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Abstract

Three multi-level mixed finite element methods for the steady Boussinesq equations are
analyzed and discussed in this paper. The nonlinear and multi-variables coupled problem
on a coarse mesh with the mesh size ho is solved firstly, and then, a series of decoupled and
linear subproblems with the Stokes, Oseen and Newton iterations are solved on the suc-
cessive and refined grids with the mesh sizes h;, j =1,2,...,J. The computational scales
are reduced and the computational costs are saved. Furthermore, the uniform stability
and convergence results in both L?- and H'-norms of are derived under some uniqueness
conditions by using the mathematical induction and constructing the dual problems. Theo-
retical results show that the multi-level methods have the same order of numerical solutions
in the H'-norm as the one level method with the mesh sizes h; = hf_l, i=1,2,...,J.
Finally, some numerical results are provided to investigate and compare the effectiveness
of the multi-level mixed finite element methods.
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1. Introduction
In this paper, we consider the following steady Boussinesq problem:

—PrAu+ (u-V)u+Vp=PrRaiT + f in Q,

V-u=0 in Q, )
~V - (kVT)+ (u-V)T =g in Q, '
u=0, T=0 on 01,

where Q C R? is a bounded domain with Lipschitz boundary 91, the notations u = (u1(,y),
us(z,y)), p=p(x,y), T = T(x,y) are the velocity, pressure and temperature fields, the param-
eters Pr,; Ra and k are the Prandtl number, the Rayleigh number and the thermal conductivity
parameter, respectively. The letter i = () is the unit vector of the gravitational acceleration,
f and g are the body forces.

The Boussinesq problem is an important mathematical model, which can be used to de-
scribe many phenomenons of the ordinary life and engineering applications. For example, the
ventilation and heating, the nuclear reaction systems, the electronic equipment cooling and so
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on [3,4,8,15]. Finding the analytical solutions of problem (1.1) is an impossible work due to
its inherent characteristics, such as the incompressibility, the nonlinearity and the coupling of
multi-variables. Hence, the numerical simulation becomes an important way to understand
and study the behaviors of problem (1.1). Many works were published in the recent decades
years, for example, Wu [36] considered the existence, uniqueness and smoothness of solutions
for problem (1.1) in some special functional spaces. Some new regularity criteria of the weak
solutions were provided in [14]. Later, paper [33] established the global existence of the weak
solution to the two/three dimensional incompressible Magnetohydrodynamic (MHD) equations
and MHD-Boussinesq fluid. For more theoretical findings about problem (1.1), one can refer
to [34,39] and the references therein. In the respect to the numerical analysis, we can refer
to the iterative methods [3,28,32], the two level methods [28,41,45], the projection/splitting
schemes [43,44] and so on. For more numerical methods about problem (1.1), we can refer
to [23,35,40,42] and the references therein.

The multi-level method is an efficient numerical scheme for the nonlinear problems, the key
idea of this method is to solve the nonlinear problems on the coarse mesh firstly, and then
a series of decoupled and linear subproblems are solved on the fine mesh successively. The main
feature of multi-level method is that it not only keeps the same convergence rates as the one
level method with the mesh sizes satisfy h; = h?qv but also it can save a lot of computational
cost. For example, Xu [37,38] considered the two level method for the elliptic equations and
the nonlinear PDEs, the optimal error estimates were obtained as h = H?2. Later, the two-level
method for the steady Navier-Stokes equations was considered in [18,20] and the convergence
results in H'-norm were shown under the mesh sizes h = H?, which were extended to the
multi-level method [17,19]. After that, the multi-level method has been widely used to treat
various problems, here we just mention [2,7,30] for the elliptic problems, [1,3,5] for the parabolic
equations, [13,19,21,22,27] for the incompressible flows. For more recent developments about
the multi-level method, we can refer to [10,12,16] and the references therein.

In this paper, we design three multi-level methods based on the Stokes, Oseen and Newton
iterations for the steady Boussinesq equations. Compared with the existing works of multi-level
methods for the incompressible flows, the novelties of this paper can be listed as follows:

(1) Since there is an unknown 7 on the right-hand side of problem (1.1), a positive constant
¢ = 2C2PrRa/k needs to be introduced to establish the H?-stability of numerical schemes.
The theoretical analysis requires more techniques, including the mathematical induction and
energy method.

(2) The L?-norm error estimates of numerical solutions of the multi-level methods with
different iterations are presented by constructing the duality problems with the mesh sizes
satisfying h; = hj’é 21, which were not provided in the previous works [21,27,28,41]. Furthermore,
the optimal error estimates in H'-norms are also provided with the mesh sizes satisfy h; = hﬁ 1
i=12,....J.

(3) Some numerical results are presented to show the performances of the established the-
oretical analysis. From these theoretical findings, we see that the multi-level methods have
the same H'-norm accuracy as the one level method, while the multi-level method takes less
computational cost.

The rest of this paper is organized as follows. Section 2 recalls some basic notations of the
Sobolev spaces and the regularity results of problem (1.1). Section 3 provides the Galerkin



Milti-level iterative MFEM for Boussinesq problem 3

finite element method for the Boussinesq equations and some existed theoretical results. Sec-
tions 4-6 present the multi-level method based on the Stokes, Oseen and Newton iterations for
the steady Boussinesq equations, the corresponding stability and convergence results of numer-
ical solutions in both L?- and H'-norms are developed, respectively. Some numerical results
are given in Section 7 to verify the established theoretical findings and show the performances
of the considered numerical schemes. Finally, a conclusion is made in Section 8.

2. Preliminaries

For the mathematical setting of problem (1.1), the standard Sobolev spaces and the corre-
sponding norms are used. For example, we set H*(Q2) = W#2(Q) for the nonnegative integers k

k 3
ol = ( 5 uwa) |

[v[=0

with norm

The inner product is denoted by (-,-), that is (¢,¢) = [, ¢pdr. In order to simplify the
notations, the following classical Sobolev spaces are introduced:

X =H3(Q)? ={ve H(Q)?:v =0 on dQ},
M = L§(Q) = {g € L*(Q) : (¢,1)o = 0},
W=Hj={pec H(Q):¢=0 ondQ},
V={veX:V-v=0 inQ},

Y = L),
H={veY:V-v=0, v-n|gpg =0},
Z = L*(Q),

D(A) = H*(Q)?’ N X,
H(A) = H*(Q)nW,

where A; = —P;A, i = 1,2 with the notation A is the Laplace operator and P; is the
L?-orthogonal projection from Y to V and from Z to W, respectively,

(u— Piu,vp) =0, YueY, wveV,
0 P0,) =0, YOeZ, eW

Define the bilinear forms a(-,-),d(-,-) and @(-,-) on X x X, X x M and W x W by

a(u,v) = Pr(Vu,Vov), d(v,q)=(¢,V-v), Yu,ve X, qeM,
a(T,v) = k(VT, Vi), VI, eW,
lllo < CollVllo, VoeX or W,
here and below, the letter C' or with its subscript denotes a generic positive constant independent

of the mesh parameter and may be different at its different occurrences.
Moreover, we define the trilinear forms for all u,v,w € X and T,¢ € W,

b(u, v, w) = ((u . V)v,w), b(u, T, ) = (u- VT, ).

As mentioned above, some assumptions on the domain  are required (see [9,11,29]).
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Assumption 2.1. Assume that the boundary of € is smooth, then the following Stokes prob-
lem:

—Av+Vg=f, V-v=0 inQ, v=0 on o0
with the function f € Y has a unique solution, it satisfies
[vll2 + llalls < Cl fllo,
and the following elliptic equation:
7A¢ =g in Qa ¢|6Q =0
with the function ¢ € Z has a unique solution ¢ € W and it holds
[6ll2 < Cllgllo-

With above notations, the variational formulation of problem (1.1) reads as: For all (v, ¢, ¢) €
X x M x W, find (u,p,T) € X x M x W such that

A((u’ T)a (Ua lﬁ)) - d(U’p) + d(ua Q) + B((ua u)a (u’ T)a (Ua ¢))
= PrRa(iT,v) + (F, (v,%)), (2.1)
where
A((u’ T)a (Ua lﬁ)) = a(ua U) + @(Ta lﬂ),

(F, (v,9)) = (f,v) + (9,9),
B((u, u), (u,T), (v, 1/))) = b(u,u,v) + b(u, T, ).

The following estimates about the linear and trilinear terms can be found in [4,9,17,24,29]:

A((u, T), (v,9)) < max{Pr,k}||(u, T)|1]|(v,9)][1, Vu,v€X, T,p €W, (2.2)
A((u, T), (u, T)) > min{ Pr, k}|| (v, T) |, VueX, TeW, (2:3)
B((ua ),(U, )a( )):_B((uau)a(waw)a(UaT))a VUE‘/, anEXa TJ/JGVVa (24)
B((u,u), (v,T), (v,T)) = VueV, wveX, TeW, (25)
|B((u,w), (u,T), v,w))!
< max{N, N}H(u,u)| 1w, T 1] (v, )1, Vu,ve X, T,peW (2.6)
with
(u, T2 = [l + IT)12,
[b(u, v,w)|
N =
wmmex TVullo][Vollo] Vaollo’
. 1b(u, T, )|
N =
wvex. Twew [Vullo VT o Vo]0
and
| B((u,w), (w, T), (v,8))| < Cu|(Aru, Avw) o]l (w, T) 1[I (v, ) o, (2.7)
VYue D(A), weX, TeW, veY, vez
|B((u, ), (w, T), (v,9))| < Coll (w, w)l|1 || (w, T |(Arw, AT)|Z (v, ), (2:8)

Vue X, weD(A), TeH(A), veY, ¢elZ
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Theorem 2.1. Under the Assumption 2.1, there exists a constant & = 203 PrRa/k such that
[ Fell
min { Pr,CgPrRa}’

[(u, T)[[x < [(Aru, A2T) o < C([|Fell-1 + [[F'l|o), (2.9)

where

F, (v,
IFloa=  sp DS
(0,0)#(v,h)EX X W Il (v, )1
Furthermore, if the parameters Pr, Ra, N, N and Cy satisfies
max{N,¢(NY 1
AR R < o,
( min {Pr, Cs PrRa})

then, the problem (2.1) has a unique solution.

O0<o=

(2.10)

Proof. Choosing v =u,q =p and 1 = £T in (2.1), using (2.3) and (2.5), one finds
min{ Pr, €k} (u, T)|1§
< A((u,T), (u,€T))
< PrRal[Tollullo + [ Fell -1 || (w, T)[lx
< Gy PrRa| T [ (u, T) |1 + || Fell -1l (w, T) |1
Thanks to the choice of £, we obtain the first inequality of (2.9).
Next, taking v = Aju € V,q =0 and ¢ = A5T in (2.1), using (2.3) and (2.8), we have
min{ Pr, k}||(Aju, AsT)||2
< A((u,T), (Alu,AgT))
< PrRal|Tlol|Arullo + [[Flol|(Aru, A2T)|lo

1 3
+ Co| (w, w) 1| (w, TH I ([ (Aru, AT
< PrRa|[Tllo|l(Avu, AT)llo + [ Flloll(Ay, 42T o
min{Pr, k} 3 4 9
_— —_— 7)1
Ly sy (el
Combining with the bounds of ||ul|; and ||(u,T)||1, we obtain (2.9).

Finally, we assume that (uy,p1,T1) and (uz, p2, T2) are the solutions of problem (2.1), then
it holds

(Aru, A2T)|1§ +

A((u1 —u9,T1 — Ts), (v, 1/1)) —d(v,p1 — p2)
+ B((u1 — ug,uy — uz), (u1, Th), (U,w))
+d(uy —u2,q) + B(('U/Q, uz), (ug — ug, Ty — Ts), (v, 1/1))
= PrRa(i(Ty — T),v). (2.11)
Taking v = uy — u2,q = p1 — pa2, ¥ = &(T1 — T) in (2.11) and using (2.3), (2.5), one finds that
min{ Pr, k|| (w1 —uz, Ty — To)|I3
< A((ug —ug, Tt — o), (u1 — w2, &(Ty — T2)))
= PrRa(i(Ty — Tz),u1 — uz)
= B((u1 — ug,uy — uz), (u1,Th), (w1 — u2,§(Ty — 12)))
< C3PrRa||Th — Toll1]|(u1 — ua, Tt — o)1
+max{N, EN}H|(ur — uz, w1 — uz)l|1[[(wr, Ty) 1]l (ur — ua, Tt — T2 1.
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With the choice of & = 2CZPrRa k™!, we arrive at

[(u1 — w2, T = T3)[lx
max{N, (N}
~ min {Pr, C’gPrRa}
max{N, (N}
= (min {Pr,C¢PrRa})?

| (ur, T[] (w1 — w2, ur —u2)l1

[Fell-all(ur — w2, ur — ug)|s.

Thanks to (2.9) and (2.10), we obtain that ||(u1 — w2, Ty — T2)||1 = 0, it means that u; = uz
and Ty = Ty. Hence, the problem (2.1) admits a unique solution. O

3. Mixed Finite Element Method

Let K, be a regular, quasi-uniform partition of the domain  with the largest element
diameter of A = hg, h1,...,hy and hg > hy > -+ > h;. The notation Kj; is the finer partition
generated from the previous partition Kjp; ,. In this paper, we choose the following finite
element spaces:

X\ ={vel’Q)’NX; vlg € PuK)* VK € K,},
My={qeC%Q)NM; q|x € PL(K), VK € K,},
Wi = {4 € COQ)NW; ¥lx € Pi(K), VK € Ky},
where
Piy(K) = {vx € C%Q);vA|x € Pi(K) @span{b}, K € K},

and b is the bubble function, P; (K) is the set of linear polynomials on the element K € K.
It is well-known that the above finite element spaces X;, and M, satisfies (see [9,29])

. d Uh, 4h
Bllgnllo < thélﬂ sup ( ) (3.1)

nonexn [Vunllo”

where $ > 0 is a constant.
Define the discrete finite element space V)

Vi = {ox € Xa; d(va,qn) =0, Var € My}
Introducing two L2—orthogona1 projections Py : Y — V) and Py : Z — W) by

(u— Pryu,vp) =0, Yuey, velV,,
(97P2A971/)h):07 VHGZ, ’l/)hEWA-
Define the discrete Stokes operator A1y = —P;xA) and the elliptic operator Aoy = —Pa) Ay,
where A is given by
(—Axdr, o) = (Vér, Vior), Von,on € Xy or Wy
k)2

with the discrete norms [|¢x||x,x = || 4,5 @allo for i =1,2, k=0,1,2.
The following projections are classical, which can be found in [4,9,24,29]:
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(1) The Stokes projection. For all (vy,qx) € X x My, find (Rx(u,p), Qxr(u,p)) € Xx x My
such that

a(u - R,\(u,p),w) - d(vkap - Q)\(U,p)) + d(u - R,\(u,p), Q)\) =0.

Then, it holds

lu = Ra(u, p)llo + A([|V (u = Ba(w,p)) [ + I = Qa(w,p)llo) < CX*([lull2 + [lpll1).  (3.2)

(2) The elliptic projection. For all ¢ € Wy, find P\T € Wy, such that
(V(PAT —T),V¢,) = 0.
Then, we have
|T — PAT|o + A|V(T — PxT) |y < OX*|T|l2, VT € H(A). (3.3)

The Galerkin mixed finite element method for problem (2.1) reads as: For all (vy, gx,¥y) €
Xy x My, x Wp, find (u,\,p,\,T)\) € Xy, x My, x Wy, such that

A((ux, Tn), (vx,¥2)) — d(va, pa) + d(ux, qx) + B((ur, un), (ux, Th), (va, ¥2))
= PrRa(iTx,vy) + (F, (ux,¥y)). (3.4)

By using the same tricks as employed in Theorem 2.1, the following results hold.

Theorem 3.1 (See [42,45]). Under the assumptions of Theorem 2.1, the problem (3.4) has
a unique solution (ux,px,Tx) and satisfies

[ Fell -1
min{Pr, C’gPrRa}’
[[(Arxux, A2aTx)llo < C([1Fell-1 + [ Flo),
lu = uxllo + 17 = Tallo + A(llw — wrlls + |7 = Talls + [l — pallo) < CA%.

[[(ux, Th)[[1 <

4. Multi-level Method Based on the Stokes Iteration

The following sections focus on the multi-level methods with different iterations. Let
Ky, Kpys - -, Kn, be the partitions of the domain €2, the finite element spaces Xp,;, M}, and
Wy, with j =0,1,...,J satisfy

(XhoaMhanho) - (XhuMhuWM) c---C (XhJ’MhJ’WhJ)‘

Firstly, we consider the multi-level method based on the Stokes iteration for problem (2.1)
(Algorithm 4.1).

Theorem 4.1. Under the assumptions of Theorem 2.1 and 0 < o < 1/8, the numerical solu-
tions up; and Ty, of problem (4.2) satisfy
_6 [F
Hl =~ . 2 )
5 min {Pr, Cs PTRa} (4.3)
1(Axnun, A2nThy)llo < C([[Fell -1 + [ F'llo)-

|| (uh]‘ ) Th]‘)
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Algorithm 4.1: Multi-Level Method Based on the Stokes Iteration.

Step I: *Solve the nonlinear problem (3.4) on a coarse mesh Kj,, i.e., for all
(Uhoaqhoawho) S Xh() X Mho X Who) ﬁnd (Uho,phO,ThO) S Xh,o X Mho X Who SuCh that

A((uhoﬂ Tho)’ (Uho ) who)) - d(Uhoapho) + d(uhoa Qho)
+ B((uhov uho)v (uhov Tho)a (vhm "/)ho))
= PrRa’(iThov Uho) + <Fa (vhoawho»' (41)

Step II: *Solve the linearized problem based on the Stokes iteration on the mesh Kj,
successively, i.e., for all (vn;,qn,,¥n;) € Xn; X My, x Wy, find
(uhj,ph].,Th].) € Xh]. X Mh]. X Whj with j =1,2,...,J such as

A((Uhj,Thj), (Uhj ) Q/th)) - d(Uhj aphj) + d(uhj ) th)
+ B((un,_y un, o), (Wny s Thy 1)y (v, Un, )
= PTRa(iThj,Uhj) + <F, (’Uhj,’l/)hj». (42)

Proof. We prove it by the mathematical induction. Based on Theorem 3.1, one knows that
(4.3) holds with j = 0. Assume that (4.3) holds with j = m — 1, we want to prove it with
Jj=m.

Choosing (Vn,, ;s @, Yhy ) = (Why s Dhons ETh,, ) in (4.2) and using (2.3), (2.5), (2.6), one finds
that

min{ Pr, Ek}|(un,,, Th,, )I[i
< A((uny, Th,y )s (nyy, €T0,,)
= PrRa(iTh,,, un,,) + (F, (un,,,ETh,,))
— B((Uhm,puhm,l)v (un,, 1+Th,, 1), (un,,, fThm))
< C3 PrRa||Th,, 11| (whys T )11+ (1 Fell 1]l (wh s Th )0
+ max{ N, ENH|(why s - )1 (s T )11 (s T )1

Thanks to the induction assumptions of ||(up Ty, 1)|l1 and 0 < o < 1/8, we have

m—17

min {Pr, CgPrRa} | (uh,, s Th, )1
36 max{N, (N}
< MFell-1 + 52— > I Fells
(mln {Pr, COPTRa})

1 38 wmadNENY ey E
25 (min {Pr, CSPrRa})

99 6
< —||Fell=1 < || Fel| -1 4.4
SR < 2Rl (4.4)
Next, taking vy, = Ain,, Uh,, ;s qh,, = 0,Vn,, = Aap,, Th,, in (4.2) and using (2.3), (2.8), one

gets

min{ Pr, k}|[(Ain,, wh,.> Azn,, Th, )3
< A((un,,> Th,,)s (Ath,, tun,, , A2, Th,, )



Milti-level iterative MFEM for Boussinesq problem

= PrRa(iTh,,, Ain,, un,, ) + (F, (An,, un,,, A2n,, Th,,))
— B((hyprs Uy ) (Unpy_y s Thyu_y)s (Atn,, i, Aon,, Thyy)

< PrRal|Th,, [lol|(A1n,, uh,, s A2n,, Th, o + (| Flloll(A1h,, by, s A2, Th,) llo

1 1
+Cs ” (uhanl ) U’hm,fl)Hl || (U’hm,fl ) ThnL71)||12 || (Alhwnfluhmfl ) AthLflThmfl)HOZ

x [[(A1n,, Un,, , A2n,, Th,, )lo-

So, we have
min{ Pr, k}||(A1n,, un,,, Asn,, Th, o
< PrRa|[Th, llo + I Fllo + Call(un, v un Dl s, T )12
5 (At tn s Azn T IIE
If
(A1, un,, > A2, Tho ) o < ALk Uk A2 The, )Mo
by the induction assumption, we get
[ (A1h,, wn, s A2n,, Tho o < C([Fell -1 + 1F]o)-
If
(A1, un,, > A2n, Tho ) o > ([(ALh Uk A2 Tha, )05
one finds that
min{ Pr, k}||(A1n,, un,, s Aan,, Th,, )llo
< PrRalTh,, lo + I Fllo + Call Gty twny, )il s T )1
XAyt At TG
< CoPrRa|[Ti, Il + 1Fllo + Cal (wn,y s un, )il Cun s Tyl
% [[(Avn,,un, Az, T )
2
S YA ([ TSI N

< P T F R

< CoPrRal il + Pl + 5
min{ Pr, k

4 PP ot A T o @5)

O

Combining (4.5) with (4.4), we complete the proof.
Theorem 4.2. Under the assumptions of Theorem 4.1, the numerical solution (up,,Th,) of
problem (4.2) on the mesh Ky, satisfies
1w = uny, T = Thy) 1+ [P = pryllo < C (b1 + hi).
Proof. For all (vp,,qny, ¥Vhy) € Xny, X Mp, X Wh,, the following error equation holds:
A((u - uhnT - Thl)? (vh1 > 1/}h1)) - d(vhl D — phl)
+ B((uv u’)ﬂ (uv T)v (vh1a1/}h1)) + d(u - uhuth)
- B((uhoa uho)a (uhoa Tho)’ (Uh1 ) "/J}n ))
= PrRa(i(T — Th,),vn, ). (4.6)
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Taking vy, = Rp, (u,p) —un,, qn, = Qn, (U, p) — Py, Y0, = S(IS;HT —Tp,) in (4.6), applying the
Stokes projection, the elliptic projection and (2.7), one finds that
min{ Pr, «Ek}H (Rh1 (u,p) — up, ﬁth — Thl) H?
< A((Rny (u,p) = wny, Pu, T = Tny ), (R, (w,p) — uny, E(Po, T — Ty )
= PrRa(i(T —Th,), Rn, (u,p) — uhl)
— B((u = ung, u — upy), (u, T), (Rn, (u,p) — uhl,é(]sth —Tr,)))
— B((uho,uho), (u—tpy, T —Thy), (Rh1 (u,p) — uhl,«f(lsth — Thl)))
< C2PrRa(|T = Py, Ty + | P, T — Th, 11)|| (R, (u, p) — wn,, Py, T — Tn,)|l;
+ C1€||(u — ung, u — upy ) |loll(Aru, AQT)HOH (Rp, (u,p) — up,, Po, T — Th,) Hl
+ CLE|| (Atho g Athotno) o]l (w = ng, T = Tho)lo|| (R (w, ) = wny, Poy T = Ty ) |-

As a consequence, thanks to the choice of £, (3.3) and Theorem 3.1, we arrive at
min { Pr, C3PrRa}||(Ru, (u,p) — wny, P, T — Th, ) ||, < C(h1 + B).

Combining the triangular inequality with the discrete inf-sup condition (3.1), we complete the
proof. O

Theorem 4.3. Under the assumptions of Theorem 4.1, the numerical solution (up,,Th,) of
problem (4.2) on the mesh Ky, satisfies

||(u — uhl,T — Th1)||0 S C(h% + hlho).
Proof. Find (9,0, p) € X x M x W for all (w,r,s) € X x M x W such that

A((¢a (P); (’LU, S)) + d(wa 9) - d(¢a T) + B((uhoa uho)’ (’LU, S)a (¢a 90))
+ B((w,w), (u,T), (¢,9)) — PrRa(is, ¢) = (F, (w,s)). (4.7)

Since (u,T) is a nonsingular solution, (¢, 0, ) exists uniquely. The assumption that the lin-
carized adjoint problem (4.7) is H%regular means that, for all F = (f,§) € L2(Q)% x L3({),
there is a solution (¢, 0, ¢) belonging to H}(Q)2 N H?*(Q)? x L(Q) N H! x H}(Q) N H?(Q) and
the following inequality holds:

1@, @)= + [16]11 < CIIEo- (4.8)

Setting F' = (u — up,, T — Tp,) and choosing (w, 7, s) = (u— up,,p — ph,» T — Tp,) in (4.7),
it gives
1w =y, T = Tyl
= A((d)a 50)7 (’LL - uhlaT - Thl)) + d(u — Uhy, 9)
+ B((uhm uho)a (u - uhlaT - Thl)a (d); 50))

- d(qﬁ,p — Phy) + B((u — Upy, U — Up,y ), (U’T)’ (¢a (P))
— PrRa(i(T —Th,). ¢).
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Taking into account the error equation (4.6) and choosing (vp,, gn,, ¥n,) € Xp, X Mp, X W,

we have

[(w = uny, T — Tyl
= A((u —un,, T = Thy)s (& = vny s — Uny))
+d(u —un,, 0 — qn,) — d(¢ — vn,, P — Phy)
+ B((ung, uny), (4 = tng, T = Thy ), (¢ — vy, @ — thn,))
+ B((u — ung, u — uny), (u, T), (¢ — vny 0 — Un,))
— PrRa(i(T —Th,), ¢ — vhl)
+ B((thy; uho ), (Ung = Unys Tho — Thy), (05 9))

Term I
+ B((uho — Uhy, Uhg — uhl)? (ua T)a (d)a 50)) .
Term I1
Using (2.4) and (2.7), introducing
_ 1 /
X =157 | xdz,
12[ Jo

which is the averages of x on the domain 2, one finds

| B((thos tng), (tng — tny, Thg — Thy), (6,0)) |
= | = B((tng tuno ), (¢, 0), (tng — tuny, Thy — Th,))|
= | = (tno - V(¢ — @), uny — un,) — (tng - V(o = B), Thy — Th,) |
= | = B((tng, tny), (¢ — &, 0 = B), (ung — ny, Thy — Thy))|
< Cill(ngs uno)2ll(¢ = &0 = D)ol (wno — s Tho — Thy)
< Chi([[(ung =, Thg = T)|l1 + (v = wny, T=T3,) 1) [1(8, )12
< C(hi+hiho) (4, 9)]2-

Similarly, we have

‘B((uho — Uhy, Uhg — uh1)a (ua T)’ (¢a (P))’
< Cill(e, @)ll2ll (w =, T = T)lloll (ung — s Tho — Thy )11
< C(h% + hlhO)H((bv )l

Taking vy, = In, ¢, qn, = Un,0,0n, = Jp, o with Iy, Il and Jy,, j = 1,2,... are the standard

interpolations in Xp,, My, and Wy, , respectively (see [4,9,29]), it holds that

H(u _uhl’T_Thl)Hg
< max{Pr, k}|(u—un,, T = Tp,)[1[[(¢ = Tn b0 — T )1

+ [lu = un, 11110 = T, Ollo + [lp = pas lloll¢ — In, @lls + PrRal|(T = Th,, ¢ — In, ¢)llo

+ C1[(A1hoUng s Atnono) o]l (w — Ung, T — Tho)llo|l(¢ — In, &, 0 — Jn, 0)[11
+ C1|(u = ung, u — ung [lo| (w, T)|2]|(¢ — Vnys 0 — i) 11 + C (AT + hiho) ||(8, @) |2

< C(hi + hiho)(l(¢: )12 + [101]1).

With the help of (4.8) and the choice of F , we complete the proof.
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Remark 4.1. From Theorem 4.2, one knows that the convergence rates of numerical solutions
in H'-norm of two-level method have the same accuracy as the mesh sizes satisfy hy = h3.
Taking hg = v/h1 in mind, we obtain the L?-error estimates of numerical solutions wuy, and T},
from Theorem 4.3, i.e.
3
||(u —up,, T — Thl)HO < Chf

Theorem 4.4. Under the assumptions of Theorem 4.1, the numerical solution (Upny,Dhy, Thy)
of problem (4.2) on the mesh Ky, satisfies

3 3
[(w = wny T = Tiy) 11 + [lp = Prollo < C(ha +hi) =~ Cha, ha = O(h7), (4.10)
3

H(u - uhz,T — Thz)HO S C(hg + h2h1) ~ Ch;, hg = O(h%)

Proof. For j = 2 and all (vhy,Ghy,¥hy) € Xpy X Mp, X Wh,, the following error equation
holds:
A((u - uth - Thz)a (’thw}w)) - d(vhwp _ph2)
+ B((U — Upy, U — uh1)a (U, T)a (’thal/]hz))

+ d(u — Uhy, qh2) + B((uhl ) uhl)a (uiuhl ) TﬁThl)a (’th ) ’l/)h2))
= PrRa(i(T — Th,), vn,). (4.11)

Taking vp, = Rp, (4, D) — Uhy, @y = Qny(UyD) — Dhyy ¥hy = 5(]3h2T — Th,) in (4.11), applying
the Stokes projection, the elliptic projection and (2.7), one finds that
min{ Pr, «Ek}H (Rh2 (u,p) — uhZ,ﬁhzT — Thz) H?
< A((Bpy (u,p) — nys Py T — Thy) s (R (w4, p) — ung, €(P, T — Thy)))
= PrRa(i(T —Th,), Rn, (u,p) — uhZ)
= B((u = uny,u—up,), (w, T), (Rn, (u,p) — uhz,é(ﬁmT —Thy)))
— B((uhl,uhl), (u—up,, T —Th,), (Rh2 (u,p) — uhZ,«f(IShQT — Thg)))
< C2PrRa(||T — Po,T|1 + || Pu, T — Ty ll1) || (Riy (i, p) — Uhy, Py T — Th,)||;
+ C1€]|(u — uny s u— upy) ol (Aru, A2T) [lo]| (Ras (w, p) — ny, Pr, T — Thy ) |
+ Co&||(Arnytny s Arnyun,) ol (= wny s T = Ty o] (Rha (4, 0) = wnys Pr, T = Th) |-

As a consequence, with the choice of £, (3.3) and Theorems 3.1, 4.2 and 4.3, we arrive at

min { Pr,Ci PrRa}||(Rp, (u,p) — up,, Po, T — Th,)||, < C(ha + hlg)

Thanks to the triangular inequality and the discrete inf-sup condition (3.1), we obtain (4.10).
Next, choosing F' = (u — up,, T — Th,) and (w,r,8) = (4 — Uy, D — Phys T — Thy) in (4.7)
and replacing up, with up,, it gives
1(u = ny, T — Ty Il
= A((d)a 50)7 (’LL - uhzaT - Thz)) + d(u — Uhg, 9)

+ B((uhlauhl)(u - uh27T - Th2)(¢a 50))

- d(¢,p — Phy) + B((u — Upys U — Upy ), (U’T)’ (¢a (P))

— PrRa(i(T — Th,), ¢).
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Combining the error equation (4.11) with the choice of (vn,, qn,, ¥n,) and (4.9), we obtain

[(w = wny, T = Tiy) Il
= A((u—uny, T = Thy), (¢ — Uy 0 — Uny))
+ d(u — uny, 0 — qn,) — d(¢ — Vnyy P — Phsy)
+ B((uny s uny ), (w0 —upy, T —=Th,), (¢ = Ony, @ — thny))
+B((u7uhl,u—uhl),(u,T),((b—vhz,gp—whz))
—PrRa(i(T—Thz),qb—th)
+ B((uny» un, ), (tn, — tny, Tny = Thy), (6, 9))
+ B((uh1 — Uphy, Upy — Upy ), (u, T), (b, gp))
< C(ha + haha) (16 @)ll2 + 116]]1)-

With the help of (4.8), we complete the proof. O

Thanks to the relationship of h; = hﬁ 1 with j > 3, by the same techniques as used in The-
orems 4.2-4.4, we obtain the following convergence results of numerical solution (un;,px,, Th;)
in the multi-level method based on the Stokes iteration.

Theorem 4.5. Under the assumptions of Theorem 4.1, the numerical solution (un,,pn;, Th;)
of problem (4.2) on the mesh Kp, satisfies

“ Wl

(
(R

5. Multi-level Method Based on the Oseen Iteration

1w = un,, T =T )l + I = pa, llo < C(hy + R
H(u - ’U,h].,T - Thj)”O S C(hj + hjhjfl) Ch2

1) = Ch;,

o

O(h
(@)

3
hioa),
2
Jj—

)

This section considers the multi-level method based on the Oseen iteration for problem (2.1)
(Algorithm 5.1).

Theorem 5.1. Under the assumptions of Theorem 2.1, the numerical solutions up; and Ty, of

problem (5.1) satisfy
[ Fell -1

min {Pr, C’gPrRa} ’ (5.2)
1(Axnun, A2nThy)llo < C([[Fell -1 + [ F'llo)-

||(uhj7Thj)H1 <

Algorithm 5.1: Multi-level Method Based on the Oseen Iteration.
Step I *Find (ung, Phos The) € Xny X Mpy X Wi, by (4.1).
Step II: *Solve the linearized problem based on the Oseen iteration on K7,
successively, i.e., for all (vn;,qn,,¥n;) € Xn;, X My, x Wy, find
(un, sy Th;) € Xp; X My, x Wy, with j =1,2,...,J such as

A((un;, Thy)s (ngs ¥n;)) = d(ony, phy) + d(ung, gn;)
+ B((uh]‘—l ) uh]‘—l)a (uh]‘ ) Th]‘)a (vh]‘ ) Z/th ))
= P?‘Ra(’iThj,Uhj) + (F, (Uhj7wh]‘)>' (5.1)
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Proof. We prove it by the mathematical induction. From Theorem 3.1, one knows that (5.2)
holds with j = 0. Assume that (5.2) holds with j = m — 1, we prove it with j = m.
Choosing (vp,, , qh,,, Yh,,) = (Uh,, s Ph,,sETh,,) in (5.1) and using (2.3), (2.5), (2.6), one finds
that
min{ Pr, €k} (un,,, Th,,)|I?
< A((un,., Tn,,.), (un,,,£Th,,))
= PrRa(iThm,uhm) + <F, (uhm,fThm»
< CiPrRa|Th,, |1/l (un,,, Tn, )t + I Fell -1l (s Do)l

With the choice of £, we have
min { Pr, C3PrRa}||(un,,, Tn,.)|l1 < [|Fel|-1- (5.3)

Next, taking vy, = Aip,, Un,,,qh,, = 0,0, = Asp, Th,, in (5.1) and using (2.3), (2.8), one
gets

min{ Pr, k}|(Avn,, un,,, A2n,, T, I3
< A((unpsTh,n), (Ath,, by, A2n, Th,)
= PrRa(iTh,,, Ain,, un,,) + (F, (A1n,, un,,, A2n,, Th,,))
= B((Uhp_y s Uhy)s Whis Tho)s (Atho, Wnon s A2y, Th)
< PrRal||Th,, lloll (An,, un,., A2n,, Tho)llo + 1F llol| (Avn,, sy A2n,, Thi o

1 3
+ Col|(Whpy 1 s Wh— )1 (U s Th,)NIT [ (Athy, Uy, s A2k, T ) -
As a consequence, we have
min{Pr’ k} H (Alhwnuhm, ? A2hm Thrw ) ||0

< PrRa||Th,, llo + [Fllo + Call(ny, v s n )1l (Wny s T ) IE | (Atn,, v s A2n, T, )1l

CQ
< CoPrRa|[Th,, [+ + [ Fllo + m||(Uhm,pUhmfl)llfl\(Uhm,Thm)lll
min{ Pr, k
+ %H(Alhmuhmv A2hmThm)”0- (54)
Combining (5.4) with (5.3), we complete the proof. O

Theorem 5.2. Under the assumptions of Theorem 5.1, the numerical solution (up,,Th,) of
problem (5.1) on the mesh Kp, satisfies

[(w = uny, T = Thy) 1+ [P = pryllo < C (b1 + hi).
Proof. For all (vp,,qn,, Yn,) € Xn, X Mp, x Wp,, the following error equation holds:

A((u =y, T = Thy), (Vi Y1y ) — Ay, = Diy)
+ B((u, w), (u, T), (vhl,i/)hl)) +d(u— up,, qn,)
— B((uhg, uno)s (nys Ty ), (Vs ¥y )
= PrRa(i(T — Th,),vn, ). (5.5)



Milti-level iterative MFEM for Boussinesq problem 15

Taking vy, = Rp, (u,p) —un,, qn, = Qn, (U, p) — Py, Y0, = S(IS;HT —Tp,) in (5.5), applying the
Stokes projection, the elliptic projection, (2.5) and (2.7), one finds that
min{ Pr, fk:}” (Rh1 (u,p) — up,, ﬁth — Thl) Hi
< A((Rny (u,p) — tuny, Py T — Thy), (Ray (u, p) — iy, €(Pay T — Thy)))
= PrRa(i(T — Ty, ), Rn, (u,p) — un,)
— B((u — ung, u — up,), (u,T), (Rhl(u,p) — uhl,f(ﬁth — Thl)))
— B((ung> ung), (w = un,, T = Th,), (Rn, (u,p) = un,, E(Pu, T = Th,)))
< C2PrRa(|T — Py, Ty + || P, T — T 10| (Rn, (u, p) — wn, , P, T — Th) ||,
+ C1&||(u — ung, u — upy ) |lol| (A1, AQT)HOH (R, (u,p) — Up,, Po, T — Th,) Hl
+ C1E||(Athgng, Athgtng) lo]| (w = Ra, (u,p), T — P, T)||,

X ||(Rh1(uap) - uhu]sth - Thl)Hl'

As a consequence, with the choice of &, (3.3) and Theorem 3.1, we have
min { Pr, Cj PrRa} | (R, (u,p) — wp,, Po, T — Th,) Hl < C(h§ + ).

Thanks to the triangular inequality and the discrete inf-sup condition (3.1), we complete the
proof. O

Theorem 5.3. Under the assumptions of Theorem 5.1, the numerical solution (up,,Th,) of
problem (5.1) on the mesh Ky, satisfies

[(w = uny, T = Thy)llo < C(hF + hiho).

Proof. Setting F = (u—up,, T —Tp,) and (w,r,s8) = (v —up,,p — Phy, T — Th,) in (4.7), it
holds
1(w = uny, T = Thy) Il
= A((qﬁ, (p), (u — uhl,T — Thl)) — d(u — uhl,e)
+ B((uhoa uho)a (u —up,, T — Thl)a (¢a 90))

+ d(d);p 7ph1) + B((u — Upy, U — uhl)a (’U,,T), (¢7 90))
— PrRa(i(T — Tp,), ¢).

Using the error equation (5.5), we have

(= uny, T = Tny) I
= A((u—uny, T = Th,), (¢ = Vny, 0 — ¥ny))
+d(u —un,,0 — qn,) — d(¢ — vn,, P — Pny)
+ B((tng, ) (u—un,, T —Thy), (¢ — vny, 0 — Pn,))
+ B((t = ung, u — uny), (u, T), (¢ — vny 0 — Un,)
— PrRa(i(T — Tp,), ¢ — vn,)
+ B((thy = Uhy s Ung — Uy ), (w0, T), (0,9)).
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By employing the same techniques as used in Theorem 4.3 and choosing

(Uhu(Ihlﬂ/)hl) = (Ih1¢v Hh197 Jhlcp) € Xhl X Mhl X Wh17

we obtain
(= un,, T =T, II5 < C(hT + haho) ((8,9)ll2 + [10]]1)-

With the help of (4.8) and F = (u — u,, T — Ty, ), we complete the proof. O

With the relationship of h; = h?_l as j > 2, by the same techniques as used in Theorems 4.4,
the following convergence results of multi-level method based on the Oseen iteration hold.

Theorem 5.4. Under the assumptions of Theorem 5.1, the numerical solution (un;,pn;,Th;)

of problem (5.1) on the mesh K, satisfies

53

1),
).

(

=y, T = Th,)llo < C(h2 + hshy 1) = Chi, =0l

—1

S

[(w—wn;, T = Tn))lls + [lp — pallo < C(hy +h

N Soow

[N

)":Chj, hj O(h
h; =O(h

<

6. Multi-level Method Based on the Newton Iteration

In this section, we consider the multi-level method based on the Newton iteration for problem

(2.1) (Algorithm 6.1).
Theorem 6.1. Under the assumptions of Theorem 2.1 and 0 < o < 1/7, the numerical solu-

tions up; and Ty,; of problem (6.1) satisfy

Fell—
un, Ty < 2 AFelr
3 min {Pr, Cs PrRa} 6.2)

[ (Arnun,, A2nTh;)llo < C([[Fell -1 + [|1F]lo)-

Proof. We prove it by the mathematical induction. From Theorem 3.1, one knows that (6.2)
holds with j = 0. Assume that (6.2) holds with j = m — 1, we prove it with j = m.

Algorithm 6.1: Multi-level Method Based on the Newton Iteration.

Step I *Find (uny, Pho» The) € Xno X Mpy X Wiy by (4.1).

Step II: *Solve the linearized problem based on the Newton iteration on the mesh K h;
successively, i.e., for all (vn;,qn,,¥n;) € Xn; X My, x Wy, find
(uhj,ph].,Th].) € Xh]. X Mh]. X Whj with j =1,2,...,J such as

A((un, Th,), (vn,¥n,)) — d(vn,, ph;)
+ B((uh%l sty ), (Ungs Thy), (n; why))
+ d(un,, qn;) + B((un,, Th, ), (Wh,_, s tn; ), (Vn,, ¥n,))
= PrRa(iTh;,vn;) + (F, (vn,, ¥n,))

+ B((un,_y un, )y (Wn, s un, )y (Vhy ¥n;))- (6.1)
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Choosing (vn,, , Gh,, s Yh,, ) = (Uh,, s Dhy» €T, ) in (6.1) and using (2.3), (2.5), (2.6), one gets

min{ Pr, Ek}H|(un,,, Th, )T < A((un, s Thoo)s (U, €T0,,))
= PrRa(iTh,,, un,,) + B((uhmf1 vUhy 1)y (Whe oy Th ), (uhm,fThm))
+(F, (uny s €Th,,)) = B((Uhys Thon )y (s Thi o), (Why s €T,y )
< C3PrRa|Th,, |11 || (un,, Th, )l +max{N,EN} [ (un,, s un, )31 (Whs Tho )l
+ 1 Fell -1l (wnps T, )l + max{ N, EN Y| (wn, s whp )1 | (Wt T [17-

Thanks to the condition 0 < ¢ < 1/7 and the choice of £ = 202 PrRak ™, we have

1
min { Pr, CPrRa} (1 - ?) [ (s T )1

< min {Pr,C{PrRa}(1 — o)||(un,,, Th,.) |1
max{N, (N}
min{ Pr,Cg PrRa}
< || Fell-1 + max{N, N} (un,,_y, un, )17
2% max{N,EN}|F)l

< |Fell-1 + — Fel|—-
1Fell-1 + (min{Pr,C&PrRa})QH el

25 1 88
< |14+ — X = |||Fe|lo1 = =|| Fel| -1- 6.3
< (145 % 3 ) IRl = IR (6.3

< min {Pr, C2PrRa) (1 - ||(uhm1,uhml>||1) s Tl

As a consequence, we obtain the bounds of numerical solutions wuy,, and T}, in the H'-norm.
Next, taking vy, = Aip,, Un,,,qh,, = 0,0, = Aap, Th,, in (6.1) and using (2.3), (2.8), one
has
win{ Pr, k}||(Ain,, wn,.» Aon, Tn,)lo < A((un,,, Tn,)s (Ain,, un,. Asn,, Th,,))
= PrRa(iTy,,, Ain,, un,,) — B((tn,, _,,un,,_,), (Wh,, Th,,), (Ain,, tn,,, Aon,, Th,,))
+ (F, (Ain,, un,,, Aon,, Th,,)) — B((tn,,, Th,), W,y Un,_y)s (Ah,, n,, , A2, Th,,))
+ B((uhm71 ’ uhm71)7 (uhm71 ) Thmfl)ﬂ (Alhm Uh,, 5 A2hmThm))
1 3
+ 20 [ (w5 ) [y s T 1T 1 (At Whi s Ao T )l
3 1
+ Col[ (W s Whe DT 1 (Ath oy W1 A2ney Tho )6 [ (Arh, sy s A2ny, Ty ) o
As a consequence, we have
min{Pr’ k} || (Alhmuhwﬂ A2hm Thm)HO
< PrRal||Th,,[lo + [|F'[|o
1 1
+2Ca || (Uhy 1 Who— ) 11 [ (Wr s T, ) IF | (At s A2ny, T, )G

3 1
+ CQH(uhanl ) uhanl)le ||(A1h7n71uh7n71’AthLflThmfl)”g'

If
I (A1n,, uh,, s A2np, Ty Mo < 1(Athy,Uhy 15 A2 Thi, o) 05

by the induction assumption, we get

| (A1n,, Uh, s A2n, Tho)llo < C(1F[Jo + || Fell-1)-
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If
| (A1h,, s A2n, Tho )Mo > [(Ath,, Uk, s A2hy 1 Thy, o) 0

by the Cauchy inequality, we have

min{ Pr, k} || (Ain,, vn,, > A2n,, Th,, )llo

m )

02
< CoPrRa||Th,, |1 + |Fllo + ——2——|

3
min{Pr, k} (U’hm,fl ) U’hm,fl)Hl

L T T o)
min{Pr,k} hm—1y Yhm 1)1 hjsLhj)lll
min{ Pr, k
AL AR 0 (6.4

Combining (6.4) with (6.3), we complete the proof.

Theorem 6.2. Under the assumptions of Theorem 6.1, the numerical solution (up,,Th,) of
problem (6.1) on the mesh Ky, satisfies

= s T =Tl + 19 = P o < C (ks +B3).
Proof. For all (vp,,qny, ¥Vhy) € Xy X Mp, X Wh,, the following error equation holds:

A((u—=un,, T = Th,), (Vny s ¥n,)) — d(Vn, ;0 — Dhy)
+ B((u, w), (u, T), (vp, ’L/Jhl))
+d(u—un,, qn,) — B((Uhgs uno )s (Wnys Thy)s (Vhy s ¥n,))
= B((uny, Thy), (g ny ), (Vhys ¥, )
= PrRa(i(T — Th,),vn,) — B((who, uno)s (Whos Tho)s (Vnys ¥y ))- (6.5)
Taking vy, = Rp, (u,p) —un,, qn, = Qn, (U, p) — Phy,¥n, = 5(15th —Tp,) in (6.5), applying the
Stokes projection, the elliptic projection, (2.5) and (2.7), one finds that
min{ Pr, «Ek}H (Rh1 (u,p) — up,, ﬁth — Thl) H?
< A((Rhl(u,p) — uhl,?th — Thl), (Rhl(u,p) — uhl,é(];th — Thl)))
= PTRa(Z'(T —Th,), Rn, (u,p) — uhl)
— B((u — Uy, U — Upy )y (Ung, Thy),s (Rh1 (u,p) — uhl,«f(lsth — Thl)))
— B((tngs uno ), (u — Rpy (u,p), T — Py, T), (R (u, p) — uny, €(Pry T — Thy)))
— B((u — Upyy U — Upy )y (U — Upgy, T — Thy ), (Rh1 (u,p) — uhl,«f(lsth — Thl)))
< C3PrRa(|T — Py, T|1 + | Pu, T — Ty |10 (Rny (w, ) — tny, Py T — Thy) I
+ max{N, EN}H|(u — uny , u — w1 | (wno Tho) 11| (Bny (w, p) — wnys Puy T — Ty ) ||
+max{N, EN}H|(ung, Tho) 11| (w = B, (u, p), T — Py, T)||,
|| (Rp, (u, p) — unys Py T — Th, IiA
+ max{N, ENH|(u — ung, u — wn) |1 (w — wny, T = Tho )11
X H (Rh1 (u,p) — uhl,ﬁth — Thl) Hl
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As a consequence, with the choice of £, (3.3) and Theorem 6.1, we arrive at

min { Pr, COQPrRa}H(Rhl(u,p) Un,, Pu, T — T, H1 < C(h1+h).

Thanks to the triangular inequality and the discrete inf-sup condition (3.1), we complete the
proof. O

Theorem 6.3. Under the assumptions of Theorem 6.1, the numerical solution (up,,Th,) of
problem (6.1) on the mesh Kp, satisfies

l(w =y, T = Thy)llo < C(hi + hah§ + hi).

Proof. Setting F = (u—up,, T —Tp,) and (w,r,s) = (v —up,,p — Phy, T — Th,) in (4.7), it
holds
[(w = uny, T = Thy) I
= A((qﬁ, (p), (u — uhl,T — Thl)) — d(u — uhl,e)
+ B((uho’ uho)a (u - uhnT - Thl)(¢a (P))

+ d(d);p 7ph1) + B((u — Upy, U — uhl)a (’U,,T), (¢7 @))
— PrRa(i(T — Tp,), ¢).

Using the error equation (6.5) and choosing (vp,, Ghy, ¥n,) € Xp, X Mp, x Wp,, we have

H(u —up,, T — Thl)”%
= A((u - uhuT - Th1)a (¢ —Vhyy P — w}u))
+ d(u - Uh1,9 - th) - d(d) — Uhy» P 7ph1)
— PTRa(Z'(T —Th,), ¢ — vhl)
+ B((uho’uho)’ (u —up,, T — Th1)a (¢ — Vhyy @ — w}u))
+ B((u = Upy, U — uh1)a (u - UhO,T - Tho)a (¢a (P))
+ B((u — Uh,y, U — uhl)? (uhoaTho)v (¢ —Uhy, P — 1/1h1))
+B((u7uhoﬂu7uho)v(u7uh07T7Th0) ( — Uhy, P — ’l/)hl))
_B((u_uhoau_uho)’(u_uho’T_Tho)a(¢a )
Using (2.6), (2.7) and Theorem 6.1 and choosing (vn,, qh,, ¥n,) = (In, &, p, 0, Jn, @), we obtain
1w = uny, T = Ty lg < C (AT + hahig + h5) ([1(¢, @)ll2 + [10]11)-
With the help of (4.8) and F = (u — up,, T — T, ), we complete the proof. O

By the relationship of h; = hﬁ 1 with j > 2 and the same techniques as used in Theorems 6.2
and 6.3, the following convergence results of multi-level method based on the Newton iteration
hold.

Theorem 6.4. Under the assumptions of Theorem 6.1, the numerical solution (un,,pn;,Th;)
of problem (6.1) on the mesh K}, satisfies

[(w—wun;, T =TIl + Ip — pn,llo < C(hy + h3_) ~ Chy,
)~ Ch

)

Sl

H(ufuhjvTiThj)HO < C(h? +hjh2 1 +hg 1
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7. Numerical Examples

In this section, we present some numerical results to verify the established theoretical find-
ings and show the performances of the considered numerical methods. The stable MINI element
is used to approximate the velocity and pressure, and the linear polynomial is adopted for the
temperature field.

7.1. Convergence validation with the analytical solution

In this test, our purpose is to verify the theoretical findings which have been established in
Sections 4-6 by setting the physical parameters Pr = 10, Ra = k = 1. The body forces f and g
are given by the following exact solution:

102%(z — 1)%y(y — 1)(2y — 1),
uy = —102(x — 1)(22 — 1)y*(y — 1),
p=10(2z —1)(2y 1),
T =10z(z — 1)y(y — 1) (z(z = )2y — 1) = 2z — Dy(y — 1)).
Case 1. The domain Q = [0,1]2.
Firstly, we test the numerical examples in a square area €2, the regular partitions of {2 into

the triangles. Table 7.1 presents the numerical results obtained by the standard Galerkin FEM
(3.4) for the Boussinesq equations with different mesh sizes. From these data, one can see

Uy

that the relative errors of numerical approximations become smaller and smaller as mesh size
decreases, and the convergence rates of numerical solutions are all optimal, i.e., the convergence
orders of velocity and temperature in L?- and H'-norms are 2 and 1, respectively.

Table 7.1: The numerical results of Galerkin method in the square area.

% ||u||;|1|?”0 ug rate HV(|1|LV;|1|ZL)||O s rate | L2 |@)ﬁ:|\o P
9 0.091458 0.308605 0.017019

16 0.0288694 2.00412 0.16828 1.054 0.00652057 1.66741
25 0.0117372 2.01669 0.106371 1.02781 0.00311878 1.65257
36 0.0056304 2.01452 0.0734391 1.01599 0.0017355 1.60744
49 0.00302826 2.01165 0.0537846 1.01027 0.00106754 1.5762
64 | 0.00177069 2.00933 0.0411003 1.00715 0.000704521 1.55616
81 | 0.00110347 2.00757 0.0324339 1.00528 0.0004898 1.54318
% % T2 rate W Ty rate | CPU time (S)

9 0.0547535 0.236979 0.283

16 0.0175445 1.97806 0.134454 0.985032 0.845

25 | 0.00721297 1.99167 0.0862612 0.994518 2.329

36 | 0.00348324 1.99625 0.0599569 0.997562 4.474

49 0.00188128 1.99808 0.0440668 0.998758 8.196

64 | 0.00110309 1.99892 0.0337449 0.999303 14.701

81 | 0.000688758 | 1.99935 0.0266653 0.999579 23.324
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Next, we show the performances of the multi-level methods (4.2), (5.1) and (6.1) based
on different iterations. Tables 7.2-7.7 give the numerical results of two-level and three-level

Table 7.2: The numerical results of two level method based on Stokes iteration in the square area.

Table 7.3: The

1 1 u — unlo V(u —un)llo — Prllo

h_o h_l % ur2 rate w w1 rate % pr2 rate
3 0.0915525 0.308613 0.0170149

4 16 | 0.0289074 2.00363 0.168281 1.05403 0.00652094 1.66689
5 25 | 0.0117525 2.01671 0.106371 1.02782 0.00312069 1.65133
6 36 | 0.0056421 2.01240 0.0734393 1.01599 0.00173775 1.60557
7 49 | 0.00303644 | 2.00963 0.0537847 1.01028 0.00106978 1.57359
8 64 | 0.00177652 | 2.00712 0.0411003 1.00715 0.000706652 1.55271
9 81 | 0.0011078 2.00489 0.032434 1.00528 0.000491787 1.53882
hio hil % Tp2 rate W Ty rate | CPU time (S)

3 9 0.0548016 0.23699 0.135

4 16 | 0.0176269 1.97143 0.134463 0.984984 0.338

5 25 | 0.00730068 1.9751 0.0862683 0.994493 0.744

6 36 | 0.00357811 1.9557 0.0599623 0.997537 1.473

7 49 | 0.00197963 | 1.91996 0.0440711 0.998741 2.718

8 64 | 0.00120308 | 1.86482 0.0337483 0.999289 4.760

9 81 | 0.00078824 | 1.79498 0.026668 0.99957 7.720

numerical results of two level method based on Oseen iteration in the square area.

1 1 u — upllo V(u — un)llo — Prllo

h_o h_1 W ur2 rate w U1 rate % pr2 rate
3 0.0914539 0.30861 0.0170191

4 16 0.0288694 2.00404 0.168281 1.05402 0.00652126 1.66723
5 25 0.0117386 2.01641 0.106371 1.02781 0.00311958 1.65223
6 36 | 0.00563519 2.01252 0.0734392 1.01599 0.00173627 1.60694
7 49 | 0.00303238 2.00999 0.0537847 1.01027 0.00106821 1.57558
8 64 | 0.00177396 2.00753 0.0411003 1.00715 0.000705125 1.55531
9 81 | 0.00110608 2.00533 0.032434 1.00528 0.000490343 1.54211
h_lo h% 7HTH;ﬁ;hHO T2 rate 7HV(HTV;ﬁ;h)HO Ty rate | CPU time (S)

3 16 0.0547355 0.236985 0.141

4 16 0.017583 1.97367 0.134459 0.985002 0.339

5 25 | 0.00725586 1.98331 0.086265 0.994512 0.779

6 36 0.0035306 1.97547 0.0599597 0.997554 1.559

7 49 | 0.00193031 1.95843 0.0440689 0.998754 2.868

8 64 | 0.00115306 1.92936 0.0337466 0.999299 5.026

9 81 | 0.000738644 | 1.89059 0.0266666 0.999577 8.012
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Table 7.4: The numerical results of two level method based on Newton iteration in the square area.

Lo L lemwlo | e | IV —wlo e | e menllo | e
ho | llullo Vullo IPllo

3 0.0914034 0.308608 0.0170210

4 16 0.0288298 2.00546 0.168280 1.05402 0.0065216 1.66734
5 25 0.0117208 2.01675 0.106371 1.02781 0.0031192 1.65262
6 36 0.0056235 2.01404 0.0734391 1.01599 0.00173568 1.60754
7 49 0.0030247 2.01147 0.0537846 1.01027 0.00106762 1.57626
8 64 0.0017686 2.00927 0.0411003 1.00715 0.000704564 1.55622
9 81 0.0011022 2.00754 0.0324339 1.00528 0.000489825 1.54323
hio hil % T} 2 rate W Ty rate | CPU time (S)

3 9 0.0547085 0.23698 0.16

4 16 0.017533 1.97777 0.134454 0.985034 0.408

5 25 | 0.00720796 | 1.99176 0.0862613 0.994522 0.942

6 36 | 0.00348082 | 1.99625 0.0599569 0.997564 1.89

7 49 | 0.00187997 | 1.99809 0.0440668 0.998759 3.412

8 64 | 0.00110233 | 1.99888 0.033745 0.999304 6.482

9 81 | 0.00068829 | 1.99932 0.0266653 0.999579 9.606

Table 7.5: The numerical results of three level method based on Stokes iteration in the square area.

hio hil hi2 W ur2 rate W w1 rate % pr2 rate
2 3 0.0915524 0.308613 0.0170149

2 4 16 0.0289073 2.00363 0.168281 1.05403 0.00652094 1.66689
2 5 25 0.0117523 2.01673 0.106371 1.02782 0.00312069 1.65133
2 6 36 | 0.00564201 2.01241 0.0734393 1.01599 0.00173775 1.60557
2 7 49 | 0.00303636 2.00966 0.0537847 1.01028 0.00106978 1.57358
2 8 64 | 0.00177645 2.00718 0.0411003 1.00715 0.000706654 1.5527
3 9 81 0.00110772 2.00499 0.032434 1.00528 0.000491789 1.53881
hio hil h_12 % T2 rate W T rate | CPU time (S)

2 3 9 0.054801 0.23699 0.111

2 4 16 0.017625 1.97161 0.134463 0.984984 0.295

2 5 25 | 0.00729733 1.97588 0.0862683 0.994493 0.674

2 6 36 | 0.00357371 1.95781 0.0599624 0.997537 1.445

2 7 49 | 0.00197452 1.92435 0.0440711 0.998741 2.979

2 8 64 | 0.00119761 1.8722 0.0337483 0.999289 4.220

3 9 81 | 0.000782636 | 1.80594 0.026668 0.999569 6.897

methods. From these data, one can see that the convergence rates of various numerical solutions
are all optimal in the considered numerical schemes. While the multi-level method based on
the Stokes iteration costs the least CPU time, and the multi-level method based on the Newton
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Table 7.6: The numerical results of three level method based on Oseen iteration in the square area.

L L o | e | IVl | e | 2= ele ke
ho | b | he llullo Vullo Ipllo

2 3 0.0914538 0.30861 0.0170191

2 4 16 0.0288693 2.00404 0.168281 1.05402 0.00652126 1.66724
2 5 25 0.0117386 2.01642 0.106371 1.02781 0.00311958 1.65223
2 6 36 | 0.00563515 2.01253 0.0734392 1.01599 0.00173627 1.60695
2 7 49 | 0.00303236 2.00999 0.0537847 1.01027 0.00106821 1.57558
2 8 64 0.00177394 2.00754 0.0411003 1.00715 0.00070512 1.55533
3 9 81 0.00110607 2.00534 0.032434 1.00528 0.000490338 1.54213
hio hil }%2 % T2 rate W Ty rate | CPU time (S)

2 3 9 0.0547355 0.236985 0.12

2 4 16 0.017583 1.97367 0.134459 0.985001 0.331

2 5 25 | 0.00725578 1.98333 0.0862649 0.994512 0.723

2 6 36 | 0.00353046 1.97555 0.0599597 0.997554 1.491

2 7 49 0.00193011 1.95864 0.0440689 0.998754 2.662

2 8 64 0.00115275 1.92997 0.0337466 0.9993 4.665

3 9 81 | 0.000738266 | 1.89163 0.0266666 0.999578 7.768

Table 7.7: The numerical results of three level method based on Newton iteration in the square area.

1 1 1 u — up|o V(u —un)lo — Pnllo

h_o h_1 h—2 7H llo I ur2 rate 7H (||Vu||0 i U1 rate 7”17”])'1‘70 I pr2 rate
2 3 0.0914034 0.308608 0.017021

2 4 16 0.0288298 2.00547 0.16828 1.05402 0.00652161 1.66734
2 5 25 0.0117207 2.01675 0.106371 1.02781 0.0031192 1.65262
2 6 36 | 0.00562351 2.01403 0.0734391 1.01599 0.00173568 1.60754
2 7 49 | 0.00302471 2.01148 0.0537846 1.01027 0.00106762 1.57626
2 8 64 | 0.00176864 2.00928 0.0411003 1.00715 0.000704564 1.55622
3 9 81 | 0.00110219 2.00755 0.0324339 1.00528 0.000489825 1.54323
hio hil h_12 % T2 rate W T rate | CPU time (S)

2 3 9 0.0547079 0.23698 0.147

2 4 16 0.0175322 1.97783 0.134454 0.985034 0.381

2 5 25 | 0.00720711 1.99192 0.0862613 0.994522 0.855

2 6 36 | 0.00348003 1.99655 0.0599569 0.997564 1.751

2 7 49 | 0.00187931 1.99848 0.0440668 0.998759 3.131

2 8 64 | 0.00110178 1.99946 0.033745 0.999304 5.592

3 9 81 | 0.000687831 | 2.00002 0.0266653 0.999579 9.032

iteration has the highest accuracy. Tables 7.8-7.10 compare the numerical results of two-level

and three-level methods at the same fine mesh size. From these tables, one finds that almost

the same numerical results are obtained by using the two-level and three-level methods, while
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Table 7.8: The numerical results of j-level method based on Stokes iteration in the square area.

11 1 | lu—=wnllo | IV(u—=un)llo | lp=pullo | |T = Thllo | V(T —Th)|lo .
ho hi ha | Tl Ml ol o o, | PV tme )
8-16 0.02890 0.16828 0.006520 0.01789 0.134497 0.385
4-8-16 0.02887 0.16828 0.006520 0.01755 0.134455 0.317
16-32 0.007167 0.08275 0.002094 0.005661 0.0675251 1.514
4-16-32 0.007138 0.08275 0.002094 0.004405 0.0674367 1.203
32-64 0.001800 0.04110 0.0007046 0.003738 0.0339223 6.043
16-32-64 0.001771 0.04110 0.0007045 0.001103 0.033745 4.799
64-128 0.0004700 0.02049 0.0002433 0.003586 0.0172281 26.479
32-64-128 0.0004408 0.02049 0.0002431 | 0.0002759 0.0168758 22.628

Table 7.9: The numerical results of j-level method based on Oseen iteration in the square area.

1 1 1 u — un||o V(u —un)llo » — pnllo T — Thllo V(T —Ty)|lo .
L Tl TGl Tl —pule [Tl T IV Tl T e )
8-16 0.02887 0.1683 0.006521 0.01755 0.1345 0.39
4-8-16 0.02887 0.1683 0.006521 0.01755 0.1345 0.307
16-32 0.007138 0.08275 0.002094 0.004408 0.06744 1.411
4-16-32 0.007138 0.08275 0.002094 0.004408 0.06744 1.162
32-64 0.001771 0.04110 0.0007045 | 0.001103 0.03375 6.471
16-32-64 0.001771 0.04110 0.0007045 | 0.001103 0.03375 5.052
64-128 0.0004408 0.02049 0.0002431 | 0.0002759 0.01688 29.48
32-64-128 | 0.0004408 0.02049 0.0002431 | 0.0002759 0.01688 22.931

Table 7.10: The numerical results of j-level method based on Newton iteration in the square area.

1 1 1 | flu=wnllo | IV(u—=un)llo | lp=pallo | 1T = Thllo | IV(T —Th)|lo .
ho B | Tl ISl Tolo il o, | PV time ®)
8-16 0.02887 0.1683 0.006521 0.01755 0.1345 0.434
4-8-16 0.02887 0.1683 0.006521 0.01754 0.1345 0.38
16-32 0.007138 0.0828 0.002094 0.004408 0.06744 1.686
4-16-32 0.007137 0.0828 0.002094 0.004407 0.06744 1.368
32-64 0.001771 0.04110 0.0007045 0.001103 0.03375 7.033
16-32-64 0.001771 0.04110 0.0007045 0.001103 0.03374 6.417
64-128 0.0004408 0.02049 0.0002431 | 0.0002759 0.01688 32.222
32-64-128 0.0004408 0.02049 0.0002431 | 0.0002759 0.01688 25.865

the three-level method takes less CPU time than two-level method. Moreover, the convergence

orders of variables in both L?- and H'-norms are all optimal.

Case 2. The L-shape domain 2 = [-1,1]* — [-1,0]%

Now, we consider the computational efficiency of multi-level method in a L-shape domain.

Fig. 7.1 shows the domain and the corresponding boundary conditions.
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Fig. 7.1. The L-shape domain and the boundary conditions.

Table 7.11: The numerical results of Galerkin method in the L-shape domain.

% ||u||;|1|?”0 uys rate HV(|1|LV;|1|ZL)||O wy rate Hp&ﬁjﬂo s rate
9 0.0640448 0.301366 4.44892

16 0.0203579 1.9919 0.152313 1.18601 1.67219 1.70071
25 0.00836208 1.9937 0.0945068 1.06942 0.729457 1.85887
36 0.0039983 2.0234 0.0615563 1.17573 0.428215 1.46081
49 0.00214293 2.023 0.0446058 1.04472 0.236287 1.92856
64 0.00125086 2.0158 0.033482 1.07411 0.151289 1.66948
81 | 0.000784337 1.9813 0.0269079 0.92793 0.108916 1.39502
% 7|‘T|&ﬁ:)hl‘o T2 rate |‘v(|{v;ﬁ:)h)||0 Ty rate | CPU time (S)

9 0.0400799 0.236348 1.26

16 0.0120316 2.09144 0.133284 0.99559 3.876

25 0.00547596 1.76381 0.0897762 0.88543 10.373

36 0.00240024 2.26194 0.0590876 1.14715 21.353

49 0.00130072 1.98717 0.0440836 0.95015 41.323

64 | 0.000758842 | 2.01781 0.0334312 1.03571 71.826

81 | 0.000484542 1.90431 0.0270127 0.90497 119.079

Table 7.11 presents the numerical results obtained by the Galerkin FEM (3.4) for the Boussi-
nesq equations with different mesh sizes in the L-shape domain. From these data, one can see
that the relative errors of (up,pp,T)) decrease as the mesh size refines, and the convergence
rates of numerical solutions are all optimal. Tables 7.12-7.14 present the numerical results of
two-level method with the Stokes, Oseen and Newton iterations. From these data, we find
that the convergence rates of numerical solution (up,ppn,Tr) are optimal in the corresponding
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Table 7.13: The numerical results of two level method based on Oseen iteration in L-shape domain.

i i 7HU7U}L”0 ur2 rate 7Hv(u*uh)”0 U1 rate 7”177])}1”0 pr2 rate
ho | llullo IVullo llpllo

3 9 0.0640849 0.301371 4.44621

4 16 0.0203758 1.99154 0.152323 1.18592 1.67312 1.69868
5 25 0.0083878 1.98879 0.0945108 1.06947 0.731121 1.85501
6 36 0.00402066 2.01658 0.0615608 1.17564 0.430136 1.45479
7 49 0.00215825 2.01799 0.0446105 1.04461 0.238614 1.91129
8 64 | 0.00126443 2.00206 0.0334863 1.07403 0.153524 1.65125
9 81 | 0.000798072 | 1.95351 0.0269104 0.92806 0.110948 1.37879
h_lo hil % T2 rate W Ty rate | CPU time (S)

3 9 0.260096 0.131056 0.477

4 16 0.148155 1.10538 0.0693819 0.97814 1.294

5 25 0.0995999 0.78842 0.0488016 0.88978 2.77

6 36 0.0663275 1.02433 0.0335906 1.11494 5.315

7 49 0.0495272 1.01905 0.0245343 0.94739 10.085

8 64 0.0379857 0.87234 0.0194355 0.99344 17.312

9 81 0.0305765 0.87454 0.0158171 0.92110 28.401

i i M ur2 rate M U1 rate M pr2 rate
ho | llullo [ Vullo l[pllo

3 9 0.0640627 0.301369 4.44653

4 16 0.020371 1.99135 0.152316 1.18599 1.672 1.69997
5 25 | 0.00837184 | 1.99252 0.0945075 1.06944 0.72965 1.85803
6 36 | 0.00401108 | 2.0179 0.061557 1.17571 0.428738 1.45819
7 49 | 0.00214944 | 2.02352 0.0446064 1.04471 0.236925 1.92377
8 64 | 0.00126071 1.99778 0.0334825 1.0741 0.151935 1.66361
9 81 | 0.00079204 | 1.97319 0.0269082 0.92794 0.109541 1.3888
hio hil % T2 rate W Ty rate | CPU time (S)

3 9 0.102823 0.248811 0.434

4 16 | 0.0562056 1.04975 0.141134 0.98543 1.161

5 25 0.0345121 1.09281 0.0943439 0.90247 2.663

6 36 0.0241989 0.97356 0.0624612 1.13097 5.476

7 49 0.017471 1.05665 0.0464845 0.95824 10.503

8 64 | 0.0134247 | 0.98644 0.0352633 1.0345 17.355

9 81 0.01084 0.90785 0.0284759 0.90753 29.364

numerical schemes except the L2-errors of temperature, the reason is the poor approximations
of the corner on the coarse mesh. Tables 7.15-7.17 show the three-level methods based on the
different iterations. From these tables, one finds that the desired convergence orders of 7' in
L2-norm are achieved with the refined coarse mesh sizes.
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Table 7.14: The numerical results of two level method based on Newton iteration in L-shape domain.

11 flu—uallo I [V (u — un)llo wp Tate llp — prllo DL rate
ho | llullo IVullo lIpllo

3 0.0640539 0.301368 4.44768

4 16 0.0203588 1.99215 0.152314 1.18601 1.67229 1.70012
5 25 0.00836539 1.99291 0.0945073 1.06942 0.729387 1.85922
6 36 0.00399997 2.02339 0.0615564 1.17573 0.428144 1.46101
7 49 0.00214278 2.02458 0.0446059 1.04472 0.236289 1.92799
8 64 0.0012507 2.016 0.0334821 1.07412 0.151303 1.66916
9 81 | 0.000784556 1.97968 0.0269079 0.92793 0.108914 1.39547
hio hil % T;2 rate W Ty rate | CPU time (S)

3 9 0.0610805 0.239866 0.502

4 16 0.0164478 2.2803 0.133851 1.01389 1.37

5 25 0.00807063 1.59529 0.0900068 0.88920 3.258

6 36 0.00352358 2.27278 0.0591664 1.15052 6.385

7 49 0.00176743 2.23791 0.0441138 0.95225 11.974

8 64 | 0.000918521 2.4508 0.0334396 1.03734 20.546

9 81 | 0.000680092 1.27581 0.0270187 0.9051 33.905

Table 7.15: The numerical results of three level method based on Stokes iteration in L-shape domain.

L 11 llu = unllo IV (u = un)llo llp — prllo
— — | —_— ur2 rate ———— |uy1 rate| ——————— |p2 rate
ho | b1 | h2 l[ullo Vullo llpllo
3 0.0640486 0.301366 4.44818
3 8 16 0.0203516 1.99262 0.152314 1.186 1.67177 1.70085
3 10 |25 0.00836443 1.99238 0.0945072 1.0694 0.729573 1.85795
3 12 | 36 0.00399771 2.02463 0.0615566 1.1757 0.42834 1.46045
L I = Thllo Tr2 rate IV = Th)llo Ty rate | CPU time (S)
ho | h1 | ha 170 IVTllo
3 [§ 9 |0.0514505 (0.0514505) 0.238564 0.569
3(8) | 8(12) | 16 |0.0221209 (0.0149179) [ 1.4670(2.1517) 0.134889 0.99099 1.278
3(15)10(20) | 25 |0.0141106 (0.0063056) | 1.0074(1.9295) 0.0912085 0.8768 2.696
3(24) [12(30) | 36 |0.0101021 (0.0027890) |0.9164(2.2371) 0.0606096 1.12081 5.376

7.2. Thermal driven cavity problem

In this test, we consider a benchmark problem: the thermal driven cavity model. The
considered domain = [0, 1]? with differentially heated vertical walls where the left and right
walls are kept at T; and T, respectively, with 7; > T,. The remaining walls are insulated
and there is no heat transfer through them. The boundary conditions are no-slip boundary
conditions for the velocity at four walls (v = 0) and Dirichlet boundary conditions for the
temperature at vertical walls. As the horizontal walls are adiabatic with 97'/0n = 0. Fig. 7.2
shows the physical domain of the thermal driven cavity flow problem. In this test, we follow
the parameters set in [6,25] and take k =1, f = ¢ = 0,7; = 1 and T,, = 0. While we consider
the air as the cavity filling fluid in our model, we take the fixed value Pr = 0.71. We perform
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Table 7.16: The numerical results of three level method based on Oseen iteration in L-shape domain.

i i i 7”u*uh|‘0 ur2 rate 7Hv(u*uh)”0 U1 rate 7”piph”0 pr2 rate
ho | ha | he [[ullo Vullo lIpllo
3 6 9 0.0640482 0.301366 4.44834
3 8 16 | 0.0203617 1.99175 0.152313 1.18601 1.67194 1.70074
3 10 | 25 | 0.00836429 | 1.99352 0.0945069 1.06942 0.729347 1.85887
3 12 | 36 | 0.00400071 | 2.02252 0.0615563 1.17573 0.428166 1.46071
hio hil hig % T2 rate W Ty rate | CPU time (S)
3 6 9 0.0465423 0.237251 0.61
3 16 | 0.0184118 1.6118 0.133822 0.99521 1.431
3 10 | 25 0.010567 1.2441 0.0901144 0.88603 3.035
3 12 | 36 | 0.00670356 1.2480 0.0593254 1.14644 6.027

Table 7.17: The numerical results of three level method based on Newton iteration in L-shape domain.
1 1 1 u — unl|o V(u —un)llo — 0
h_o h_1 h_z 7” HUH; I ur2 rate 7H (||VU||0h)” U1 rate 7”p||pﬁ?” pr2 rate
3 6 9 0.0640461 0.301366 4.44883
3 8 16 | 0.0203575 1.99205 0.152313 1.18601 1.67218 1.70068
3 10 | 25 | 0.00836209 | 1.99365 0.0945068 1.06942 0.72946 1.85885
3 12 | 36 | 0.00399832 | 2.02344 0.0615563 1.17573 0.428212 1.46084
h_lo hil hig % T2 rate W T rate | CPU time (S)
3 6 9 0.040379 0.2364 0.723
3 16 | 0.0120194 2.10612 0.133289 0.99590 1.611
3 10 | 25 | 0.00545406 | 1.77053 0.0897791 0.88545 3.515
3 12 | 36 | 0.00239322 | 2.25898 0.0590886 1.14719 7.034

T_I=1

u=0

Adiabatic,u=0

Adiabatic,u=0

T_r=0
u=0

L
0.2

L
0.8

Fig. 7.2. The physical domain with its boundary conditions.
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our computations for Rayleigh number varying from 103 to 10°. The performances of one-level,
two-level and three level methods are compared with the works [6,25,26,31] on the fine mesh
h=1/64.

We start our illustrations by giving peak values of vertical velocity at x = 0.5 and horizontal
velocity at y = 0.5. Table 7.18 summarizes the maximum vertical velocity values at mid-height
and at mid-width for different Rayleigh numbers. For quantitative assessment, we also present
the values obtained by [6,25,26,31]. As it can be observed, as the Rayleigh number takes
103,10* and 10°, the results of multi-level methods are in agreement with the benchmark data
even at the coarser grid hg = 1/3. On the other hand, we compare the CPU time of multi-level
methods in Table 7.18. One finds that the two-level and three level methods just take at most
25% computational cost than one-level method. Furthermore, as the Ra increase, the CPU
time of one-level method increases significantly, while the CPU time of two-level and three-level
methods is nearly a constant. The reasons may lie in (1) the condition number becomes worse
and worse with the Ra increases, more iterative steps are needed when one solves the nonlinear
problem. (2) As the Ra increases, the assembly of the Jacobians requires more computational
cost. (3) The zero initial guess is not sufficient enough as a good initial guess, especially for
the high value of Ra, more iterations are needed to achieve the tolerable error. Therefore the

Table 7.18: Comparisons of maximum velocity at y=0.5 and x=0.5 with different methods (h = 1/64).

One-level method Two-level method Three-level method
Ra=10° ho= = hohn = g | hohihy = 3ot
x=0.5 3.65 3.65 3.63
y=0.5 3.70 3.69 3.69
CPU(s) 33.27 8.05 7.54
Ra:104 ho = 6_14 ho-h1 = %-6—14 ho-hl-hz = %-%-6_14
x=0.5 16.18 16.18 15.63
y=0.5 19.63 19.63 19.05
CPU(s) 47.03 8.21 7.85
Ra:105 ho = é ho-h1 = é-é ho-hl-hz = §-§-6—14
x=0.5 34.72 34.82 32.76
y=0.5 68.47 68.54 67.86
CPU(s) 82.97 9.39 8.71
Ref. [25] Ref. [26] Ref. [6] Ref. [31]
Ra=10?
x=0.5 3.68 - 3.65 3.489
y=0.5 3.73 3.692 3.70 3.686
Ra=10*
x=0.5 16.10 - 16.18 16.122
y=0.5 19.90 19.63 19.51 19.79
Ra=10°
x=0.5 34.00 — 34.81 33.39
y=0.5 70.00 68.85 68.22 70.63
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CPU time of the one-level method grows significantly. For the multi-level method, the nonlinear
problem is only solved on the initial mesh and the computational scales have not changed much,
as a consequence, the computational cost of multi-level method is almost the same.

Next, we compare the vertical velocity distribution at the mid-height and horizontal velocity
distribution at the mid-width in Figs. 7.3-7.4 at different Rayleigh numbers with different
numerical schemes, which are very popular graphical illustrations in the study of thermal driven
cavity problem. It is obvious that as the Rayleigh numbers increase, the differences in the
profiles are getting larger. These profiles are also comparable with the results provided in
[25,26,31]. Combining with Table 7.18, we can say that the multi-level methods have good
performances.

Finally, we show the streamlines, isobars and isotherms of the Boussinesq equations with
one-level, two-level and three-level methods at different Rayleigh numbers. We present these
patterns in Figs. 7.5-7.7. It is clear from the streamline pattern that, as Rayleigh number
increases circular vortex at the cavity center begin to deform into an ellipse and then break up
into two vortices tending to approach to the corners differentially heated sides of the cavity.
Therefore, we can conclude that, the flow is faster as the thermal convection is concentrated.
As the increase of Rayleigh numbers, the parallel behavior of temperature isolines is distorted
as these lines seem to have a flat behavior in the central part of the region. Near the sides
of the cavity, isolines tend to be vertical only. The temperature slops with Ra = 10° at the
corners of the differentially heated sides are more immersed than the case of lower Rayleigh
number. There is no differences of the results obtained by the one-level, two-level and three-
level methods in both values and the trends of fields. We also note that these graphics are also
perfectly comparable with the investigations of [6,25,26,31]. Both the results and the graphics
show the efficiency and effectiveness of the multi-level methods.

1ne value of u,(U.5,y)

1ne velue or u, (Vo)
o

1ne value or u, (U.5Y)
°
%

Y-axis Y-axis

Fig. 7.3. Comparison of the value u;(z,y) at the mid-width (z = 0.5) with one-level, two-level and
three-level methods. (a) Ra = 10%, (b) Ra = 10*, (c¢) Ra = 10°.

—+— one level method
e

05)
"

1M value or u,(x,U.5)
1n€ value of u,(x,u.5)

The value of

X-axis X-axis X-axis

Fig. 7.4. Comparison of the value uz(x,y) at the mid-width (y = 0.5) with one-level, two-level and
three-level methods. (a) Ra = 10%, (b) Ra = 10*, (c) Ra = 10°.
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Fig. 7.5. The streamlines, isobars and isotherms obtained by the one-level method with Ra = 10® (the
first column), Ra = 10" (the second column) and Ra = 10° (the third column).

Fig. 7.6. The streamlines, isobars and isotherms obtained by the two-level method with Ra = 10® (the
first column), Ra = 10* (the second column) and Ra = 10° (the third column).
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0.2 Y X X ¥ Y X X ¥ . X X T

Fig. 7.7. The streamlines, isobars and isotherms obtained by the three-level method with Ra = 10°
(the first column), Ra = 10* (the second column) and Ra = 10° (the third column).

8. Conclusion

In this paper, the multi-level mixed finite element methods for the steady Boussinesq equa-
tions are designed and analyzed. Firstly, some regularity results are provided by introducing
suitable parameter £. Then, the multi-level methods based on three iterations are presented, the
priori boundedness of numerical solutions are provided by using the mathematical induction.
The error estimates in L2- and H'-norms of the multi-level methods are also obtained with the
energy method and the constructed dual problems. Unfortunately, from the view of theoretical
findings, the optimal convergence rates (h; = h?_l) of numerical solutions are not established
due to the loss of 1/2 in L?-norm of numerical approximations. How to utilize the regularity
of the solution (¢, ) in the dual problem sufficiently to provide a new estimate of (4.9), and
establish the optimal error estimates of multi-level methods will be our next goals.
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