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Abstract. Recently, Jin et al. proposed a quantum simulation technique for any linear
partial differential equations (PDEs), called Schrodingerisation [1-3]. In this paper,
the Schrodingerisation technique for quantum simulation is expanded to any nonlinear
PDEs by combining it with the homotopy analysis method (HAM) [4-6]. The HAM can
transfer a nonlinear PDE into a series of linear PDEs with guaranteeing convergence of
the series. In this way, any nonlinear PDEs can be solved by quantum simulation using
a quantum computer. For simplicity, we call the procedure “HAM-Schrodingerisation
quantum algorithm”. Quantum computing is a groundbreaking technique. Hopefully,
the “HAM-Schrodingerisation quantum algorithm” can open a door to highly efficient
simulation of complicated turbulent flows by means of quantum computing in future.
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1 Introduction

Today, quantum computing [7-15] offers a core opportunity for computational methods.
Hamiltonian simulation is likely to be of particular importance in quantum computing,
and is valid for the following time-dependent Schrodinger equation

idp=H(t)y, (1.1)

where H(t) is a time-dependent Hamiltonian operator, ¢ is a function, t denotes the time,
and i=+/—1, respectively.

Jin et al. [1-3] introduced a generic framework, called Schrodingerisation, which can
map any linear PDEs into Schrodinger equations in real time. This is a milestone in
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quantum simulation. Based on a new approach called “warped phase transformation”,
Schrodingerisation can be used to solve any system of linear PDEs using quantum simu-
lation, where the general form of the PDEs is given by

WL _ Lyl ), req, 120, (12)
subject to the initial condition
P(r,0)=u(r) (1.3)
and the boundary condition
P(r,t)=pB(t), when reT, (1.4)

where r and t denote the spatial and temporal variable, ¢(r,t) is a unknown function,
L is a linear operator, f(r,t), a(r), and B(t) are known functions, Q) denotes the phys-
ical domain and I' denotes its boundary, respectively. In practice, a linear PDE in the
form (1.2)—(1.4) can be discretized in space to get a system of linear ordinary differential
equations (ODEs) as follows:

du(t)
dt

where beC" and ueC”" are known functions, acC" is a known vector, A(t) €C"*" can be
a non-Hermitian matrix, i.e., A(t) might not be equal to its conjugate transpose, respec-
tively. The key point is that the linear equation (1.5) can be solved using the quantum
simulation technique Schrodingerisation [1-3]. Several applications are described in the
literature illustrating the validity of Schrédingerisation in solving many types of linear
PDEs [16-25].

An important question follows. Can any nonlinear PDEs be solved by means of quan-
tum computing? The answer is yes, as shown in Section 2.

=A(H)u(t)+b(t), u(0)=a, (1.5)

2 HAM-based quantum simulation for nonlinear PDEs

More specifically, can any nonlinear PDE be transferred into a series of linear PDEs with
convergence guarantee of the solution series? The answer is yes, as described below.

Mechanics, as a significant branch of natural sciences, often deals with the core prob-
lem of solving nonlinear equations. To do a good job, one must first sharpen one’s tools.
Continuously breaking through the limitations of traditional methods and proposing
more effective new approaches is one of the essential tasks in modern mechanics. An-
alytical solutions possess unique advantages, as they can uncover the universal laws and
essential characteristics of a problem. Traditional analytical approximation methods, rep-
resented by perturbation methods, typically rely on small physical parameters and often
encounter issues such as solution divergence or slow convergence, thus are generally
only applicable to weakly nonlinear problems.
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In 1992, Liao [4] proposed a new analytic approximation method for highly nonlinear
equations (including ODEs, PDEs and all other types of nonlinear equations), namely the
homotopy analysis method (HAM) [5, 6,26-36]. Homotopy is a basic concept in topol-
ogy that describes continuous deformations. However, using this classical concept of
homotopy, one still cannot guarantee the convergence of solution series. So, Liao [27]
proposed a totally new concept, namely the “generalized homotopy”, by means of intro-
ducing a new auxiliary parameter ¢y, called “convergence-control parameter” that has
no physical meanings, to greatly generalize the classical concept of homotopy. Unlike
traditional methods, the HAM can transfer any nonlinear equation into a series of linear
sub-equations without any physical assumptions: the solution of the original nonlinear
equations is equal to the summation of the solutions of these linear sub-equations. Firstly,
unlike perturbation methods and all other approximation techniques for nonlinear equa-
tions, the convergence of the solution series given by the HAM is guaranteed by means
of the so-called convergence-control parameter cg [27,31]. For example, one cannot gain
convergent results for limiting Stokes waves in extremely shallow water by means of
perturbation methods, even with the aid of extrapolation techniques such as the Padé
approximant. In particular, it is extremely difficult for traditional analytic/numerical ap-
proaches to present the wave profile of limiting waves with a sharp crest of 120° included
angle first mentioned by Stokes in the 1880s. However, using the HAM, we successfully
gain convergent results (and especially the wave profiles) of the limiting Stokes waves
with this kind of sharp crest in arbitrary water depth, even including solitary waves of ex-
treme form in extremely shallow water, without using any extrapolation techniques [34].
Secondly, unlike perturbation methods, the HAM provides the great freedom to choose
the type of the linear sub-equations [29,32,33,36] and also bestows the great freedom in
the choice of initial guess solution. For example, the so-called “small denominator prob-
lem” is a fundamental problem of dynamics, which appears most commonly in pertur-
bative theory. However, “small denominator problem” can be completely avoided [36]
by means of a non-perturbative approach based on HAM, namely “the method of di-
rectly defining inverse mapping” (MDDiM) [32] which can solve a nonlinear equation
by directly “defining” an inverse operator, say, without “calculating” its inverse opera-
tor, mainly because the HAM provides great freedom to choose auxiliary linear operator.
To date, several thousand articles related to the HAM have been published in a wide
range of fields including applied mathematics, physics, engineering, nonlinear mechan-
ics, quantum mechanics, bio-mechanics, astronomy, finance and so on [37-51].

Without loss of generality, let us consider the general nonlinear PDE

WED _Nlpen)+sien, req, 120, @D

subject to the initial condition
P(r,0)=a(r) (2.2)

and the boundary condition

P(r,t)=pB(t), when reT, (2.3)
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where r and t denote the spatial and temporal variable, (r,t) is a unknown function, N’
is a nonlinear operator, g(r,t),a(r) and B(t) are known functions, and Q) and I denote the
physical domain and its boundary, respectively.

In the frame of the HAM, let g € [0,1] denote an embedding parameter that has no
physical meaning, ¢(r,t) be a guess solution of ¥(r,t), the non-zero constant cy be the
convergence-control parameter, and £* denote an auxiliary linear operator with the prop-
erty £*[0] =0. It should be emphasized here that one has great freedom to choose the
guess solution ¥y (r,t) and the auxiliary linear operator £*. Then, a family of solutions
¥ (r,t,9), where g € [0,1] is an embedding parameter in topology, is constructed by the
following zeroth-order deformation equation

A= ¥ ta) -l =cog { LoD Nyt -gen), @)
subject to the initial condition
¥(1,0,9)=(1—9) ¢o(r,0)+qa(r), when t=0, (2.5)
and the boundary condition
Y(rt,q)=(1-q)o(r,t)+qp(t), when reTl. (2.6)

Due to the property £*[0] =0, the solution of Egs. (2.4)—~(2.6) when q =0 is exactly the
initial guess, i.e.,
¥ (r,t,0) =o(r,t). (2.7)

When g=1, Egs. (2.4)—(2.6) are exactly the same as the original nonlinear PDEs (2.1)-(2.3),
thus
Y(r,t,1)=9(rt). (2.8)

So, the solution ¥ (r,t,q) of Egs. (2.4)—(2.6), where g € [0,1] is the embedding parameter,
connects the known guess solution ¢y(r,t) and the unknown solution (r,t) of the origi-
nal nonlinear PDEs (2.1)-(2.3). Since one has great freedom [29,32,36] to choose the guess
solution ¢ (r,t) and the auxiliary linear operator £*, it is reasonable to assume that both
of Po(r,t) and L* are so properly chosen that ¥ (r,t,q) exhibits continuous deformation
with respect to the embedding parameter g € [0,1], say, as g increases from 0 to 1, ¥(r,t,9)
deforms continuously from the known guess solution §y(r,t) to the unknown solution
P(r,t) of the original nonlinear PDEs (2.1)-(2.3), and moreover ¥ (r,t,9) can be expanded
into a Taylor series with respect to g at =0, say,

+o0
Y(rtq)=o(r,t)+ ) Yu(rt)q", (2.9)
m=1

where 15 ‘I’( ; )
Y (r,t,
Pulr )= — S0

Somb g |y
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Note that a Taylor series often has a finite radius of convergence so that the Taylor series
(2.9) might be divergent at 4 =1. Fortunately, in the HAM framework, one also has great
freedom in the choice of the convergence-control parameter cg. Assuming that the guess
solution ¢ (r,t), the auxiliary linear operator £* and the convergence-control parameter
co are selected such that the Taylor series (2.9) is convergent at =1, one has due to (2.8)
the homotopy series solution

+0o
P(rt) =po(r,t)+ Y Pu(r,t). (2.11)
m=1

In practice, only finite terms are used. So, one has the Mth-order homotopy approxima-
tion

M
P t) = po(rt)+ Y Pu(nt). (2.12)
m=1

Note that the HAM provides us the great freedom in the choice of guess solution yo(r,t).
Logically, the Mth-order homotopy approximation should be a better approximation
than the guess solution (r,t), so long as the convergence-control parameter ¢y is prop-
erly chosen. So, one can use the Mth-order homotopy approximation as a new guess
solution to further gain a better Mth-order homotopy approximation. This provides us
a Mth-order iterative formula, which works quite well even at low order [5,6]. Here the
key point is that ¢, (r,t) in (2.11) is governed by a linear PDE, as described below in detail.
Note that artificial noise caused by quantum simulation can be decreased by iterations.

Differentiating both sides of the zeroth-order deformation equations (2.4)-(2.6) m
times with respect to g and then dividing them by m! and finally setting 4=0, one has the
linear mth-order deformation equation (m > 1)

L[ (0,8) = Xom Pm—1(x,t)| = coAm-1(1,t), (2.13)

subject to the initial condition

«(r)—1o(r,0), when m=1,
l/Jm(r,O):{ O,( )70 otherwise, (2.14)
and the boundary condition
[ B(t)—yo(r,t), when m=1 and reT,
¢m—{ 0, otherwise, (2.15)
where
0, when m<1,
Xm_{ 1, otherwise, (2.16)
and
oYy (1t
o) = 20 Nty )] g, (2170)
k
Ag(r = Peet)  LINF(ba)] -y (2.17b)

ot k! agk



6 S. Liao / Adv. Appl. Math. Mech., 18 (2026), pp. 1-10

Note that A,,_1(x,t) is a function dependent upon o (r,t), 1 (x,f), .-+, P51 (r,t) and thus
is known for the linear mth-order deformation equation.

It should be emphasized that the mth-order deformation equations (2.13)—~(2.15) are
linear! Noting again that the HAM permits the great freedom in the choice of auxiliary
linear operator [29,32,33,36], we set

clpn =20 i), @19

where L is a linear operator, which we also have great freedom to choose. Then, the
linear mth-order deformation equation (2.13) can be written as

Do) _ £ g )]+ fu(e ), 219)
where
fn(t,t) =coAp—1(r,t) (2.20)
is a known function and
Sm (0,8) = P (1,8) = Xom Pm—1(1t), (2.21)
which gives
U (0,t) =0 (1) + X Y1 (1,1). (2.22)

Note that the linear PDE (2.19) is exactly the same as (1.2), and thus can be solved using
quantum simulation by Schrodingerisation [1-3]. In this way, an approximate solution
of the original nonlinear PDEs (2.1)=(2.3) can be obtained by quantum computing. If this
quantum simulation result is not accurate enough, one can further use it as a new guess
solution ¢ (r,t) to gain a better approximation by quantum computing, and so on. The
key point here is that the HAM can guarantee the convergence of the solution series or the
iteration approach by choosing a proper value for the convergence-control parameter c
as has been illustrated in several thousands of HAM publications [5,6,26-51].

It should be emphasized that the linear PDE (2.19) can be solved in the frame of the
HAM by means of the MDDiM, i.e., method of directly defining inverse mapping [32,
36], mainly because the HAM provides us great freedom to choose an auxiliary linear
operator. So, it would be great if such kind of freedom can be combined with quantum
computation.

3 Conclusions and discussions

Recently, a quantum simulation technique for any I[linear PDE, called
Schrodingerisation [1-3], is proposed by Jin [16-25]. In 1992, the so-called homo-
topy analysis method (HAM) was proposed by Liao [4]. Unlike perturbation methods
and other techniques, the HAM can guarantee the convergence of solution series even
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in case of quite high nonlinearity, and moreover bestows us great freedom in choice of
auxiliary linear operator and initial guess [5,6]. In this paper, a generic framework of
quantum computing for any nonlinear PDEs is described briefly by means of combining
the HAM with the Schrodingerisation technique, called the HAM-Schrodingerisation
quantum computing. In this way, any nonlinear PDEs in generic form can be solved by
quantum simulation using a quantum computer.

Note that quantum speedup of Schrodingerisation technique has been illustrated by
Jin [16-25] via various types of linear PDEs. Especially, Xue et al. [52] currently proposed
a quantum technique in the frame of HAM, illustrating its validity and quantum speedup
by means of several examples. Thus, the HAM-Schrodingerisation approach described
in this paper should have quantum speedup, which will be illustrated in the near future.

Note that it is rather time-consuming to solve PDEs related to turbulent flows by
means of classical simulation algorithms such as direct numerical simulation (DNS) [53]
and the clean numerical simulation (CNS) [54-58]. Quantum computer is a pioneering
technology and quantum simulation is a groundbreaking technique, although there is a
long way to go. Hopefully, the HAM-Schrédingerisation quantum computing can open a
new door to very efficiently simulate complicated turbulent flows by quantum computer
someday in future.
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