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Abstract

This paper develops a low order weak Galerkin (WG) finite element method for the

steady thermally coupled incompressible magnetohydrodynamics flow. In the interior of

elements, the WG scheme uses piecewise linear polynomials for the approximations of

the velocity, the magnetic field and the temperature, and piecewise constants for the ap-

proximations of the pressure and the magnetic pseudo-pressure; and on the interfaces of

elements, the scheme uses piecewise constants for the numerical traces of velocity and the

temperature, and piecewise linear polynomials for the numerical traces of the magnetic

fields, the pressure and the magnetic pseudo-pressure. This WG method is shown to yield

globally divergence-free approximations of the velocity and magnetic fields. Existence and

uniqueness results as well as optimal a priori error estimates for the discrete scheme are

obtained. A convergent linearized iterative algorithm is presented. Numerical experiments

are provided to verify the theoretical analysis.

Mathematics subject classification: 65N30, 65M60, 65M12.
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1. Introduction

Magnetohydrodynamics (MHD) equations describe the basic physics laws of electrically

conducting fluid flow interacting with magnetic fields, and are widely used in engineering areas;

see, e.g. several monographs [8, 9, 26, 30, 33] and the references therein. In this paper we

consider the steady thermally coupled incompressible MHD model, which is a coupled system

of incompressible Navier-Stokes equations, Maxwell equations and a thermal equation.

Let Ω ⊂ R
d (d = 2, 3) be a polygonal/polyhedral domain. The considered steady ther-

mally coupled incompressible MHD model reads as follows: Find the velocity vector u =

(u1, u2, . . . , ud)
⊤, the pressure p, the magnetic field B = (B1, B2, . . . , Bd)

⊤, the magnetic

pseudo-pressure r and the temperature T such that

−
1

H2
a

∆u+
1

N
(u · ∇)u+∇p−

1

Rm

∇×B×B = f1 −
Gr

NR2
e

g

g
T in Ω, (1.1a)
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∇ · u = 0 in Ω, (1.1b)

1

Rm

∇×∇×B−∇× (u×B) +∇r = f2 in Ω, (1.1c)

∇ ·B = 0 in Ω, (1.1d)

−
1

PrRe

∆T + (u · ∇)T = f3 in Ω, (1.1e)

subject to the homogenous boundary conditions

u|∂Ω = 0, (B× n)|∂Ω = 0, T |∂Ω = 0, r|∂Ω = 0. (1.2)

Here Ha is the Hartmann number, N the interaction parameter, Re the Reynolds number, Pr

the Prandtl number, Rm the magnetic Reynolds number, and Gr the Grashof number. g is the

vector of gravitational acceleration with g = |g|. f1 and f2 are the forcing functions, and f3
denotes the heat source term. We refer to [2,23,24] for the study of the existence and uniqueness

of weak solutions to related steady thermally coupled incompressible MHD models.

There are limited works in the literature on the finite element analysis of the steady ther-

mally coupled incompressible MHD equations. Meir [24] proposed a Galerkin mixed finite

element method and established optimal error estimates. Codina and Hernández [7] developed

a stabilized finite element method. Yang and Zhang [39] analyzed three iteration algorithms, i.e.

the Stokes, Newton and Oseen iterations, based on conforming mixed finite element discretiza-

tion. We refer to [22, 28, 29] for several works on fully discrete mixed finite element methods

for unsteady thermally coupled incompressible MHD model equations.

It is well-known that the two divergence constraints on the velocity and magnetic fields

in the steady thermally coupled incompressible MHD model (1.1) are corresponding to the

conservation of mass and magnetic flux, respectively, and that poor conservation of such physical

properties in the algorithm design may lead to numerical instabilities [1, 3, 15, 16, 21, 27, 32].

For incompressible MHD equations, there have developed some divergence-free finite element

methods, e.g. the mixed interior-penalty discontinuous Galerkin (DG) method with the exactly

divergence-free velocity [10], the central DG method with the exactly divergence-free magnetic

field [14, 18, 19], the mixed DG method with the exactly divergence-free velocity and magnetic

field [13], the constrained transport finite element method with the exactly divergence-free

velocity and magnetic field [20], and the weak Galerkin method with the exactly divergence-

free velocity and magnetic field [41].

This paper is to develop a low order WG method with exactly divergence-free velocity and

magnetic field for the steady thermally coupled incompressible MHD model (1.1). The WG

method, pioneered by Wang and Ye [34, 35] for second-order elliptic problems, is of the same

advantages as the DG method and has the local elimination property, i.e. the unknowns defined

in the interior of elements can be locally eliminated by using the numerical traces defined on

the interfaces of elements. We refer to [6,11,12,25,36–38,40,42,43] for some applications of the

WG method to the incompressible fluid flows and Maxwell equations.

Our WG discretization for (1.1) is of the following main features:

• It uses in the interior of elements piecewise linear polynomials for the approximations of

the velocity, the magnetic field and the temperature, and piecewise constants for the ap-

proximations of the pressure and the magnetic pseudo-pressure, and uses on the interfaces

of elements piecewise constants for the numerical traces of velocity and the temperature,
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and piecewise linear polynomials for the numerical traces of the magnetic fields, the pres-

sure and the magnetic pseudo-pressure.

• It is “parameter-friendly” in the sense that no “sufficiently large” stabilization parameters

are required.

• It yields globally and exactly divergence-free approximations of the velocity and magnetic

fields, thus leading to pressure-robustness of the method.

• The obtained error estimates are optimal.

The rest of this paper is arranged as follows. Section 2 gives weak formulations of the model

problem. Section 3 is devoted to the WG scheme and some preliminary results. In Section 4

we discuss the existence and uniqueness of the discrete solution. Section 5 derives a priori error

estimates. Section 6 proposes an iteration algorithm for the nonlinear WG scheme. Finally, we

provide some numerical results in Section 7.

2. Weak Problem

2.1. Notation

For any bounded domain D ⊂ Rs (s = d, d − 1), nonnegative integer m and real number

1 ≤ q < ∞, let Wm,q(D) and Wm,q
0 (D) be the usual Sobolev spaces defined on D with norm

‖·‖m,q,D and semi-norm | · |m,q,D. In particular, Hm(D) :=Wm,2(D) and Hm
0 (D) :=Wm,2

0 (D),

with ‖ · ‖m,D := ‖ · ‖m,2,D and | · |m,D := | · |m,2,D. We use (· , ·)m,D to denote the inner product

of Hm(D), with (· , ·)D := (· , ·)0,D. When D = Ω, we set ‖ · ‖m := ‖ · ‖m,Ω, | · |m := | · |m,Ω, and

(· , ·) := (· , ·)Ω. Especially, when D ⊂ Rd−1 we use 〈· , ·〉D to replace (· , ·)D. For any integer

k ≥ 0, let Pk(D) denote the set of all polynomials on D with degree no more than k. We also

need the following spaces:

L2
0(Ω) := {v ∈ L2(Ω) : (v, 1) = 0},

H(div,Ω) := {v ∈ [L2(Ω)]d : ∇ · v ∈ L2(Ω)},

H(curl; Ω) := {v ∈ [L2(Ω)]d : ∇× v ∈ [L2(Ω)]2d−3},

H0(curl; Ω) := {v ∈ H(curl; Ω) : n× v = 0 on ∂Ω},

where the cross product × of two vectors is defined as following: for v = (v1, · · · , vd)
⊤,

w = (w1, · · · , wd)
⊤,

v ×w =

{

v1w2 − v2w1, if d = 2,

(v2w3 − v3w2, v3w1 − v1w3, v1w2 − v2w1)
⊤, if d = 3.

Let Th be a shape regular partition of Ω into closed simplexes, and let εh be the set of all

edges (faces) of all the elements in Ω. For any K ∈ Th, e ∈ εh, we denote by hK and he the

diameters of K and e, respectively, and denote by ∂K the set of edges/faces of K. Let nK

and ne denote the outward unit normal vectors along the boundary ∂K and e, respectively.

Sometimes we may abbreviate nK as n.

We use ∇h,∇h· and ∇h× to denote respectively the operators of piecewise-defined gradient,

divergence and curl with respect to the decomposition Th. We also introduce the following
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mesh-dependent inner products and norms:

〈u, v〉∂Th
:=

∑

K∈Th

〈u, v〉∂K , ‖v‖0,∂Th
:=

(

∑

K∈Th

‖v‖20,∂K

)
1

2

.

Throughout this paper, we use α . β to denote α ≤ Cβ, where C is a positive constant

independent of the mesh size h.

2.2. Weak form

For simplicity, we set

V :=
[

H1
0 (Ω)

]d
, W := H0(curl; Ω).

For all u,v,Φ ∈ V,B,w ∈ W, T, z ∈ H1
0 (Ω), q ∈ L2

0(Ω), θ ∈ H1
0 (Ω), we define the following

bilinear and trilinear forms:

a1(u,v) :=
1

H2
a

(∇u,∇v), b1(v, q) := (q,∇ · v),

a2(B,w) :=
1

R2
m

(∇×B,∇×w), b2(w, θ) :=
1

Rm

(∇θ,w),

a3(T, z) :=
1

PrRe

(∇T,∇z), G3(T,v) :=

(

Gr

NR2
e

g

g
T,v

)

,

c1(Φ;u,v) :=
1

N

{

1

2

(

∇ · (Φ⊗ u),v
)

−
1

2

(

∇ · (Φ⊗ v),u
)

}

,

c2(v;B,w) :=
1

Rm

(∇×w,v ×B),

c3(u;T, z) :=
1

2

(

∇ · (uT ), z
)

−
1

2

(

∇ · (uz), T
)

.

It is easy to see that c1(Φ;v,v) = 0 and c3(u; z, z) = 0.

The weak form of the problem (1.1) reads: Find u ∈ V,B ∈ W, T ∈ H1
0 (Ω), p ∈ L2

0(Ω),

r ∈ H1
0 (Ω) such that

a1(u,v) + a2(B,w) + b1(u, q)− b1(v, p) + b2(w, r)

− b2(B, θ) + c1(u;u,v) + c2(v;B,B) − c2(u;B,w)

= (f1,v) +
1

Rm

(f2,w)−G3(T,v), ∀ (v,w, q, θ) ∈ V ×W × L2
0(Ω)×H1

0 (Ω), (2.1a)

a3(T, z) + c3(u;T, z) = (f3, z), ∀ z ∈ H1
0 (Ω). (2.1b)

3. Weak Galerkin Method

3.1. WG scheme

To establish the WG finite element scheme for the problem (1.1), we firstly introduce the

discrete weak gradient operator ∇w,s, the discrete weak divergence operator ∇w,s· and the

discrete weak curl operator ∇w,s× for s = 0, 1.
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Definition 3.1 (Discrete Weak Gradient). For any

v ∈ V(K) :=
{

v = {vo, vb} : vo ∈ L2(K), vb ∈ H
1

2 (∂K)
}

,

and K ∈ Th, the discrete weak gradient, ∇w,s,Kv ∈ [Ps(K)]d, of v on K is defined by

(∇w,s,Kv,φ)K = −(vo,∇·φ)K + 〈vb,φ·nK〉∂K , ∀φ ∈ [Ps(K)]d. (3.1)

Then the global discrete weak gradient operator ∇w,s is defined by

∇w,s|K := ∇w,s,K , ∀K ∈ Th.

Moreover, for a vector v = (v1, . . . , vd)
⊤, the discrete weak gradient ∇w,sv is defined by

∇w,sv := (∇w,sv1, . . . ,∇w,svd)
⊤.

Definition 3.2 (Discrete Weak Divergence). For any

w ∈ W(K) :=
{

w = {wo,wb} : wo ∈ [L2(K)]d, wb·nK ∈ H− 1

2 (∂K)
}

,

and K ∈ Th, the discrete weak divergence, ∇w,s,K ·w ∈ Ps(K), of w on K is defined by

(∇w,s,K ·w, φ)K = −(wo,∇φ)K + 〈wb·nK , φ〉∂K , ∀φ ∈ Ps(K).

Then the global discrete weak divergence operator ∇w,α· is defined by

∇w,s· |K := ∇w,s,K ·, ∀K ∈ Th.

Moreover, for a tensor ŵ = (w1, . . . ,wd), the discrete weak divergence ∇w,s · ŵ is defined by

∇w,s · ŵ := (∇w,s ·w1, . . . ,∇w,s ·wd)
⊤.

Definition 3.3 (Discrete Weak Curl). For any

w ∈ W(K) :=
{

w = {wo,wb} : wo ∈ [L2(K)]d,wb × nK ∈
[

H− 1

2 (∂K)
]2d−3

}

,

and K ∈ Th, the discrete weak curl ∇w,s,K ×w ∈ [Pα(K)]2d−3 on K is defined by

(∇w,s,K ×w, φ)K = (wo,∇× φ)K + 〈wb × nK , φ〉∂K , ∀φ ∈ [Ps(K)]2d−3. (3.2)

Then the global discrete weak curl operator ∇w,s× is defined by

∇w,s × |K := ∇w,s,K×, ∀K ∈ Th.

For anyK ∈ Th and e ∈ εh, letQ
o
s : L2(K) → Ps(K) andQb

s : L
2(e) → Ps(e) be the standardL

2

projection operators. For vector spaces, we use Qo
s to replace Qo

s and Qb
s to replace Qb

s.

We introduce the following finite dimensional spaces:

Vh =
{

vh = {vho,vhb} : vho|K ∈ [P1(K)]d, vhb|e ∈ [P0(e)]
d, ∀K ∈ Th, ∀ e ∈ εh

}

,

V0
h =

{

vh = {vho,vhb} ∈ Vh; vhb|∂Ω = 0
}

,

Wh =
{

wh = {who,whb} : who|K ∈ [P1(K)]d,whb|e ∈ [P1(e)]
d, ∀K ∈ Th, ∀ e ∈ εh

}

,

W0
h =

{

wh = {who,whb} ∈ Vh; whb × n|∂Ω = 0
}

,

Zh =
{

zh = {zho, zhb} : zho|K ∈ [P1(K)], zhb|e ∈ [P0(e)], ∀K ∈ Th, ∀ e ∈ εh
}

,

Z0
h =

{

zh = {zho, zhb} ∈ Zh : zhb|∂Ω=0

}

,

Qh =
{

qh = {qho, qhb} : qho|K ∈ [P0(K)], qhb|e ∈ [P1(e)], ∀K ∈ Th, ∀ e ∈ εh
}

,

Q0
h =

{

qh = {qho, qhb} ∈ Qh : qho ∈ L2
0(Ω)

}

,

R0
h =

{

rh = {rho, rhb} ∈ Qh; rhb|∂Ω = 0
}

.
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We also define the following bilinear forms and trilinear terms:

a1h(uh,vh) :=
1

H2
a

(∇w,0uh,∇w,0vh) + s1h(uh,vh),

s1h(uh,vh) :=
1

H2
a

〈

τ
(

Qb
0uho − uhb

)

,Qb
0vho − vhb

〉

∂Th
,

a2h(Bh,wh) :=
1

R2
m

(∇w,0 ×Bh,∇w,0 ×wh) + s2h(Bh,wh),

s2h(Bh,wh) :=
1

R2
m

〈τ(Bho −Bhb)× n, (who −whb)× n〉∂Th
,

a3h(Th, zh) :=
1

PrRe

(∇w,0Th,∇w,0zh) + s3h(Th, zh),

s3h(Th, zh) :=
1

PrRe

〈

τ
(

Qb
0Tho − Thb

)

, Qb
0zho − zhb

〉

∂Th
,

b1h(vh, qh) := (∇w,1qh,vho),

b2h(wh, θh) :=
1

Rm

(∇w,1θh,who),

G3h(Th, vh) :=
Gr

NR2
e

(

g

g
Tho,vh0

)

,

c1h(Φh;uh,vh) :=
1

2N
(∇w,1 · {uho ⊗ Φho,uhb ⊗ Φhb},vho)

−
1

2N
(∇w,1 · {vho ⊗ Φho,vhb ⊗ Φhb},uho),

c2h(vh;Bh,wh) :=
1

Rm

(∇w,1 ×wh,vho ×Bho),

c3h(uh;Th, zh) :=
1

2

(

∇w,1 · (uhoTho,uhbThb), zho
)

−
1

2

(

∇w,1 · (uhozho,uhbzhb), Tho
)

for

uh = {uho,uhb}, vh = {vho,vhb}, Φh = {Φho,Φhb} ∈ V0
h,

Bh = {Bho,Bhb}, wh = {who,whb} ∈ W0
h,

Th = {Tho, Thb}, Zh = {Zho, Zhb} ∈ Z0
h,

qh = {qho, qhb} ∈ Q0
h, θh = {θho, θhb} ∈ R0

h,

where the stabilization parameter τ in s1h(· ; · , ·), s2h(· ; · , ·) and s3h(· ; · , ·) is given by

τ |∂K = h−1
K , ∀K ∈ Th.

We easily see that

c1h(Φh;vh,vh) = 0, ∀Φh,vh,

c3h(uh; zh, zh) = 0, ∀uh, zh.

The WG finite element scheme for the model (1.1) reads as follows: Find uh = {uho,uhb} ∈ V0
h,

Bh = {Bho,Bhb} ∈ W0
h, Th = {Tho, Thb} ∈ Z0

h, ph = {pho, phb} ∈ Q0
h, rh = {rho, rhb} ∈ R0

h

such that

a1h(uh,vh) + a2h(Bh,wh) + b1h(vh, ph)− b1h(uh, qh) + b2h(wh, rh)− b2h(Bh, θh)
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+ c1h(uh;uh,vh) + c2h(vh;Bh,Bh)− c2h(uh;Bh,wh) +G3h(Th,vh)

= (f1,vho) +
1

Rm

(f2,who), ∀ (vh,wh, qh, θh) ∈ V0
h ×W0

h ×Q0
h ×R0

h, (3.3a)

a3h(Th, zh) + c3h(uh;Th, zh) = (f3, zho), ∀ zh ∈ Z0
h. (3.3b)

Notice that the above scheme can be rewritten as the following system: Find

uh = {uho,uhb} ∈ V0
h, Bh = {Bho,Bhb} ∈ W0

h,

Th = {Tho, Thb} ∈ Z0
h, ph = {pho, phb} ∈ Q0

h, rh = {rho, rhb} ∈ R0
h

such that

a1h(uh,vh) + b1h(vh, ph) + c1h(uh;uh,vh) + c2h(vh;Bh,Bh)

= (f1,vho)−G3h(Th,vh), ∀vh ∈ V0
h, (3.4a)

b1h(uh, qh) = 0, ∀ qh ∈ Q0
h, (3.4b)

a2h(Bh,wh) + b2h(wh, rh)− c2h(uh;Bh,wh) =
1

Rm

(f2,who), ∀wh ∈ W0
h, (3.4c)

b2h(Bh, θh) = 0, ∀ θh ∈ R0
h, (3.4d)

a3h(Th, zh) + c3h(uh;Th, zh) = (f3, zho), ∀ zh ∈ Z0
h. (3.4e)

As shown in [41, Theorem 3.1], the Eqs. (3.4b) and (3.4d) lead to the globally divergence-free

discrete solutions of velocity and magnetic field, respectively, i.e. there hold

uh ∈ H(div,Ω), ∇ · uh = 0, (3.5)

Bh ∈ H(div,Ω), ∇ ·Bh = 0. (3.6)

To discuss the existence and uniqueness of the discrete solution of the scheme (3.3) and

derive error estimates, we will give some preliminary results in next subsection.

3.2. Preliminary results

In view of the definitions of weak gradient and curl operators, the Green’s formula, the

Cauchy-Schwarz inequality, the trace inequality and the inverse inequality, we can easily derive

the following inequalities on Vh,Wh and Zh.

Lemma 3.1 ([6]). For any K ∈ Th and vh = {vho,vhb} ∈ Vh,wh = {who,whb} ∈ Wh,

zh = {zho, zhb} ∈ Zh, and s = 0, 1, there hold

‖∇vho‖0,K . ‖∇w,svh‖0,K + h
− 1

2

K

∥

∥Qb
0vho − vhb

∥

∥

0,∂K
, (3.7a)

‖∇w,svh‖0,K . ‖∇vho‖0,K + h
− 1

2

K

∥

∥Qb
0vho − vhb

∥

∥

0,∂K
, (3.7b)

‖∇×who‖0,K . ‖∇w,s ×wh‖0,K + h
− 1

2

K ‖(who −whb)× n‖0,∂K , (3.7c)

‖∇w,s ×wh‖0,K . ‖∇×who‖0,K + h
− 1

2

K ‖(who −whb)× n‖0,∂K , (3.7d)

‖∇zho‖0,K . ‖∇w,szh‖0,K + h
− 1

2

K

∥

∥Qb
0zho − zhb

∥

∥

0,∂K
, (3.7e)

‖∇w,szh‖0,K . ‖∇zho‖0,K + h
− 1

2

K

∥

∥Qb
0zho − zhb

∥

∥

0,∂K
. (3.7f)
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Introduce the following semi-norms respectively on V0
h,W

0
h, Z

0
h, Q

0
h and R0

h:

|||vh|||V :=
(

‖∇w,0vh‖
2
0 +

∥

∥τ
1

2

(

Qb
0vho − vhb

)∥

∥

2

0,∂Th

)
1

2

, ∀vh ∈ V0
h,

|||wh|||W :=
(

‖∇w,0 ×wh‖
2
0 +

∥

∥τ
1

2 (who −whb)× n
∥

∥

2

0,∂Th

)
1

2

, ∀wh ∈ W0
h,

|||zh|||Z :=
(

‖∇w,0zh‖
2
0 +

∥

∥τ
1

2

(

Qb
0zho − zhb

)∥

∥

2

0,∂Th

)
1

2

, ∀ zh ∈ Z0
h,

|||qh|||Q :=

(

‖qho‖
2
0 +

∑

K∈Th

h2K‖∇w,1qh‖
2
0,K

)
1

2

, ∀ qh ∈ Q0
h,

|||θh|||R :=

(

‖θho − θ̄ho‖
2
0

∑

K∈Th

h2K‖∇w,1θh‖
2
0,K

)
1

2

, ∀ θh ∈ R0
h,

where

θ̄ho :=
1

|Ω|

∫

Ω

θhodx

denotes the mean value of θho and we recall that τ |∂K = h−1
K . It is easy to see that ||| · |||V ,

||| · |||Z , ||| · |||Q and ||| · |||R are norms on V0
h, Z

0
h, Q

0
h and R0

h, respectively (cf. [6]). ||| · |||W is a norm

on W̄h (cf. [41]).

Lemma 3.2. There hold

‖∇hvho‖0 . |||vh|||V , ∀vh ∈ V0
h, (3.8a)

‖∇h ×who‖0 . |||wh|||W , ∀wh ∈ W0
h, (3.8b)

‖∇hzho‖0 . |||zh|||Z , ∀ zh ∈ Z0
h. (3.8c)

In addition,

‖vh0‖0,q . |||vh|||V , ∀vh ∈ V0
h, (3.9a)

‖zh0‖0,q . |||zh|||Z , ∀ zh ∈ Z0
h (3.9b)

for 1 ≤ q <∞ when d = 2, and for 1 ≤ q ≤ 6 when d = 3.

Proof. The inequality (3.8) follows from Lemma 3.1 directly and (3.9) comes from [12,

Lemma 3.5]. �

Lemma 3.3 ([41]). There holds

‖who‖0,3,Ω . |||wh|||W , ∀wh = {who,whb} ∈ W̄h. (3.10)

In light of the trace theorem, the inverse inequality and scaling arguments, we can get the

following lemma (cf. [31]).

Lemma 3.4. For all K ∈ Th, ψ ∈ H1(K), and 1 ≤ q ≤ ∞, there holds

‖ψ‖0,q,∂K . h
− 1

q

K ‖ψ‖0,q,K + h
1− 1

q

K |ψ|1,q,K .

In particular, for all ψ ∈ Pk(K),

‖ψ‖0,q,∂K . h
− 1

q

K ‖ψ‖0,q,K .
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Lemma 3.5 ([31]). For any K ∈ Th, e ∈ εh, and s = 0, 1, there hold

∥

∥v −Qo
sv
∥

∥

0,K
+ hK

∣

∣v −Qo
sv
∣

∣

1,K
. hjK |v|j,K , ∀ v ∈ Hj(K), 1 ≤ j ≤ s+ 1,

∥

∥v −Qo
sv
∥

∥

0,∂K
+
∥

∥v−Qb
sv
∥

∥

0,∂K
. h

j− 1

2

K |v|j,K , ∀ v ∈ Hj(K), 1 ≤ j ≤ s+ 1,
∥

∥Qo
sv
∥

∥

0,K
≤ ‖v‖0,K, ∀ v ∈ L2(K),

∥

∥Qb
sv
∥

∥

0,e
≤ ‖v‖0,e, ∀ v ∈ L2(e).

For any K ∈ Th, we introduce the local Raviart-Thomas (RT ) element space

RT1(K) = [P1(K)]d + xP1(K),

and the RT projection operator PRT
1 : [H1(K)]d → RT1(K) (cf. [5]) defined by

〈

PRT
1 v · ne, w

〉

e
= 〈v · ne, w〉e, ∀w ∈ P1(e), e ∈ ∂K, (3.11a)

(

PRT
1 v,w

)

K
= (v,w)K , ∀w ∈ [P0(K)]d. (3.11b)

Lemmas 3.6-3.8 give some properties of the RT element space and the RT projection.

Lemma 3.6 ([5]). For any vho ∈ RT1(K),∇ · vho|K = 0 gives vho ∈ [P1(K)]d.

Lemma 3.7 ([5]). For any K ∈ Th and v ∈ [H1(K)]d, the following property holds:

(

∇ ·PRT
1 v, φh

)

K
= (∇ · v, φh)K , ∀v ∈ [H1(K)]d, φh ∈ P1(K).

By using the triangle inequality, the inverse inequality, Lemmas 3.5 and 3.7 we can get more

estimates for the RT projection (cf. [12]).

Lemma 3.8. Let j be a nonnegative integer. For any K ∈ Th and v ∈ [Hj(K)]d, the following

estimates hold:

∣

∣v −PRT
1 v

∣

∣

1,K
. hj−1

K |v|j,K , 1 ≤ j ≤ 2,

∣

∣v −PRT
1 v

∣

∣

0,∂K
. h

j− 1

2

K |v|j,K , 0 ≤ j ≤ 2,

∣

∣v −PRT
1 v

∣

∣

0,3,K
. h

j− d
6

K |v|j,K , 1 ≤ j ≤ 2,

∣

∣v −PRT
1 v

∣

∣

0,3,∂K
. h

j− 1

3
−d

6

K |v|j,K , 1 ≤ j ≤ 2.

We also have the following commutativity properties for the RT projection, the L2 projec-

tions and the discrete weak operators.

Lemma 3.9 ([6, 25]). There hold

∇w,0

{

PRT
1 v,Qb

0v
}

= Qo
0(∇v), ∀v ∈ [H1(Ω)]d,

∇w,0 ×
{

PRT
1 w,Qb

0w
}

= Qo
0(∇×w), ∀w ∈ H(curl; Ω),

∇w,0

{

Qo
1z,Q

b
0z
}

= Qo
0(∇z), ∀ z ∈ H1(Ω),

∇w,1

{

Qo
0q,Q

b
1q
}

= Qo
1(∇q), ∀ q ∈ H1(Ω).
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4. Existence and Uniqueness of the Discrete Solution

4.1. Stability conditions

Lemma 4.1. For any uh,vh,Φh ∈ V0
h,Bh,wh ∈ W0

h, and Th, zh ∈ Z0
h, there hold

a1h(uh,vh) ≤
1

H2
a

|||uh|||V |||vh|||V , (4.1a)

a1h(vh,vh) =
1

H2
a

|||vh|||
2
V , (4.1b)

a2h(Bh,wh) ≤
1

R2
m

|||Bh|||W |||wh|||W , (4.1c)

a2h(wh,wh) =
1

R2
m

|||wh|||
2
W , (4.1d)

a3h(Th, zh) ≤
1

PrRe

|||Th|||Z |||zh|||Z , (4.1e)

a3h(zh, zh) =
1

PrRe

|||zh|||
2
Z , (4.1f)

G3h(Th,vh) ≤
Gr

NR2
e

g

g
|||Th|||Z |||vh|||V , (4.1g)

c1h(Φh;vh,vh) = 0, (4.1h)

c1h(Φh;uh,vh) . |||Φh|||V |||uh|||V |||vh|||V , (4.1i)

c2h(vh;Bh,wh) . |||Bh|||W |||wh|||W |||vh|||V , (4.1j)

c3h(uh; zh, zh) = 0, (4.1k)

c3h(uh;Th, zh) . |||uh|||V |||Th|||Z |||zh|||Z . (4.1l)

Proof. The results (4.1a)-(4.1d) and (4.1h)-(4.1j) are from [41].

From the definitions of a3h(· , ·) andG3h(· , ·), Cauchy-Schwarz inequality and Lemma 3.1, we

can easily get (4.1e)-(4.1g). The relation (4.1k) follows directly from the definition of c3h(· ; · , ·).

Finally, similar to (4.1i), the estimate (4.1l) follows from the Hölder’s inequality, the inverse

inequality, Lemmas 3.4 and 3.2. �

Lemma 4.2 ([41]). There hold the following inf-sup inequalities:

sup
vh∈V0

h

b1h(vh, qh)

|||vh|||V
& |||qh|||Q, ∀ qh ∈ Q0

h, (4.2)

sup
wh∈W0

h

b2h(wh, θh)

|||wh|||W
& |||θh|||R, ∀ θh ∈ R0

h. (4.3)

4.2. Existence and uniqueness results

We introduce the following two spaces:

V̄h :=
{

vh ∈ V0
h : b1h(vh, qh) = 0, ∀qh ∈ Q0

h

}

=
{

vh ∈ V0
h : vho ∈ H(div,Ω),∇ · vho = 0

}

,

W̄h :=
{

wh ∈ W0
h : b2h(wh, θh) = 0, ∀ θh ∈ R0

h

}

=
{

wh ∈ W0
h : who ∈ H(div,Ω),∇ ·who = 0

}

.
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Thus, the solution (uh,Bh, Th) ∈ V0
h ×W0

h × Z0
h of the scheme (3.3) also solves the following

discretization problem: find (uh,Bh, Th) ∈ V̄h × W̄h × Z0
h such that

a1h(uh,vh) + a2h(Bh,wh) + c1h(uh;uh,vh)

+ c2h(vh;Bh,Bh)− c2h(uh;Bh,wh) +G3h(Th,vh)

= (f1,vho) +
1

Rm

(f2,who), ∀ (vh,wh) ∈ V̄h × W̄h, (4.4a)

a3h(Th, zh) + c3h(uh;Th, zh) = (f3, zho), ∀ zh ∈ Z0
h. (4.4b)

For the discretization problems (3.3) and (4.4), we easily have the following equivalence

result.

Lemma 4.3. The problems (3.3) and (4.4) are equivalent in the sense that (I) and (II) hold:

(I) If (uh,Bh, Th, ph, rh)∈V0
h ×W0

h × Z0
h ×Q0

h × R0
h is the solution to the problem (3.3),

then (uh,Bh, Th) is also the solution to the problem (4.4).

(II) If (uh,Bh, Th)∈V̄h×W̄h×Z
0
h is the solution to the problem (4.4), then (uh,Bh, Th, ph, rh)

is also the solution to the problem (3.3), where (ph, rh) ∈ Q0
h ×R0

h is given by

b1h(vh, ph) = (f1,vho)− a1h(uh,vh)− c1h(uh;uh,vh)

− c2h(vh;Bh,Bh)−G3h(Th,vh), ∀vh ∈ V0
h, (4.5a)

b2h(wh, rh) =
1

Rm

(f2,who)− a2h(Bh,wh) + c2h(uh;Bh,wh), ∀wh ∈ W0
h. (4.5b)

Proof. We only need to show (II). In fact, since the problem (3.3) is equivalent to the system

(3.4), it suffices to show (uh,Bh, Th, ph, rh) satisfies (3.4a)-(3.4e).

Notice that (4.4b) is as same as (3.4e). From the definitions of V̄h and W̄h we know that

(3.4b) and (3.4d) hold. Finally, (4.5a) and (4.5b) imply (3.4a) and (3.4c), respectively. This

completes the proof. �

Denote

M1h := sup
0 6=Φh,uh,vh∈V̄h

c2h(Φh;uh,vh)

|||Φh|||V |||uh|||V |||vh|||V
, (4.6)

M2h := sup
0 6=Bh,wh∈W̄h,

0 6=vh∈V̄h

c2h(vh;Bh,wh)

|||Bh|||W |||vh|||V |||wh|||W
, (4.7)

M3h := sup
06=Th,zh∈Z0

h,

0 6=uh∈V̄h

c3h(uh;Th, zh)

|||uh|||V |||Th|||Z |||zh|||Z
. (4.8)

From Lemma 4.1, it is easy to know that M1h,M2h, and M3h are bounded from above by

a positive constant independent of the mesh size h.

Lemma 4.4. The WG scheme (4.4) admits at least one solution (uh,Bh, Th) ∈ V̄× W̄×Z0
h.

In addition, there hold

|||uh|||V + |||Bh|||W ≤ 2ζ2(‖f1‖1h + ‖f2‖2h + ‖f3‖3h), (4.9)

|||Th|||Z ≤ PrRe‖f3‖3h, (4.10)
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where

ζ := max

{

Ha,
HaPrReGrg

NR2
eg

}

, ‖f1‖1h := sup
0 6=vh∈V̄h

(f1,vho)

|||vh|||V
,

‖f2‖2h := sup
0 6=wh∈W̄h

1/Rm(f2,who)

|||wh|||W
, ‖f3‖3h := sup

0 6=zh∈Z0

h

(f3, zho)

|||zh|||Z
.

Proof. First, by Lemma 4.1 it is easy to see that, for a given uh ∈ V̄h, the bilinear

form a3h(· , ·) + c3h(uh; · , ·) is continuous and coercive on Z0
h × Z0

h. Then the Lax-Milgram

theorem implies that the problem (4.4b) has a unique Th = Th(uh) ∈ Z0
h with the boundedness

estimate (4.10).

We easily see that the scheme (4.4) is equivalent to the following problem: Find (uh,Bh) ∈

V̄h × W̄h such that

a1h(uh,vh) + a2h(Bh,wh) + c1h(uh;uh,vh) + c2h(vh;Bh,Bh)− c2h(uh;Bh,wh)

= (f1,vh) +
1

Rm

(f2,wh)−G3h

(

Th(uh),vh

)

, ∀ (vh,wh) ∈ V̄h × W̄h. (4.11)

Taking vh = uh and wh = Bh in (4.11), by Lemma 4.1 we obtain

1

H2
a

|||uh|||
2
V +

1

R2
m

|||Bh|||
2
W

≤ −G3h

(

Th(uh),uh

)

+ (f1,uh) +
1

Rm

(f2,Bh)

≤

(

PrReGrg

NR2
eg

‖f3‖3h + ‖f1‖1h

)

|||uh|||V +
1

Rm

‖f2‖2h|||Bh|||W ,

which further yields

1

2
min

{

1

H2
a

,
1

R2
m

}

(

|||uh|||V + |||Bh|||W
)2

≤ min

{

1

H2
a

,
1

R2
m

}

(

|||uh|||
2
V + |||Bh|||

2
W

)

≤
1

H2
a

|||uh|||
2
V +

1

R2
m

|||Bh|||
2
W

≤ H2
a

(

PrReGrg

NR2
eg

‖f3‖3h + ‖f1‖1h

)2

+ ‖f2‖
2
2h

≤

(

HaPrReGrg

NR2
eg

‖f3‖3h +Ha‖f1‖1h + ‖f2‖2h

)2

.

This indicates the boundedness result (4.9).

To show the existence of solution to the problem (4.11), we define a mapping A : V̄h×W̄h →

V̄h × W̄h with A(uh,Bh) = (xu,xB), where (xu,xB) ∈ V̄h × W̄h is given by

a1h(xu,vh) + a2h(xB ,wh)

= (f1,vh) +
1

Rm

(f2,wh)−G3h

(

Th(uh),vh

)

− c1h(uh;uh,vh)

− c2h(vh;Bh,Bh) + c2h(uh;Bh,wh), ∀ (vh,wh) ∈ V̄h × W̄h. (4.12)
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Clearly, (uh,Bh) is a solution to (4.11) if it is a fixed point of A, i.e.

A(uh,Bh) = (uh,Bh). (4.13)

In order to show the system (4.13) has a solution, from the Schaefer fixed point theorem [17,

Theorem 2.11] it suffices to prove the following two assertions:

(i) A is a continuous and compact mapping.

(ii) The set

Θh := {(vh,wh) ∈ V̄h × W̄h; (vh,wh) = λA(vh,wh) for some 0 < λ ≤ 1}

is bounded.

To show (i), let uh1,uh2 ∈ V̄h and Bh1,Bh2 ∈ W̄h be such that A(uh1,Bh1) = (x1u,x1B)

and A(uh2,Bh2) = (x2u,x2B), then we have

a1h(x1u,vh) + a2h(x1B ,wh) + c1h(uh1;uh1,vh)

+ c2h(vh;Bh1,Bh1)− c2h(uh1;Bh1,wh)

= (f1,vh) +
1

Rm

(f2,wh)−G3h

(

Th(uh1),vh

)

, (4.14)

a1h(x2u,vh) + a2h(x2B ,wh) + c1h(uh2;uh2,vh)

+ c2h(vh;Bh2,Bh2)− c2h(uh2;Bh2,wh)

= (f1,vh) +
1

Rm

(f2,wh)−G3h

(

Th(uh2),vh

)

(4.15)

for all (vh,wh) ∈ V̄h × W̄h. Subtracting (4.15) from (4.14), and taking vh = x1u − x2u,

w = x1B − x2B , we get

a1h(x1u − x2u,x1u − x2u) + a2h(x1B − x2B,x1B − x2B)

= −c1h(uh1 − uh2;uh1,x1u − x2u)− c1h(uh2;uh1 − uh2,x1u − x2u)

− c2h(x1u − x2u;Bh1 −Bh2,Bh1)− c2h(x1u − x2u;Bh2,Bh1 −Bh2)

+ c2h(uh1;Bh1 −Bh2,x1B − x2B) + c2h(uh1 − uh2;Bh2,x1B − x2B)

−G3h

(

Th(uh1)− Th(uh2),x1u − x2u

)

. (4.16)

Substitute Th1 = Th(uh1) and Th2 = Th(uh2) into (4.4b), respectively, and then subtract the

first resulting equation from the second one, we can obtain

a3h
(

Th(uh1)− Th(uh2), zh
)

= −c3h
(

uh1 − uh2;Th(uh1), zh
)

− c3h
(

uh2;Th(uh1)− Th(uh2), zh
)

, ∀ z ∈ Z0
h. (4.17)

Taking zh = Th(uh1)− Th(uh2) in (4.17) and using Lemma 4.1 and (4.10), we get

1

PrRe

|||Th(uh1)− Th(uh2)|||Z

. |||uh1 − uh2|||V |||Th(uh1)|||Z

≤M3hPrRe‖f3‖3h|||uh1 − uh2|||V , (4.18)
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which, together with Lemma 4.1 and (4.16), implies

1

H2
a

|||x1u − x2u|||
2
V +

1

R2
m

|||x1B − x2B |||
2
W

≤M1h

(

|||uh1|||V + |||uh2|||V
)

|||uh1 − uh2|||V |||x1u − x2u|||V

+M2h

(

|||Bh1|||W + |||Bh2|||W
)

|||x1u − x2u|||V |||B1h −Bh2|||W

+M2h|||x1B − x2B|||W
(

|||uh1|||W |||Bh1 −Bh2|||W + |||Bh2|||W |||uh1 − uh2|||V
)

+M3hP
2
r R

2
e

Grg

NR2
eg

‖f3‖3h|||uh1 − uh2|||V |||x1u − x2u|||V .

This estimate plus (4.9) yields

|||x1u − x2u|||V + |||x1B − x2B |||W

≤ 2ζ
[

HaM1h

(

|||uh1|||V + |||uh2|||V
)

|||uh1 − uh2|||V

+HaM2h

(

|||Bh1|||W + |||Bh2|||W
)

|||B1h −Bh2|||W

+RmM2h

(

|||uh1|||W |||Bh1 −Bh2|||W + |||Bh2|||W |||uh1 − uh2|||V
)

]

+ 2ζM3hHaP
2
rR

2
e

Grg

NR2
eg

‖f3‖3h|||uh1 − uh2|||V

≤ 4ζ3
(

‖f1‖1h + ‖f2‖2h + ‖f3‖3h
)

[

2HaM1h|||uh1 − uh2|||V + 2HaM2h|||B1h −Bh2|||W

+RmM2h|||Bh1 −Bh2|||W +RmM2h|||uh1 − uh2|||V

]

+ 2ζM3hHaP
2
rR

2
e

Grg

NR2
eg

‖f3‖3h|||uh1 − uh2|||V

≤

(

4ζ3(‖f1‖1h + ‖f2‖2h + ‖f3‖3h)(2HaM1h +RmM2h)

+ 2ζM3hHaP
2
rR

2
e

Grg

NR2
eg

‖f3‖3h

)

|||uh1 − uh2|||V

+ 4ζ3(‖f1‖1h + ‖f2‖2h + ‖f3‖3h)(2HaM2h +RmM2h)|||B1h −Bh2|||W

≤

(

4ζ3(‖f1‖1h + ‖f2‖2h + ‖f3‖3h)(2HaM1h +RmM2h) + 2ζM3hHaP
2
rR

2
e

Grg

NR2
eg

‖f3‖3h

)

× (|||uh1 − uh2|||V + |||B1h −Bh2|||W )

≤ max{M1h,M2h,M3h}
(

12ζ4(‖f1‖1h + ‖f2‖2h + ‖f3‖3h) + 2ζ2PrRe‖f3‖3h
)

×
(

|||uh1 − uh2|||V + |||B1h −Bh2|||W
)

.

This implies that A is equicontinuous and uniformly bounded, since

A(uh1,Bh1)− A(uh2,Bh2) = (x1u − x2u,x1B − x2B).

Hence, A is compact by the Arzelá-Ascoli theorem [4], and (i) holds.

The thing left is to prove (ii). For any (vu,vB) ∈ Θh, using (4.12) we have

λ−1
(

a1h(x̃u,vh) + a2h(x̃B ,wh)
)

+ c1h(x̃u; x̃u,vh) + c2h(vh; x̃B, x̃B)− c2h(x̃u; x̃B,wh)

= (f1,vh) +
1

Rm

(f2,wh)−G3h

(

Th(x̃u),vh

)

, ∀ (vh,wh) ∈ V̄h × W̄h.
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Similar to (4.9), there holds

|||x̃u|||V + |||x̃B |||W ≤ 2ζλ(‖f1‖1h + ‖f2‖2h + ‖f3‖3h).

As a result, (ii) holds. This completes the proof. �

Lemma 4.5. Under the smallness condition

max{M1h,M2h,M3h}
(

12ζ4‖f1‖1h + 12ζ4‖f2‖2h +
(

12ζ4Ha + 2ζ2PrRe

)

‖f3‖3h
)

< 1, (4.19)

the problem (4.4) admits a unique solution (uh,Bh, Th) ∈ V̄h × W̄h × Z0
h.

Proof. Let (uh1,Bh1), (uh2,Bh2) ∈ V̄h × W̄h be two solutions to problem (4.11), then for

any (vh,wh) ∈ V̄h × W̄h we have

a1h(uh1,vh) + a2h(Bh1,wh) + c1h(uh1;uh1,vh)

+ c2h(vh;Bh1,Bh1)− c2h(uh1;Bh1,wh)

= (f1,vh) +
1

Rm

(f2,wh)−G3h

(

Th(uh1),vh

)

,

a1h(uh2,vh) + a2h(Bh2,wh) + c1h(uh2;uh2,vh)

+ c2h(vh;Bh2,Bh2)− c2h(uh2;Bh2,wh)

= (f1,vh) +
1

Rm

(f2,wh)−G3h

(

Th(uh2),vh

)

.

Subtracting the above first equation from the second one and choosing vh = u1h − u2h,

wh = B1h −B2h, we get

a1h(uh1 − uh2,uh1 − uh2) + a2h(Bh1 −Bh2,Bh1 −Bh2)

= −c1h(uh1;uh1 − uh2,uh1 − uh2)− c1h(uh1 − uh2;uh2,uh1 − uh2)

− c2h(uh1 − uh2;Bh1 −Bh2;Bh1)− c2h(uh1 − uh2;Bh2,Bh1 −Bh2)

+ c2h(uh1;Bh1 −Bh2,Bh1 −Bh2) + c2h(uh1 − uh2;Bh2,Bh1 −Bh2)

−G3h

((

Th(uh1)−
(

Th(uh2),vh

)

,

which, together with Lemma 4.1 and (4.18), leads to

1

H2
a

|||uh1 − uh2|||
2
V +

1

R2
m

|||Bh1 −Bh2|||
2
W

≤M1h|||uh1 − uh2|||
2
V |||uh2|||V +M2h

(

|||Bh1|||W + |||Bh2|||W
)

|||Bh1 −Bh2|||W |||uh1 − uh2|||V

+M2h|||Bh1 −Bh2|||
2
W |||uh1|||V +M2h|||Bh2|||W |||Bh1 −Bh2|||W |||uh1 − uh2|||V

+M3hP
2
rR

2
e

Grg

NReg
‖f3‖3h|||uh1 − uh2|||

2
V .

This estimate plus (4.9) yields

|||uh1 − uh2|||V + |||Bh1 −Bh2|||W

≤ 2ζ

(

HaM1h|||uh1 − uh2|||1|||uh2|||V +HaM2h

(

|||Bh1|||W + |||Bh2|||W
)

|||Bh1 −Bh2|||W
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+RmM2h|||Bh1 −Bh2|||W |||uh1|||V +RmM2h|||Bh2|||W |||uh1 − uh2|||V

+HaM3hP
2
rR

2
e

Grg

NReg
‖f3‖3h|||uh1 − uh2|||V

)

≤ 4ζ3(‖f1‖1h + ‖f2‖2h + ‖f3‖3h)
(

HaM1h|||uh1 − uh2|||V + 2HaM2h|||Bh1 −Bh2|||W

+RmM2h|||Bh1 −Bh2|||W +RmM2h|||uh1 − uh2|||V
)

+ 2ζHaM3hP
2
rR

2
e

Grg

NReg
‖f3‖3h|||uh1 − uh2|||V

≤

(

4ζ3(‖f1‖1h + ‖f2‖2h + ‖f3‖3h)(HaM1h +RmM2h)

+ 2ζM3hHaP
2
rR

2
e

Grg

NR2
eg

‖f3‖3h

)

|||uh1 − uh2|||V

+ 4ζ3(‖f1‖1h + ‖f2‖2h + ‖f3‖3h)(2HaM2h +RmM2h)|||B1h −Bh2|||W

≤ max{M1h,M2h,M3h}

(

4ζ3(‖f1‖1h + ‖f2‖2h + ‖f3‖3h)(2Ha +Rm)

+ 2ζHaP
2
rR

2
e

Grg

NR2
eg

‖f3‖3h

)

×
(

|||uh1 − uh2|||V + |||B1h −Bh2|||W
)

≤ max{M1h,M2h,M3h}
(

12ζ4(‖f1‖1h + ‖f2‖2h + ‖f3‖3h) + 2ζ2PrRe‖f3‖3h
)

×
(

|||uh1 − uh2|||V + |||B1h −Bh2|||W
)

,

which, together with the assumption (4.19), implies

u1h = u2h, B1h = B2h.

This completes the proof. �

Finally, we obtain the following existence and uniqueness results for the WG scheme (3.3).

Theorem 4.1. The scheme (3.3) admits at least one solution

(uh,Bh, Th, ph, rh) ∈ V0
h ×W0

h × Z0
h ×Q0

h ×R0
h

and, under the condition (4.19), admits a unique solution.

Proof. The existence and uniqueness of the discrete solutions uh,Bh and Th follow from

Lemmas 4.3-4.5, and the existence and uniqueness of the discrete solution, ph, to (4.5a) and the

discrete solution, rh, to (4.5b) follow from the two discrete inf-sup inequalities in Lemma 4.2.

The proof is complete. �

5. Error Estimates

This section is devoted to establishing error estimates for the WG scheme (3.3). To this end,

we assume that the weak solution, (u,B, T, p, r), to the problem (1.1) satisfies the following

regularity conditions:

u ∈ V ∩ [H2(Ω)]d, B ∈ W ∩ [H2(Ω)]d,

T ∈ H1
0 ∩ [H2(Ω)]d, p ∈ L2

0(Ω) ∩H
1(Ω), r ∈ H1

0 (Ω) ∩H
1(Ω). (5.1)
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We set

Π1u|K :=
{

PRT
1 (u|K),Qb

0(u|K)
}

,

Π2B|K :=
{

PRT
1 (B|K),Qb

1(B|K)
}

,

Π3T |K :=
{

Qo
1(T |K), Qb

0(T |K)
}

,

Π4p|K :=
{

Qo
0(p|K), Qb

1(p|K)
}

,

Π5r|K :=
{

Qo
0(r|K), Qb

1(r|K)
}

for any K ∈ Th.

Lemma 5.1. For any (vh,wh, zh, qh, rh) ∈ V0
h ×W0

h × Z0
h ×Q0

h ×R0
h, there hold

a1h(Π1u,vh) + a2h(Π2B,wh) + b1h(vh,Π4p)

− b1h(Π1u, qh) + b2h(wh,Π5r) − b2h(Π2B, θh)

+ c1h(Π1u; Π1u,vh) + c2h(vh; Π2B,Π2B)

− c2h(Π1u; Π2B,wh) +G3h(Π3Th,vh)

= (f1,vh) +
1

Rm

(f2,wh) + Eu(u,vh) + EB(B,wh)

+ Eũ(u,vh) + EB̃1(B,vh) + EB̃2(u;B,vh), (5.2a)

a3h(Π3T, zh) + c3h(Π1u; Π3T, zh)

= (f3, zh) + ET (T, zh) + ET̃ (u;T, zh), (5.2b)

where

Eu(u,vh) :=
1

H2
a

〈(

∇u−Qo
0∇u

)

· n,vhb − vho

〉

∂Th
+

1

H2
a

〈

h−1
K

(

PRT
1 u− u

)

,Qb
0vho − vhb

〉

∂Th
,

EB(B,wh) := −
1

R2
m

〈

∇×B−Qo
0∇×B, (who −whb)× n

〉

∂Th

+
1

R2
m

〈

h−1
K

(

PRT
1 B−Qb

1B
)

× n, (who −whb)× n
〉

∂Th
,

ET (T, zh) :=
1

PrRe

〈(

∇T−Qo
0∇T

)

· n, zho−zhb
〉

∂Th
+

1

PrRe

〈

h−1
K

(

Qo
1T − T

)

, Qb
0zho − zhb

〉

∂Th
,

Eũ(u,vh) :=
1

2N

(

u⊗ u−PRT
1 u⊗PRT

1 u,∇hvho

)

−
1

2N

〈(

u⊗ u−Qb
0u⊗Qb

0u
)

n,vho

〉

∂Th

−
1

2N

(

u · ∇u−PRT
1 u · ∇hP

RT
1 u,vho

)

−
1

2N

〈

vhb ⊗Qb
0un,P

RT
1 u

〉

∂Th
,

EB̃1(B,vh) := −
1

Rm

(

∇h ×
(

B−PRT
1 B

)

,vho ×B
)

+
1

Rm

(

∇h ×PRT
1 B,vho ×

(

PRT
1 B−B

))

−
1

Rm

〈(

PRT
1 B−Qb

0B
)

× n,vho ×PRT
1 B

〉

∂Th
,

EB̃2(u;B,wh) := −
1

Rm

(

∇h ×who,
(

u×B−PRT
1 u×PRT

1 B
))

−
1

Rm

〈who × n,u×B〉∂Th

−
1

Rm

〈

(who −whb)× n,PRT
1 u×Qo

1B
〉

∂Th
,

ET̃ (u;T, zh) :=
1

2

(

uT −PRT
1 uQ0

1T,∇hzho
)

−
1

2

〈(

uT −Qb
0uQ

b
0T
)

· n, zho
〉

∂Th

−
1

2

(

u · ∇T −PRT
1 u · ∇hQ

o
1T, zho

)

−
1

2

〈(

Qb
0uzhb

)

· n, Qo
1T
〉

∂Th
.
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In addition, there hold

PRT
1 u|K ∈ [P1(K)]d, PRT

1 B|K ∈ [P1(K)]d, ∀K ∈ Th. (5.3)

Proof. We first show (5.3). For all K ∈ Th, by Lemma 3.7 we have

(

∇ ·PRT
1 u, ϕh

)

K
= (∇ · u, ϕh)K = 0, ∀ϕh ∈ P1(K),

(

∇ ·PRT
1 B, θh

)

K
= (∇ ·B, θh)K = 0, ∀ θh ∈ P1(K),

which mean that

∇ ·PRT
1 u = 0, ∇ ·PRT

1 B = 0.

Then the result (5.3) follows from Lemma 3.6.

From the definitions of the bilinear form a1h(· , ·) and the weak gradient, the first commu-

tativity property in Lemma 3.9, the properties of the projection Qo
0, the Green’s formula, the

relation 〈∇un,vhb〉∂Th
= 0, the properties of the projection Qb

0 and the definition of Eu(u,vh),

we immediately get, for any vh ∈ V0
h,

a1h(Π1u,vh) =
1

H2
a

(∇w,0Π1u,∇w,0vh) +
1

H2
a

〈

h−1
K Qb

0

(

PRT
1 u− u

)

,Qb
0vho − vhb

〉

∂Th

=
1

H2
a

(

Qo
0∇u,∇w,0vh

)

+
1

H2
a

〈

h−1
K

(

PRT
1 u− u

)

,Qb
0vho − vhb

〉

∂Th

= −
1

H2
a

(

∇h ·Qo
0∇u,vho

)

+
1

H2
a

〈

Qo
0∇un,vhb

〉

∂Th

+
1

H2
a

〈

h−1
K

(

PRT
1 u− u

)

,Qb
0vho − vhb

〉

∂Th

=
1

H2
a

(

Qo
0∇u,∇hvho

)

+
1

H2
a

〈

Qo
0∇un,vhb − vho

〉

∂Th

+
1

H2
a

〈

h−1
K

(

PRT
1 u− u

)

,Qb
0vho − vhb

〉

∂Th

= −
1

H2
a

(∆u,vho) +
1

H2
a

〈(

∇u−Qo
0∇u

)

n,vhb − vho

〉

∂Th

+
1

H2
a

〈

h−1
K

(

PRT
1 u− u

)

,Qb
0vho − vhb

〉

∂Th

= −
1

H2
a

(∆u,vho) + Eu(u,vh). (5.4)

Similarly, in light of the definitions of the bilinear form a2h(· , ·) and the weak curl, the second

commutativity property in Lemma 3.9, the properties of the projectionQo
0, the Green’s formula,

the relation 〈∇ × B,whb × n〉∂Th
= 0, and the definition of EB(B,wh), we obtain, for any

wh ∈ W0
h,

a2h(Π2B,wh) =
1

R2
m

(∇w,0 ×Π2B,∇w,0 ×wh)

+
1

R2
m

〈

h−1
K

(

PRT
1 B−Qb

0B
)

× n, (who −whb)× n
〉

∂Th

=
1

R2
m

(

Qo
0(∇×B),∇w,0 ×wh

)

+
1

R2
m

〈

h−1
K

(

PRT
1 B−Qb

0B
)

× n, (who −whb)× n
〉

∂Th
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=
1

R2
m

(

∇h ×
(

Qo
0(∇×B)

)

,who

)

+
1

R2
m

〈

Qo
0(∇×B),whb × n

〉

∂Th

+
1

R2
m

〈

h−1
K

(

PRT
1 B−Qb

0B
)

× n, (who −whb)× n
〉

∂Th

=
1

R2
m

(

Qo
0(∇×B),∇h ×who

)

−
1

R2
m

〈

Qo
0(∇×B), (who −whb)× n

〉

∂Th

+
1

R2
m

〈

h−1
K

(

PRT
1 B−Qb

0B
)

× n, (who −whb)× n
〉

∂Th

=
1

R2
m

(∇×∇×B,who)−
1

R2
m

〈

∇×B−Qo
0(∇×B), (who −whb)× n

〉

∂Th

+
1

R2
m

〈

h−1
K

(

PRT
1 B−Qb

0B
)

× n, (who −whb)× n
〉

∂Th

=
1

R2
m

(∇×∇×B,who) + EB(B,wh).

In view of the definitions of b1h(· , ·) and the weak gradient, the fourth commutativity property

in Lemma 3.9, the projection property, and the relations (3.11a), (5.3) and 〈u · n, qhb〉∂Th
= 0,

we get

b1h(vh,Π3p)− bh(Π1u, qh)

=
(

∇w,1

{

Qo
0p,Q

b
1p
}

,vho

)

−
(

∇w,1qh,P
RT
1 u

)

=
(

Qo
1∇p,vho

)

+
(

∇ ·PRT
1 u, qho

)

−
〈

PRT
1 u · n, qhb

〉

∂Th

= (∇p,vho)− 〈u · n, qhb〉∂Th

= (∇p,vho), ∀vh ∈ V0
h.

Similarly, we have

b2h(wh,Π4r)− b̃2h(Π2B, θh)

=
1

Rm

(

∇w,1

{

Qo
0r,Q

b
1r
}

,who

)

−
1

Rm

(

∇w,1θh,P
RT
1 B

)

=
1

Rm

(

Qo
1∇r,who

)

+
1

Rm

(

∇ ·PRT
1 B, θho

)

−
1

Rm

〈

PRT
1 B · n, θhb

〉

∂Th

=
1

Rm

(∇r,who)−
1

Rm

〈B · n, θhb〉∂Th

=
1

Rm

(∇r,who), ∀wh ∈ W0
h.

By the Green’s formula and the definitions of c1h(· ; · , ·), the weak divergence and Eũ(· , ·)

we get

c1h(Π1u; Π1u,vh)

=
1

2N

(

∇w,1 ·
{

PRT
1 u⊗PRT

1 u,Qb
0u⊗Qb

0u
}

,vho

)

−
1

2N

(

∇w,1 ·
{

vho ⊗PRT
1 Φ,vhb ⊗Qb

0u
}

,PRT
1 u

)

=
1

2N

(

∇ · (u⊗ u),vho

)

+
1

2N

(

u⊗ u−PRT
1 u⊗PRT

1 u,∇hvho

)

−
1

2N

〈(

u⊗ u−Qb
0u⊗Qb

0u
)

n,vho

〉

∂Th
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+
1

2N

(

∇ · (u⊗ u),vho

)

+
1

2N

(

u · ∇u−PRT
1 u · ∇hP

RT
1 u,vho

)

+
1

2N

〈(

vhb ⊗Qb
0un,PRT

1 u
〉

∂Th

=
1

N

(

∇ · (u⊗ u),vho

)

+ Eũ(u,vh).

Similarly, we can obtain

c2h(vh; Π2B,Π2B) = −
1

Rm

(∇×B×B,vho) + EB̃1(Bh,vh),

c2h(Π1u; Π2B,wh) =
1

Rm

(

∇× (u×B),who

)

+ EB̃2(uh;Bh,wh).

By the definition of the projection Qo
1, we have

G3h(Π3Th,vh) =
Gr

NR2
e

(

g

g
Qo

1Tho,vho

)

=
Gr

NR2
e

(

g

g
T,vho

)

.

Combining the above relations and (1.1), we finally arrive at the desired conclusion (5.2a).

Similarly, we can get the relation (5.2b). This completes the proof. �

Lemma 5.2. For vh ∈ V0
h, wh ∈ W0

h, and zh ∈ Z0
h, there hold

|Eu(u,vh)| . h|u|2|||vh|||V , (5.5a)

|EB(B,wh)| . h|B|2|||wh|||W , (5.5b)

|ET (T, zh)| . h|T |2|||zh|||Z , (5.5c)

|Eũ(u,v)| . h‖u‖22|||vh|||V , (5.5d)

|EB̃1(B,vh)| . h‖B‖22|||vh|||W , (5.5e)

|EB̃2(u;B,wh)| . h‖u‖2‖B‖2|||wh|||W , (5.5f)

|ET̃ (u;T, zh)| . h‖u‖2‖T ‖2|||zh|||Z . (5.5g)

Proof. We only show (5.5d), since the other results can be derived similarly.

Let us estimate the four terms of Eũ(u,vh) one by one. Using the Cauchy-Schwarz inequal-

ity, the Hölder’s inequality, the Sobolev embedding theorem, and Lemmas 3.7, 3.8 and 3.2, we

have

∣

∣

(

u⊗ u−PRT
1 u⊗PRT

1 u,∇hvho

)∣

∣

≤
∣

∣

((

u−PRT
1 u

)

⊗ u,∇hvho

)
∣

∣+
∣

∣

(

PRT
1 u⊗

(

u−PRT
1 u

)

,∇hvho

)
∣

∣

≤ |u|0,∞,Ω

∑

K∈Th

∣

∣u−PRT
1 u

∣

∣

0,K
‖∇hvho‖0,K

+
∑

K∈Th

∣

∣u−PRT
1 u

∣

∣

0,3,K

∣

∣PRT
1 u

∣

∣

0,6,K
‖∇hvho‖0,K

≤ |u|0,∞,Ω

∑

K∈Th

∣

∣u−PRT
1 u

∣

∣

0,K
‖∇hvho‖0,K

+
∑

K∈Th

∣

∣u−PRT
1 u

∣

∣

0,3,K

(∣

∣u−PRT
1 u

∣

∣

0,6,K
+ |u|0,6,K

)

‖∇hvho‖0,K

≤ |u|0,∞,Ω

∑

K∈Th

∣

∣u−PRT
1 u

∣

∣

0,K
‖∇hvho‖0,K
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+
(∣

∣u−PRT
1 u

∣

∣

0,6,Ω
+ |u|0,6,Ω

)

∑

K∈Th

∣

∣u−PRT
1 u

∣

∣

0,3,K
‖∇hvho‖0,K

. h2|u|0,∞,Ω|u|2|||vh|||V + ‖u‖1
∑

K∈Th

∣

∣u−PRT
1 u

∣

∣

0,3,K
‖∇hvho‖0,K

. h2|u|0,∞|u|2|||vh|||V + h2−
d
6 ‖u‖1|u|2‖∇hvho‖0 . h‖u‖22|||vh|||V .

Similarly, we can obtain

∣

∣

∣

〈(

u⊗ u−Qb
0u⊗Qb

0u
)

n,vho

〉

∂Th

∣

∣

∣

=
∣

∣

∣

〈(

u⊗ u−Qb
0u⊗Qb

0u
)

n,vho − vhb

〉

∂Th

∣

∣

∣

≤
∣

∣

∣

〈(

u−Qb
0u
)

⊗
(

u−Qo
1u
)

n,vho − vhb

〉

∂Th

∣

∣

∣

+
∣

∣

∣

〈(

u−Qb
0u
)

⊗Qo
1un,vho − vhb

〉

∂Th

∣

∣

∣

+
∣

∣

∣

〈(

Qo
1u−Qb

0u
)

⊗
(

u−Qb
0u
)

n,vho − vhb

〉

∂Th

∣

∣

∣

+
∣

∣

∣

〈

Qo
1u⊗

(

u−Qb
0u
)

n,vho − vhb

〉

∂Th

∣

∣

∣

≤
∑

K∈Th

∣

∣u−Qb
0u
∣

∣

0,∂K

∣

∣u−Qo
1u
∣

∣

0,∂K
|vho − vhb|0,∞,∂K

+
∑

K∈Th

∣

∣u−Qb
0u
∣

∣

0,∂K

∣

∣Qo
1u
∣

∣

0,∞,∂K
|vho − vhb|0,∂K

+
∑

K∈Th

∣

∣Qo
1u−Qb

0u
∣

∣

0,∂K

∣

∣u−Qb
0u
∣

∣

0,∂K
|vho − vhb|0,∞,∂K

+
∑

K∈Th

∣

∣u−Qb
0u
∣

∣

0,∂K

∣

∣Qo
1u
∣

∣

0,∞,∂K
|vho − vhb|0,∂K . h‖u‖22|||vh|||V ,

∣

∣

(

u · ∇u−PRT
1 u · ∇hP

RT
1 u,vho

)∣

∣

≤
∣

∣

((

u−PRT
1 u

)

· ∇u,vho

)∣

∣+
∣

∣

(

PRT
1 u ·

(

∇u−∇hP
RT
1 u

)

,vho

)∣

∣

≤
∑

K∈Th

∣

∣u−PRT
1 u

∣

∣

0,3,K
|∇u|0,K‖vho‖0,6,K

+
∑

K∈Th

∣

∣∇u−∇hP
RT
1 u

∣

∣

0,K

∣

∣PRT
1 u

∣

∣

0,6,K
‖vho‖0,3,K . h‖u‖22|||vh|||V ,

∣

∣

∣

〈

vhb ⊗Qb
0un,PRT

1 u
〉

∂Th

∣

∣

∣

=
∣

∣

∣

〈

vhb ⊗Qb
0un,PRT

1 u−Qb
0u
〉

∂Th

∣

∣

∣

≤
∣

∣

∣

〈

(vho − vhb)⊗
(

Qb
1u−Qo

1u
)

n,PRT
1 u−Qb

0u
〉

∂Th

∣

∣

∣

+
∣

∣

∣

〈

vho ⊗
(

Qb
0u−Qo

1u
)

n,PRT
1 u−Qb

0u
〉

∂Th

∣

∣

∣

+
∣

∣

∣

〈

(vho − vhb)⊗Qo
1un,PRT

1 u−Qb
0u
〉

∂Th

∣

∣

∣

+
∣

∣

∣

〈

vho ⊗Qo
1un,PRT

1 u−Qb
0u
〉

∂Th

∣

∣

∣
. h‖u‖22|||vh|||V .

As a result, the desired estimate (5.5d) follows. �
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Theorem 5.1. Let (uh,Bh, Th, ph, rh) ∈ V0
h×W0

h×Z
0
h×Q

0
h×R

0
h be the solutions to the WG

scheme (3.3). Under the regularity assumption (5.1) and the smallness condition (4.5), there

hold the following estimates:

|||Π1u− uh|||V + |||Π2B−Bh|||W + |||Π3T − Th|||Z . hC1(u,B, T ), (5.6a)

|||Π4p− ph|||Q + |||Π5r − rh|||R . hC1(u,B, T ) + h2C2(u,B), (5.6b)

where

C1(u,B, T ) := (‖u‖2 + ‖B‖2 + ‖T ‖2)(1 + ‖u‖2 + ‖B‖2 + ‖T ‖2),

C2(u,B) := (‖u‖2 + ‖B‖2)
2(1 + ‖u‖2 + ‖B‖2)

2.

Proof. From (3.3) and Lemma 5.1 we get the error equations as follows:

a1h(Π1u− uh,vh) + a2h(Π2B−Bh,wh) + b1h(vh,Π4p− ph)− b1h(Π1u− uh, qh)

+ b2h(wh,Π5r − rh)− b2h(Π2B−Bh, θh) + c1h(Π1u; Π1u,vh)− c1h(uh;uh,vh)

+ c2h(vh; Π2B,Π2B)− c2h(vh;Bh,Bh)− c2h(Π1u; Π2B,wh)

+ c2h(uh;Bh,wh) +G3h(Π3T − Th,vh)

= Eu(u,vh) + EB(B,wh) + Eũ(u,vh) + EB̃1(Bh,Π1u− uh)

+ EB̃2(u;B,Π2B−Bh), ∀ (vh,wh, qh, rh) ∈ V0
h ×W0

h ×Q0
h ×Q0

h, (5.7a)

a3h(Π3T − Th, zh) + c3h(Π1u; Π3T, zh)− c3h(uh;Th, zh)

= ET (T, zh) + ET̃ (u;T, zh), ∀ zh ∈ Z0
h. (5.7b)

Taking

(vh,wh, zh, qh, θh) = (Π1u− uh,Π2B−Bh,Π3T − Th,Π4p− ph,Π5r − rh)

in (5.7) and using the relation

c1h(Π1u; Π1u− uh,Π1u− uh) = 0,

c3h(Π3T ; Π3T − Th,Π3T − Th) = 0,

we obtain

a1h(Π1u− uh,Π1u− uh) + a2h(Π2B−Bh,Π2B−Bh)

= Eu(u,Π1u− uh) + EB(B,Π2B−Bh) + Eũ(u,Π1u− uh)

+ EB̃1(Bh,Π1u− uh) + EB̃2(u;B,Π2B−Bh)− c1h(Π1u; Π1u,Π1u− uh)

+ c1h(uh;uh,Π1u− uh)− c2h(Π1u− uh; Π2B,Π2B) + c2h(Π1u− uh;Bh,Bh)

+ c2h(Π1u; Π2B,Π2B−Bh)− c2h(uh;Bh,Π2B−Bh)−G3h(Π3T − Th,Π1u− uh)

= Eu(u,Π1u− uh) + EB(B,Π2B−Bh) + Eũ(u;u,Π1u− uh) + EB̃1(Bh,Π1u− uh)

+ EB̃2(u;B,Π2B−Bh)− c1h(Π1u− uh;uh,Π1u− uh)− c2h(uh; Π2B−Bh,Π2B−Bh)

− c2h(Π1u− uh; Π2B−Bh,Bh)−G3h(Π3T − Th,Π1u− uh), (5.8a)

a3h(Π3T − Th,Π3T − Th)

= ET (T,Π3T − Th) + ET̃ (u;T,Π3T − Th)

− c3h(Π1u; Π3T,Π3T − Th) + c3h(uh;Th,Π3T − Th)

= ET (T,Π3T − Th) + ET̃ (u;T,Π3T − Th)− c3h(Π1u− uh;Th,Π3T − Th). (5.8b)
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In view of Lemmas 4.1, 5.2, and the definitions of Mih (i = 1, 2, 3) in (4.6)-(4.8), we further

have

|||Π1u− uh|||V + |||Π2B−Bh|||W

≤ 2ζCh
(

‖u‖2 + ‖B‖2 + ‖B‖22 + ‖u‖22 + ‖u‖2‖B‖2
)

+ 2ζ

(

HaM1h|||uh|||V |||Π1u− uh|||V +RmM2h|||uh|||V |||Π2B−Bh|||W

+
1

2
HaM2h|||Bh|||W |||Π1u− uh|||V +

1

2
RmM2h|||Bh|||W |||Π2B−Bh|||W

)

+ 2ζHaM3h
Grg

NReg
|||Π3T − Th|||Z , (5.9a)

|||Π3T − Th|||Z

≤ Ch(|T |2 + ‖u‖2‖T ‖2 + ‖T ‖2‖u‖2) +M3h|||Π1u− uh|||1|||Th|||Z

≤ Ch(|T |2 + ‖u‖2‖T ‖2 + ‖T ‖2‖u‖2) +M3hP
2
rR

2
e‖f3‖3h|||Π1u− uh|||V . (5.9b)

Taking (5.9b) in (5.9a) we get

|||Π1u− uh|||V + |||Π2B−Bh|||W

≤ 2ζCh
(

‖u‖2 + ‖B‖2 + ‖B‖22 + ‖u‖22 + ‖u‖2‖B‖2 + ‖B‖2‖u‖2
)

+ 2ζ

(

HaM1h|||uh|||V |||Π1u− uh|||V +RmM2h|||uh|||V |||Π2B−Bh|||W

+
1

2
HaM2h|||Bh|||W |||Π1u− uh|||V +

1

2
RmM2h|||Bh|||W |||Π2B−Bh|||W

)

+ Ch(|T |2 + ‖u‖2‖T ‖2 + ‖T ‖2‖u‖2) + 2ζHaM3hP
2
rR

2
e

Grg

NReg
‖f3‖3h|||Π1u− uh|||V

≤ 2ζCh
(

‖u‖2 + ‖B‖2 + ‖B‖22 + ‖u‖22 + ‖u‖2‖B‖2
)

+ 4ζ3(‖f1‖1h + ‖f2‖2h + ‖f3‖3h)

(

HaM1h|||Π1u− uh|||V +RmM2h|||Π2B−Bh|||W

+
1

2
HaM2h|||Π1u− uh|||V +

1

2
RmM2h|||Π2B−Bh|||W

)

+ Ch(|T |2 + ‖u‖2‖T ‖2 + ‖T ‖2‖u‖2) + 2ζHaM3hP
2
rR

2
e

Grg

NReg
‖f3‖3h|||Π1u− uh|||V

≤ max{M1h,M2h,M3h}
(

12ζ4(‖f1‖1h + ‖f2‖2h + ‖f3‖3h) + 2ζ2PrRe‖f3‖3h
)

× (|||Π1u− uh|||V + |||Π2B−Bh|||W )

+ 2ζCh
(

‖u‖2 + ‖B‖2 + ‖B‖22 + ‖u‖22 + ‖u‖2‖B‖2 + ‖B‖2‖u‖2
)

+ Ch(|T |2 + ‖u‖2‖T ‖2 + ‖T ‖2‖u‖2),

which plus the smallness condition (4.19) yields

|||Π1u− uh|||V + |||Π2B−Bh|||W . hC1(u,B, T ).

Hence, combining this estimate with (5.9b) leads to the desired estimate (5.6a).

Next let us estimate the pressure error. Taking (wh, qh, rh) = (0, 0, 0) in the Eq. (5.2a), we

have

a1h(Π1u,vh) + b1h(vh,Π3p)
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+ c1h(Π1u; Π1u,vh) + c2h(vh; Π2B,Π2B) +G3h(Π3T,vh)

= (f1,vho) + Eu(u,vh) + Eũ(u,vh),

which, together with (3.4a), gives

b1h(vh,Π3p− ph)

= Eu(u,vh) + Eũ(u,vh)−G3h(Π3T − Th,vh)− a1h(Π1u− uh,vh)

− c1h(Π1u; Π1u,vh) + c1h(uh;uh,vh)− c2h(vh; Π2B,Π2B) + c2h(vh;Bh,Bh)

= Eu(u,vh) + Eũ(u,vh)−G3h(Π3T − Th,vh)− a1h(Π1u− uh,vh)

− c1h(Π1u− uh; Π1u− uh,vh)− c1h(uh; Π1u− uh,vh)− c1h(Π1u− uh;uh,vh)

− c2h(vh; Π2B−Bh,Π2B−Bh)− c2h(vh;Bh,Π2B−Bh)− c2h(vh; Π2B−Bh,Bh).

Thus, using the inf-sup condition (4.2), Lemmas 4.1 and 5.2, and the estimate (5.6a), we get

|||Π3p− ph|||Q . sup
06=vh∈V0

h

b1h(vh,Π3p− ph)

|||vh|||V

. h(‖u‖2 + ‖B‖2 + ‖T ‖2)(1 + ‖u‖2 + ‖B‖2 + ‖T ‖2)

+ h2(‖u‖2 + ‖B‖2)
2(1 + ‖u‖2 + ‖B‖2)

2

. hC1(u,B, T ) + h2C2(u,B).

Similarly, by using the inf-sup condition (4.3), Lemmas 4.1 and 5.2, and (5.6a), we can obtain

|||Π4r − rh|||R . hC1(u,B, T ) + h2C2(u,B).

Combining the above two inequalities leads to the desired result (5.6b). �

In light of Theorem 5.1, Lemmas 3.1, 3.5, 3.7 and 3.8, and the triangle inequality, we can

finally obtain the following main error estimates.

Theorem 5.2. Under the same conditions of Theorem 5.1, there hold

‖∇u−∇huho‖0 + ‖∇u−∇w,0uh‖0 . hC1(u,B, T ), (5.10a)

‖∇ ×B−∇h ×Bho‖0 + ‖∇×B−∇w,0 ×Bh‖0 . hC1(u,B, T ), (5.10b)

‖∇T −∇hTho‖0 + ‖∇T −∇w,0Th‖0 . hC1(u,B, T ), (5.10c)

‖p− pho‖0 + h‖∇p−∇w,1p‖0 . hC1(u,B, T ) + h‖p‖1 + h2C2(u,B), (5.10d)

‖r − rho − (r̄ − r̄ho)‖0 + h‖∇r −∇w,1r‖0 . hC1(u,B, T ) + h‖r‖1 + h2C2(u,B), (5.10e)

where r̄ and r̄ho denote the mean values of r and rho on Ω, respectively.

Remark 5.1. From the estimates (5.10a) and (5.10b) we see that the upper bounds of the

errors of the velocity and the magnetic field are independent of the approximations of the

pressure and the magnetic pseudo-pressure. This means that our WG scheme is pressure-

robust.
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6. Oseen Iteration Scheme

Notice that the WG scheme (3.3) is a nonlinear system. We shall adopt the following Oseen

iterative algorithm: given u0
h and B0

h, find (un
h ,B

n
h, Th, p

n
h, r

n
h) with n = 1, 2, . . . such that

a1h
(

un
h,vh

)

+ b1h
(

vh, p
n
h

)

− b1h
(

un
h, qh

)

+ c1h
(

un−1
h ;un

h,vh

)

+ c2h
(

vh;B
n−1
h ,Bn

h

)

+ a2h
(

Bn
h,wh

)

+ b2h
(

wh, r
n
h

)

− b2h
(

Bn
h, θh

)

− c2h
(

un−1
h ;Bn−1

h ,wh

)

= (f1,vho)−G3h

(

T n
h ,vh

)

+
1

Rm

(f2,who), (6.1a)

a3h
(

T n
h , zh

)

+ c3h
(

un−1
h ;T n

h , zh
)

= (f3, zho) (6.1b)

for any (vh,wh, qh, θh, zh) ∈ V0
h ×W0

h ×Q0
h ×R0

h × Z0
h.

We have the following convergence theorem.

Theorem 6.1. Let (uh,Bh, Th, ph, rh) ∈ V0
h × W0

h × Z0
h × Q0

h × R0
h be the solution of the

WG scheme (3.3). Under the smallness condition (4.19) the Oseen iteration scheme (6.1) is

convergent in the following sense:

lim
n→∞

∣

∣

∣

∣

∣

∣un
h − uh

∣

∣

∣

∣

∣

∣

V
= 0, lim

n→∞

∣

∣

∣

∣

∣

∣Bn
h −Bh

∣

∣

∣

∣

∣

∣

W
= 0,

lim
n→∞

∣

∣

∣

∣

∣

∣T n
h − Th

∣

∣

∣

∣

∣

∣

Z
= 0, lim

n→∞

∣

∣

∣

∣

∣

∣pnh − ph
∣

∣

∣

∣

∣

∣

Q
= 0, lim

n→∞

∣

∣

∣

∣

∣

∣rnh − rh
∣

∣

∣

∣

∣

∣

R
= 0.

Proof. Denote

enu := un
h − uh, enB := Bn

h −Bh, enT := T n
h − Th, enp := pnh − ph, enr := rnh − rh.

Subtracting (6.1) from (3.3), we have for all (vh,wh, zh, qh, θh, zh)∈V0
h×W0

h×Z
0
h×Q

0
h×Q

0
h,

a1h
(

enu,vh

)

+ a2h
(

enB,wh

)

= −b1h
(

vh, e
n
p

)

+ b1h
(

enu, qh
)

− b2h
(

wh, e
n
r

)

+ b2h
(

enB, θh
)

+ c1h(uh;uh,vh)

− c1h
(

un−1
h ;un

h,vh

)

+ c2h(vh;Bh,Bh)− c2h
(

vh;B
n−1
h ,Bn

h

)

− c2h(uh;Bh,wh) + c2h
(

un−1
h ;Bn−1

h ,wh

)

−G3h

(

enT ,vh

)

, (6.2a)

a3h
(

enT , zh
)

= c3h(uh;Th, zh)− c3h
(

un−1
h ;T n

h , zh
)

. (6.2b)

Taking vh = enu,wh = enB, zh = enT , qh = enp , θh = enr in (6.2) and using Lemma 4.1 we get

1

H2
a

∣

∣

∣

∣

∣

∣enu
∣

∣

∣

∣

∣

∣

2

V
+

1

R2
m

∣

∣

∣

∣

∣

∣enB
∣

∣

∣

∣

∣

∣

2

W

= c1h
(

uh;uh, e
n
u

)

− c1h
(

un−1
h ;un

h, e
n
u

)

+ c2h
(

enu;Bh,Bh

)

− c2h
(

enu;B
n−1
h ,Bn

h

)

− c2h
(

uh;Bh, e
n
B

)

+ c2h
(

un−1
h ;Bn−1

h , enB
)

−G3h

(

enT , e
n
u

)

= −c1h
(

en−1
u ;un

h, e
n
u

)

− c2h
(

enu; e
n−1
B ,Bh

)

+ c2h
(

uh; e
n−1
B , enB

)

−G3h

(

enT , e
n
u

)

≤M1h|||uh|||V
∣

∣

∣

∣

∣

∣en−1
u

∣

∣

∣

∣

∣

∣

V

∣

∣

∣

∣

∣

∣enu
∣

∣

∣

∣

∣

∣

V
+M2h

∣

∣

∣

∣

∣

∣en−1
B

∣

∣

∣

∣

∣

∣

W

∣

∣

∣

∣

∣

∣enu
∣

∣

∣

∣

∣

∣

V
|||Bh|||W

+M2h

∣

∣

∣

∣

∣

∣en−1
B

∣

∣

∣

∣

∣

∣

W
|||uh

∣

∣

∣

∣

∣

∣

1
|||enB

∣

∣

∣

∣

∣

∣

W
+M3h

Grg

NR2
eg

∣

∣

∣

∣

∣

∣enT
∣

∣

∣

∣

∣

∣

Z

∣

∣

∣

∣

∣

∣en−1
u

∣

∣

∣

∣

∣

∣

V
, (6.3a)

1

PrRe

∣

∣

∣

∣

∣

∣enT
∣

∣

∣

∣

∣

∣

2

V
= c3h

(

uh;Th, e
n
T

)

− c3h
(

un−1
h ;T n

h , e
n
T

)

= −c3h
(

en−1
u ;Th, e

n
T

)

≤M3h

∣

∣

∣

∣

∣

∣en−1
u

∣

∣

∣

∣

∣

∣

V
|||Th|||Z

∣

∣

∣

∣

∣

∣enT
∣

∣

∣

∣

∣

∣

Z
. (6.3b)
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The inequality (6.3b) further gives
∣

∣

∣

∣

∣

∣enT
∣

∣

∣

∣

∣

∣

Z
≤M3hPrRe

∣

∣

∣

∣

∣

∣en−1
u

∣

∣

∣

∣

∣

∣

V
|||Th|||Z , (6.4)

which, together with (6.3a), (4.9) and (4.10), implies
∣

∣

∣

∣

∣

∣enu
∣

∣

∣

∣

∣

∣

V
+
∣

∣

∣

∣

∣

∣enB
∣

∣

∣

∣

∣

∣

W

≤M1h|||uh|||V
∣

∣

∣

∣

∣

∣en−1
u

∣

∣

∣

∣

∣

∣

V

∣

∣

∣

∣

∣

∣enu
∣

∣

∣

∣

∣

∣

V
+M2h

∣

∣

∣

∣

∣

∣en−1
B

∣

∣

∣

∣

∣

∣

W

∣

∣

∣

∣

∣

∣enu
∣

∣

∣

∣

∣

∣

V
|||Bh|||W

+M2h

∣

∣

∣

∣

∣

∣en−1
B

∣

∣

∣

∣

∣

∣

W
|||uh|||V

∣

∣

∣

∣

∣

∣enB
∣

∣

∣

∣

∣

∣

W
+M3h

Grg

NR2
eg

∣

∣

∣

∣

∣

∣enT
∣

∣

∣

∣

∣

∣

Z

∣

∣

∣

∣

∣

∣en−1
u

∣

∣

∣

∣

∣

∣

V

+M3h

∣

∣

∣

∣

∣

∣en−1
u

∣

∣

∣

∣

∣

∣

V
|||Th|||Z

∣

∣

∣

∣

∣

∣enT
∣

∣

∣

∣

∣

∣

Z

≤ max{M1h,M2h,M3h}
(

12ζ4‖f1‖1h + 12ζ4‖f2‖2h +
(

12ζ4Ha + 2ζ2PrRe

)

‖f3‖3h
)

×
(∣

∣

∣

∣

∣

∣en−1
u

∣

∣

∣

∣

∣

∣

V
+
∣

∣

∣

∣

∣

∣en−1
B

∣

∣

∣

∣

∣

∣

W

)

≤ · · ·

≤
(

max{M1h,M2h,M3h}
(

12ζ4‖f1‖1h + 12ζ4‖f2‖2h +
(

12ζ4Ha + 2ζ2PrRe

)

‖f3‖3h
))n

×
(∣

∣

∣

∣

∣

∣e0u
∣

∣

∣

∣

∣

∣

V
+
∣

∣

∣

∣

∣

∣e0B
∣

∣

∣

∣

∣

∣

W

)

.

The above estimate plus (4.19) yields

lim
n→∞

∣

∣

∣

∣

∣

∣un
h − uh

∣

∣

∣

∣

∣

∣

V
= lim

n→∞

∣

∣

∣

∣

∣

∣enu
∣

∣

∣

∣

∣

∣

V
= 0, (6.5a)

lim
n→∞

∣

∣

∣

∣

∣

∣Bn
h −Bh

∣

∣

∣

∣

∣

∣

W
= lim

n→∞

∣

∣

∣

∣

∣

∣enB
∣

∣

∣

∣

∣

∣

W
= 0, (6.5b)

which plus (6.4) indicates

lim
n→∞

∣

∣

∣

∣

∣

∣T n
h − Th

∣

∣

∣

∣

∣

∣

Z
= lim

n→∞

∣

∣

∣

∣

∣

∣enT
∣

∣

∣

∣

∣

∣

Z
= 0. (6.6)

From (6.2) we see that for any vh ∈ V0
h,

b1h
(

vh, e
n
p

)

= −a1h
(

enu,vh

)

+ c1h(uh;uh,vh)− c1h
(

un−1
h ;un

h,vh

)

+ c2h(vh;Bh,Bh)− c2h
(

vh;B
n−1
h ,Bn

h

)

−G3h

(

enT ,vh

)

= −a1h
(

enu,vh

)

− c1h
(

en−1
u ; enu,vh

)

− c1h
(

en−1
u ;uh,vh

)

− c2h
(

vh; e
n−1
B , enB

)

− c2h
(

vh; e
n−1
B ,Bh

)

−G3h

(

enT ,vh

)

.

Using the inf-sup condition (4.2) and Lemma 4.1, we have

∣

∣

∣

∣

∣

∣enp
∣

∣

∣

∣

∣

∣

Q
≤ sup

vh∈V0

h

b1h
(

vh, e
n
p

)

|||vh|||V

≤
∣

∣

∣

∣

∣

∣enu
∣

∣

∣

∣

∣

∣

V
+M1h

(
∣

∣

∣

∣

∣

∣en−1
u

∣

∣

∣

∣

∣

∣

1
|||uh|||V +

∣

∣

∣

∣

∣

∣en−1
u

∣

∣

∣

∣

∣

∣

V

∣

∣

∣

∣

∣

∣enu
∣

∣

∣

∣

∣

∣

V

)

+M2h

(∣

∣

∣

∣

∣

∣en−1
B

∣

∣

∣

∣

∣

∣

W
|||Bh|||W +

∣

∣

∣

∣

∣

∣en−1
B

∣

∣

∣

∣

∣

∣

W

∣

∣

∣

∣

∣

∣enB
∣

∣

∣

∣

∣

∣

W

)

+
Grg

NR2
eg

∣

∣

∣

∣

∣

∣enT
∣

∣

∣

∣

∣

∣

Z
,

which, together with (6.5) and (6.6), yields

lim
n→∞

∣

∣

∣

∣

∣

∣pnh − ph
∣

∣

∣

∣

∣

∣

Q
= lim

n→∞

∣

∣

∣

∣

∣

∣enp
∣

∣

∣

∣

∣

∣

Q
= 0.

Finally, using the inf-sup condition (4.3) and Lemma 4.1 and (6.5), we obtain

lim
n→∞

∣

∣

∣

∣

∣

∣rnh − rh
∣

∣

∣

∣

∣

∣

R
= 0.

This completes the proof. �
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Remark 6.1. Notice that the above Oseen iterative scheme can be rewritten as the following

decoupled system: given u0
h and B0

h, for n = 1, 2, . . . ,

Step 1. Find T n
h such that

a3h
(

T n
h , zh

)

+ c3h
(

un−1
h ;T n

h , zh
)

= (f3, zho), ∀ zh ∈ Z0
h.

Step 2. Find (Bn
h , r

n
h) such that

a2h
(

Bn
h,wh

)

+ b2h
(

wh, r
n
h

)

− b2h
(

Bn
h, θh

)

− c2h
(

un−1
h ;Bn−1

h ,wh

)

=
1

Rm

(f2,who), ∀ (wh, θh) ∈ W0
h ×R0

h.

Step 3. Find (un
h , p

n
h) such that

a1h
(

un
h,vh

)

+ b1h
(

vh, p
n
h

)

− b1h
(

un
h, qh

)

+ c1h
(

un−1
h ;un

h,vh

)

+ c2h
(

vh;B
n−1
h ,Bn

h

)

= (f1,vho)−G3h

(

T n
h ,vh

)

, ∀ (vh, qh) ∈ V0
h ×Q0

h.

7. Numerical Examples

In this section, we give a 2D numerical example and a 3D example to verify the performance

of the WG scheme (3.3) for the steady incompressible MHD flow (1.1). We apply the Oseen

iterative scheme with the initial guess (u0
ho,B

0
ho) = (0, 0) and the stop criterion

∥

∥un
h − un−1

h

∥

∥

0
< 1e− 8

in all numerical experiments.

Example 7.1 (A 2D case). In the model (1.1) we set

Ω = [0, 1]2, Ha = N = Rm = 1.

The exact solution (u,B, T, p, r) is of the form











































































u1 = −x2(x− 1)2y(y − 1)(2y − 1),

u2 = y2(y − 1)2x(x − 1)(2x− 1),

B1 = −x2(x − 1)2y(y − 1)(2y − 1),

B2 = y2(y − 1)2x(x− 1)(2x− 1),

p = x(x− 1)

(

x−
1

2

)

y(y − 1)

(

y −
1

2

)

,

r = x(x− 1)

(

x−
1

2

)

y(y − 1)

(

y −
1

2

)

,

T = x(x − 1)y(y − 1).

We compute the scheme (3.3) on M ×M uniform regular triangular meshes (cf. Fig. 7.1) with

M = 4, 8, 16, 32, 64. Numerical results are listed in Table 7.1.
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(a) (b)

Fig. 7.1. The meshes: (a) 4× 4 mesh for Ω = [0, 1]2; (b) 4× 4× 4 mesh for Ω = [0, 1]3.

Table 7.1: Convergence history for Example 7.1: M ×M meshes.

M

‖u− uho‖0
‖u‖0

‖∇u−∇huho‖0
‖∇u‖0 ‖∇ · uho‖0,∞,Ω

Error Order Error Order

4 5.9583e-01 – 5.1511e-01 – 2.4533e-18

8 1.5876e-01 1.90 2.7300e-01 0.91 1.0426e-17

16 4.1521e-02 1.93 1.3851e-01 0.97 1.9319e-17

32 1.0635e-02 1.96 6.9419e-02 0.99 9.1078e-17

64 2.6901e-03 1.98 3.4722e-02 1.00 1.1319e-15

M

‖B −Bho‖0
‖B‖0

‖∇ ×B−∇h ×Bho‖0
‖∇ ×B‖0 ‖∇ ·Bho‖0,∞,Ω

Error Order Error Order

4 1.1606e+00 – 5.6441e-01 – 4.9065e-18

8 2.9482e-01 1.97 2.7675e-01 1.02 8.5864e-18

16 7.4064e-02 1.99 1.3198e-01 1.06 1.1040e-17

32 1.8525e-02 1.99 6.4624e-02 1.03 2.0914e-16

64 4.6310e-03 2.00 3.2115e-02 1.00 8.8931e-18

M

‖T − Tho‖0
‖T‖0

‖∇T −∇hTho‖0
‖∇T‖0

‖p− pho‖0
‖p‖0

‖r − rho‖0
‖r‖0

Error Order Error Order Error Order Error Order

4 2.2913e-01 – 3.1028e-01 – 3.9131e-00 – 4.7146e-00 –

8 5.7836e-02 1.98 1.5776e-01 0.97 2.1280e-00 0.87 2.8776e-00 0.71

16 1.4496e-02 1.99 7.9217e-02 0.99 8.9070e-01 1.25 1.4532e-01 0.98

32 3.6265e-03 1.99 3.9651e-02 0.99 3.4464e-01 1.37 7.2538e-01 1.00

64 9.0678e-04 2.00 1.9831e-02 1.00 1.4036e-01 1.30 3.6249e-02 1.01

Example 7.2 (A 3D case). In the model (1.1) we set

Ω = [0, 1]3, Ha = N = Rm = 1.
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The exact solution (u,B, T, p, r) is of the form



























































































































u1 = −
1

20
π
(

sin(πx)
)2

sin(πy) cos(πy) sin(πz) cos(πz),

u2 =
1

10
π sin(πx) cos(πx)

(

sin(πy)
)2

sin(πz) cos(πz),

u3 = −
1

20
π sin(πx) cos(πx) sin(πy) cos(πy)

(

sin(πz)
)2
,

B1 = −
1

20
π
(

sin(πx)
)2

sin(πy) cos(πy) sin(πz) cos(πz),

B2 =
1

10
π sin(πx) cos(πx)

(

sin(πy)
)2

sin(πz) cos(πz),

B3 = −
1

20
π sin(πx) cos(πx) sin(πy) cos(πy)

(

sin(πz)
)2
,

P =
1

10
cos(πx) cos(πy) cos(πz),

r =
1

10
sin(πx) sin(πy) sin(πz),

T = u1 + u2 + u3.

We compute the scheme (3.3) on M ×M ×M uniform regular tetrahedral meshes (cf. Fig. 7.1)

with M = 4, 8, 16, 32. Numerical results are listed in Table 7.2.

Table 7.2: Convergence history for Example 7.2: M ×M ×M meshes.

M

‖u− uho‖0
‖u‖0

‖∇u−∇huho‖0
‖∇u‖0 ‖∇ · uho‖0,∞,Ω

Error Order Error Order

4 1.2609e+00 – 6.1715e-01 – 1.7049e-13

8 3.2835e-01 1.94 2.9765e-01 1.05 5.3038e-15

16 7.9966e-02 2.03 1.5702e-01 0.92 4.4653e-16

32 2.0071e-02 2.00 7.3542e-02 1.09 3.0028e-15

M

‖B−Bho‖0
‖B‖0

‖∇ ×B−∇h ×Bho‖0
‖∇ ×B‖0 ‖∇ ·Bho‖0,∞,Ω

Error Order Error Order

4 1.1658e+00 – 2.4345e+00 – 4.3347e-15

8 2.8945e-01 2.00 1.1778e+00 1.04 4.8867e-15

16 6.8306e-02 2.08 5.9735e-01 0.97 5.1961e-16

32 1.6447e-02 2.05 3.0755e-01 0.95 2.5105e-16

M

‖T − Tho‖0
‖T‖0

‖∇T −∇hTho‖0
‖∇T‖0

‖p− pho‖0
‖p‖0

‖r − rho‖0
‖r‖0

Error Order Error Order Error Order Error Order

4 1.9942e-01 – 2.6572e-01 – 4.3113e+00 – 2.8566e+00 –

8 4.6543e-02 2.09 1.3456e-01 0.98 2.1655e+00 0.93 1.4746e+00 0.95

16 1.2088e-02 1.94 6.5097e-02 1.03 1.0606e+00 0.94 7.3616e-01 1.00

32 3.1578e-03 1.94 3.3348e-02 0.96 5.6356e-01 0.91 3.7211e-01 0.98
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Tables 7.1 to 7.2 show the histories of convergence for the velocity uho, the magnetic

field Bho, the pressure pho, and the magnetic pseudo-pressure rho. Results of ‖∇ · uho‖0,∞,Ω

and ‖∇ · Bho‖0,∞,Ω are also listed to verify the divergence-free property. From the numerical

results of the two examples, we have the following observations:

• The convergence rates of ‖∇u−∇huho‖0, ‖∇×B−∇h×Bho‖0, ‖∇T−∇hTho‖0, ‖p−pho‖0
and ‖r − rho‖0 for the WG scheme are of first order, which are consistent with the

established theoretical results in Theorem 5.2.

• The convergence rates of ‖u− uho‖0, ‖B−Bho‖0, and ‖T − Tho‖0 are of second order.

• Both the discrete velocity and the discrete magnetic field are globally divergence-free.

8. Conclusions

In this paper, we have developed a low order weak Galerkin finite element method for the

steady thermally coupled incompressible magnetohydrodynamics flow. The well-posedness of

the discrete scheme has been established. The method yields globally divergence-free approxi-

mations of velocity and magnetic field, and is of optimal first order convergence for the velocity,

the magnetic field, the pressure, the magnetic pseudo-pressure, and temperature approxima-

tions. The proposed Oseen iteration algorithm is unconditionally convergent. Numerical ex-

periments have verified the theoretical results.
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