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Abstract

This paper is devoted to identifying the source term and initial value simultaneously
in a time-fractional Black-Scholes equation, which is an ill-posed problem. The inverse
problem is transformed into a system of operator equations, and under certain source con-
ditions, conditional stability is established. We propose a regularization method with two
differential operators to solve the problem, error estimates by rules of a priori and a pos-
teriori regularization parameter selection are derived, respectively. Numerical experiments
are presented to validate the effectiveness of the proposed regularization method.
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1. Introduction

Options, as a significant financial derivative, play a positive role in the stability and devel-
opment of modern financial trading markets. Option pricing is crucial in the study of options
because market volatility and supply-demand dynamics are reflected in prices. The accuracy
and reasonableness of option pricing are of great significance to both buyers and sellers in the fi-
nancial market. In 1973, Black and Scholes [9], and Merton [27] made outstanding contributions
to the theory of option pricing by proposing a model

aC 2 ST fs2 " ds

0C | & 20060 0G0 o c)=0, (s,0) € [0,00) x [0, T,

where C' = C(S,() represents the function of the underlying asset price S and time ¢, o is
the volatility of the underlying asset price, T is the option’s expiration date, and r is the risk-
free interest rate. The establishment of this model has become a significant milestone in the
theory of option pricing. Subsequently, in 1997, the Nobel Prize in Economic Sciences was
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awarded to American economists Merton and Scholes, in recognition of their “new method for
pricing derivatives”. Many researchers have discussed numerical solution methods for the Black-
Scholes equation [4,7,10,13,18,25,34]. Through observation and research of stock markets, it
was found that the most fundamental characteristic and basic state of capital markets are
stochastic fluctuations. This indicates a deviation between traditional pricing theories and
actual stock movements, such as the inability to address issues like significant jumps in stock
prices over short time intervals [8].

In recent decades, fractional derivatives have emerged as powerful tools for describing the
memory and hereditary properties of materials. This has led to the widespread application
[6,14, 15, 26, 33, 35, 37-40] of models based on fractional derivatives across various fields of
engineering and science. Wyss [36] initially derived the fractional Black-Scholes equation by
replacing the first-order derivative with a fractional derivative, denoted as a (0 < a < 1),
and provided analytical solutions for European options. Cartea and del-Castillo-Negrete [11]
proposed that specific Levy processes satisfy fractional partial differential equations, leading
to models for pricing options with fractional jump diffusion and fractional barrier options.
Jumarie [21,22] utilized the fractional Taylor formula to mitigate the impact of non-zero initial
values of functions, thereby deriving the fractional Black-Scholes equation in time domain and
the time-space fractional Black-Scholes equation.

Assuming C(s, () represents the price of a European option, if the price dynamics of op-
tions in the financial market follow a fractional transmission system, then C' should satisfy the
following time-fractional Black-Scholes equation [2]:

6QC(5,§) 0—282 82C(SaC) +rsaC(SaC)

oce 2 0s? ds
where 0 < a < 1. Currently, many researchers have discussed numerical solution methods for
the time-fractional Black-Scholes equation [1,2,12,23,24,28,31]. An et al. [2] proposed a space-
time spectral method using Jacobi polynomials for temporal discretization and Fourier-like basis
functions for spatial discretization. Chen et al. [12] found an explicit closed-form analytical
solution for double-barrier options, which had been taken to price the single barrier options

—rC(5,0) =0, (s,¢) € (a,0) x [0,T],

and European path-independent options under the same framework as a special case of the
current solution. Roul [31] presented a high-order numerical approach utilizing a uniform mesh
for efficiently solving the time-fractional Black-Scholes equation governing European options,
employing a collocation method with quintic B-spline basis functions for space discretization
and a backward Euler method for time-stepping. Ahmad et al. [1] proposed a local meshless
collocation method by using hybrid Gaussian-cubic radial basis functions with polynomials.
Kazmi [24] transformed the equation into an integro-differential form, employing numerical
integration for time and central difference formulas for space discretization. Time discretization
is performed by linear interpolation with a temporally 72~ order accuracy, and the Chebyshev
collocation is based on the orthogonal polynomials used for spatial discretization [28]. Kaur and
Natesan [23] discretized the fractional time derivative using the classical L;-scheme and spatial
derivatives using the cubic spline method. A few studies have tackled the inverse problem of the
time-fractional Black-Scholes equation [3,19,20]. An et al. [3] aimed to estimate the parameters
by using the real option prices of the S&P 500 index options. Jiang and Xu [20] recovered the
implied volatility via additional data, while Igbal and Wei [19] inverted the implied volatility
coeflicients using regularization method.

In this paper, we present a regularization method with two differential operators in the
context of simultaneous inversion of source term and initial value problem for a time-fractional
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Black-Scholes equation, so as to tackle the problem such that source term and initial value
belonging to two different spaces. In this context, we consider the following time-fractional
Black-Scholes model:
0°C(s,7) 0% ,0°C(s,7) 0C(s, 1)
ore + 27 0s? trs ds

subject to the homogeneous boundary conditions

—rC(s,7) =6(s), (s,7)€(1,b)x(0,T) (1.1)

c(1,7)=C(,1)=0,

and the terminal condition

C(s,0) = p(s), (1.2)
where the fractional derivative is defined as
9*C(s,T) 1 T un(s,m)
— d 1.
ore I'(l—a) /T (n—7)e m O<a<

Using the transformation ¢ = Ins,t =T — 7 and u(£,t) = C(e$,T — 7), then

_0°C(s, 1) 1 L Ouu(€, w)
i

- (t —w)

ore T(l—a dw = §DF u(E,1).

Here, §DY u(,t) is the Caputo derivative. Thus, the model (1.1) becomes

2
Cpo (e, )= My 2 g(g’i 2 +M23“§§’ 2 — Mau(€,)+0(e5), (€,1) € (0,Inb) x (0,T),
u(0,1) = u(tnb,t) = 0, te (0.7 (1.3)
u(€,0) = p(et), ¢ € (0,Inb),

where My = 02/2, My = r — My and M3 = r. By changing

Mo . €

u(é,t) = u(z,t)e VN, oz =

the system (1.3) is transformed into

O%u(z,t
SD% u(z,t) = —mPu(zx, t) + % + f(z), (z,t) € (0,W)x(0,7),
u(0,4) = u(W, ) =0, te(0,7), (14)
U(.’L‘,O) = (,0(55), S (O,W),
where
1 M?2 My My,
W = nb m?=—2 4+ M, f(z)= 6’((3\/W1:”)e2 M o(x) = p(\/Mlac)eQ\/Vl )

VM’ 4M,
If source term f and initial value ¢ are given, then problem (1.4) is the so-called direct problem,
which aims to find the distribution of u. Here, we consider the following time-fractional Black-
Scholes inverse problem.
(BSIP): Given data g;(x) := u(z,T;), i = 1,2 with 0 < 71 < Tz < T, simultaneously find
source term f and initial value ¢ in (1.4).
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In practical applications, we have the observed data g () ~ u(z,T;), i = 1,2 instead of the
exact data g;(x) := u(z,T;), i = 1,2. And the observed data generally contain random noise
and satisfy

lgi — 90| <6, i=1,2, (1.5)

where || - || is the L2-norm and § is the noise level.

The paper is organized into five sections. In Section 2, we provide some preliminaries
needed in the following discussion. In Section 3, we give an analysis of the ill-posedness of
the problem (BSIP) and derive conditional stability results under an a priori condition. In
Section 4, we reformulate the linear inverse problem (BSIP) as a system of operator equations,
then propose a regularization method with two differential operators to solve the problem. We
obtain a priori and a posteriori error estimates of the regularization solutions by using an a priori
and an a posteriori parameter selection rule respectively. In Section 5, we present numerical
experiments to illustrate the validity and effectiveness of the proposed regularization method.

2. Preliminaries

In this section, we present the definition of the two-parameter Mittag-Leffler function with
its properties, which plays a crucial role in fractional calculus.

Definition 2.1. The Mittag-Leffler function E,(z) is defined by

- k
z
Eop(2) = 1;:0 T(ak +0)’ z €C,

where a > 0 and b € R are arbitrary constants.

Lemma 2.1 ([30]). For 0 < o« < 1 and n > 0, we have 0 < E,1(—n) < 1. Moreover,
Eo1(—n) is completely monotonic, that is

—1)"—F4,1(—n) > 0.
(-1 ar a(=n) >
Lemma 2.2 ([17]). The Mittag-Leffler function can be equivalent expressed as
Eop(z) = 2E4,048(2) + ==
5(2) +8(2) T03)

Lemma 2.3. Let
anl( — tTf‘)

w(t) = Ea,l( — tTQO‘) ’

t>0, To>1T>0,

then w(t) is a monotone increasing function.
Proof.

_ TSEpy (= T§t) Ban (= T11) — PB4 (= T1't) Baa (— T5')

/
t
v () EZ,(— T5t)

By Lemma 2.1 we have E}, ,(=T5't) > E], ;(—T{*t), then we conclude w'(t) > 0, that is to say,
w(t) is a monotone increasing function. This completes the proof of the lemma. U
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Lemma 2.4 ([29]). Let « € (0,1). The Mittag-Leffler function has the following asymptotic
property:

Far(z) = ——1 )+o<%> Rz <0, Rz — —o0).

21—«
Lemma 2.5 ([29]). Assume that 0 < ap < o1 <1 and z € R, then there exist constants Cy _

and C1 4 depending only on g, aq such that

1 1
1> < Eupi(z) <Ci4

CL* z < 0,

1—Z7 —

uniformly hold for all « € [ag, a1].

3. Conditional Stability for the Simultaneous Inverse Problem

In this section, we discuss the ill-posedness of the problem (BSIP) and provide a conditional
stability theorem under the assumption of an a priori condition.
Let A\, be the eigenvalues of the elliptic operator —9%u/d2? = — L satisfying
O< A <A< <A <o) lim Ay = 00,

n—oo
and its corresponding eigenfunction is X, (x) € H*(0, W) N H (0, W), that is,
—LX,(z) = MXn(x), O<az<W

with X,,(0) = X,,(W) = 0. Here, all X,,(z), n = 0,1,2,..., form an orthonormal basis in
L?(0, W) space.

Since problem (1.4) is a linear problem, based on the superposition principle, solution u(x,t)
of problem (1.4) can be written as the sum of the solutions u (z,t) and us(x,t) of the following
two subproblems:

£07 m(e.t) = —miuet) + 90D pa) e W) x 0.1),

u(0,8) = uy (W, t) = 0, te (0,7), (3.1)
ui(x,0) =0, x € (0,W),

£DF 1) = —mPus(e ) + 2D e o, w) < 0.1),

u(0,) = ugy (W, ) = 0, te (0,7), (3:2)
ua(z,0) = ¢(z), x € (0,W).

Using the separation of variables method, we can get the solutions of problem (3.1) and problem
(3.2) as follows:

X 1= Ea1(— (m2+ \p)t™
ul(zat)zz 7157125_)\71 ) )

n=1

ann(SC),

“+oo
us(x,t) = Z Eml( — (m2 + )\n)to‘)tann(x),
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respectively, where ¢, = (¢, X,,) and f,, = (f, X;,). By the terminal conditions g;(x) = u(z, T;),
1=1,2, and u(z,t) = ui(z,t) + uz(x,t), we obtain

1= By (— (m? + A)TP)

gin = fn m2 + )\n + Ea,l( - (m2 =+ An)Tla)cpna (33)
1= Eoq1(— (m?+X\)T5 a
g2.n = fn (mQ(—i- , ) 2 ) + Ea,l( - (m2 + )\n)Tz )<Pn, (3.4)

where ¢;, = (gi, X»n), i = 1,2. From the properties of eigenvalues \,, and Lemma 2.1, we have
fn=0and ¢, =0 if g;,, = 0. This yields the uniqueness of simultaneous inversion of source
term and initial value problem. Obviously, the exact solutions of source term and initial value

of problem (BSIP) are

+oo
_ 2 Eon(= (m* + M\)T5) 910 — Bai (= (m* + X)) T1) 92,0
Py = 3 M) AT — B (= (2 4 A)TE)

n=1 ’

R (1= Baa (= (02 1 2T gan — (1= B (= (0 4 M) T5)) g1
o) =2 Fon(— (m2 £ M)T5) — Ban(— (2 + A)TT)

Xn(x), (3.5)

Xn(2). (3.6)

Remark 3.1 (The Ill-posedness of BSIP). The source term f and initial values ¢ can be
equivalently rewritten as

—+o0 “+o0
f(z) = Z a1,ng1,n + a2,n92n, P(T) = Z a3,n91,n t+ a4,ng2,n
n=1 n=1

with
(m? 4+ X)) EBai (= (m? + X)) T5Y)
’ Eoa(— (m?+X)TS) — Eaa(— (m? + X\) 1Y)
—(Mm? + X)) Eap (— (m? 4+ X,)T7)
Eoi(— (m2+M)T5) — Eaa(— (m2+X,)T7)’

a2 n

and by Lemma 2.2, we have that

(1% + M) TS Eoss (— (1 + Aa)TS)

O Ban (= (m2 + A)TS) — Ban (— (m2 + A)T7)
0 (M M) TP Eaasa (= (m? + M) T7)
T Bar (= (M2 + A)T8) = Baa(— (m2 + M) T9)

The instability is apparent: small perturbations of the data g; and gs can, thanks to the factors
iy — 00 as n — oo, ©=1,2,34,

introduce very large changes in the solutions f and . Therefore, the inverse problem (BSIP)
is linear ill-posed.

Additionally, regarding the degree of ill-posedness for the ill-posed problem (BSIP), we
observe that both the inverse source problem and the inverse initial value problem exhibit
characteristics of being “mildly ill-posed”. Specifically, the two subproblems (3.1) and (3.2)



Two-operator Regularization for Fractional Black-Scholes 7

correspond to the inverse source problem and the inverse initial value problem for the time-
fractional B-S equation, respectively. The inverse source term problem using data y; represented
by wui(x,t) at time ¢1, i.e., y1 = ui(x,t1), yields the exact solution of the source term as

Z m +)\ )yl,n

X,
1-— — (m? + X\)tg)

According to Lemma 2.1, term 41 ,, /(1 — Eq1(—(m? + A\,)tg)) is bounded, thus confirming that
the inverse source problem is “mildly ill-posed”. Similarly, using data ys = ua(z,t2) to inverse
the initial value gives

_ y2,n
ple) = Z Eoq(— (m2+A)t3) X

n=1

By the asymptotic property of the Mittag-Leffler function, as shown in Lemma 2.4, we conclude
that the inverse initial value problem is also “mildly ill-posed”.

(¥, X ) <oo}, 1=1,2. (3.7)

Obviously, 2((—L)??) is Hilbert spaces with the following norm:

Now, for p1,ps > 0, we define two sets

2((~L)P) = {¢6L20W (Z/\%

2

[¥llo((—r)p) = (Z)\% (¥, X ) , i=1,2.

Next, we can state the following theorem.

Theorem 3.1. Let f € 2((—L)P') and ¢ € P((—L)P?). Assume there exists a positive con-
stant E such that

max{| fllo(-rye); lello(-1)r2)} < E. (3.8)
Then, we have
o _p1
1 T2 p1+1
(@) [Ifll € CoE7TT { [lga]l + T g2l ; (3.9)
. 1 p2+1
b < C3Er2¥1 + , 3.10
®) lloll < 557 (quH R ) ||gl||> (3.10)

where Cy and Cs are constants depending on m, o, 11,15, A1, p1, p2.

Proof. From (3.5) and Hélder inequality, there is

s X Ban (= (M AT g1 — Ban(— (m? AT g2\
£l ;((m + An) Eox(— (m2+)\)§“)—E )\n)Tf‘)g )

a,l +
a,l(_(m2+
a,l

(S ) e )

n=1
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Eoq(— (m? +X\,)T7)

1
2\ p1+1
gQ,n)

S0 Baa(— (m? e A)TY)
<Z<9E< (7 + M) T

m2/)\1 +1

Pl
2\ p1+1
92 n)

1
p1+1

(1 — Eon(— (m?+\)

T¢)/ (Ean

Eaa (= (m* + Aa)TY)

o +)\n)T§))) Ai’”fs)

1 2py

“((Bnr) - (£

From Lemmas 2.1 and 2.3-2.4, we get

Ea,l(

2\ 2\ p1+1

(m? 4+ Aa) T5)

Eoi(— (m?+M)TY)  Eaa(— (m?+M\)TY)
Eai( = (m? +M)T5) = Ean(— (m?+A\)T3)’
B (= (m* +A)TF) _ (o Baa (= (m® +0)TF) _ (E)a
Eap(— (m?+ M)T§) ~ nooo B (— (m? 4 \y)T¥) Ty
Denote
_P1
m2+ \

Co = ()\1(Ea,1( — (mz +>\1)

by the assumption of the a priori condition

Tla)/(Ea,l

(= (m?+M)T3)) - 1)) ’

(3.8), we have

2 2 p12+1 T2 “ %
IF17 < Gl fI G~ pyoy { Nonll + T 92|l :
Similarly, we get
ol = ( = (M A)TF)) g2 = (L= Ean (= (m? + ) T ))gln)2
(m2+)‘n) T3') = Eaa( = (m? + A\a)T7)
Z< 1—Eq1(— (m?+X\)T7) )2<p2+1>
=\ Ean(—( m2+)\n) T§) — Eqn( — (m2+ X\,)TY)
( 1—Eqq1(—(m? 4+ \)T3) >2 Pt
X n — n
92, lea_;(* (m2+>\ )Tf)gl
(4 L= Baa (= (2 4 A0)TE) ))
X 92,n — : 2\ I1,n
<nz_:1( 1_E0¢7( (m2+)\)T1)
1
= 1/(Eap (= (m? + X)) T5)) o 5\
(3 (- )
S\ L= Eaa (= (m2 + ) T7) / (Baa (= (m? + M) T5))
1 2p2

“+oo

1

n=1

(1Ea,1(

(m2+)\
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In addition, from Lemma 2.5 and there exists a constant C' > 0 such that

_1

S L/ (Ean (= (m* + ) T5)) o\
<Z (1 = (Baa (= (m? + 2)T7)) / (Ean (= (m* + An)Té“))) %)

n=1
< Ji:.o ( (C>\1 +m? + )\1)T2a )21)2)\2;)2()02 et
T\ S\ M(Baa (= (m2 + M) 1))/ (Baa (= (m? + M) T5)) — 1) B '
Denote

P2

B (CA1 4+ m? + M) Ty P2t
= <01,—A1((Ea,1( — (m? + M)T1))/ (Baa (= (m* + M)T5)) — 1)> ’

we have the estimate

2p2

2

el < CHOIZ 1y (ol + 1 lont) ™
1= Eai1(— (m?+ A\)TY)

The proof is complete. O

Remark 3.2. It follows from the Theorem 3.1 that the selection of time points 77 and 75
influences the conditional stability of the inverse problem (BSIP), specifically concerning the
term T%/T) and the ratio (Ea1(—(m? + A\)T))/(Ea1(—(m? 4+ A)TS")). Furthermore, our
additional experiments reveal that when 77 and T, are chosen to be very close, it will affect the
results of regularization.

4. Regularization Method with Two Differential Operators

In this section, we reformulate the linear inverse problem (BSIP) as a system of operator
equations. Through the analysis in the previous section, it is evident that the problem is
ill-posed. Therefore, we propose a regularization method with two differential operators to
solve it. In Theorem 4.1 we derive the normal equations of the regularization solution. Then,
under a priori and a posteriori parameter selection rules, we obtain its corresponding error
estimates.

For any given source term f and initial value function ¢ for i = 1,2, we define the following
operators as:

Ki : (f7 SD) = u(wan)7
Kii:f = w(zT;),
Ky = wua(x,T;).

From the above notations, the problem (BSIP) can be expressed as

Kiif+ Koo = g1,
Kiof + Kopp = go.

K1 Ko 1)
K — El ) ,
(KI,Q Koo

{Kl(f, ®) = g1,

or equivalently
KQ(fa (10) = 92, {

Denote
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then the problem (BSIP) can be rewritten in matrix form

“(0)-(2)

where K : L%(0,W) x L?(0,W) — L?*(0,W) x L?(0,W) is a linear compact operator and
L?(0,W) x L*(0, W) is a Hilbert space with the following inner product.

Definition 4.1. For any (f1,¢1), (f2,2) € L?(0, W) x L2(0, W), then {-,-) defined by

<<<J:1) ’ (£2)> = (f1, f2) + (p1,92)

is an inner product on L?(0, W) x L?(0,W).
One can easily to see that L2(0, W) x L?(0, W) is a Hilbert space. As a result, the operator
equations (4.1) is ill-posed, with
K* — (K}t,l K}t,?)
K3, K3,
is the adjoint operator of K as shown in Remark 3.2.

Remark 4.1. In fact, from Definition 4.1, we have

<K <f1) , <f2>> = (Kiifi + K101, f2) + (Ki2fi + K2201, 92).
Y1 Y2

On the other hand, let K7;, i,j = 1,2 be the self-adjoint operator of Kj; ;, then

(K11f1+ K101, f2) + (K1 2f1 + K2 201, 92)
= (f1, Ki 1 f2a + K{ 202) + (01, K5 1 f2 + K3 502)

_ < f1> (Kf,1f2 +Kf,2802>>
1) T \K5 1 f2 + K3 52
So, the adjoint operator
K* = <K1:,1 Kl:,Q)
Ky Ksp
of K is a linear compact operator from L?(0, W) x L?(0, W) to L%(0, W) x L?(0, W) satisfying

(& (5)-(0))=C() = (2)

In order to reconstruct source term f and initial value ¢ stably from the observed data gf,
i = 1,2, we propose a regularization method with two differential operators to solve the problem,
that is, to solve the following optimization problem:

min J,(f,0), Iy (f,0) = |Ki(f,0) — 63 ||* + || K2(f, ) — g3||° + 71D 112 + 7| Do, (4.2)

where v > 0 is regularization parameter, D; and D, are derivative operators defined as

Dif = fm) Dyp=¢™) mymy e Ny :={1,2,3..} (4.3)
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with
2(D;) = {x € L*0, W] |z absolutely continuous, =™ € L2[0, W]}, i=1,2.

We know that the adjoint operator D}, i = 1,2 is also a differential operator in L?[0, W], which
is determined by

2(D}) = {$€L2[0, W] |z absolutely continuous, (M) ¢ 12 [0, W],
2D0)=2OW), 1=1,2,...,m; — 1},
and Dfx = (=1)™iz(m:)_ Also, the product operator D;D; given by D!D;x = (—1)mig(2mi)
with domain
2(D;D;) ={z € 2(D;)| Dix € 2(D;)}
={z € 2(D;)| (™) absolutely continuous, =™ e L2[0, W],
z(l)(()) = x(l)(W), l=m;,m; +1,...,2m; — 1}.

Theorem 4.1. The functional J,(-) define by (4.2) has a minimum at (f3,¢%) in 2(D1) x
2(D5), and ( 3, <p§y) € 9(DiD1) x (D3 D5) satisfying the following normal equation:

* 6 §
0 DD/ ) \# 95

where K* : L?(0, W) x L2(0,W) — L?(0,W) x L%(0, W) is the adjoint operator of K.

Proof. Taking any elements w = (w1, ws2) and © = (f,¢) € 2(D1) x D(D3) to form the
quadratic polynomials
o(t) = Jy(z + tw).

If J,(-) achieves a minimum at ( fg gai), then ¢ has a minimum value at ¢ = 0, and hence,
0=¢(0) = (Kl,lffy; + Kz,lsﬁf;y — g, Kpawi) + (K1,2ffyS + K2,250§Y — g5, K1 aw1)

+ ’Y(lefj, Diwy) + (Kl,lffj + K2,150i — g3, K 1ws)
+ (K12f0 + Ka09) — g3, K2 ow2) + (D2l Dows),
or
0= (K{1(Ki1f) + K219 — 00) + K5 o (K12fS + Ka2¢5 — g3) +vDiD1f2,w1)
+ (K;l(KLlf,‘YS + K2,1<P§, - g(f) + K3, (K1,2ff3 + K2,2<,0§Y - gg) + 7D§D2<pf5y,w2).
Since the above equality holds for all wy; € 2(D1) and wy € Z(Ds), we conclude that Dq fg €
2(D3) and Dyl € 9(D3), so that (£ ) € 2(DiD1) x 2(Dj3Ds). Therefore, we get

(K;lKLﬁngKlgﬂDi‘Dl K K1+ K55 Ko ) B\ _ (K9 + K203
K3 1K11+K35,5K12 K31 K21+ K3 5 Ko 0+vD5D2 ) \ K319+ K34595)

The above equation is also equivalent to the following equation:

* é )
0 yD:D: @y 92

So the theorem is proved. O
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In Theorem 4.1, we obtain the normal equation system of the regularization functional.
Consequently, the regularization solutions f, and ¢, would satisfy the following equation:

0 vD3 Do o g2

To simplify notations, let

1= Eqq(— (m?+ M\)TF)
m2 4+ A\,

U =Ea1(— (m”+X\)TY), i=1,2. (4.5)

i
ll,n -

Using singular value decomposition [5] to solve the normal equation (4.4), we get the regular-
ization solutions

+oo )\mzll MZQ § )\m2l2 . Mll 5

fg( ) = Z (7 n 1,n2+ z,nth,n—f— (7 n 1,;1 27n)92an X, (z), (4.6)
o M2 ((13,,) T+ (1B) ) A2 ((1L,) "+ (2 ,)2) +2 e
+oo >\m1ll _ Ml2 ) )\m1l2 Mll 5

HOEDYS N by = Ml )t + (AT i+ Mi10) G Xn(x), (47)

o M2 (13,) 4 (13,) ) +xme (11,) 4 (12,) ) 2 ame+me

where M = linlg,n — linl%,n. Next, we present two lemmas, which will be needed in the
following discussion.

Lemma 4.1. Let lin and léﬁn are defined as (4.5), then there exists an positive integer N and
a positive constant Cy, for all n > N, we have that

(l%,nl%,n - l%,nl%,n)Q % (l%,nlg,n - l%,nl%,n)2 % (l%,nl%,n - l%,nl%,n)Q > %
207+, ~ A L) ) T ) )t A
(l%,nlg,n - l%,nl%,n)2 > % (l%,nlg,n - l%,nl%,n)Q g (l%,nlg,n - l%,nl%,n)2 > %
B+ (3 R BB, SR H BB, SR
where Cy depends on parameters Ty, To and o.
Proof. From Lemma 2.4, we get
e (e —Bal)” (g -1y “8)
e @ )+ (8,)° T+ - TR |
lim )\2 (l%,nl%,n - l%,nl%,n)Q o (T2a - Tla)2 (4 9)
n 2 2 T m2a 2 2a) ’ :
n—+oo (1) + (12,) T3 (14 T2(1 — a)T7)
e (B —Baln)’ 1 < 11 )2
n—oo v (l%,n)Q + (l%,n)2 F2(1 — a) T2a Tla ’
lim )\2 (l%,nl%,n - l%,nl%,n)Q _ (Tla - T2at)2
n—oo (l%,n)2 4 (l%,n)Q T12a +T22a ’
lim )\2 (linl%,n - l%,nl%,n)2 _ (Tla - T2a)2 (4 10)
n—oo Iy I3+ 13,13, TeTg (14 T2(1 — )Ty’ '
lim )\2 (l%,nl%,n - l%,nl%,n)Q _ (Tla - TQQ)Q

noe by F LS, T - )TRTS (TR + T5)
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Therefore, take the minimum value of the above limits to be C, then for any Cy € (0, C), there
exists an integer N > 0 such that the conclusion holds when n > N. The lemma is proved. O

Lemma 4.2. Let 1}, andls, are defined as (4.5), then there exists an positive integer N' and
a positive constant Cs, for all n > N’, the following inequalities hold:

S 2 p— 2 =z max{mi,ma}+2’
At (l%n) + An? (l%n) An 12
o 2 —— 2 z max{mi,ma}+2’
At (l%n) + An? (l%n) An 12
(l%,nlg,n - l%,nl%,n)Q CV5
N NI, 2 ST

where C5 depends on parameters T1,T> and «.
Proof. Based on Eq. (4.8) in Lemma 4.1. If m; < mq, i.e. max{mi, ma} = ma, then

b 2 WaBa —BaB.)° (g - 1p)’

n—oo v A (l%,n)2 4T (l%,n)Q o TfaTgaFQ(l — Oé).

Conversely, if max{mj, ma} = mq, then

T (. P P M € e SO

n—oo )\?1 (l%,n)2 + )\W2 (l%,n)Q - T12a

Similarly, based on (4.9) and (4.10), the limits

172 72 71 2
lim Amax{ml,m2}+2 (ll,nlzn llynlln)
n

nooe N ()" + A (1)
1 2 2 71 )2

lim )\max{m1,m2}+2 (l17"l21n_llanl27")

e N LT

exist. We can still select the minimum value of the aforementioned limits as C'. Therefore, for
any Cs € (0,C), there exists N’ > 0 such that the conclusion holds when n > N’. The lemma
is proved. O

Assumption 4.1. For i = 1,2, suppose p; defined in (3.7) and m,; defined in (4.3) satisfying
the following constraint condition:

pi > max{mi, ma}. (4.11)

Theorem 4.2. Suppose the noise assumption (1.5), a priori condition (3.8) and the constraint
condition (4.11) hold, then we have the following error estimates.

(a) If 0 < p; — max{my, ma} < 2, choosing v as

2(mq+2)
621nin{p1,p2}+37n1727n2+‘2’ my < ma,

v = 2(ma+2)
621nin{p1,p2}+37n2727n1+‘2’ my > Mo,
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then
o 2(."“{‘“{?1,1;2433+m1*2m2l2
5 5 min{pj,p2 m1—2mg , m1 < Mma,
157 = £l + [l —ell < B(min(p1.p2) tma—my)
062mln{171,p2}+3"m*2m1+2’ my > ma,

(b) If p; — max{my,mo} > 2, and choosing v = 6*/3, then we have
175 = £l + 1l = el < Co3,
where C depends on p;,m;, T; (i = 1,2),a,m, \1.
Proof. By triangular inequality, we have

179 = £ < 1L£5 = £l + 08 = £ (4.12)
165 =@l < [le5 = sl + lloy — . (4.13)

We first estimate || 0 — f]| . For the first term on the right-hand side of the inequality (4.12),
there exists constants Cg > 0 and C7 > 0 such that

[
<13 (A= + MB0) (05— 91, .
a n=1 M2 + 7>\$1 ((l%yn)Q + (l%yn)Q) + ")/)\Zu ((lin)2 —+ (l%,n)2) + 72)\;”1-1-"12
3 (P8~ M13,) (9.0~ 920) .
A2 M2 N (1,)7 + (1B,)7) +xm (1,)7 + (12,)7) + 42 ametme
“+o0 1 2
YAl Mi3,,
S Z ( m 1 2 L i —+ - > 212 ) (g(ls,n — gl,n)Xn
n=1 \7An” (Zl,n) + AT AR (12,71) + M
+0oo mo ]2 1
’}/)\n 211 n Ml2 " ) 5
+ , + : n ,n Xn
nz::l (MZ” (12,07 + 2amtme om0 4 M2 (92,0 = 92.n)
An 1 = s
= O oz )T S —mi/2 n— 91,n)Xn
(stllp (06 +7Anm1+2) sup (2\/%?1/2» nz::l (91— 91m)

oo

Z (gg,n - gQ,n)Xn

n=1

)

An 1
+ | sup (7m)+sup R —
(n CrtX ™) <2mn’"“2>>

where M =13 13, — 3,15 ,,. By straightforward calculation, we obtain the inequality

sup i=06,T,

n

1 < 1 -1
sup s v
no\ 2,70/ 2N /2

Therefore, there exists positive constant Cg and by the noise assumption (1.5) yields

( - )< (14 my)@Hm)/Cem)

Ci+yamt? )~ (2—i—ml)CZ-(IJ””I)/(2+ml)7 I

12— £ < Cs%- (4.14)
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Similarly,

||50'6y — ¢4
+ZOO (fyAznll%Jl - Mlin) (g‘lsyn - gl,n) —+ (f}/)\:lnll%n + Mlin) (ggyn . g21n)
22N ((1,)" + (B,)7) + e ()7 + (B,)7) +22am
+oo 1 )
’7)\:?1[2 n Ml1 n ) s
, + 7 n n
ngl (’Y)\Wl (l%,n)2 42\t e (l%,n)2 e (910 — o )
i M,
Z < 7 + =
PAR(3,,)" AR (1 ,)” + M2

n=1

—+o0

+

)

) (5., — 92.n)

where M =13 I3, — 3,15 ,,. Then there exists a constant Cy > 0 such that

)

5

S — ey < Co—. (4.15)
ot - erll < cnt

We now estimate the term || f, — f||. From Lemma 4.1, we get

(BB — B3 (a3~ Bal3,)"  Cy

1,n"2n
Wl + 13,03 )%+ (2,) M

1,n"2n

Cy
Z Ea

it follows that

S I Ulh + Blhn)on — GRN N ()" + (B0) )
n=1 M? + ’7>\?1 ((l%ﬁn)Q + (l%ﬁn)Q) + ’}/AWZ ((lin)2 —+ (l%,n)2) + 72)\;”1-1—7712
+oo

Iy = fll =

n

<

> A0 o X
e VLRI VEVI(FNE SN B
*2” YAn f X
AT+ (AR (1) + (82,)7) + M2) /(e + (13,07 + (3.,)7)
+oo

+

3 VAR @n X
)\%m1+m2)/2+M2/(l1 i1 +12 12 ) n

n=1" 1,n"2,n 1,n"2,n

*Z“’ WAL L X
AN M2/ ((15,)° 4 (,)°)

— +oo
'Y)\m2+2 p2 )
< sup ( n A2, X,
n Cy +'Y)\£zml+m2+4)/2 r;

,7)\m1+2—p1
+ su _n
n (04 n wz““)

+

)

+oo
D A fa X
n=1

where M =13 15, — 7,15, From the a priori condition (3.8) yields

1,n"2,n
{m1,m2}+2—p;
$ (N )
— < su - FE.
||f’y f” = & np <C4 N ,y)\gm{ml,mz}JrQ

For ¢ = 1,2, we rewrite

max{mi, ma} +2 — p; = 2 — (p; — max{my, ma}),
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where p; > max{m1,ms} denotes the constraint condition (4.11). If 0 < p; —max{mi, ma} < 2,
there exists a constant C1y > 0 such that

,YA?ax{mlvmﬂJrQ*pi pi+min{my,mo}—max{mq,mo}
sup - < 010'7 min{my,mg}+2 ,
5 | =
Cy _i_v)\gun{mhmz}Jr

n

which also implies that

min{py,p2}+min{mq,mo}—max{my,ma}

ny - f” < CloE’7 min{my,mgy}+2

If p; — max{mi, ma} > 2, we get

,y)\gax{ml,mg}Jerpi - 1
Sl:lp 04 + 7A7r1;1in{m1,m2}+2 — C4A;€i7max{m1,m2}727’

and hence that 9

04 )\inin{pl ,p2 }—max{mi,ma}—2

Iy = fII < En.

Therefore, the above two cases are summarized as

min{py,pa}+min{my,mo}—max{mq,mo}

CroE~ min{my,ma}+2 , 0<p;i—max{my,ma} <2,
2(Cany P D =) T max{m ma) > 2,

1y = £l S{ (4.16)

On the other hand, from Lemma 4.1 and a priori condition (3.8) yields

Jio (y2Ama+ma 4 oy yma ((lin)2 + (lin)Q))wn — A (18, + linl%n)an ||

oy — ol =
! M2 ((18,)° + (B,,)°) + A ((,)7 + (13,)7) + a2t
+oo
'7»‘?1 fn
< X,
N nz::l N VE Y (N Y I ) ‘
= YAT2
+ nrTn X
7;1 VAR (AT (1) 7+ (18,)7) + M2)/(yam + (11,)" + (3.,)°)
+oo
7>\m1fn
< n X,
o P ey H

+oo

Z YAR2Pn

)\mz M2 ll 2 l2 2 Xn
n=1 YAn "~ + /((1n) +(1,n) )

Z ,Y)\max{ml,mg}-l-Q—pi
< sup < - min )E’
Cy + A2

i=1,2 "
where M =13 13, — 17,15, In a similar way, we get that
min{py,po}t+min{my,mo}—max{mq,mo}
CroEy min{m.my}+2 , 0 < p;—max{mq,ma} <2,
||50’Y - QOH < min{p1,p2} —max{mi,mo}—2\—1 (417)
2(04)\1 ’ ’ ) Evy, p; —max{mi,mo} > 2

for the second term on the right-hand side of inequality (4.13). Now by choose the regularization
parameter

2(min{m1,mg}+2)
) 2min{py,p2}+3 min{nLl,nLQ}72lnax{le,wL2}+2’ 0< P — max{ml, m2} < 2’
’Y =

53, pi — max{my,ma} > 2,
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this together with (4.14) and (4.16) yields that

2(min{py,pa}+min{my,mo}—max{my,mo})

(CS + ClOE)52min{pl,p2}+3xnin{nLl,nLQ}—Qn—nax{TnI,m,2}+2, 0< pi — max{ml, m2} < 27
(CS n 2(C4A§r1in{myp2}*max{m1,m2}72)—1E)5§, i — max{ml, m2} > 9.

175 = 1l <

Also, by (4.15) and (4.17), we have

2(min{pj,pa}+min{m;,mo}—max{mj,ma})

(Cg 4 ClOE)62min{pl,p2}+3min{ml,m2}72max{m1,m2}+2, 0<p;— max{ml,mg} < 2,
(09 4 2(04/\11nin{;017P2}—max{m17m2}—2)*1E)5%, Pi — madx{rnl7 mg} > 2.

195 =l <

The proof is complete. O

Theorem 4.2 provides an a priori strategy for choosing regularization parameter. The regu-
larity of exact solutions f and ¢ should be known in advance. In many practical applications,
the regularity of f and ¢ remains unknown. As a result, it is necessary to investigate a posteriori
strategy for choosing regularization parameter.

Here, we introduce Morozov’s discrepancy principle [32], that is, we choose the regularization
parameter ~ as the solution of the following equation:

KL (f,95) = g || + 152 (£9, #5) — 93] = 76, (4.18)

where 7 is a given constant. The solvability of the discrepancy equation (4.18) is guaranteed
by the following lemma if 0 < 76 < ||g¢|| + ||¢3]|| hold.

Lemma 4.3. Let g9, 95 € L*>(0,W) ,
07) = K1 (13,95) = atl| + [ Ka (£, %) = a2
then 0(v) is a continuous function satisfying

lim 0(7) =0, lim 0(y) = ||¢¢]|” +||¢3]|>-

~y—0 Y0

Proof. Since 6(v) is given by

=

- ($ (R L ks
v) =
M2 + 4" ((l%,n)2 + (lg,n)Q) + A2 ((lin)2 + (lin)Q) 4 A2 \mtme
1
+ (i ( VLGS = ¥ (A (13,,)° + A2 (1L,,)° + A+ gf )2> .

M2 4N ((1,)7 + (B,)7) + 702 (11,)7 + (12,)7) + 72t

n=1

n=1

where M =1} 15, — 13 13 ,, L = Aply 05, + A1t 13 ,,. So we have lim, o 6(7) = 0 and

1,n"2,n 1,n"2,n» 1I,n"1,n*

limy 00 0(7) = [|63]12 + [|95]|%. The lemma is proved. O

Next, we obtain error estimates for the regularization solution under the a posteriori choice
of regularization parameter.

Theorem 4.3. Assume that the observed data g, i = 1,2 satisfies (1.5), the a priori condition
(3.8) and the constraint condition (4.11) hold, and there exists 7 > 4 such that 0 < 70 <
921l + 1lg3ll, the parameter « is selected by the Morozov’s discrepancy principle (4.18). Then,
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(a) If 0 < p; — max{mi,ma} < 1, we get

C§ 20 Fmin{p1,p2}) , m1 < ma,

5 + s _ < min —m
||f'y f” H"D'V <P|| - {05%, mi1 > Mma.

(b) If p; — max{mi,ma} > 1, we have
15 = £1l + 15, ¢l| < Cs%,
where C depends on p;,m;, Ty (i =1,2),,m, A1, 7.
Proof. For 76 defined in (4.18), there is the following inequality estimation:
70 = [|K11 () + K21(93) — 0| + [ K12 (f]) + K22(95) — 93] (4.19)

§ 20O 0B) M () 490 )y O ol + Nl )
M2 + ’Y>\:zn1 ((l%,n)2 + (l%,n)2) + ’}/)\nWZ ((l%,n)Q —+ (lin)Q) + 72)\?14—7712

n=1

n

+ io YO A A2 8 ) 9 =y (i (13,0) "+ N (l%,n)Qﬂx\T*m)gg,nx
S M2 ((10,)° F (1B,)7) Fam (1) + (12,)7) +y2agatme T
S Yg1,nX
§45+ Z mi1 (11 \2 ma (71 \2 27 mi (12 \2 ma (12 )2 mitma ‘
S (O (8,) e (1)) 4+ M2) /(i (1,,) a2 (12,,) At me)

+oo

ap L
oy MRG0+ AR LI )
MR (N0, AR L )

+oo

" Z Yg2,nX.
S (YR (1,) A (1,,)7) + M2) /(A (18,) S Ame (1) At me)

| )

where M = linl%n — linl%m. It is easy to derive that the following two inequalities:

2 2

’Y()‘gl (l%,n) + )‘22 (l%, ? + (l%,nl%,n - l%,nl%,n)Q > (l%,nl%,n - l%,nl%,n)
N(13,)° A2 (12,,)7 4 yaptme (R, A (2,)Y
)
(

n)
mi (12 \2 ma (12 \2 1 72 2 71 \2 1 72 2 71 2
’Y(An ! (ZQ,n + )‘n 2 (ll,n) =+ (ll,ann - ll,nl2,n) > (ll,nl2,n - ll,nZZ,n)
A (11,) 2 4+ A (1L,)% 4 At T (g, A (L)

)
2
1,
)
1
1,

Recall, from Lemma 4.2, we have

(linl%,n - l%,nl%,n)Q 05
N )TN () A
(l%,nlg,n - l%,nl%,n)Q CV5
N8, AL T
(linl%,n - l%,nl%,n)Q 05

)\:lnl (l%,n)2 + )\T2 (l%,n)Q - )\gaX{ml,mg}ﬁ-Q :
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This together with
gin = linfn + l%,anv g2,;n = linfn + l%ﬁn@n
gives

+o0 ,7)\721+max{m1,m2}l% nan

(74)5§2< >

400 2+max{mi,m2};2
A I3, X

Thus, by Lemmas 2.1, 2.5 and a priori condition (3.8), we get

+oo '7)\721+max{m17m2}l%1n§0an
> )
+oo '7)\721+max{m17m2}lg,n(Pan
,y)\%erax{ml,mg} +Cs

/7)\721+max{m1,m2} 4+ Cs ,y)\glerax{ml,mg} 4 Cs

>

n=1

)

Z /7)\721+max{m1,m2} 4+ Cs

n=1

VAV )\711+max{m1,m2}—p1 +oo
u < sup rymax{m a2 Z )\;Zl ann
4 n ’}/An 12 =+ 05 n=1

7>\l+max{m1,m2}—p2 too
+ su n A2, X
np /_y)\glax{ml,mg}-l-Q + 05 7;1 n Pnin

/_y)\1+max{m1 ,ma}—p;
< sup -~ E.

Now by the constraint condition (4.11) yields p; —max{m,mz2}>0. If 0< p; —max{my,ma} <1,
there exists a constant C1; > 0 such that

,Y)\l—i-max{mhmg}—pi
n
/_y)\glax{ml,mQ}Jr2 1 Cs

sup
n

1+p,
S Cll'}/ max{my,ma}+2

If p; — max{mq,ma} > 1, we get

’Y)\'}z—i_maX{ml ,m2}—p; _ 1
Sl:;p /_y)\glax{ml,mg}-i-Q + 05 — 05)\;117¢—max{m1,m2}—1 -

Therefore, we conclude that

14+min{py,po}
(1 — 4)5 < Cry Eymaxtmyma}+2 0 < p; —max{mq,ma} < 1,
< : -1
4 2 (C5Ar1mn{pl’p2}7max{m1’m2}fl) Evy, p;—max{mi,ma} > 1.

Denote constants

max{my,mg}+2 %
o (4011E> 2(T+min{p1,p2}) o SE
12 = ’ 13 = i —1—max{mi,ms ’
T4 (7 — 4)Cy AT prpa) = mmaxtma ma)

the following inequality:

_ max{mq,my}+2
1 < {0125 Fmin{rrre)) | 0 < p; — max{my, ma} < 1,

VYT
is obviously hold. From (4.14) and (4.15), we obtain

Ci3073, pi —max{my,ma} >1

CuChod S G e ™ < { p<1

sCl2 min{py,p2 Pi — maxymai, mo

17— 1 < { l B yo1 @
CsCh363, p; —max{mi, ma} > 1.
C C 62min{2;8f2_}7{max{77}1)1,m2} 0 { } 1

9Ch2 min{py,p2 < Pi —maxymi, msa <

Hgoi B SD’YH S { l B 7 ) ? (421)

CyCh33%, p; — max{my,ma} > 1.
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Furthermore, by a priori condition (3.8), we have

Ifr = F1 %=Ly
o] m 2
_ + ’7>\n 2 (linl%,n + l%,nl%,n) Agpz |(,0 |2
TR (1) (B)7) N ()" (F)7) A )

< mi—+ms2 mi 2
+Z( AR 4N () + (B)) ) o 1.
M2+ ((1,)7 + (2,)7) + 9 (13,)° + (12,,)7) +2xgtme ) 7"

n=1

n=1
+oo +oco
<Y NP onl” + Y AP fal? < 2E7, (4.22)
n=1 n=1
where M =13 13, — 13 I3 ,. Similarly, we have the same result on ||, — <p|\2@((7L)p2). On the

other hand, let
L

1,n"2n .
Fz(n)fw, Z—1,2.
1,n"2,n 1,n"2,n

From the noise assumptions (1.5), and there exists Cy4 > 0 such that

K1 (fy = fr oy — @)l
*i (A (12,)° 4 Ame (12,)7 At m Y g gl .
= M2 ((13,)° 4 (12,)°) e ((1,)7 + (12,,)7) + 2 amatme
13,
F1 (n)ll—’
2,n
io VLG o =N (13,)7 A+ A2 (1) 4 yAmatme ) g8
n=1 M? + 7>\nm1 ((l%yn)Q + (l%yn)Q) + ’}/)\nWZ ((lin)2 —+ (l%,n)z) + ,-y2Anm1+m2

x lim_ [Fy(n)

< Chad +

X lim
n— o0

+

N i" (A (13,)7 A2 (12,,)7 4+ yAmtme Y gd 4y Lgd
M2 N (13,)° + ()7) + A (11,)° + (12,,)7) + 42 ametme
3.,
0,
i" —Lg} YA (13,,)% + A2 (If )2 + A Tm2) gd x
M2 N (13,)° + (B)7) +yam (11,)° + (12,,)7) + 42 ametme

x lim [Fi(n)],

x lim
n— o0

F1 (n)

where M =1y 15, — 13 15, L = X715 .05, + Am2li 03, And by Lemma 2.4 yields

1,n"2,n 1,n"2,n> 1,n"1,n*

) , 12, . B, TeTeTr(1—a)
A [l = i (R = i [0 < e

this shows that

2rTTOT (1 — «
||K1(f7f,%sﬁ)||§<014+ TS ))5,

4.2
Te — Ty (4.23)
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which is ensured by Morozov’s discrepancy principle (4.18). Similarly, for operator K, there
exists positive constant C}5 such that

| Ka(fy — froy — @)l
Jf —y(Am(13,)% + A2 (13,)? +yAmtme) gd  +yLg ,
M2 N (13,)° + (12)7) + w2 (1) + (12,,)7) + 42 ametme

x lim |Fy(n)]

< Cis56 +

N i" VLGS =N (13,)7 A2 (11,) Ay Amitm2) g ¥
= M2 ((13,)° + (12,)7) e ((1,)7 + (2,)7) 4+ y2amatm
. ll n

X nl;rr;o Fg(n)l%j

N i" —y (AP (13,,)2 + A2 (13 ,,)2 + A2 gl L+ vLgs

2 2 2 2 X
ot M2+ ((13,)7 + (13,,)7) + a2 ()" + (12,)7) ++2 A tme

x lim [Fy(n)|

a1 M2+ 920" ((l%n)2 + (l%n)Q) + AR ((l%n)2 + (l%n)Q) {2 Amatme
1

l2,n
Fa(n) 35—
2,n

+oo ) m 1 2 m 1 2 mi+m 1)
j : _Ing n+’y )‘nll n +)‘n2l n +’y)‘nl %)g n
n 1, ( (2, ) (1, ) ) 2

X lim
n— o0

)

where M = linl%n — linl%m, L= )\ﬁlléﬁnl%n + )\Z”linlin, and hence that

21TeTYT (1 — o
Kty = oy = 9 < (s + ZHEEE= 5 (4.21)
1 — 42
Now, we estimate term || f, — f]|. Here,
||Kz(f’y_fa§0'y_§0)”a i:132a
is obtained by replacing g with g; in (4.19), which, along with
f o l;ngl,n - l%,nan o lingln - lingl,n
" l%,nl%,n - l%,nl%,n A l%,nl%,n - l%,nl%,n
yields
400 12 1
l27nK1(fv,n - fna Py — (Pn) + ZQ,nK2(fv,n - fna Pymn — ‘pn)
||f’Y_f||: Z oz 12 Xl
n=1 1,n"2n 1,n"2n
Therefore, by the Holder inequality
I1f~ = FII?
S 4 :
= Z <W <K1(fw,n — fns Pymn — Sﬁn) - 12—7K2(f%n = fns Pymn — @n)))
n=1 1,n2n ~ "1,n'2n 2,n

“+o0 l% 2(1+p1)
= Z<11 Z _Z >

n=1 1,n"2,n 1,n"2,n
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1

l 2\ 1+p1
X (Kl(fv,n - fna ‘pv,n - (Pn) ZQ K2(f'y, fna (P'y,n - ‘pn)) )
2,n

ll 2\ 1+p1
< Kl f'yn fn;@’y,n*@n)*ZQ (f'yn fnaw’y,nsﬁn)) )
2,n

l%n 2p1 , m

- (n 1< l%"_l%nl%n> (f’Y»nifn) )

+oo 2 %

<< Kl f’yn fm(P'yn gan)) )

n=1
L o\ b\
+ Z <12 (KQ(f’Ynfm(P'y,ngan))) .
n=1 ,n

Hence, similar to the proof of Theorem 3.1, we obtain

o T, P
16y = 1115 Cally = FIGE sy (W = Foor = D+ () 1ty = fro =)
and based on (4.22)-(4.24), there exists a constant C1g > 0 such that

1y = fII < Crgdmt,

In a similar manner, there exist C77 > 0 we obtain

oy — el < Cslloy — wll”“ Lyr2)

P2

1 p2+1
<|K2< —ferm )I+1_Ea71(_(m2+)\1)T1a)|K1(fvﬁ%@)l)

P2
< Crrdpatt.

And hence, from (4.20) and (4.21), we have conclusions

2min{p;,pa}—max{my,ma} p1
Hf6 B fVH < Cs(C129 2“*‘“‘“;’1’1”’2}) + Cid7+tT, 0< i — max{ml,mg} <1,
2t = 1 1
CsC1302 + C16071+7, pi — max{my,ma} > 1,
2min{p),pg} —max{my,my} P2
||505 . H CyC120 Z(Hm’";{?:l’p?}) + Cr7072+1, 0 < p; — max{ml, mg} <1,
y > 1 _p2_
C9C1302 + Ci70P2+1 R i — max{ml, mg} > 1.

As a result, there exists a constant C' dependent on the constants p;, m;, T; (i = 1,2),a, m, A1
and 7 such that when 0 < p; — max{mi,ms} < 1, we get

2min{py.po}—max{my ,mo}

155 = 13l < 087 H T

and when p; — max{m,m2} > 1, we obtain
I £ < 0%

Similarly, we can derive the same estimates for [|¢% — ¢, ||. So, the proof is complete. O
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5. Numerical Experiments

In this section, we give some examples to demonstrate the effectiveness and flexibility of
the proposed method. In the initial-boundary value problem (1.4), we consistently specify the
parameters as m? = 4,W = 1,T = 1, that is, we consider the following system:

SD u(x,t) = —4du(x,t) + % + f(z), (x,t) €(0,1)x(0,1),
u(0,t) = u(W,t) =0, te(0,1), (5.1)
u(z,0) = ¢(z), z € (0,1).

In our numerical examples, we will take 77 = 1/3 and T, = 1/2, and the time-fractional
Black-Scholes inverse problem we considered is the following problem.

(BSIP): From data u(z,T;) = g;(x), ¢ = 1,2, simultaneously find source term f and initial
value ¢ in (5.1).

We know that the eigenvalues and its corresponding eigenvectors of the elliptic operator —L
are \, = (nm)?, X,, = sin(nmz),n = 1,2, ..., respectively, and the observed data is generated by

gf(z) = gi(x) + 5(2 « rand () — l)gi(z), 1=1,2,

where rand(x) is the random function obeying uniform distribution in the interval [0, 1]. In our
numerical simulations, we will show the simulation results of the regularized solutions, as the
parameters (such as the noise level § and Caputo derivative order ) vary in some range, while
the regularization parameters + are always selected by Morozov’s discrepancy principle (4.18).

Example 5.1. Consider the model system (5.1) with smooth source term
f(z) = 2(1 — x) exp(x),

and smooth initial value
p(z) = sin(nz).

The simulation results are presented in Figs. 5.1 and 5.2.

500 I . . I L 1 I . I 600 . . I L . I . I .
0 0.1 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

(a) The source term f(z) (b) The initial value ¢(z)

Fig. 5.1. Example 5.1. Numerical results without regularization.
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035 E 07
03 E 06
025 ] 05F
02t E 04
045 E 03}
0.1} E 02t
0.05 8 04}
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(a) The source term f(x) (b) The initial value p(z)

Fig. 5.2. Example 5.1. Numerical results with D1 f = f' and D2 = ¢,

Figs. 5.1 and 5.2 show the inversion results at different noise levels § = [1%, 2%, 5%] when
a = 0.8, respectively, without using the regularization method and using the regularization
method with two differential operators given by D1 f = f’ and Doy = ¢”. From the results
in Figs. 5.1-5.2, one can see that the simultaneous inversion problem (BSIP) is an ill-posed
problem, and the regularization method with two differential operators proposed is an effective
method for dealing with this problem. Clearly, we observe that as the noise level é decreases,
the regularized solution gets closer and closer to the exact solution, resulting in better numerical
inversion results.

Example 5.2. Consider the model system (5.1) with smooth source term

f(z) = sin(4nz),

and smooth initial value 5
T

o(z) = 2(1 — z) <1 - 3) .

The simulation results are presented in Figs. 5.3 and 5.4.

exact 5

exact,

—A—§=1%
——8=2% |
—*—§=5%

0.18 -

—A—5=1%

0.16 -

0.14 1

012

0.1

0.08 |

0.06 [

0.04 1

0.02 1

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 06 0.8 1

(a) The source term f(z) (b) The initial value ¢(z)

Fig. 5.3. Example 5.2. Numerical results with D1 f = f” and Dap = ¢®.



Two-operator Regularization for Fractional Black-Scholes 25

1.5 T T T T T T T T T 0.25
exactf exact o
—A—§=1% —A—§=1%
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0.1
0%
0.05

-0.51

04
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0 0.1 0.2 0.3 04 05 06 07 0.8 0.9 1 0 0.1 0.2 0.3 0.4 05 06 0.7 0.8 0.9 1

(a) The source term f(x) (b) The initial value p(z)

Fig. 5.4. Example 5.2. Numerical results with D, f = f©® and Do = ¢".

The numerical inversion results of the simultaneous inversion problem (BSIP), at different
noise levels 6 = [1%,2%,5%)| with @ = 0.8 and 7 being selected by Morozov’s discrepancy
principle (4.18), are shown in Figs. 5.3 and 5.4. In Fig. 5.3, we choose differential operators as
Dy f = f"” and Doy = ¢, while in Fig. 5.4, we take D1 f = f®) and Dyp = ¢”. Both figures
show that, the initial value ¢ seems more sensitive to error variation, and also more sensitive
to the selection of differential operator.

Example 5.3. Consider the model system (5.1) with piecewise smooth source term

{x, z€1[0,1/2),

fle) = 11—z, xell/2,1],

and smooth initial value
p(z) = sin(nrz).
The simulation results are presented in Figs. 5.5 and 5.6.
In Example 5.3, source term f is a piecewise smooth function with a “cusp”, and initial
value ¢ is a smooth function. we choose the two differential operators D; and D5 as D1 f = f’

0.6 T T T T T T T T T 1 T
exact; | exact(p
A ey 09| —a—5=1%
05F|—o— supu 1 | |—e—o=2%
— ¥ 5=5% 0.8 | % 5=5%
0.7
04
06
03} 1 05F
0.4
02
03r
0.2
0.1
0.1
0 . . . . . . . . . o . . . .
0 0.1 02 03 04 05 06 07 08 09 1 0 0.2 0.4 0.6 0.8 1
(a) The source term f(z) (b) The initial value ¢(z)

Fig. 5.5. Example 5.3. Numerical results with o = 0.9.
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(a) The source term f(x) (b) The initial value p(z)

Fig. 5.6. Example 5.3. Numerical results with oo = 0.1.

and Dyp = ¢®). In Fig. 5.5, we take the order of fractional derivative o = 0.9, and o = 0.1 in
Fig. 5.6, the simulation results are shown in Figs. 5.5-5.6. The results from Figs. 5.5 and 5.6
indicate that the larger the value of «, the better the fitting effect of the regularization solutions.

6. Conclusion

This paper investigates the inverse problem (BSIP) concerning the simultaneous recon-
struction of the source term and initial value for the time-fractional Black-Scholes equation,
establishing it as a linear ill-posed problem exhibiting a mild degree of ill-posedness. By estab-
lishing conditional stability in Theorem 3.1, we reveal that the selection of time points T} and T»
influences stability. In particular, selecting these points too close together can adversely affect
the regularized solution. To address the (BSIP), we propose a regularization method with two
differential operators. Convergence analyses are provided for both a priori (Theorem 4.2) and
a posteriori (Theorem 4.3) selections of the regularization parameter. While theoretical appli-
cability may be constrained by the restrictive condition (4.11), numerical experiments, which
employ diverse exact solutions for the source term and initial value — validate the effectiveness of
the proposed approach, despite its reliance on the spectral expansion of the differential operator
within the eigensystem.
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