1n + If2ll2n + 1 f3llsn) [QHaM1h|||uh1 — upa|ly +2Ho Map||Bin — Bhally

| f3ll3nllan: — wn2|ly

+ Ry Moy ||Bri — Bzl + R Mag||uny — upz||y,

Gg
2 M3, H, P?R?—=
+ 2¢Ms3p TReNRgg

I f3llsnllan: — wn2|ly

< (4<3<||f1|1h fallon -+ [fsllan) 2Ha M + R Man)

Grg
2 P2 T
20 Ho P2 e ol = wlly

+4C (11l + I1f2ll2n + || f3]l3n) (2HaMan + Rin Map)|[B1n — Baz|ly

Grg
< (4C3(||f1|1h + |If2ll2n + [|f3]l30) RHo Mip + Ry Map) + 2(Msp Ho PP R2 NR2g ||f3||3h)

X ([lan1 = up2(lly, + [IB1n = Bnallyy,)
< max{ M, Moy, M3} (12¢*([f1]l1 + ||f2ll2n + || f3ll3n) + 22 PrRe| £3)130)

x (llun = an2llly + [1Bin — Bazllly)-
This implies that A is equicontinuous and uniformly bounded, since
A(up1, Bri) — A(ung, Br2) = (X1u — X2u, X18 — X2B).

Hence, A is compact by the Arzeld-Ascoli theorem [4], and (i) holds.
The thing left is to prove (ii). For any (v, vp) € Oy, using (4.12) we have

A (a1n (R, Vi) + a2n (X, Wh)) + c1n(Rui Ru, Vi) + con(Vi; X, XB) — con(Ru; X, Wi)

1 _ _ _
= (f1,vn) + R—(fz,Wh) — Gan(Th(Xu), V1), Y (Vh,Wr) € Vi, x W,
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Similar to (4.9), there holds

lI%ullly + IxEllw < 2CAE i + [[E2llon + ([ f3ll3n)-

As a result, (ii) holds. This completes the proof. O

Lemma 4.5. Under the smallness condition
max{Miy,, Mop, Msp} (12¢*(|f1||1n + 12¢*f2]|2n + (12¢* H, + 2 PR, || f3ll30) < 1, (4.19)
the problem (4.4) admits a unique solution (un,Bp,T)) € Vi x Wy, x Z9.

Proof. Let (up1,Br1), (un2, Br2) € Vi, x Wy, be two solutions to problem (4.11), then for
any (v, wp) € Vi x Wp, we have

ain(Up1, vp) + aon(Bri, Wn) + cin(Uni; upt, vi)

+ con (Vi Bri, Bri) — con(up1; Bri, wy)

1
= (f1,vn) + R—(fz,Wh) — Gan(Th(un1), va),

m
ain(Un2, V) + aon (Bh2, Wn) + cin(Un2; up2, vi)

+ con (Vi Bra, Bra) — con(un2; Bha, wy,)

1
= (fi,vn) + R—(f2,Wh) — Gsn(Th(unz), va).

m

Subtracting the above first equation from the second one and choosing v; = uy;, — ugp,
wp, = By — Boy, we get

aip(Up1 — Up2, Up1 — Up2) + a2, (Bpi — Bra, Bri — Bia)
= —c1p(Up1; up — Up2, Uy — Up2) — Cip(Up1 — Up2; Upe, Upy — Up2)
— can(up1 — up2; Bri — Bpo; Bri) — con(uni — un2; Bro, Bpi — Bpo)
+ con(up1; Bri — Bhpa, Bui — Bpa) + can(up1 — un2; B2, Bpi — Bra)
— G ((Th(an1) — (Th(up2), va),

which, together with Lemma 4.1 and (4.18), leads to

1
2 2
— lunt — an2|y; + 55~ [IBr1 — Bzl

HE Ry,
2
< Mplluny = wna|lly [lanzllly + Mon (1Bl + [Br2lly ) 1Bar — Bazlly llwn: — wnallly,

2
+ Mop[[Brr = Buslllw lanllly + Manl[Brely Bri = Bhellly lun: — ansllly,

Grg
Ms, P2R? —
T N R

1 Fllsnlllans — wnz]ly-
This estimate plus (4.9) yields

llunt — upz(ly + Br1 — Bhallly

<2 (HaM1h|||Uh1 — paly [lanzlly + HaMon ([IBhilly + [IBr2lly ) IBri — Bazlly,
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+ Ry Map[[Br1 — Bhz|ly [anilly + B Manl|Bnzllly lan — unz|ly

Grg
i Hu M P27 s = wal, )

<Al + [1f2ll2n + || f3ll3n) (HaMinl[uny — upa|ly, + 2Ha Mop|[Bry — Bhz|ly
+ Ry Map||Bri — Bhallly + R Mo [[uny — unzlly)

4 92CH, My, P2R2-S78

“NR.g | f3llanllun: — anz|ly,

< (463 faln + Ul + 1l HaMon + R )
Grg
2 p2 r
+ 20 HL P2l o — wially

+4C (|1l + |£2ll2n + [ f3]l30) (2Ho Map + Ry Map)||B1n — Bra|ly

< max{Mip, Moy, M3y} (4C3(|f1||1h + |If2llon + || f3ll3n) (2Ha + Rim)

Grg
2 rfuln ) % (It = wally + s ~ Bally)

< max{Min, Map, M3p} (12¢*([f1]l1n + ||f2ll2n + || f3]13n) + 22 PrRe | £3131)

x (lhany = wnallly + [IBan = Bnzllyy).

+2CH,P?R

which, together with the assumption (4.19), implies
ujp = uzp,  Bin = Bop.

This completes the proof. O

Finally, we obtain the following existence and uniqueness results for the WG scheme (3.3).
Theorem 4.1. The scheme (3.3) admits at least one solution
(up, Bh, Thy pry i) € VH x W9 x 70 x Q9 x RY
and, under the condition (4.19), admits a unique solution.

Proof. The existence and uniqueness of the discrete solutions uy, By, and T}, follow from
Lemmas 4.3-4.5, and the existence and uniqueness of the discrete solution, py, to (4.5a) and the
discrete solution, 4, to (4.5b) follow from the two discrete inf-sup inequalities in Lemma 4.2.
The proof is complete. O

5. Error Estimates

This section is devoted to establishing error estimates for the WG scheme (3.3). To this end,
we assume that the weak solution, (u,B,T,p,r), to the problem (1.1) satisfies the following
regularity conditions:

uc VA[H*(Q)Y, BeWn[H?*(Q),
T € HIn[H*V]Y, peLiQnHYQ), reHY}Q)NH(Q). (5.1)
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We set

Mulk == {PT7 (ulx), Q4 (ulk)},
Bk == {PT7 (B|x), Q] (Blk)},
37 |re == {Q3(T|x), Q5(T|x)}
Myp|x = {Q(O)(P|K)7Qlf(p|1()}7
57|k = {QF(r|x), Q4 (r|x)}

for any K € 7.

Lemma 5.1. For any (Vi, Wn, 2n, qn, i) € Vi X W9 x Z9 x Q9 x RY), there hold

a1n(Iiu, v) + agp (TaB, wp) + b1p (v, yp)
— bin(ITyu, gn) + ban (W, H57) — bap (I12B, 05)
+ cin(Ihyu; yu, viy) + con (v 1B, T1:B)
— con(Ilyu; B, wy,) + Gap (U3Th, vi)

1
= (fi,vn) + R—(f27Wh) + Ey(u,vy) + Eg(B,wy)

+ Eq(u,vi) + Eg(B,vy) + E5,(w; B, vy,), (5.2a)
azp (3T, z1,) + ez (I 13T, 25,)
= (f3, Zh) + ET(T, Zh) + ET(u; T, Zh), (52]:))
where
1 . 1,
E,(u,vy) := m<(Vu —QgVu) n, vy, — v;w>67-h + ﬁ<h1{1 (P?Tu —u), Qbvho — V’Lb>67’h’
1 (o]
Ep(B,wp) = —E<V x B —Q4V x B, (Who — Wpp) X n>6Th
1 _
+ @@Kl (P?TB — QI{B) X, (Who — Wpp) X n>67,h,
1 (o] 1 — o
Er(T, z) := PR ((VT-Q{VT) - n, Zho*Zhb>aTh+m<hK1 (T —T), Qb zno — Zhb>6Th’
1
Ez(u,vy) := N (u@u—-PFTuaPFTu,Vyvy,) — W((u ®u-— Qiu® Qju)n, vh0>a7_h
1 1
— ﬁ (u -Vu— P?Tu . VhP?Tu, Vho) - W<Vhb ® qun; P?Tu>aTha
1 1
Epy(B,vi) = =5 (Vi x (B - PRTB), vy, x B) + 72— (Va x PRTB,v;, x (PF"B - B))

1
— R—((P?TB —Q)B) x n, v, x P?TB>M,
Eg(u;B,wy) = —RL(V;I X Who, (u x B — P?Tu X P?TB)) — %(W}LO x n,u x B)gr,

1
— R—<(W}w — th) X n, P?Tu X QgB>

1
(uT = PRTuQIT, Vizno) — 5 {(uT — QGuaQpT) -1, 210) o

oTn’

ET~(u; T, Zh) =

DN | =

1 1
—3 (u -VT — P?Tu- VQIT, z;w) — §<(quzhb) -n, Qi’T>6Th.
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In addition, there hold
PRu|x € [PU(K)]Y, PR'Blk € [PL(K)]Y, VK €T, (5.3)
Proof. We first show (5.3). For all K € Ty, by Lemma 3.7 we have

(V- PR u,04) . = (V-upn)x =0, Vo, € Pi(K),
(V-PRTB,0h), = (V-B,0h)k =0, V0, Pi(K),

which mean that
V-PRTu=0, V-PF'B=0.

Then the result (5.3) follows from Lemma 3.6.

From the definitions of the bilinear form ay(-,-) and the weak gradient, the first commu-
tativity property in Lemma 3.9, the properties of the projection Qg, the Green’s formula, the
relation (Vun,vy) a7, = 0, the properties of the projection QY and the definition of F, (u,vy,),
we immediately get, for any v, € V),

ain(Miu, vy) = Hig(vw,oﬂlu, Vwovi) + %(h}ng (PFTu—u),Qlvio — Vhb>a7’h
_ Hig (Q§V, Vi ovi) + h%(h;(l (PF"u—), Qv — Vhb>67—h
= _Hig(vh - QEVU, Vo) + HLZ<Q8VU n, Vhb>67’h
+ Hi§<h;<1 (PTu—u),Qfvi, — Vib) o,
= Hig(QSVu, ViVho) + HL3<Q8VUH, Vhb = Vho) o,
+ H%%(h;(l (PFTu—u),Qfvy, — Vi) o,
— _Hig(Au, Vho) + H%((Vu —Q4Vu) 0, vis — Vio)
+ Hig<h;(1 (P u—u),Qlvno — Vhb>67—h
- _%(Au, Vho) + Eu(u,vy). (5-4)

a
Similarly, in light of the definitions of the bilinear form asy (-, ) and the weak curl, the second
commutativity property in Lemma 3.9, the properties of the projection Qg, the Green’s formula,
the relation (V x B,wp, X n)sp7, = 0, and the definition of Fp(B,wy,), we obtain, for any
Wy € Wg,

1
agn(IoB,wy) = R—(Vw,o x B, Va0 X Wp)

2
1
+ R_2<h;(l (P}ZTB - QSB) X 10, (Who — Wpp) X n>67’h
1
= R—2(Q8(V X B)va,o X Wh)
1
+ R—2<h;(1 (P?TB — QgB) X n, (Who — th) X n>67—h

m
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— - (Vn % (QY(V % B)).Who) + - (QA(Y x B), wip x ),

R2, R,
+ %011}1 (P?TB — QgB) X N, (Who — Wpp) X n>a7_h
(@R % BV % wi) = (Y x B). (i~ wia) x 1),
+ R%<h;(1 (P?TB — QSB) X0, (Wpo — Wpp) X n>6Th
R2 (VX V xB,wp) — %(V x B~ QG(V x B), (Who — Whp) X 1),
+ R%<h;(1 (P?TB — QgB) X 10, (Who — Wpp) X n>67,h
- R2 (V x V x B,who) + En(B, wn).

In view of the definitions of by (-, -) and the weak gradient, the fourth commutativity property
in Lemma 3.9, the projection property, and the relations (3.11a), (5.3) and (u - n, gnp)o7;, = 0,
we get

bin(va, sp) — bp(Iliu, gr)
= ( w 1{Q8pa Qll)p}avho) - (vw,lqhaP?Tu)
lepa Vho) + (v : P?Tua qho) - <P?Tu -, th>

= (Vp, Viho) — (W- 1, gnp)oT,,
= (Vp, Vo), Vv, €VY.

OTh

Similarly, we have
bon (Wi, ILyr) — boy (T2 B, 0,)

1 1
= (vwal{Qgr) Q?T},W}w) - —(Vw719h,P?TB)

Ry,

1 1
R_ (V . P?TB, e;w) - R—<P?TB - n, ehb>a7_h

1
(Vr, Who) — R_<B -1, Onp) o,

m

(Q(ljvrv Who) +

(Vr, Who), YVwpn € WD,

By the Green’s formula and the definitions of ¢ip(-;-, ), the weak divergence and Eg(-,-)
we get

cipn(ITiu; Iu, vy)

1
=N (Vi {PFTu@ P u,Qjuc Qlu},vi,)
1
“oN (V1 {vho ® P?Tq), Vip @ qu}, P?Tu)
1
= ﬁ(v (u®u),vi) + = 5N (u @u—-PFTu@ P u, Vyvy,)
1 b
_ W«u ®u— Qju® Qju)n, Vh°>67h
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1 1 RT RT
+ﬁ(v-(u®u),vho)+ﬁ(u-Vu—P1 u-V,Pj u,v;w)

1
+ oN {(viy ® Qlun, P?TU%T}L

= %(V (u® u),v;w) + Ea(u,vp).

Similarly, we can obtain

1
CQh(Vh;HQB,HQB) = _R—(v x B x B,Vho) + Eél(Bhavh)a

1
—(V x (ux B),Wpo) + Eg,(un; By, wh).

con(Ihu; I, B, wy,) = 7

By the definition of the projection ()¢, we have

G, o G
Gsn(IsTh, vi) = NRZ (%QlThovvho) = N2 <§T, Vho) :

Combining the above relations and (1.1), we finally arrive at the desired conclusion (5.2a).
Similarly, we can get the relation (5.2b). This completes the proof. U

Lemma 5.2. For vy € Vg, wp, € W%, and zp, € Zg, there hold

[Eu(u,vi)| S hlalafl[vally, (5.52)
[Es(B, W)l < h(Blaf[wnlly (5.5b)
|Ex (T, 2n)| S BT 20|20l 2, (5.5¢)
|Ea(w,v)| < hllul3vally, (5.5d)
|E51(B,vi)| S RIBI3Ivally (5.5¢)
[Epo(w; B, wi)[ < Allull2l|Bl[2f[wally (5.5f)
|E5(w; T, z)| S hfulla][Tl2f] 25l 2- (5.5g)

Proof. We only show (5.5d), since the other results can be derived similarly.

Let us estimate the four terms of Eg(u, vy) one by one. Using the Cauchy-Schwarz inequal-
ity, the Holder’s inequality, the Sobolev embedding theorem, and Lemmas 3.7, 3.8 and 3.2, we
have

(u@u—-PFTue Pt u, Vyvy,)|
< ’((u — P?Tu) ® u, th;w)‘ + ’(P?Tu ® (u — P?Tu), th;w)’

< |ulo,c0,0 Z IU*P?Tu’07K||Vtho||0,K
KeTy,

+ Z ‘u - P?TUIO.S,K‘P?Tu‘O,G.K”th}wHO’K
KeTy, ’ ’

< [ufo,0,0 Z |U*P?TU|O,K||Vtho||0,K
KeTh

+ Z ‘u - P?Tuyo_&K(‘u - P?Tuyo.G,K + |u|0=67K)thvh"H0=K
KeTy, ’ ’

< [ufoce D [u—=PF uly (IVivhollo.x
KeTy,
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+(lu =Pl o +ulose) D [u=PFul , M Viviolox
KeTh

< P2 lafoco,elalaflvally + luli Y- Ju =P uly,  IVavaolox
KeTy,

_d
< WPulocolulzllvally +2*78 ulliful2[Vaviollo < RllallZlivally-

Similarly, we can obtain

‘((u ®u— Qju® Qlu)n, Vho>aTh ’
’ u®u— Qjue Qiu)n, vy, — Vhb>aTh ‘
‘ (u— Qou (u—Qfu)n, vy, — Vhb>aTh ‘

u— Qgu) ® Qfun, vy, — Vhb>67_ ‘
h

+ ‘(
+ ‘< (Qfu — Qfu) @ (u - Qgu)n, vy, — Vhb)
+ }(

or;,

Q%u ® u — Qou)n Vhe — Vhb>8Th }

= Z u— Q0u|0,6K|u = QT el Vho = Vinlo,co.0x
KeTh

+ Z ‘u - qu‘o,aK‘QTulo.m.aKWho — Vilo,ox
KeTy, o

T Z |Q7u -~ qu’o,aK’u - qu’o,aKlth = Vblo,co.0
KeTy,

£ 3 e Qhuly o [Q3)g o g vho — vislooxe S AllalBlvaly
KeTh

|(u- Vu—PFu- VP u, v |
< |((u - P?Tu) -Vu, Vho)| + }(P?Tu . (Vu — VhP?Tu),vho)}

< Z |ll— P?Tu‘073,K|vu|0,K||Vh0||076»K
KeTy

+ > |[Vu- ViPT | [PTulg o ellVaollos,x S Rllall3livally
KeTn

‘<Vhb ® Qgun, P?Tu>aT ‘

’ vib @ Qoun, PR u— Qgu),, ’

‘ Vio — Vi) ® (QYu— Qfu) n, PR u — Q8u>aTh ‘
+|(vio ® (Qhu— Qtw) 0, PFTu -~ Qhu), |
+[(vho —vi) © Qpun, PETu— Q)|

+|(vio ® Qfun PFTu - Qbu), | < hlullvally-

As a result, the desired estimate (5.5d) follows. O
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Theorem 5.1. Let (up, By, Th,pr, ) € V) x WO x Z0 x Q% x R be the solutions to the WG
scheme (3.3). Under the regularity assumption (5.1) and the smallness condition (4.5), there
hold the following estimates:

M~ willy + LB — Bully + T - Toll, < AC(w B, T),  (560)
ILap — pallg + 157 — rall g < RC1(w, B, T) + h*Cs(u, B), (5.6b)
where
Ci1(u,B,T) := (lull2 + [IBllz + [|7'[]2)(1 + [[ullz + [Bll2 + [|T']2),
Ca(u,B) := (lullz + [ Bl[2)*(1 + [[ull2 + [|B]|2)*.
Proof. From (3.3) and Lemma 5.1 we get the error equations as follows:
arp(IIyu — up, vi) + aop (ILeB — By, wy,) + b1y (v, Iup — pp) — bip(Ihiu — up, )
+ bop (Wi, Hsr — 13) — bap (IIeB — By, 0,) + cip(ITyu; 1w, viy) — cip(up; up, vp)
+ con (v 1B, I13B) — cop (v By, By) — con (IIiu; 1o B, w,)

+ con(up; Br, wp) + Gsp(II3T — T, vp,)
= Ey(u,vy)+ Ep(B,wy) + Ez(u,vy) + E5, (Bp, IIiu—uy)

+ Epy(u; B, 11:B — By), YV (vi, Wh,qn, 1) € Vi x W) x Q) x QY (5.7a)
asp (3T — T, z1) + csn(ILvw; II3T, 21,) — csn(Wn; Th, 21)
= Er(T,zp) + Ez(w;T,z), Vzn € Zj. (5.7b)

Taking
(Vi, Wh, 2h, qn, On) = (H1u — up, 2B — By, 3T — T, Hap — pp, Hsr — 14)
in (5.7) and using the relation

cip(Ihiw; Iju — up, iju —uy) =0,
C3h(H3T; H3T — Th7 HgT — Th) = 07

we obtain

arp(Ilia — up, Iju — uy,) + ag,(lleB — By, 1B — By,)
= FEy(u,Ilju —u) + Ep(B,IIB — By) + Ez(u,Ilju—uy)
+ Ej5,(Bp,IIju —up) + Ej,(w; B,I1,B — By) — cip(ILw; iu, Iiu — uy,)
+ cin(upsup, IIia = up) — cop(Ilia — up; 1B, I B) + cop (Iliu — up; By, By)
+ cop(IIiw; 1o B, I1sB — By,) — cop(up; By, IeB — By,) — Gap(IIsT — T, Iliu — uy,)
=FE,(u,IIju—u) + Eg(B,lI:B — By) + Ez(w;u, Ilju —up) + E5, (B, ILiu —uy)
+ Ej5,(w; B, 1B — By,) — cip(Iliu — up; up, Iiu — up) — cop(up; oB — By, I1,B — By,)
— cop(Tlju — up; 1B — By, By,) — G (1131 — Ty, ITiu — uy), (5.8a)
asp(UsT — Ty, 3T — Tp,)
=Ep(T,II3T —T},) + E7(w; T, 13T — T},)
— 3 (I w 3T, 3T — T,) + eap(up; Th, 3T — Th,)
= Ep(T, 5T — Ty) + Ep(w; T, 15T — Ty) — esp (Ihyu — wy; Ty, 5T — T,). (5.8b)
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In view of Lemmas 4.1, 5.2, and the definitions of M;;, (i = 1,2,3) in (4.6)-(4.8), we further
have

M =iy + [[TeB = By
< 2¢Ch ([Jullz + [[Bll2 + [BI3 + [[ull3 + [ull2[|B]-)

Lac (Haanumnvnmlu “unlly + R Man s Iy I TI2B — Byl

1 1
+ 5 Ha Mo || Bl [T w — unllly + 5 R Mon [ Ballly [[12B — Bh|||W>

G,g
2CH, M 3T — Tyl . 5.9
+2¢ 3hNReg||| 3 nlll 2 (5.9a)
[T3T — Tl ,
< Ch(|T']2 + [[all2|T[l2 + | T'l|2llallz) + Map[[TTra — wp [, |75,
< Ch(|IT|2 + llull2|Tll2 + 1T |2l all2) + Msn P?RZ|| fs |3 [Ta — ap |- (5.9b)

Taking (5.9b) in (5.9a) we get

Ma = anfly + [[T2B = Bally,
< 20Ch (|[ullz + [[Bl2 + [1B]3 + [[ull3 + [ull2[1 B2 + [Bll2][u]|2)

+2¢ (HaM1h|||uh|||v|||H1u = upllly + R Mon|[anllly [T B = Bhly

1 1
+ 5 HaMon|[Ballly [T = anfly, + 5 R Mon [ Bally I 12B — Bh|||W)
G,g
+ Ch(IT|2 + [[ull2||Tll2 + [IT|2llull2) + 2¢ Ho M3y P R2 VR gl\fal\shlllﬂlu —uply

< 20Ch (J[ullz + Bll2 + B3 + [[u]l3 + [[ull2[B]2)

+ 4 (If2ll1n + If2ll2n + || f3llsn) <HaM1h|||H1u —uplly + R Map[[112B — By ||y

1 1
+ SH Ml = wnlly + 5o Mo 12 Bl )

G,
+ Ch(T]a + [[ullo T2 + [T l2][ull2) + 2 Ha Man P2R2 25~ | fol |3 1T — s

“NR.g
< max{ M, Moy, M3y} (12¢* (|1 f1][1n + || f2ll2n + || f3]l30) + 22 PrRe| £3151)
X ([Myu —waply + [[H2B — Bally)
+2CCh ([[ullz + [|Bll2 + B3 + [[ull3 + [ull2[Bl2 + [B]l2]ull2)
+ Ch([T|2 + [[all2[|Tll2 + | T[|2[lull2),

which plus the smallness condition (4.19) yields
Mu —upflly + [[T2B = Bllly, < ~C1(a, B, T).

Hence, combining this estimate with (5.9b) leads to the desired estimate (5.6a).
Next let us estimate the pressure error. Taking (wp, ¢, 7) = (0,0,0) in the Eq. (5.2a), we
have

arp(IIyu, vi) + bin(vy, Isp)
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—+ clh(Hlu; Hlu, Vh) 4+ Cgh(Vh; HQB, HQB) 4+ Ggh(HgT, Vh)
= (f1, Vo) + Eu(u,vp) + Ea(u, vs),

which, together with (3.4a), gives

bin(vh, Usp — pn)
= FEy(u,vp) + Ez(a,vy) — Gsp(TUsT — Ty, vy) — arp(Ilju — uy,, vp)
—cip(Iyu; ya, vi) + ein(up; up, vi) — can(vi; 2B, 2 B) + con(vi; B, Bi)
= E,(u,vp) + Eg(u,vy) — Gap(IIsT — Th,vy) — a1p(Iliu — up, vp,)
—cip(lia —up; hu —up, vi) — cip(up; Ihu — up, v) — cip(lliu — upsup, vi)
— con(vh; 2B — By, 2B — Bp) — c2n(va; By, 2B — Bp) — can(vi; 2B — By, By).

Thus, using the inf-sup condition (4.2), Lemmas 4.1 and 5.2, and the estimate (5.6a), we get

b1p (v, sp —
IMsp— pllg S sup 2V Tlop = Pr)
0#£v,EVY |||Vh|||v

S h(llallz + 1Bz + [|7|2) (1 + [[allz + IBl[2 + [|7']]2)
+ R (Jlullz + |Bll2)*(1 + |[ull2 + ||B]|2)*
5 h01 (u, B7 T) + h202(u, B)

Similarly, by using the inf-sup condition (4.3), Lemmas 4.1 and 5.2, and (5.6a), we can obtain
ITLar — 7l < RCi(u,B,T) + h*Cs(u, B).
Combining the above two inequalities leads to the desired result (5.6b). O

In light of Theorem 5.1, Lemmas 3.1, 3.5, 3.7 and 3.8, and the triangle inequality, we can
finally obtain the following main error estimates.

Theorem 5.2. Under the same conditions of Theorem 5.1, there hold

[IVu — Viupello + [Vu = V. ourllo S ACi(u, B, T), (5.10a)
IV x B — V5 x Brollo + |V x B — Va0 x Brllo < hCi(u, B, T), (5.10b)
VT = ViThollo + VT = Vu,0Thllo S hCi(u, B, T), (5.10c)
Ip = Prollo + 1 Vp = Vuwapllo S hC1L(w, B, T) + hllpll1 + h*C2(u, B), (5.10d)
7 = Tho — (F — Tho)llo + || Vr — V. 17llo < hCi(u, B, T) + h|jr||1 + h*Ca(u,B),  (5.10e)

where T and Tr, denote the mean values of r and rp, on §, respectively.

Remark 5.1. From the estimates (5.10a) and (5.10b) we see that the upper bounds of the
errors of the velocity and the magnetic field are independent of the approximations of the
pressure and the magnetic pseudo-pressure. This means that our WG scheme is pressure-
robust.
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6. Oseen Iteration Scheme

Notice that the WG scheme (3.3) is a nonlinear system. We shall adopt the following Oseen
iterative algorithm: given u9 and BY, find (u}, B}, Ty, p}, r}) with n = 1,2, ... such that

av (Wfts va) + bin (i, ) — bin(uh, gn) + cin (w5 uh, vi) + con(va; B BY)
+ aon (B, W) + bon (Wi, rf) — ban (BR, 01) — can (w5 B wy,)
1
= (f1,Vho) — Gan (T}, vi) + R—(fz,W}w), (6.1a)
ash (Tf?’ Zh) + C3h (uZ_l; T}?v Zh) = (f?n Zho) (61b)

for any (Vh,Wh,qh,oh,Zh) S V% X W?L X Q?L X R?L X Z}g
We have the following convergence theorem.

Theorem 6.1. Let (up, By, Th,pn,rn) € V9 x W x Z) x QY x RY) be the solution of the
WG scheme (3.3). Under the smallness condition (4.19) the Oseen iteration scheme (6.1) is
convergent in the following sense:

lim_[[[uf; —uafly, =0, lim [[B - Bulll, =0,

n— 00 n—0o
Jim (|75 = Tull, =0, lim g7 = pafllg =0, lim i =], = 0.
Proof. Denote
ey =uy —uy, €ep:=Bp =By, ep =T =Ty e, :=py—pn € =1y —Th

Subtracting (6.1) from (3.3), we have for all (vi, W, 2, qn, 0n, 2n) € V) x W9 x Z) x Q) x QY,

a1h(€Z, Vh) + azp (6%, Wh)

= —bin(vh.ep) + bin(ey, an) — ban(Wh.€l') + ban (e, 0n) + cin(an; un, vi)

— cun (w7t g, vi) + con(vi; Br, Br) — con(va; B, BT
— con(up; By, wy) + con (w3 B wy) — Gan(efh, vi)., (6.2a)
azn (e, zn) = can(Wp; Ty 2n) — can(a) =T, 2p). (6.2b)

Taking vy, = ey, Wi, = €, 2, = €, qn = €,0, = € In (6.2) and using Lemma 4.1 we get

1 2 1 2
el + 2 llei
= cip(upsup, el) — cip(up " up,el) + con(els By, By) — con(els BY !, BY)
— con(un; B, eh) + con(up i BE T e) — Gan (e, elr)
= —cin(ep hup,el) — con(epiely ' Ba) + con(uns ey ' el) — Gan(ef, el

< Munll[unlly flen= [ Mlleullly, + Manlles [y ey 1Bl
_ G.g _
+ Mol el Iy lunll, New I, + Man 5o el e [ (6.3a)

1
P.R. eIl = esn (uns T, ) = ean (w5 T3, o)

= —csn (el Th, ) < Monl[el "l NTnllz 2| - (6.3b)
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The inequality (6.3b) further gives
ezl < Man P Relen™" | Nl 2+ (6.4)
which, together with (6.3a), (4.9) and (4.10), implies
ezl + el
< Munllanlly [llen [l el + Menlles™ llw lexllly Ballw
n— n GTg n n—
o Monlles ly Mron v ey + Mn 5ea - e el
+ Manlen™ [ ITall 2l
< max{Mp, Mo, Map} (12¢*(|£1|1n + 12¢*£2]|2n + (12¢*H, + 2¢2 PR || f331)

X< (Ml Ml + e llw)

(max{Mip, Map, Msp} (12¢*|f1 |1 + 12¢Y|f2]|2n + (12¢* Ha + 2¢° P Re) | f3l31))
< (lleallly + le®lw)-

The above estimate plus (4.19) yields

<
<

i o~ = i [l =0 (650
i (1B~ Bully, = i [lebll, =0, (031
which plus (6.4) indicates
s 77 = Tall, = tim el o (65
From (6.2) we see that for any v, € VY,
bin (Vi ey) = —ain(el, va) + cin(an;up, vi) — i (uf = af, vi)

+ con(Va; Ba, Br) — con (vi; B 1 BYY) — Gan(ef, va)
= —aw (e}, vi) —cin (el el vi) — crn(el ™ s un, vi)
—con(viiepteh) — con (Vi€ Br) — Gan(el, vi)-
Using the inf-sup condition (4.2) and Lemma 4.1, we have

bun (va, €
gl < sup, 2icE)
< ezl Ml el + ez 1 ezl )
Al Bl + 5 el + a3l
which, together with (6.5) and (6.6), yields
i [l9f — pull = i [l = 0

n—oo n—o0

Finally, using the inf-sup condition (4.3) and Lemma 4.1 and (6.5), we obtain

R | P

This completes the proof. O
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Remark 6.1. Notice that the above Oseen iterative scheme can be rewritten as the following
decoupled system: given u) and BY, forn =1,2,...,

Step 1. Find 7} such that
asn (T3 zn) + csn (W5 T3 2n) = (f3,200), YV 2n € Z)
Step 2. Find (B}, r}) such that
asn (BJ, W) + bon (Wi, 1) — bon (B}, 03) — con ()~ BY 1 wy,)
1
= R—(fQ,WhO), V(Wh,oh) S W% X R%
Step 3. Find (u}, p}) such that
arn (up, vi) +b1n (Vi pit) — bin (0l an) + cin (W up, vi) + con (v BY 71 BY)
- (flavho) _GBh(T}?avh)a V(Vhth) EV% X Q?z
7. Numerical Examples
In this section, we give a 2D numerical example and a 3D example to verify the performance
of the WG scheme (3.3) for the steady incompressible MHD flow (1.1). We apply the Oseen
iterative scheme with the initial guess (u ,BY ) = (0,0) and the stop criterion
n n—1
Huh —u, Ho <le—28
in all numerical experiments.
Example 7.1 (A 2D case). In the model (1.1) we set
Q=[0,1? H,=N=R, =1.

The exact solution (u,B, T, p,r) is of the form

uy = —2*(z — 1)%y(y — 1)(2y — 1),
up = y*(y — 1)%z(x — 1)(2z - 1),
Bi = —a*(x —1)*y(y — 1)(2y — 1),
By = y*(y — 1)%z(z — 1)(2z - 1),

p=x(z—1) <x%>y(y1) (y%>
st (s 3ot (5-1).

T=wx(@-1yly—1).

We compute the scheme (3.3) on M x M uniform regular triangular meshes (cf. Fig. 7.1) with
M =4,8,16,32,64. Numerical results are listed in Table 7.1.
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(a)

Fig. 7.1. The meshes: (a) 4 x 4 mesh for Q = [0,1)%; (b) 4 x 4 x 4 mesh for Q = [0, 1]*.

Table 7.1: Convergence history for Example 7.1: M x M meshes.

[[u = unollo [Vu = Vauno|lo
M l[allo Vullo IV - o ll0,00,0
Error Order Error Order
5.9583e-01 - 5.1511e-01 - 2.4533e-18
1.5876e-01 1.90 2.7300e-01 0.91 1.0426e-17
16 4.1521e-02 1.93 1.3851e-01 0.97 1.9319e-17
32 1.0635e-02 1.96 6.9419e-02 0.99 9.1078e-17
64 2.6901e-03 1.98 3.4722e-02 1.00 1.1319¢-15
B — Bhollo IV x B — Vi X Buollo
M IBllo IV xBllo IV Bhollo,00,0
Error Order Error Order
1.1606e+00 - 5.6441e-01 - 4.9065¢e-18
2.9482¢-01 1.97 2.7675e-01 1.02 8.5864¢-18
16 7.4064e-02 1.99 1.3198e-01 1.06 1.1040e-17
32 1.8525e-02 1.99 6.4624e-02 1.03 2.0914e-16
64 4.6310e-03 2.00 3.2115e-02 1.00 8.8931e-18
[T = Thollo IVT = ViThollo P — Prollo lIr = rhollo
M 1710 IVTo lIpllo lIrllo
Error Order Error Order Error Order Error Order
2.2913e-01 - 3.1028e-01 - 3.9131e-00 - 4.7146e-00 -
5.7836e-02 | 1.98 | 1.5776e-01 | 0.97 | 2.1280e-00 | 0.87 | 2.8776e-00 | 0.71
16 | 1.4496e-02 | 1.99 | 7.9217e-02 | 0.99 | 8.9070e-01 | 1.25 | 1.4532e-01 | 0.98
32 | 3.6265e-03 | 1.99 | 3.9651e-02 | 0.99 | 3.4464e-01 | 1.37 | 7.2538e-01 | 1.00
64 | 9.0678e-04 | 2.00 | 1.9831e-02 | 1.00 | 1.4036e-01 | 1.30 | 3.6249e-02 | 1.01

Example 7.2 (A 3D case). In the model (1.1) we set

Q=[0,1* H,=N=R, =1.
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The exact solution (u, B, T, p,r) is of the form

uy = f%ow( sin(mz))? sin(7y) cos(my) sin(mz) cos(rz),
y = %w sin () cos(mz) (sin(ry))” sin(mz) cos(m2),
us = — g5 sin(ma) cos(ma) sin(my) cos(ry) sin(rz))”,
By =— %w( sin(mz))” sin(my) cos(my) sin(wz) cos(rz),
By — 1—107r sin(mz) cos(r) ( sin(ry))” sin(r2) cos(r2),
By = — 2i07r sin(mz) cos(ma) sin(ry) cos(my) (sin(mz)),
p- % cos(rz) cos(my) cos(m2),

r= 1—10 sin(r) sin(ry) sin(rz),

T = uy + ug + us.

29

We compute the scheme (3.3) on M x M x M uniform regular tetrahedral meshes (cf. Fig. 7.1)
with M = 4,8,16,32. Numerical results are listed in Table 7.2.

Table 7.2: Convergence history for Example 7.2: M x M x M meshes.

[[u — unollo [Vu = Vaunollo
M lullo [IVullo IV - tnollo,00,0
Error Order Error Order
1.2609e+00 - 6.1715e-01 - 1.7049e-13
3.2835e-01 1.94 2.9765e-01 1.05 5.3038e-15
16 7.9966e-02 2.03 1.5702e-01 0.92 4.4653e-16
32 2.0071e-02 2.00 7.3542e-02 1.09 3.0028e-15
|IB — Bhollo IV x B = V5 X Bpollo
M IBllo |V x Bllo IV - Bhollo,00.
Error Order Error Order
1.1658e+00 - 2.4345e+00 - 4.3347e-15
2.8945e-01 2.00 1.1778e+00 1.04 4.8867e-15
16 6.8306e-02 2.08 5.9735e-01 0.97 5.1961e-16
32 1.6447e-02 2.05 3.0755e-01 0.95 2.5105e-16
[T = Thollo IVT = ViThollo [P — Prollo [ = 7hollo
M 1710 IVTo I2llo lIllo
Error Order Error Order Error Order Error Order
4 | 1.9942¢-01 - 2.6572e-01 - 4.3113e+-00 - 2.8566e+00 -
4.6543e-02 | 2.09 | 1.3456e-01 | 0.98 | 2.1655e+00 | 0.93 | 1.4746e+00 | 0.95
16 | 1.2088e-02 | 1.94 | 6.5097e-02 | 1.03 | 1.0606e+00 | 0.94 7.3616e-01 1.00
32 | 3.1578e-03 | 1.94 | 3.3348e-02 | 0.96 5.6356e-01 0.91 3.7211e-01 0.98
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Tables 7.1 to 7.2 show the histories of convergence for the velocity up,, the magnetic
field Bp,, the pressure ppo, and the magnetic pseudo-pressure rp,. Results of ||V - upol0,00.0
and ||V - Bpollo,00,0 are also listed to verify the divergence-free property. From the numerical
results of the two examples, we have the following observations:

e The convergence rates of | Vu—Vpupe|lo, |V XB—=VixBpollos | VT —ViThollo, ||[p—Phollo
and || — rpollo for the WG scheme are of first order, which are consistent with the
established theoretical results in Theorem 5.2.

e The convergence rates of ||u— upo|lo, |B — Brollo, and ||T — Thollo are of second order.

e Both the discrete velocity and the discrete magnetic field are globally divergence-free.

8. Conclusions

In this paper, we have developed a low order weak Galerkin finite element method for the
steady thermally coupled incompressible magnetohydrodynamics flow. The well-posedness of
the discrete scheme has been established. The method yields globally divergence-free approxi-
mations of velocity and magnetic field, and is of optimal first order convergence for the velocity,
the magnetic field, the pressure, the magnetic pseudo-pressure, and temperature approxima-
tions. The proposed Oseen iteration algorithm is unconditionally convergent. Numerical ex-
periments have verified the theoretical results.
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