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Abstract

In this paper, we design novel high order probabilistic numerical algorithms for forward
backward stochastic differential equations. Moreover, we derive the error estimates and
prove the high order convergence rates of the proposed schemes. Because the proposed
scheme involves conditional expectations, an estimator based on the multilevel Monte
Carlo method is applied to approximate the conditional expectations. Furthermore, we
theoretically demonstrate that the computational complexity of our numerical method is
proportional to the square of prescribed accuracy. Numerical experiments are given to
illustrate the theoretical results.
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1. Introduction

Let (2, F,F,P) be a filtered complete probability space where F = (F})o<i<r is the natural
filtration of the standard g-dimensional Brownian motion. On the space (Q, F,F,P), we focus
on the probabilistic numerical methods of the solutions to the following forward backward
stochastic differential equations (FBSDEs):

¢ ¢
Xt:X0+/ b(s,Xs)ds+/ o(s,Xs)dWs, (SDE)
0 0o (1.1)
Yt:<1>(XT)+/ f(YS,ZS)dsf/ Z,dW,, (BSDE)
¢ ¢

where T' > 0 denotes a fixed terminal time, Xy € R is a given initial condition of the SDE
in (1.1), ®(X7) € R" is a given terminal condition of the BSDE in (1.1), b: [0,7] x R — R% is
the drift coefficient, o : [0,T] x R? — R?*4 is the diffusion matrix, f : R" x R"*9 — R" is the
real valued generator function and ® : R? — R™ is the real valued function. For convenience,
assume that the functions b, o, f and ® satisfy the following assumptions:

(i) The functions b,c € C}, CF denote the set of continuous functions with uniformly
bounded derivatives up to order k, assume

sup {[b(t,0)| + |o(t,0)[} < L,
0<t<T

where the non-negative constant L denotes all the Lipschitz constants.
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(ii) d = q and we assume that o satisfies
T 1a d
o(t,x)o’ (t,x) > T V(t,xz) € [0,T] x R*.

(iii) b,0, f and ® € C,, Cf, is the set of uniformly Lipschitz continuous function with respect
to the spatial variables, furthermore, assume that

|£(0,0)| + |®(0)| < L.

Note that under the above conditions, it is clear that the FBSDEs (1.1) is well-posed; the re-
sulting integrands obtained by taking the conditional expectation on both sides of the backward
component are continuous with respect to time.

The existence and uniqueness of the solutions of the FBSDE (1.1) were deduced in [30].
Papers [31,33] demonstrate that the solution (Y3, Z;) of the FBSDE (1.1) can be represented as

}/t = ’U,(t,Xt), Zt == Vu(t,Xt)J(t,Xt), Vi S [O,T], (12)

where Vu is the gradient of u(t, z) with respect to the variable z, u(t,z) € C,*([0,T] x R?) is
the solution of the nonlinear parabolic partial differential equation as below

LOu(t, ) + f(ult,z), Vu(t,z)o(t,x)) =0 (1.3)

with the terminal condition u(T, z) = ®(z),
) 91 9

0 - = ) — 4z .. -

£ ot + Zbl(t’x) Ozx; * 2 Z (007 ):5 x)ﬁx dz;’

After the well-posedness result of nonlinear FBSDEs was rigorously proved by [30, 31, 33],
the nonlinear FBSDEs are investigated by more and more researchers because they are widely
employed in various areas of social and natural sciences, such as pricing problems, partial
differential equations, stochastic optimal control problems, risk measures, image processing
problems and so on. However, it is rarely possible to find the analytical solutions of FBSDEs
because the vast majority of FBSDEs possess of complex structures and are nonlinear. Thus,
an increasing number of numerical algorithms is designed to approximate the solution (Y, Z)
of FBSDESs.

To the best of our knowledge, [9] was the first work which dealt with the numerical methods
for FBSDEs by means of the nonlinear Feynman-Kac formulation (see [31,32]). [3,17,34, 42]
studied the Euler schemes for FBSDEs and proved that the convergence order of the Euler
scheme is 1/2. After that, the Euler schemes also have been tailored to FBSDEs driven by the
G-Brownian motion [25], quadratic BSDEs with the reflection [36], reflected BSDEs with two
continuous barriers [40] and so on. Furthermore, to achieve a higher order of convergence, the
multistep schemes [1,2,4,18,19,21,38,43] are developed as an extension of the Euler schemes
with convergence at an arbitrary order. To avoid solving an algebraic nonlinear equation at
each time step, the predictor-corrector schemes [20,22,23] are designed. In this paper, we design
a new high order multi-step scheme (see the schemes (2.14)) for the FBSDEs (1.1).

Note that as the parameter ag = —1, our time-discretization of the Y-part of the BSDE is
the same as the time-discretization of the Y-part of the BSDE in [4] and the corrector term of



High Order Probabilistic Numerical Methods for FBSDEs 3

time-discretization of the Y-part of the BSDE in [23], as the parameter ag = —1,k = 2, our time-
discretization of the Y-part of the BSDE is the same as [21], as the parameter ag = —1,a; = 1,

as = az = --- = a = 0, our time-discretization of the Y-part of the BSDE degenerates
to the Adams schemes; as the parameter ag = —1,ar = 1,01 = a3 = -+ = ax—1 = 0,
bp=by=---=0b, =0,k =N, our time-discretization of the Y-part of the BSDE degenerates

to the multi-step forward dynamic programming (MDP) scheme in [19]. That is to say, the
time-discretization of the Y-part of the BSDE in [4,19,21,23] is the particular case of our
time-discretization of the Y-part of the BSDE. Besides, the time-discretization of the Z-part
differs from the existing discretization methods for the Z-part.

The differences between this paper and the reference [22] are that

(i) The discrete-time approximations of BSDE with respect to Y and Z in this paper are
designed via the differential method, the undetermined coefficient method and the Ito-Taylor
expansion, while [22] adopts the Itd-Taylor expansion and iterative processes. The advantage
is that the scheme in this paper avoids instability for & < 4 with respect to Z, where k denotes
the step number in [22]. Moreover, the error estimates are demonstrated under Dahlquist’s
root condition (see Theorem 3.1). Based on the result of the error estimates, we prove that the
convergence order of the proposed new scheme is k, k € N* (see Theorem 4.1).

(i) [22] devotes to designing an algorithm for conditional expectations via the multilevel
Monte Carlo (MLMC) method, while this work aims to analyze the computational complexity of
the proposed high order probabilistic numerical algorithm. In other words, we conducted a more
in-depth theoretical study on the approximation of conditional mathematical expectations using
MLMC methods.

Note that the conditional expectations appear in the numerical schemes no mater what the
Euler schemes [3,17,42] or the multistep schemes [1,2,4,18-23,38,43,44]. In order to obtain
the numerical solutions of FBSDEs, it is necessary to design algorithms for approximating the
conditional expectations. Up to now, many algorithms have been designed to calculate the
conditional expectations, such as the random walk method [13,14], the Malliavin calculus and
Monte Carlo methods [8], the MLMC method [22,24], the empirical regression method [2,18-20],
the cubature method [7], the Fourier transform method [12], the BSDE-COS method [35], the
stochastic grid bundling method [6], the wavelet-based SWIFT method [5], the extreme gradient
boosting regression method [39], the Fourier cos-cos transform method [29], and the homotopy
analysis method [45]. Among these efficient algorithms, we are interested in the MLMC method
which is designed in [15,16] and can significantly reduce the computational complexity (see [10])
of Monte Carlo method. In order to better deal with stochastic computing problems, researchers
introduce some different MLMC methods, such as the optimal MLMC method [37], the adaptive
MLMC [27] method and the multilevel Monte Carlo finite-element method [26] and so on. In
this paper, we introduce the MLMC method for approximating conditional expectations and
this is an optimization problem with constraints in nature. In addition, we theoretically prove
that the computational complexity of our proposed method is proportional to e~2, where €
denotes the prescribed accuracy. Compared with Monte Carlo method, in the same time-
discretisation numerical scheme, this estimator reduces the computational complexity from
O(e7271/2) to O(e~?), where X is the convergence rate of the time-discretisation schemes.

The main contributions of this paper are:

(i) We derive a novel high order scheme for FBSDEs. The error estimates and high order
property of the proposed scheme are rigorously proved. Note that the scheme is always stable
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with respect to Y and Z. The numerical schemes [4,19,21,23] are also special cases of our
multi-step scheme.

(ii) For the conditional expectations appearing in the proposed scheme, we construct an algo-
rithm via the MLMC method designed by Giles [15,16]. The advantage of this algorithm is to
significantly reduce the computational complexity. Specifically, we utilize the MLMC method
to approximate the conditional expectations and then analyze the computational complexity
of our numerical method (see Theorem 5.1). To the best of our knowledge, this is the first
attempt at reducing computational complexity of Monte Carlo simulation for FBSDEs.

The remainder of this paper is organized as follows. We introduce the high order probabilistic
numerical method for time-discretization of the FBSDEs (1.1) in Section 2. We derive the error
estimates of the proposed numerical schemes in Section 3. Section 4 is devoted to analyzing the
convergence order of our numerical schemes. Section 5 presents an algorithm to approximate
conditional expectations appearing in our numerical schemes and the corresponding complexity
of this algorithm is also demonstrated. We report the numerical results in Section 6. In the
end, Section 7 is devoted to the conclusion of this paper.

2. Time-discretization for FBSDEs

In this part, we design the time-discretization scheme for the FBSDEs (1.1). To be specific,
we first introduce some notations and two ordinary differential equations (ODEs). Then, the
function derivatives and the functions in the derived two ODEs are approximated by some
expressions that contain parameters. Finally, we provide the condition of the solvability of
equations in the scheme (2.14).

We use 7 to denote the grid of the time interval [0, 7], namely

T
7T={0=t0<t1<"-<tN:T}, ti:ih, h:N’ iZO;la-'-7N7 N€N+a
and
AWZ'J'JF]' = Wti+j *Wti, jGN

represents the Brownian motion increment.
In what follows, two ODEs are derived (see [43] for detail). Taking the conditional expec-
tation E;[-] := E[-|F%,] on both sides of the BSDE in (1.1), we have

Y] = B0 + [ B0 Z0ds, € 0T (21)

From Section 1, the integrand E;[f(Ys, Zs)] is continuous with respect to s. Thus, taking the
derivative with respect to ¢ on both sides of (2.1), we have the ODE

dE;[Y;
% =-E;[f(Y}, Z)], te€[ti,T). (2.2)
From the BSDE in (1.1), we obtain
t t
Y, =Y+ | f(Ys, Z)ds f/ Z,dW,, te [t T). (2.3)
ti ti
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Multiplying AW,!, = (W, — W;,)T on both sides of (2.3), and then taking the conditional
expectation on both sides of the resulting equation, we obtain

t t
O:Ei[YtAWt?t]qL/ Ei[f(YS,ZS)AWJVS}dsf/ E;[Zs)ds, t€[t;,T). (2.4)
ti ti

From Section 1, we know the result that two integrands E;[f(Ys, Zo)AW,! ] and E;[Z,],s > t;
are continuous functions of s. Taking derivative with respect to s, we have the ODE

dE; [Y: AW, ]

dt
Now, we introduce the undetermined coefficient method to approximate the function deriva-
tives (e.g., dp(t)/dt) and the functions (e.g., ¢(¢)) which play a vital role in designing our high

order numerical schemes for the FBSDEs (1.1). Specifically, let ¢(t) € Cg°. The approximation
of p(t) and de(t)/dt can be described as

= —Ei[f(Ye, Z)AW,] )| + EilZi], t€ [t:,T). (2.5)

k
~ > bag(t +nh),
n=0

k
dp(t) o(t + nh)
a ;O“” ho

where the real numbers {a, }o<n<i and {b,}o<n<k are independent of h with k¥ € N*. From
(2.6), we obtain

(2.6)

k
dEz[Y;f] anEi[Y;fiJrn]
~ 2.
dt |, Z h ’ 27)
=t n=0
dE; [Y,AW,T bR AW,T
[ t tl,t} ~ Z [ titn t; t1+n}7 (2.8)
dt — = h
Eilf(Ya,, Z4,)] Zb Eilf (Yerpns Zti))s (2.9)
E; [f( ti,zti)Ath] =0, (2.10)
k
~ > BuEilZ,,,], (2.11)
n=0

where the real numbers {ay, }o<n<k and {8, }o<n<k are also independent of h. Plugging (2.7)
and (2.9) into (2.2), we have

k anEZ
3o Bl ZbE Yorns Ziy, ) (2.12)

n=0

Inserting (2.8), (2.10) and (2.11) into (2.5), we have

E' I:E/tz+n AWtT t

i Qp g i it 'n.] &
Z h = ~ T;OﬁnEz [Zti+n]‘ (213)

n=0

Thus, we approximate the analytical solution (Y;, Z;) of the FBSDEs (1.1) by the following
manner:
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1. To initialize the novel multi-step schemes with k£ € NT; k terminal conditions (Y _ i ZN—;)
are given, where (Y _ I j) is Fi,_;-measurable square integrable random variables
for0<j<k-1.

2. For 0 < ¢ < N — k, the transition from 7 + 1 to ¢ is given by

agYy = j{:aj V7] j{:b hE; (7]

YAW

(2.14)
27 (3 1,2
BoZ] = *ZﬂjEi [Ziﬂ Jrz i +j +]]7
j=1

where Y™ and ZT denote the discretization form of Y and Z at t;, f = f(Y7,ZF),
{acto<e<i, {beto<e<k, {au}1<e<i and {Be}o<e<r are real numbers, in particular, ag # 0,

Bo # 0.

We now discuss the solvability of equations in (2.14). If by = 0 in (2.14), the scheme is explicit
with respect to both Y and Z. Besides, every iteration (Y;", ZF) fori=N—-k,N—-k—1,...,0
can be obtained explicitly. Naturally, the numerical scheme (2.14) has a unique solution. If
by # 0 in (2.14), the scheme is still explicit with respect to Z while implicit with respect to Y.
Thus, we have to consider the solvability of the nonlinear equation with respect to Y in (2.14).
Moreover, we have to verify that the iterations exist.

Lemma 2.1. Assume that by # 0 and 2hboL < 1 hold. Then the time-discretization scheme
(2.14) has a unique solution.

Proof. The proof follows the line of proofs used in the analysis of the multi-step schemes
for ODEs. Hence, we omit it here (see [11, Theorem 6.1.1] for detail). O

3. Error Estimates

In this part, we measure the error between the numerical solutions (Y;", ZT) obtained by

the scheme (2.14) and the analytical solutions (Y;,, Z;,) of the FBSDEs (1.1) with the criterion

E[[Y; — Yy, 2]+ 0 Zk E[h|ZF — Z;,|?]. Before showing the error estimates, we first provide two
deﬁn1t1ons and an essential lemma.

Definition 3.1. Let (Y;,,Z:,) be the analytical solution of the FBSDEs (1.1) at t;, for i =
N—kN—k—1,...0,

k k
aO}/t-; = - ZajEi[}/tprj] - ijh'Ez[ftl+]] + h’T;'yv
- = (3.1)
Wz ZJrj}

BOZ,:Z, Z BJ th+J + Z Oéj 1+J

where fti = f(}/tﬂZtl)7 Zf

z
+r;,

max EHT H — 0 as h — 0,
0<t;<T
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we call the numerical schemes with respect to 'Y in (3.1) approzimation the differential equa-
tion (2.2); analogously, if

max EHTfH — 0 as h — 0,
0<t;<T

we call the numerical schemes with respect to Z in (3.1) approzimation the differential equa-

tion (2.5).
Definition 3.2. The characteristic polynomials of the numerical scheme (2.14) are given by

Py(¢) = aoC* + a1t + aolFT 4+ -+ ag, (3.2)
P.(¢) = BoC* + Br¢F 4 BoCF 2 - 4 By

The numerical scheme (2.14) is said to fulfil Dahlquist’s root condition, if

(i) The roots of the characteristic polynomials Py(¢) and P,(C) lie on or within the unit
circle;

(i) The roots on the unit circle are simple.

Lemma 3.1. Assume that all the characteristic roots A\; of the matriz A lie on or within the
unit circle and the dimension of the Jordan block whose modulus of the characteristic roots is
equal to 1 is 1. Then there exists a matriz D such that A = D™'AD and the norm of the
matriz A satisfies |Alloo < 1, where

m
IDllo = max <Zl Idz—jl>,
‘7:

D = (dij)mxm 5 a matriz.

Proof. Let n = 1 — max|y,|<1 |As|. The eigenvalues of the matrix A/n are A;/n. We make
the matrix A/n as Jordan form, namely

A
M als 0

LA A

D l=D 22 s ,

where @; ;41 = 0 or @; ;41 = 1. Multiplying n on both sides of the above equation, we have

)\1 04127] 0
A=D1AaD =10 A 37

Therefore,
[Alloo = max{|Ai| + |aviitan[} < 1.

The proof is complete. O

We now state the main result of this section, namely, the error estimates with respect to Y
and Z.
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Theorem 3.1. Suppose that the assumptions (i)-(iii) hold. Furthermore, assume that the nu-
merical scheme (2.14) fulfils Dahlquist’s root condition. Then the following estimates hold:

E[|AYi[?] + Z [l Ze|?]
= 2 2
< C(N_I?g;(< E[|AY;]?] + e E[h|AZ; %] + Zg E{hQ‘T% + h|r| }),

where C' is a positive constant which may change from line to line and depends {as}o<i<k,
{beYo<e<ks {aeti<e<r, {Beto<e<k, T, L, k, q.

Proof. Let
We complete the proof of the theorem in three steps.

Step 1. Estimates for AZ;. Subtracting (3.1) from (2.14) with respect to Z, we obtain

o AYl AWz 5
S pE Az =y MBI AW i] (3.4
7=0 Jj=1
We rewrite (3.4) as
k
B; B [AYi AW ] vz
E [AZ;+ ]+ - =, 3.5
Z P> ol o 35
We rearrange the k-step recursion to a one-step recursion as follows:
Ei[Z] = AEi[Zi11] + R, (3.6)
where
AZ;
AZ;i
Z’L = . )
AZiyr—1
Y
Bo Do Bo Bo
1 0 e 0 0
A:=1| o0 o 0 o |
0 0 0 0
k; z
Z [AYZHAWz 1+J] _
- = Boh Bo
R, = 0
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The characteristic polynomial of the matrix A, is

P.(N) = (=1)""p.r(N)

S R )

= (*Dké(ﬂo)\k + BT e B),

where
_ B
p211(>‘>* ﬁO >‘5
_ B B
pz,Q()\) - ﬂo + )\( /80 )\)a
B (e (B B
P=i() = ﬁo“< B “( o " “( Bo A) ))

Thus, the characteristic equation of the matrix A, and the characteristic equation of the numer-
ical scheme (2.14) with respect to Z differ by a constant factor. Hence, the characteristic roots
of characteristic equation of the matrix A, satisfy Dahlquist’s root condition. From Lemma 3.1,
there exists a matrix D, such that |D;1A,D,|s < 1. Let Z; = D,Z;. Multiplying D_*
both sides of (3.6), we have

E:|Zi] = D7 'A.D.E;[Zi 1] + DI 'R;. (3.7)
Applying || - [|s to (3.7), we obtain

i E:[AYi, AW, ] r| (3.8)
oo o BOh ﬁO

B [Zi]lloo < ||EilZig1]lloo + || P2

Squaring (3.8) and by the inequalities

1
(a+b)* < (1+7v)a®+ <1+—)b2, a,beR, >0,
Y

we have
B < (4 DIEZallk + (142 12 3 B AT AWy) il
1| |l = Y 1| 4i+1] | oo v z oo = 50h 60
< @ DIEZl + (1+ 3122 2 )
kaaX1< <k {Oé }
£ (1] I LR S s an L) )

Since the Brownian increment AW; ;1 ; is conditionally centered, it follows that

[A}/%JFJAWZ z+]] =E; [(A}/%Jr] - E; [A}/lJrj])AWz z+j]
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By the Cauchy-Schwarz inequality, we obtain
2 . 2
i [(AYiy; — Ei[AY; ) AW ]| < QJh<Ei[(AYi+j)2] — (Ei[AYi44]) ) (3.10)

Plugging (3.10) into (3.9), we deduce

1
IE(ZIZ < (1+ ) IE:fZiaIZ + (1 + ;) P15

k 2
aJEZ AY;'FJAWz z+]] . ﬁ
|2 Boh Bo
< @+ DIELZalle + (14 2) D 2 )
o 2k*qmaxi<;<y {a }

’ (” ) s 33h

k
xZ(Ez (AYii;) ]f(Ei[AYHj])Q). (3.11)

j=1

Step 2. Estimates for AY;. From the expression with respect to Y in (2.14) and (3.1), one
obtains

aoAY; = —E; hr?. (3.12)

2

k k
DAY+ Y bihAfiy
= =0

We rearrange the k-step recursion (3.12) to a one-step recursion as follows:

Ei[Yi] = Ei[AyYi1 + hE] + R;, (3.13)
where
. e S
AY; an an ao ap
INGY 10 - 00
Vi = : : A, =1 o0 1 0 o |,
AYi 1 :
0 1 0
k
b; hrY
Z A fiyj ——
=0 ao ap
F; = 0 ’ R; = 0
0 0

The characteristic polynomial of the matrix A, is

Py(N) = (=1)""py (V)

— (_1)k ()\k + ﬂ)\k—l 4 %)
an ap

1
= (—1)ka—(a0)\k +a X\ T ),
0
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where
ai
A)=—"L )
Dy 1( ) ao )
ag al
A= —24a =2 -
py,Q( ) a0 + ( a0 )’

py,k(/\)%+>\<akl +A<a’“2+-~~+>\<ﬂA>m>>.
ag ag ag ag

Thus, the characteristic equation of the matrix A, and the characteristic equation of the nu-

merical scheme (2.14) with respect to Y differ by a constant factor. Hence, we have that the
characteristic roots of characteristic equation of the matrix A, satisfy Dahlquist’s root condi-
tion. From Lemma 3.1, we have that there exists a matrix D, such that |D,'A,Dylle < 1.
Let V; = D,Y;. Multiplying D, on both sides of (3.13), we have

Ei[Y;] = D, ' AyDyE[Yi11] + hD, 'Ei[F] + D, ' R;. (3.14)

Applying || - || to (3.14), we obtain

k

Z Ei[A fig ]

0

k
_ max <'<k{|b'|}
< B[ Yisllloo + || D) || pL— 22 ZEz‘HAYHH +[AZ;iy 4]

[Ei[Yi]lloo < IEi[Yis1]lloo + |25 ]| 12 + Dy | P

|ao =
+ Dy Y| b (3.15)
Yy [e’e} ap
Squaring (3.15) and by the inequalities
1
(a+0b)* < (1+dh)a®+ (1+E)b2, a,beR, §>0,
we have
BV < (@ Il +2(1+ 5 )2y
1 maxo<; b;|?
ra(1e 5 ) I I ID 08;5{' i}
0
1
x> (IEYirs]l120 + IEs[Zars]112) - (3.16)
7=0

Step 3. Estimates for E[|AY;[?] + Y0, " E[h|Z¢|?]. Multiplying (3.11) by h and then adding
the derived inequality to (3.16), we have

I [ 12 + AR (Zi] 5

. b2
< <1+h<5+4h<1+—>HD D, l% L2maX0<]Z§{| d }>>E¢[IYH1I§J
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maxg< b;|?
e AN A S A ERN EAATES

. b2
+h<1+v+4(1+ A Iy e sz {0 }>||Ei[zi+l1u§o

+2( )HD P w2

Eq. (3.17) can be simplified to
Y12 + CahllE:[Za]12

y
_'L

(1 )0 a0

ao

< (1+ C3ME; [|Yitall5] + CahBi[[|Zisa 5] + Cs (}12|7°;'J}2 + h}rff) ) (3.18)
where
. .12
cr=a(1+ g ) I premosise ()
@
1-Cin
=T
. 6 +2C1h
O =T
C4 _ 1+’Y+Clh

(1 — Cth)(l + C'gh)7
o (2(1 +1/6h)|| Dy 17 Ja2 (1 + 1/7)\129;1\1202/53)
s = max .

1— C1h? ’ 1—C1h?
Then we choose suitable v, and a small enough h such that
C3<C, C5<C, Cy—Cyi>C>0,
where C, C are two positive constants. By (3.18), we have

1B (Y312, + Cohl|E[Zi) |2,

< (1+Ch) (Ez (1Y it1ll3,] + CahE; [HZerngo]) + C(hQIT?‘Q + h!fff)- (3.19)
Repeating the above iteration (3.19), we obtain
IE[Yi]l12 + Ch Y (1+ Ch)* (24|12
£=i
< (14 CNFH (B [V N -k 12] + CabEs (|| Zn— k4112
N—k
+ > a+ene(nl” + )
r=i

< (14 CR)N (B [IYN—p+1l1%] + CabE; [|Zn—r4111%])

N—k
+ >+ sy (Rl + alri[?)
£=1i

N—k
< exp{CT} (Ei[nmkmio] + CaE [|Zn g %] + - € (R3] + WF)) - (3.20)
=i
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Then we have

B (YVilZ, + > hlE:(Z12,

=i
iy 2 2
<C (Ei[uwmnio] + BB [Zn g %] + > (B2Jrd [+ hlr| )) . (3.21)
=i
From
12 _
E:[I1:1%] < (125 5B [1941%] = 112517, , mec | Es[|AY; 2],
Ei[[AY:?] <Ei[l1Vill5] < 1Dy 12K ([l ]
12 _
=) ||DZ1IIOOEZ-[||ZZ-||§O} = [P max B [1AZ7).
we have
N—k
IDAZNEVZ + 1DylI2, D PIE 2|12
=i

< CIDylI% 11D 1% (HDJIH [N lZe] + DT E | 2x - ]1%)]

N—k
+3 (hﬂré/ﬁ—i—h‘rff)). (3.22)
l=i

Thus, there exists a constant C' such that

N—k

Il + D RlELZI%
£=1i
N—k

<C (E[H)’Nkﬂ”i;] + hE; (| Zv ka1 l12] + (h2|7"3|2 + h|7"5|2)> : (3.23)

l=i

Furthermore,

N—k
E[|AY:P] + > E[h|Z]
=3

N—k
2 212
gc( max__E[|AY;]?] +ymax E[h|AZ;[?] + ;EWW\ + h|r] })

N—k<j<N

The proof is complete. O

4. Convergence Results

We concentrate on demonstrating the convergence rate of the proposed multi-step scheme
(2.14) in this section. Before that, we introduce an essential proposition and then demonstrate
two propositions.
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For readers’ convenience, we introduce some symbols before providing It6-Taylor expansions
(see [28, Theorem 5.5.1]). For a multi-index with finite length v := (v1,72, -+ ,7),p € NT,
ve €{0,1,2,...,d}, for £ € {1,2,...,p}, let £(v) be the length of a multi-index of ~; A7 is the
set of all functions v : [0,7] x R* — R for which £Yv is well defined and continuous where
LY=L oot £0) = 2221 0k;0x, for j € {1,2,...,d}; A} denotes the subset of all
functions v € A” such that the function £¥v is bounded; for positive integer m, A;* is the set
of functions v such that v € A] for all v € {y[¢(v) < m} \ {@}.

Proposition 4.1 ([4,41]) Let m > 0. Then for a function v € A",

E¢[v(t + R, Xiin)]

h2 h™
= v b + o™ o @ O, "
Ee[(Witn — Wi)o(t + h, Xign)]
G ARROT
e Euﬁ” 00, . thm O L O(rm+2), (4.2)
where

Vv = ’U(t, Xt)a

vt(o) = LOy(t, X,),

o0 = £O) 6 £Oy (¢t X,

) 6...0,0
(0)m _ E o OE ’U(t,Xt>a

05 Om _ LD 0 L0 0.0 £O)
t - —_—

m

’U(t,Xt),
E:[] = E[| 7]
From (2.2), (1.3) and (4.1), we have

T — Eilfu.,] = E[ul” ], j=0,1,2,...,k.

i+j

Assume that u(t, X;) € A} ie. |u§0)p| < MY < 4oo,t € [0,T],p = 0,1,...,r € N*. By Tto-

(0)
t

Taylor expansions (4.1), we obtain the expression of wu;,, ; and u, ., as below

r—1 .
h)P .
Up,, . = ug?)p(]—) +nl, (4.3)

p=0 P!

r—1 . -1
O _ N~ 0, )P i
uti+j - ; Uy, p— 1 + i (4-4)

(p—1)!
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where Gn Ry
L MYGRY s MY(GR)
of] < 2GR ) < MEGRY D
7! (r—1)!
Substituting (4.3) and (4.4) into the right-hand side of the expression of

k k
Qi
=S BB+ Y b )

7=0 j=0

we obtain
Ug,
= B+ B o+ B ) e, (4.5)
where
k
Eg = Z a]‘,
=0

k j k
a nz r—
el =3 Jh =Y byl =00
§=0 §=0
Furthermore, we have
€] < DYMERT, (4.7)

where

k ) k )
|a;15" |bjl5"
jgo 7! + jgo (r—1)

Note that there are 2k + 2 unknowns in the linear homogeneous algebraic equations Ef =
E{ = ... = EY = 0. If the number of the unknowns is not less than the number of the
equations, i.e. 2k + 2 > m + 1, this system of equations has a non-zero solution.

In what follows, we analyze the order accuracy of Z. Assume that Z; € Aj i.e. |Zt(0)”| <
M} < +4oo, t € [0,T], p = 0,1,...,7 € NT. By the relation (1.2), the solution (Y, Z:)
of (1.1), the solution u(t,X;) of (1.3) and (4.2), we obtain the expression of E;[Z;,, ] and

Ei[Yy,,, AW, ;] as below
0, G T o), GR)P
Ei[Zti+j] = ZOZtI pT + T = Zouti pT + Ti» (48)
p= p=
r—1 . 1
T (=), AP
[Y;fwg AWz z+]] = Z uti T + C;-], (49)
p=0
where

. MZ(7h)" . MZ?(ih r+1
‘T]‘S T(j ) , ‘gJ‘S 7‘(] ) .
¢ rl ¢ rl
Substituting (4.8) and (4.9) into the right-hand side of the expression of

G th AW

k
=D BEilZu] =) ,

=0 =1
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we obtain
ri = Egugl) + E‘zhu(1 4.4 EfflhT_lu,Eil)*(O)r’l + €7, (4.10)
where

Es =) (B; —ajj),

M-

7=0

(B; — ;)"
1 p!

Zajg =O(h").

&
I
(]~

, p>0, (4.11)

<.
Il

™
=N
I
M*

<.
I
o

Furthermore, we have
le7| < D;MR", (4.12)

where
r+1

D: = Z|ﬂj|] Jrzl%lj .

7=0

Note that there are 2k + 1 unknowns in the linear homogeneous algebraic equations Ef =
Ef =-.- = EZ = 0. If the number of the unknowns is more than or equal to the number of
the equations, i.e. 2k + 1 > m + 1, this system of equations has a non-zero solution.

Proposition 4.2. Assume that uy € A7, we have

k

- a;Befuejn] ul®
h=0<— h
" (4.13)
Jim > BBl (Yiesn Ziein)] = S (40, 20)
§=
if and only if
k
By =E{=0, Y b=1 (4.14)
3=0
Proof. From Ito-Taylor expansions, we have
E [ut'i‘.]h] = Ut +.7hut + O(hQ) (4 15)
Belf (Yitjn: Zejn)l = f(Yi, Z¢) + O(h).
Substituting (4.15) into the left-hand side of (4.13), we get
 aju - (0) (0)
. Ut (0 ()
}1{%((2 h >+;aﬂut +(9(h)> up
! ! (4.16)

}{g((Zb) (Yi, Z1) + O(h )) = [ (Yo, Zy).
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The relations in (4.16) hold if and only if

k k
a;=0, Y aij=1, > b=1, (4.17)

where Z?:o a; equals Ef, Z?:o a;j— Z?:o b; equals EY. Thus, we demonstrate that the result
holds. g

Proposition 4.3. Assume that Z; € A%, we have
k
%ig%)zoﬁjﬂft (Zitjn) = Zt, (4.18)
=

if and only if
k
> Bi=1 (4.19)

§=0
Proof. From Ito-Taylor expansions, we have
E[Zi4 ] = Z¢ + O(jh). (4.20)
Substituting (4.20) into the left-hand side of (4.18), we get

k
lim ((;05]) Zt+(9(h)> =7, (4.21)

The relation in (4.21) holds if and only if

k
> Bi=1
§=0
Thus, we demonstrate that the result holds. O

Theorem 4.1. Suppose that the assumptions (i)-(iii) and Vi, Z, € AF hold. Furthermore,
assume that the numerical scheme (2.14) fulfils Dahlquist’s root condition and let the initial
errors satisfy

“yh|zr -

max E “Yf -Y,
N-k+1<i<N

7|’ = o),
and the approximate errors satisfy

max  AE[[r}[]E[|r[]} = O®"),

0<i<N—k
k
T’?:Z%El }/t1+1 +Zb ]E ft1+J
Jj=0 7=0
a [ titj AWz ZJr]} )

sﬂl\,
Il
7
.

=
N
i

i

h

Then the following estimates hold:

max E[|AY|2 + h|AZ;*] < Ch?*.
0<i<N—

Proof. The proof follows the line of proofs of Theorem 3.1. Hence, we omit it here. O
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5. Multilevel Simulation for E,[-]

In this section, we discuss how to design the algorithm for approximating the conditional
expectations in the scheme (2.14) by utilizing the MLMC method and analyze the complexity of
the algorithm. The reason why the MLMC method is adopted is that this way can significantly
reduce the computational complexity of Monte Carlo simulation (see [15,16] for details). The
MLMC method is reviewed in Section 5.1, we will analyze the computational complexity of the
proposed methods in Section 5.2.

5.1. MLMC

Here, we review the idea of MLMC (see [15,16]) as below.
An output functional U is approximated by a given sequence U;,l = 0,1,... with increasing
accuracy and cost as [ increases. The simple identity is deduced

—+00 Z
E[U] = E[U] + Y E[U; — Ui_1] = E[Uo] + Y _E[U; — Ui_1], (5.1)
=1 =1

where L is chosen large enough to ensure that the weak error E[U — Uz],

L

Uz = Uy + Z(Uz —U—1)
=1

is acceptably small. Every of the expectations on the right-hand side of (5.1) is estimated
independently utilizing N; samples so that the MLMC estimator is

T
P:ZPla
1=0
where N N
_ LS _ g _ =
Pofm;Uo, B*E;(Ul -Uk), 1=12,....L,

(Ul("), Ul(fi) are independent copies of (U, Uj—1) forn = 1,2, ..., N;. The computational savings
come from the fact that U; — U;_1 is smaller and has a smaller variance on the finer levels. Thus,
fewer samples N; are required to accurately estimate its expected value.

5.2. Computational complexity

Throughout this section, we assume that time steps satisfy h; = hj_1/M, hg = h, for integer
M >2,1=1,2,...,L, where L is an integer and no less than 2. And the approximation on
level [ with respect to (Y;", ZT) is denoted by (Y7, Z[;). From the key identity of the MLMC

method, we obtain, fort =N -k N —-k—1,...,0,

k L
s s
Zaj z+jL Za] Yiiio JFZ“J ZEZ i+g,l T z‘+j,l—1]a (5.2a)
1=1

j=1 =

B

k k L
ZbJEZ [hf Z'ﬂ;rjj:} - Zb z+]0 Z Z hlfer]l hlflfizrj,lfl}a (52b)
=0 =0 1=1

Jj=0
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k T
Zﬂj z7, .5 Zﬂ] Zfgo) ¥ DB D EilZE 0 — 2T aa)s (5.2¢)
j=1 1=1
= hL J 17,0 hO
MW Bwaw,
+ZQJZE|:H‘JZT T LR
=1 1 1—1
where

A Wiivy = Wisin — Wisngs i =T (Y00 Z500)-
Note that instead of approximating Z?:l a;E; [Yli] b Z o biEi[hs f1+ ) 2?21 GiE; [Z;_j )

Z?Zl o B [V A W +;1/hz by Monte Carlo running with N simulations, the expectations

B

L

k
Zaj YIHO Zaj ZEz[ il — ilj,lfl}v ijEi[ iﬂJrj,O}7

j=1  I=1 §=0

WT

k; A 1,7
b; ZEZ[ T — Tl Zﬁa Z% 50l Zaj [ i+, oTﬂ},
j=1

7=0 =1

k T k T T T
Bi E.[7T T . E: V™ Athi,H—j yr Ah171Wi,i+j
J il 25 50— 28], R Ol A A N

— — — — l 1—1

Jj=1 =1 j=1 =1

in the Eq. (5.2) are estimated independently in a way in which the overall variance for a given
computational complexity, namely the number of random numbers, arithmetic operations and
function evaluations, is minimised. First let

Pl = Z <Zaa z#g(%)JrhOZb z#gno)>

n=1
L . (n) m(m o Wilis
z( > 0255+ Yoo )
where
(n) (n) (M) pmn) _ g (ym(n) pm(n)
Ay Wiins = Wiiiing = Wiehgr - fivyo = F(Yi505 Zi50)»

YZ+’J(%) and Z, +(30) are independent copies of Y/ g and ZT, ; y forn =1,2,...,No,j =1,2,... k.

Let YT ., and Y] i i1 be approximations of Y3, +; Wwith step size h; and hl 1, which utilize the

i+7,
same Brownian motion(see [15] for details). Correspondingly, Z7, ;, and ZT, ;, , are approx-

2
imations of Zy,,; with step size hy and h;_1, which use the same Brownian motion as Y3, ,

define

Ny k
1 m,(n) Y
Pil,}l = _ﬁl [Zaj(n+j,l - z+jl 1 +Zb hlfer]l hl 1fz+jl 1)1
n=1 L j=1
N, k ()T (n) T
. 1 m,(n) _ () ) Ay Wi omm) Ap Wi
Pi,l = ﬁl Z [ Z ﬂj (Zi+j,l i+7,0—1 + Z a; z+_], hl 7}/i+j,l—1 hl 1 )
n=1 j=1 _
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where
(n) _w® (n) m(n) _ m,(n) m,(n)
Ahl Wi7i+j - W(i+j)hl - Wz*hl fi+j,l - f(Yzﬂl ’Zer] l)
(Yzﬂ(?), Yzﬂ(?) 1) are independent copies of (Y7, Y7, 1) (ZZTJF(J"l), ZZTJ;(;LI)_l) are independent
copies of (ZT S Zi-l—j,l—l) forn=1,2,...,N;,7=1,2,..., k. Thus, the MLMC estimators of

the quantities

—Zaj Y] th]E ]

Lo, Y] AWT
-3 ez, + 3
j=1 j=1

are given by

Z 3,00 (54)

where the estimators (PY,, Pf;) of the different levels must be independent for [ =0, 1,.. L.

In what follows, we show the computational complexity of the proposed fully discrete multi-
step method.

9

Theorem 5.1. Let assumptions of Theorem 4.1 hold. Furthermore, let (Yy,, Zi,) be the an-
alytical solution of the BSDE in (1.1) and denote by (Y, ZT;) the corresponding numerical
approzimation of (Yz,, Zy,) on level | with step size hy = M~'hg. Suppose that there exist posi-
tive constants ¢1 and k such that C; < clNlhl_"‘, where C; denotes the computational complexity
at level . Then for every e > 0, there are choices L and Nj forl=0,1,..., L to be provided in
(5.16) and (5.17) respectively and constants cq,cs,ca and cs in (5.18) such that the estimators
(P!, P?) satisfy the error bound

3

max E[|Vi, - P'|* + hz| 2, — P7|] <&
0<i<N

with the computational complexity bound

coe?, 2k > k,
C<<(ecat+es+eq)e 2 2k=k,
cae 2k < k.
Proof. Step 1. We deal with the term maxo<;<n E[|Y:, — P/|* + hz|Z;, — P7|?]. We know

E: | (Y = PY)* + g (Ze - )]

3

= (Vi — B [P)” 4 Vi) 4 i (2~ Ea[PE)) 4 Vi), (5.5)
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where V;[] = V[-|F,] denotes the conditional variance. From the definitions of P, and P7,
we have for [ = 1,2,...,2,

E; [Pf,/o} =B

k k
S a0 e Y bjfz;j,o] |
j=1 j=1

E

k
E;[P] = —Ei[ a; (Yo = Yitja) + > bi(hafl. — hl—lfﬁj,z—l)la
J

j=1

.M?T ﬂ.

Ei[P] = Ei BiZiiio+ Z 5 Yiki0 ho

j=1

(5.6)

k T
Ahowmj]
b

<
Il
—

Bj (Zz?r+j,l - Ziﬂ—i-j,l—l)

<
Il
—_

k T T
- AhLWi i+j - Athi i+j
+D 0 <Yi+j,lT - Ym‘,l—lT) :

From (5.6), (5.3) and (5.4), we obtain
k k

Ei[P/] = —Ei| > a;¥7 0+ho > biffijo
j=1 j=1

r k
-Y Ei [Z a; (Y0 = Y1) + D b (il — hz—1f53rj,z_1)]

j=1 j=1

k
=-> aE, Y7zl - 21 bihzEil 7, 2],
i=

j=1

T k
+ ZEZ - Z Bi(ZE 0 — 25 j-1)

=1
k T T
Ahl W i+J Ahlfl W, it+j
+Ya (Yiij,zT =Y T)

k k T
An Wi
== D BBV ]+ D o |:Yi:-j,f L;LiAﬂ] -
j=1 j=1 L
Thus
E[(Vi, ~ E:[PY))” + by (2, ~E:[F7])?]
—E|(Y, - Y7)" +he (2 - 27)] < o, (5.7)

where the inequality can be verified via Theorem 4.1,

k k
V= =D B[V = D bihiEi (17 ),
j=1 j=1
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Ay,

MWisig
== Zﬂy Yitia JFZO‘J {:”lhil”]]

forl=1,2,..., L. By the definitions of Pz.y and P7;, we deduce, for [ =1,2,..., E,

N, k
1 m,(n) m,(n)
Vi[PgJ :N_lzzvi _Z%‘(Yiﬂ,z - z+]l 1 Zb hlfﬂz hi— 1f1+]l 1)]
n=1 j=1
k k
1 U ™ s U
= ﬁlvi - Z (YH-J, Yz+g, ) - ij (hlfz'+j,l - hl—lfi+j,l—1)‘|a (5-8)
J=1 j=1
RS : (n) (n)
VilPG) = g Vil =D B (2N - 25
n=1 7j=1
k (n) (n) T
m,(n A Wz i+ w,(n Ah WZ i +7
+ Z @j (Yzﬂ( z) hl—j - Yi#y(',z)ﬂil hll ) )
j=1 -
Zﬂﬂ z+g, z+j,l—1)
j=1
k
YT Ah 11+ T Ah 14,04
T e ! (5.9
= l -1
Furthermore,

k k
=Y e (Y = Y amn) = D bi(hffg - hl—lfﬁj,z—l)]
j=1 j=1

k
<2V, Z H—]l Zb hlfz-i—_]l }/t
= =
k k
+2Vi | Vi + YV ) bjm_lfz;j,ll]
j=1 j=1
=2V, [V} — Yy, ] +2V[Yy, — Y], (5.10)
k k
T Ahl 2,1+ T Ahl 1 7,1+
= Bi(ZF - Za) + D« (Y;Jr]lTj Y- 1TJ)
j=1 j=1 -
k LW
<2V; Zﬂazﬂﬁzay z+317l”ﬂ Zt;
T T Ahl 1 zer]
+2Vz Zti +ZﬂjZi+jﬁlfleaj i+j,l 1h7
= = -1
=2V, [Z], — Z,| + 2Vi[Zy, — 27,4 ]. (5.11)

From (5.8)-(5.11) and Theorem 4.1, we have, for [ = 1,2, ..., L,

V[P + V[P < (1),
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Analogously, one has

23

. C C Vi(
Vi[PY] + Vi[P7] < Fo(hg’“ +Vi(Yy,) + Vi(Zy,)) < mh2k< +

Therefore,
L pok
Y z l
V[P}JrhVP gZO—N

Combined with (5.7) and (5.12), (5.5) can be rewritten as

EZ[(YM - Piy)2 + hE(Zti - Pf)ﬂ < C<h2k + Z h%).

Step 2. Under the condition

max EUY“ Py‘ +hL‘Ztl PZ‘ } e,
0<i<

we minimise the computational complexity of the multilevel estimator

L

C<cg Z Nlh;n.
=0

}/tl) + VZ(ZL)
T2k/N2k !

(5.12)

(5.13)

Obviously, this is an optimization problem with constraints. Naturally, we consider the La-

grange function

L L
g(NO,Nl, e ,NZ,;LQ) =c ZN;hl_” + 2 (Ch%k + CZNz_lhl% - €2>.

1=0 1=0
Taking derivatives with respect to V;, for 0 <[ < Z, we have

dg

—K knr—2
8—]\71 = Clhl — C,U/Qh? Nl .

Let 9g/ON; =0 for 0 <1< L. We obtain

C . 1ktw
Nl:M /c_lhl2( + ).

Furthermore, the Lagrange multiplier is

M+ (k—2k) /2

1(2k— H)l 1
H=v Clc( ) 1= M(—2k)/2 (¢ = Ch)

Note that for any such choice of Ny, N1, ..., Nz, the error maxo<;<n E[|Y,

(5.14)

(5.15)

— P! +12:, - P7P]

is really bounded by €2. For fixed E, the computational complexity of the multilevel estimator

is provided as

c(l) = aC 7\ 2" 1,M(1+E)(n72k)/2 2
0=z~ =t
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Now, the optimal integer-valued choice of L would be the arg-min of the computational com-
plexity estimate corresponding to the above choices of N; for [ = 0,1,..., L, namely

L= {% 108, (C@%Q (%)%ﬂ : (5.16)

where 6 € (0,1); the notation [z] denotes the unique integer n satisfying the constraint x <
n < x + 1. Furthermore,

2k
Nl — ’7 1 6720 <Z> M*é(?k‘i’l{)

1-6 N
L O(=2K)/ (A1) g— (m—2k) /(4k) — (5—2K) / (2F) (k—2k)/2
1-C 0 ¢ (TM/N) | (5.17)
1 — M(k—2k)/2
Thus, we deduce the computational complexity expression
z
C<cry Niby™
1=0
T 2k—kK
C1 _9
< C|—
=1-06° (N)
| — C(e=2K)/(4F) g=(5=2k)/ (4h) = (x—28)  (2K) (T N /') (<—28) /2 Lo, L »
1_ M (—2k)/2 Z hy 2 +a Z hy
1=0 1=0

B c10 . Z 2k—k
“1-6° N

1— C(ka72k)/(4k)97(/{7216)/(416)67(1172143)/(2]6) (TM/N)(/{72IC)/2 1— M(1+Z)(n72k)/2
X

1 — M(k—2k)/2 1 — M(k—2k)/2
T\ %1 p+Ds
ta <N> 1— M-~
aC (T 2KK (1 _ o= 2K)/(4K) 9= (5—2K)/ (48) — (5 =2K)/(2K) (T 2 | N ) (5—2K)/2)2
= 1-— 96 <N> (1-— M (5—2k)/2)2
T\ ®1— Cm/(2k)97n/(2k)efn/k(TMQ/N)n
ta (N) 1— M~
= coe 2 4¢3 1T g 4o, (5.18)
where
ClcTQk:fka
2T L — )N (1 — M—2K)/2)2°
90y Th—F/2C(k+2k)/ (4k) g—(x—2K) / (4k) ) [ r—2k
€=~ (1 — O)NF—r/2(1 — M(x—2)/2)2 ’
0 O/ (2k) = (r=2k)/(2h) pp2n—ak o O/ (2K) g—r/(2K) [ 25
Cq = 1—0)1— MGE—20/2)2 1- M~ 5
="
T N-w1— M)’

The proof is complete. O
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Remark 5.1. From Theorem 4.1, we have that the convergence order of the proposed proba-
bilistic numerical method is k; we obtain that the convergence order of the conditional variance
on each level is £ by Theorem 5.1. From the condition the computational complexity on each
level satisfy C; = O(N;/hy) in Theorem 5.1. Thus, we deduce that the convergence order of the
computational complexity on each level is k. Obviously, & > min(k, k)/2. From the [16, Theo-
rem 2.1], we have the computational complexity

coe”2, 2k > k,
C< < (ea+ezteq)e? 2k=n,
CaETF 2k < k.

In other words, our result (Theorem 5.1) aligns with Giles’ standard complexity theorem.

6. Numerical Experiments

In this section, we will test the accuracy and the convergence rate of our scheme with respect
to the time step h; we will also test the computational complexity of our scheme with respect to
the accuracy €. For these two aims, we provide two numerical examples to show the performance
of our methods.

The error between the numerical solution and the analytical solution of the FBSDEs at the
time ¢ = 0 is denoted by |Yy — }A/O’T| and |Zy — Zg| In the tables, the notation CR represents the
convergence rate with respect to the time step size which is computed by means of the least
square method; the notation CC denotes the computational complexity; the notation CCS1,
CCS2 and CCS3 respectively denote the computational complexity of Scheme 1, computational
complexity of Scheme 2 and computational complexity of Scheme 3. Scheme 1, Scheme 2 and
Scheme 3 will be given soon. Note that we just exhibit the cases of the step number £k = 1,2, 3
in the following two examples. We also make the step number k = 4 or bigger if we want to.
The accuracy of the numerical solutions becomes higher as the step number increases.

In order to obtain the numerical solutions of the FBSDESs, the numerical schemes need to
be provided with known parameters by means of (4.6) and (4.11). For the SDE in (1.1), given
the initial value Xy, we solve X[ for i = 1,..., N by the explicit It6-Taylor schemes [28]. X[
denotes the discretization form of X at ¢; based on the time grid =. For the BSDE in (1.1), we
discuss the numerical schemes according to the following three cases:

1. If k =1, let Scheme 1 denote, fori=N —1,N —2,...,0,

L h

S S, (n 0 ( 7r,(n 7, (n

" = No > (Yz‘+£,o) + j(fi,o( )+fi+(1a3))
1

T 1 N; 1 1
vi(n) _ pm(n) 7, (n) 7, (n)
+ Z _z (Y;Jrl,l - Y;+1,lf1) + 9 (hlfiﬂ',l - hl—lfﬂrj,ll)] )
=1 n=1 j=0
(M) T
> 1 ~ 1o (n) Ah Wz i+1 15n (n)
ZTr —_ —Y- ) 0 ) —Z' E
i ) T; (2 i+1,0 I + 5 Zi+1,0

Z N; (n) T (n) T
1 L omm) B Wit orm) Ay Wi 1 S (n) o (n)
+Z_ [5 (Y;Jrl,l l hy _Yi+1,171 hll,l +§(Zi+1,l_Zi+1,l71) :
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2. If k = 2, let Scheme 2 denote, fort =N —2, N —3,...,0,

No
S 1 m(n) o 2rm) | 4ho o ho 2r.,(n)
i m;(yﬂﬁ ERLC U S
L& Srn) o (n) L/ o () 2 (n)
+Z_z (5/;#2,1 _5@#2,171)‘*‘5(}”]2,17 _hl—lfi,iq)
=1 n=1

(hlferll hi— 1f1+1l 1) (hlfz+2l h— 1fz+21 1)1

No (n) /T ()T
7T L y ™ Ah Wi’H—l 3 V(1 Ah Wi7i+2 >, (n 1 >, (n
Z; N (Y;JFLO)UT 8Yi+§70)0T+Zi+(1,c))_ZZ (n)

L 4N () T
+ Z i l 7(7L) Ahl 7 z+1 . }’}lﬂ',(n) Ahl 1 Wz i1
1+1 l hl i+1,0—1 hl—l

(n) (n) 1T
3(?“1@)@” Wiisa F(n) Ahqu?)

8 i+2,1 hl i+2,0—1 hl—l

Zm(n) _ o (n) L(omn) _ Zm(n)
+ (Zi-l-l,l - Zi+1,l—1) - Z (Zi+2,l - Zi+2,l—1)] :
3. If k = 3, let Scheme 3 denote, for i =N —3, N —4,...,0,

No
So_ 1 Lo (n) mn) , Lomm) | 13h0 2r )
Y; :E;<3Yz+10+3y+20+3y+30+ 36 fi,O

1800 fr.(m) | 5h0 2rn) , 5h0 fr(m)
12 1+1,0 12 1+2,0 36 1+3,0

T 1 N, 3 1 /smm)  omn) h 7, (n) _ 2, (n)
+Z_ Zg(yiﬂ,l *Yi+j,1—1) ( fz lflfi,l—1)

+ E(hlfpr(lnl) hi— 1f1+(1nl) 1) + 5 (hlfer(in) hi- 1f1+(2nl) 1)

(h fl—il(3nl) hl 1fz-ii§’>nl) 1)

™)y (n) (n)
7r= L3 (Lo m B Wiis1  pomom B Waiia iy () Bp Wi
A 2 \6 z+1,0 ho i+2,0 ho 18 i+3.0 ho
ORI X0 m.(n)
+ 6 Zerl,O Zz+2 0 + 6Z1+3 0
Z N; (n) T (") T
1 T (on (n Ahl Wi,i—i—l om,(n) Ahl IWz i+1
D M e
(n) (n) T
_ }/}ﬂ" (n) Ahl Wi—,riJr? _pm(n) hi—1"" 4,142
1+2,1 hl i+2,0—1 hlfl
5 (o) WWilis (n) w W
a Yfr,n ! 7,1 _Yﬂ—,n 1—1 V1,
+ 18 ( i+3,1 hl i+3,1—1 hlfl )
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ORI X0 Zmn) _ pm(n)
+ F i+1,0 — “it1,0-1) i+2,0 — “i42,1-1

L/ orm)  om(n)
+6<Zz+3l Zi+3,l—1)

In what follows, we apply our algorithms to two FBSDEs with closed-form solutions.

Example 6.1. Consider the BSDE

T q W T q T
Y, eXP( + Zk:ql k) +/ sz,s (y _ Qﬂ)ds _/ ZdW, (6.1)
1+exp (T+>7_, Wi) ¢ — q t

with the analytic solutions

Y; _ exp(t + ZZ:l Wk) Zk — eXp(t + 22:1 Wk) (62)

Ltexp(t+ 20, W) 7% (1 exp(t + 20, Wi)?
where Zj, ; denotes the value of the component k-th of the Z at t. Let T'=1,¢ = 9,N = 2.
Table 6.1 shows the relationship between the absolute errors of Y, Z at the time ¢ = 0 and
the time step hz (both in log scales) under the Scheme 1, Scheme 2 and Scheme 3. Table 6.1
indicates that

(i) the absolute errors of Y and Z calculated by means of Scheme 3 are the smallest and
Scheme 1 are the largest;

(ii) the absolute errors of Y and Z become smaller with the time step h; decreasing whether
Scheme 1, Scheme 2 or Scheme 3 is applied;

(iii) if the time step hy is fixed, the absolute errors of Z are bigger than those of Y when we
approximate them via the same scheme. This coincides with the previous analyses.

Table 6.2 shows relationship between the computational complexity of Scheme 1, Scheme 2
and Scheme 3 and the accuracy € (both in log scales). The computational complexity of the
Scheme 1, Scheme 2 and Scheme 3 coincide with the theory that is proportional to €2.

Example 6.2. We consider the FBSDE (taken from [44]):

t t

3
Xt:/ sin(s—l—Xs)ds—i—/ — cos(s + X;)dWs,
0 o 10 (6.3)

T T
Y; = sin(T + Xr) +/ <23—0YZ — cos(s + X,)(1 + Y5)> ds — / ZydW,.
t t

Table 6.1: Errors and convergence rates of Scheme 1, Scheme 2 and Scheme 3 for Example 6.1.

Scheme lex(he)l 5 | 3 | 4 o 6 —7 8 | cr
Errors

Seneme 1| 1082(1¥0 = ¥57]) [-2:1112[-2.8306 | -3.9454 [ -5.5008 | -6.0694 | -6.9285 | -8.3312 [ 1.0367
log,(|Zo — Z5|) |-1.3912|-2.2406| -3.0454 | -3.8008 | -4.4802 | -5.2285 | -5.9712 |0.7467

Schome o| 1082(1%0 fYO ) |-4.4612]-6.8212 -8.9900 |-11.3740(-13.4254]-15.8609|-17.8690 | 2.2376
log,(|Zo — Z3|) |-2.7603|-3.9914 | -5.7601 | -7.0554 | -8.6657 | -9.7516 |-11.5237|1.4106

Senome 3| 1082(1¥0 = ¥5T]) [-6.2552|-0.1822 -12.5104[-15.5637 |- 18.7656[-21.8632 |-25.0286 3.1276
log, (| Zo — Z3|) |-5.0612|-8.1414|-10.9624 |-13.5578 |-16.6636 |-19.0106 | -20.9737 | 2.7156
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Table 6.2: Computational complexities of Scheme 1, Scheme 2 and Scheme 3 for Example 6.1.

log,(€) —2 -3 —4 -5 —6 7 -8
cc
log, (CCS1) 44452 | 6.8678 | 8.9905 | 11.1131 | 13.3357 | 15.4386 | 18.1617
log, (CCS2) 4.0976 | 6.1465 | 8.6953 | 10.2442 | 12.2030 | 14.0418 | 16.7907
log, (CCS3) 3.9699 | 5.9548 | 7.9398 | 9.9248 | 11.9097 | 13.8047 | 15.8798

Table 6.3: Errors and convergence rates of Scheme 1, Scheme 2 and Scheme 3 for Example 6.2.

Scheme ogs(hp)l 5 | 3 | 4 -5 —6 7 8 | CR
Errors

Seheme 1| 1022(1Y0 = Y5')) | -2.4466]-3.3809] -4.7532 | -6.2665 | -7.3708 | -8.4931 | -9.8064 [ 1.2183
log, (| Zo — Z7|) |-1.3928|-1.8892| -2.2856 | -3.092 | -3.6784 | -4.1008 | -4.8712 |0.5964

Sehome o] 1082(0 - T7) [-4.0204]-6.1081] -8.0518 |-10.0635|-12.1362 |-14.0089 |-16.0016[ 2.0127
log, (|Z0 — Z3|) |-2.4288|-3.7432| -5.2006 | -6.3720 | -7.9864 | -9.4218 |-10.6152|1.3144

Sehome 3| 10820 — Y5) [-5.7072|-8.6848[-11.7744]-14.4681|-17.3616 |-20.0552 |-22.7488[ 2.8036
logy(|Zo — Z5|) |-4.6886|-7.3329| -9.4772 |-11.6215 |-14.1658 | -16.4901 |-18.4544 | 2.3443

Table 6.4: Computational complexities of Scheme 1, Scheme 2 and Scheme 3 for Example 6.2.

log,(€) -2 -3 —4 -5 -6 -7 -8
ce
log,(CCS1) 44451 | 6.6676 | 8.8002 | 11.1127 | 13.3353 | 155578 | 17.7804
log, (CCS2) 3.8612 | 5.8012 | 7.7461 | 9.6826 | 11.6191 | 13.8609 | 15.4922
log, (CCS3) 37334 | 5.6001 | 7.4668 | 9.3335 | 11.2002 | 13.0669 | 14.9336

From the Itd formula, we verify that the analytic solutions of the FBSDE (6.3) can be repre-
sented in the following form:

3
Y, =sin(t + X¢), Zi= i cos?(t + Xy). (6.4)

Let T'=1, N = 2. Tables 6.3 and 6.4 show the errors between the numerical solution and the
analytical solution of the FBSDE (6.3) and the computational complexity via the Scheme 1,
Scheme 2 and Scheme 3. Table 6.3 compares the errors in terms of the absolute errors of Y, Z
at the time ¢ = 0 and the time step h; (both in log scales) by the Scheme 1, Scheme 2
and Scheme 3. Table 6.4 compares the computational complexities in terms of the Scheme 1,
Scheme 2 and Scheme 3 and the accuracy e (both in log scales).

7. Conclusion

In this article, a high order probabilistic numerical scheme is constructed to approximate the
solutions of the FBSDEs (1.1) by utilizing the multilevel Monte Carlo method, the numerical dif-
ferentiation method, the It6-Taylor expansion and so on. Then, we demonstrate the high order
property under the Dahlquist’s root condition. Conditional expectations involved in the result-
ing probabilistic numerical scheme are approximated by the multilevel Monte Carlo method.
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Compared with Monte Carlo method, in the same time-discretisation numerical scheme, the
multilevel Monte Carlo method reduces the computational complexity of our method to the
square of prescribed accuracy. In a word, we design a new high order fast probabilistic nu-
merical algorithm for FBSDEs and our method not only enriches the probabilistic numerical
schemes for FBSDEs but also provides valuable insights for developing high order fast method
for FBSDES.
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