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Abstract. In this paper we study the nonconforming Crouzeix-Raviart element and
the enriched Crouzeix-Raviart element methods firstly for the transmission eigenvalue
problem of inhomogeneous media and the modified transmission eigenvalue problem
in inverse scattering. Using T-coercivity method, we prove the convergence and the
a priori error estimate of approximate eigenpair for the transmission eigenvalue prob-
lem, and based on the obtained results we prove the a priori error estimate for the
modified transmission eigenvalue problem by the T-coercivity method and Garding
inequality, and further prove that the discrete eigenvalues for the problem with meta-
material background approximate the exact eigenvalue from above. We also carry out
numerical experiments to validate the theoretical findings and the efficiency of the
proposed methods.
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1 Introduction

The transmission eigenvalue problems (TEPs) in the inverse scattering theory have im-
portant physical and mechanical background, and the transmission eigenvalues can be
used to obtain the physical properties of scattering object [1-3]. So, the numerical cal-
culation for the TEPs has been a focus of academic circle in recent years, for example,
see [4-11] and so on.
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The nonconforming Crouzeix-Raviart element (CR element) was first introduced by
Crouzeix and Raviart in [12] in 1973, and the enriched Crouzeix-Raviart element (ECR
element) was proposed by Hu et al. [13] and Lin et al. [14]. As for the Laplace, Stokes and
Steklov eigenvalue problems, the discrete eigenvalues of the CR element and the ECR ele-
ment provide the asymptotic lower bound (see [13-19]) and the guaranteed lower bound
(see [20-23]) for the exact eigenvalues. In this paper, we further study the CR element and
the ECR element method for the TEP and the modified transmission eigenvalue problem
(mTEP). Our main work is as follows:

1)

)

)

For the TEP of inhomogeneous media (see (2.2)), Bonnet-Ben et al. [24] proposed a
mixed variational formula firstly. On the basis of this formula, [6,7] researched the
conforming mixed finite element method, [9] studied a finite element/holomorphic
operator function method, [10] discussed a virtual element method, and [11] dis-
cussed a mixed discontinuous Galerkin method. Based on the mixed variational
formula in [24], this paper aims to study the CR element and the ECR element dis-
crete schemes for the TEP (2.2). The problem is non-selfadjoint and the sesquilinear
forms A(-,-) and B(:,-) in the weak formulation (2.5) are not coercive and indefi-
nite, respectively. Hence its error analysis is not covered by the standard theory of
non-conforming FEM of eigenvalue problem.

The T-coercivity method was proposed by Bonnet-Ben Dhia and Ciarlet et al. [25],
which is equivalent to the inf-sup condition (see [26]). By the T-coercivity method
we prove that the discrete bilinear form Ay, is uniformly T-coercivity, and the dis-
crete solution operator converges to the solution operator. Then by the spectral ap-
proximation theory we prove the a priori error estimate of the approximate eigen-
pairs.

The mTEP (3.1) is a new eigenvalue problem arising in inverse scattering of inho-
mogeneous media, which was introduced in [27,28]. The properties of the eigen-
values of (3.1) depend on the choice of an artificial diffusivity parameter a that can
be positive (the metamaterial case [27]) or negative (the natural case [28]). The au-
thors in [29] discussed the spectral Galerkin method for the problem with a >0,
and [11] discussed a mixed discontinuous Galerkin method. In this paper, based on
the above mentioned work, we study the CR and ECR finite element method for the
problem. We show that the discrete bilinear form .4;, is uniformly weakly coercive
if >0, and uniformly weakly T-coercive if a <0. Using the T-coercive method and
Garding inequality, we prove the well-posedness of the discrete scheme and the a
priori error estimate of approximate eigenpairs. In particular, when a > 0, using
the orthogonality of the CR element and the ECR element interpolations, we prove
that the discrete eigenvalues approximate the exact eigenvalue from above, while
the eigenvalues obtained by the conforming finite element method approximate the
exact eigenvalue from below (see Remark 3.1).

We carry out numerical experiments which indicates that numerical results and the-



L. Sun, H. Bi and Y. Yang / Adv. Appl. Math. Mech., 18 (2026), pp. 37-66 39

oretical analysis are consistent and the CR element and the ECR element methods
are effective.

The rest of the paper is organized as follows. In Section 2 and the Section 3, we discuss the
nonconforming CR and ECR FEMs for the TEP and the mTEP, resperctively. In Section
4, we report some numerical experiments. Throughout this paper, the letter C denotes a
generic positive constant independent of the mesh size 1, and the letter C without sub-
scripts may not be the same at each occurrence. We use the symbol ¢ S b to mean that
c¢<Cb, and c2b to mean that cSband b <c.

2 The TEP and its priori error estimate
Let QO C R%(d =2,3) be a polygonal domain (d =2) or polyheddral domain (d =3). As-

sume that A is a real-valued d xd symmetric matrix function, n € L*(Q) is the index of
refraction, and there exists two real numbers 71 > 7o > 1 such that

NG > AZ>v|éf?, VZeR!, n(x)>7y, ae in Q. (2.1)

We consider the following TEP: find k€ C, (u,v) € H' (Q) x H}(Q) such that

V- -AVu+k*n(x)u=0 in Q,

Av+k2v=0 in Q,

u—v=0 on 0(), (22)
Ju dvu

oYY O

\aVA ov 0 on J !

where v is the unit outward normal to the boundary d(), and a‘% =v-(AVu).
Define the function spaces V and W as follows:

V={(u,0) e H/(Q)xH(Q), u=v on 90}, W=L*(Q)xL*(Q),
and the associated norm is given by
1 1
Iwo)lv=(luli+]oID)? and [I(wo)lw=(ull5+5)?,

respectively. Then V. C W with a compact imbedding.
We use the notation (-,-)o to denote the inner product in L?(Q)? which is given by

(u,v)oz/ wodx for d=1,
0

(u,v)oz/u-vdx for d=2,3.
0
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Denote U= (u,v), ¥ = (¢,¢). We define two sesquilinear forms:

AUY)=(AVu,Vip)o—(Vo,Ve)o+ (n(x)u,p)o—(v,9)o, VU, Y€V, (2.3a)

B(U,¥)=(n(x)u,p)o—(v,9)o, VU,¥YEW.  (2.3b)
It is clear that
ALY | STUlv ¥ ]lv, YU, Y€V,
|BU,Y)| S IUwl[¥ [lw, VU, Y eW.

From [7], the weak formulation of (2.2) is as follows: find A=k*>+1cCand U€V, U #0,
such that

A(UY)=AB(UY¥), VYeV. (2.4)

Let F=(g,f), the source problem associated with (2.4) is as follows: find U" = (u$,0/) €V,
such that

A(UE,¥)=B(F,¥), V¥eV. (2.5)

In order to analyze the eigenvalue problem (2.4), we will use the T-coercivity method for
the sesquilinear form A(-,-). Define the isomorphism operator T:V —V by

TY=T(,9)=(p2p—¢), V¥eEV. (2.6)

Note that T? is an identity operator. It is easy to see that T is bounded on V. Theorem
1 in [26] and Theorem 1 in [7] show that A(-,-) is T-coercive, and satisfies the inf-sup
condition, namely, there hold

A TY)IZ YR, V¥=(p.9)€V, (2.7a)
[A(®,T)]

inf sup > Ha, (2.7b)
020V o iy @Iy [¥[ly =

for some positive constant p,.
Hence we can define the solution operator K:W — V by

A(KF,¥)=B(F,¥), VYeV, (2.8)
and it is valid that
IKF|lv S|IFllw, YFEW. (2.9)
Then K: W — V is compact, and (2.5) has the equivalent operator form:

AKU = U. (2.10)
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Remark 2.1. If UF = (u8,0f) is the solution of the source problem (2.5) corresponding
to the problem (2.4), to the best of our knowledge, because of the structure of boundary
conditions, it is unknown whether the following regularity estimate holds true generally:

[ 1|10+ 107 [l < CClIgllo+ 1 £ ll0)- (2.11)

However, when A(x)=al and a #1, it can be deduced from (4.65) in [1] and [30] that
(2.11) holds for r > 3. In fact, w =uf —of € H{(Q) and v € H(Q) satisfy

aAw=aAuf —aAvf =nus —ng—a(vf — f) in Q, (2.12a)
ay-Vw=ayVus —ay-Vol =(1—a)y-Vo/ on dQ), (2.12b)
Avof 4of =F in Q. (2.12¢)

Thanks to [30], for (2.12a) with w|yn =0, we get w € H'*"(Q) (r> %) and

18 =0/ 1 <C(ligllo+ 11 £ll0) (2.13)

and for (2.12c) with boundary condition (2.12b), we have that v/ € H'*"(Q) (r>1) and

1o/ 1 <C fllo+lly- Vell, 1 a0) < CClIgllo+ 1 £lo)- (2.14)

Combining (2.13) with (2.14), we obtain (2.11) when A(x) =al and a #1.

Let 71, = {« } be a regular partition of Q) with the mesh diameter & =max¢, hx where
hy is the diameter of element . Let &£, = S,i Ué’fz’ where 5;; denotes the interior faces (edges)
set and £ denotes the set of faces (edges) lying on the boundary 9Q).

For any e € &}, there are two simplices " and x~ such that e=x"Nx~. Let v be the
unit outward normal of e pointing from k™ to x~ and let v~ = —v". We define the jump
[n] = (¢, — ), ), where ¢, =]+ and ¢, =y [,—.

For notational convenience, we also define the jump on the boundary faces e € 5;1’ by
modifying the above definitions appropriately. We use the definition of jump by under-
standing that v~ =0.

We consider the following the CR element space and the ECR element space.

VR = {lpe L2(Q) 9|« € Py(x), VK€ 11, /[1/J]ds:0, Veegfl},

d .
VECR = {1/16 L2 Q)| € Pl(x)—i—span{ Zx?}, Vk e my, /[w]ds:o, Vee 8}1},
i=1 e
where P; (k) denotes a complete polynomial space of degree 1. Denote
Vh = {(¢hr¢h) EV%R X V%R‘/gbhds = /(phds on 55}, (2.15a)

vV, = {(1/%90}1) € VECR  YECR ‘ /elphds = /ecphds on 5;17}. (2.15b)
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The nonconforming finite element approximation of (2.4) is : find Uy, = (uy,v),) € V), and
Ay €C, such that

A (U, ) =M B(U, Yy), YY,EV, (2.16)
where
AUy %) = Y (/Awh-whdx—/wh-v(phdx
xem, \Jx K
+/}{n(x)uh¢hdx—/<vh¢hdx>. (2.17)
Define

1
1¥alle= Y (ullie+llgnlie)?

KETTy,

For any U= (u,v) €V, define its interpolation I, U = (I,u, I;v) satisfying

/ I,Uds — / Uds, Vee&, UeV, (2.18a)
e e

/Ihde:/de, Vkem, UEeY, (2.18b)

where the CR element interpolation is defined by (2.18a) and the ECR element interpola-
tion is defined by both (2.18a) and (2.18b). Then we have (see [16])

/K V(U-TU)-V¥,dx=0, Yd,cV,, (2.19)
and
ILU—=Uly <CH[|Ul[14r, re1,2]. (2.20)
Lemma 2.1. There holds the T —coercivity:
A (¥ T Z [ ¥nll7 V¥ = (Y0 9n) €V, (2.21)

and the following discrete inf-sup condition is valid:

Y, P
inf sup [AR (Y0, Pr) | >C. (2.22)
0£®4 Vg, e, | Phllnl[Fnlln
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Proof. From the definition of A (-,-) and using Young’s inequality, for €1,€2 <1, we de-
duce

AER T = ¥ [ (AV V() tpy =V o1 V (24— on) — (24— 91) 1) x|

ke, K
=| T ANVt @Bt X IVeul3—2 X [ Vo Ty
Kemy, Kemy, Kermy, Kermy, K
2% [wgndx+ T llgnlls
ke, K KETT,

1
=) (70|¢h|%,K+H(X)||¢h||5,K+quhlix—ellqvhlix—allPhIiK—equvhlléK

KETmy,

1
— Il .+ llgnll3 )
2

1 .
—} ¥ gl e+min{1—er1—e2} ¥ llnli

. 1
S S
€1 €2 KETTy, KETTy,

>C|[ ¥l

where C=min{yo— el—l,'y() — é,l —e1,1—€2}. Then (2.21) holds. Hence, there exists a posi-
tive constant C such that

Y, o Y, TY
inf su 7‘Ah( )| >  inf —|Ah( wT¥)] >C,
022, eVig ey, ey, | Pullnl[Fnlln — oxenevy [T |n][¥nlln

and (2.22) holds. O
It is easy to know that the following continuity property holds:
|An (U, ¥) | SN UnllnlFnlln, VU YR €V (2.23)
The discrete form associated with (2.5) is as follows: find U}f = (ui,v{ ) €V}, such that
Ay (UE¥,)=B(F,Y),), YY¥,€V,. (2.24)

Since (2.22) holds, from [26], we can obtain the well-posedness of (2.24). Then there is the
solution operator K, : W — V), satisfying

Ay (K, F,¥,)=B(F,¥,), V¥,€V,. (2.25)
It is valid that
IKiF|[n S|IFllw, VFEW. (2.26)
Then (2.16) has the equivalent operator form
MK, Uy =U,,. (2.27)
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Let UF and U/ be the solutions of (2.5) and (2.24), respectively. Define the consistency
error term of nonconforming finite element:

E,(UF,¥),) = A, (UF,¥),)—B(F,Y,), V¥,eV4V,. (2.28)

Lemma 2.2. Forany F €W, let UF € (H'*7(Q))? (r > 3) be the solution of (2.5). It is valid
that

En(UF ) SHIU o[ ¥nlln, VEREVHV, (2.29)
Proof. From (2.28), we have
Ey(UF¥y) = Ay (U, ¥),) — B(F,¥),)

= [AVis-Vypar- ¥ [ Vol -Voudrt ¥ [ n(xusyuds

KETT, KETT, KETT,
_ Z /Uf(phdx— Z/ glphdx+ Z /f(phdx
KETT), KETT, KETT,
=) / (AVUs)pyds— Y / v-Vo! gds
Kenh KETT),
5 Z )3 / (AVUE) Pyl —v™ - (AVUS )Pyl )ds+ ) ) / (AVuB) gy ds
KE”MGBKOS’ KE T eIk EY
S L T [ (Ve -Volal )is- T L [Vole s
Ke"heeaxﬂfl KET ecIrNED
5 Z )3 / (AVU)[yylds+ Y ) / (AVus)pyds
Ke”hEGSKOE’ KETthecorNEY
—% ) / Vol [gplds— Y, Y /1/ Vol gds. (2.30)
KETTheckNE} KETThecrNE}

Introduce the edge mean interpolation operator and the element mean interpolation op-
erator as follows:

Pof =y [fds Rif=f-Rif, Bif=1q[fds Rif=f-F:.
For the first term on the right hand side of (2.30), we have
v (Aavus) iy as
/ (AVE) — P (AVu)) [¢]ds + / . PE(AVUE) [ ]ds

= [V Ry(AVu) [y Jds
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— /e v RE(AVUS) (RG([n]) + PS([n]) )ds
- / vt RE(AVUS)RE([y])ds

NI

<{ [Rscavusyias) | [(R(tpa)as) @31)

Using the trace inequality, we can estimate the first term on the right-hand side of (2.31)
as follows.

/(RS(AWg))ZdS <C{mMIRG(AVUS)) |6+~ [RE(AVUE))[7 )

e

<ChYY(Vus)[2 < Chi[uf i, . (2.32)
Since P¢:L?(e) — Py(e) is an orthogonal projection, then for any f € L?(e), we have

1f =P flloe<Ilf—polloe, Ypo€Pole).

Similarly, using trace inequality we can deduce

(RS (nl))ds= [ (1l =P ()
= [{t =Ps) — (v —BS ()} s
<2 [ = 0w s+ [ gy~ RSy ))2as)
<2{ [(w =P (o)) s+ [0y =P ()45
<CLUnIRE () I8, + et RS ()17c-)
R IRS (93 [F - +he- RS (90)2))
<C{her [nl? e +he Ll - }- (233)

Combining (2.32) and (2.33), we get
[t AV 15 < CH 1l - (234
e

Next, we use the same analytical method as (2.31) to estimate the third term on the right
hand side of (2.30) and get

/VjL ’ vvf[q)h]ds < Ch; |Uf|1+r,7< | Pn |1,K+UK* . (235)
e
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Finally, we estimate the second and the fourth terms on the right hand side of (2.30)

/gv-(AVug)ybhds—/ev-vaq)hds
:/V'va Yn—@n)ds
= [v-(Tof ~B§ (Vo) (pu—gu)ds+ [ v- B (V0 ) (9= 1)
= [v- RSV (9= 1)ds
= [v-R§(T0 ) (R5 (41— 0u) + P (9 — 1) )ds
= [v-R§(70 R (1 — g )ds
<{ [Rscvon) s} { [(Rspn—gn)as)
which together with the trace inequality yields
[ (RE(T0))2ds <Cl RS (Vo) 3+ R (Vo) )

<CHY Vol |7,
SCh%Fl ’Uf ’%—H’,K'

and
J (R (= 9125 <C (1 RS (= o) I+ R (9 — ) .
<Chyln—@nl7 x-
From the above two inequalities, we obtain
/1/- (AVug)t/Jhds—/v-vaqohds < CHLO 1|0 — @i 11 (2.36)
e e
Substituting (2.34), (2.35) and (2.36) into (2.30), we have

Eh(uF/‘Ph) SChr Z (|ug|l+r,1c|¢h’1,x+ ‘Uf‘1+1’,K‘q)h’1,K+ |Uf‘1+r,x‘7th_(Ph’1,K)

KETT),
SHNU o [ E
The proof is completed. O

Thanks to the Strang lemma (for example, see Lemma 5.1.1 in [31]), we obtain the
following lemma.
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Lemma 2.3. Let U and U} be the solutions of (2.5) and (2.24), respectively. Then

F
|uf — Uh||h£ mf |\uF @+ sup Eu(U ’Qh). (2.37)
Q;,Evh ||Qh||h
Proof. For any ®;, €V}, using triangle inequality we have
IUF = [l < U =@+ | U — - (2.38)

Using Lemma 2.1, we deduce that

CllUy, — @y <Ap(Uf — Dy, T(Uf —Dy))

=A, (U}, —UF +UF =@, T(U}, —Py))

=A,(UF U}, T(®,—Uf))+ Ay (UF =@, T(Uj —Dy))

=A, (U5, T(®),—Uy)) — Ay (U}, T(® —Uy)) + Ay (UF =Dy, T (U — D))

—E,(U Jr@h—uh)>+M||U£—®h||h|!uF—¢h|!h. (2.39)

Dividing both sides of (2.39) by || U} —®,|;, and substituting (2.39) into (2.38), noting that
the arbitrariness of ®;, we obtain

E,(UF, T(®,—U}))
H(Dh_uﬂh
E,(UF,
<|IUF — @+ sup Q)
oev, 11Qnlln

Iu” = Uy lln SIU" @yl +

Y, €V, (2.40)

i.e., the side < in (2.37) is true. On the other hand,
Ap(UF=U},Qu) SIUF = UL |4l1Qull,  YQrE VS,
then the other side in (2.37) is obvious. O

From Lemmas 2.2 and 2.3, we obtain the following theorem.

Theorem 2.1. Let UF € (H*"(Q))? (r>1) and U} be the solutions of (2.5) and (2.24), respec-
tively, then there holds the following estimate:

juf —uf|psH, (2.41)
further assume (2.11) holds, then

Juf =g lw SHIUF = U |1y (2.42)
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Proof. Substituting (2.20), (2.29) into (2.37), we obtain (2.41). Let I} be the conforming
linear interpolation operator on 71y, then I{'¥ € (H' (Q)) x H' (Q)))NV),. According to (2.5)
and (2.24), we have A (Uf — U,f JI¥)=0, thus, from (2.29), (2.41), the interpolation error
estimate and (2.11), we obtain
Bt —uf,Fy=BUr -u},F)—-A,(uf —ut,¥)+ A,(Uf - ut,¥y)
=—E,(Uf -ul,¥)+A,(uf -ul, ¥ -vy)
SHUT = U [l ¥ 4
S| Fllof U = U |-

By using Riesz representation theorem, we obtain (2.42). O

Lemma 2.4. Assume that for any FEW, UF € (H17(Q))? (r> 1) is the solution of (2.5), then
K}, — K pointwise and {KK}, } is collectively compact; further assume (2.11) holds, then

IIK,—K]|jw—0, h—0. (2.43)
Proof. From (2.41), we have that for any given FEW,
(K —K)Fllw S| (K —K)F[ly =0 as h—0,

which shows K;, — K pointwise.

From (2.26) we know the set Uy, (g,1){ K, F:||F|lw <1} is bounded in the sense of norm
|- |lz- Then by the compact embedding (see Theorem 10.3.1 in [31]), we know that the set
Une o) UK, F || F|lw <1} is sequentially compact. Hence, {KK}, } is collectively compact.

om (KK F|
|[K—Kp[lw=su ke W
rew  IFlw
(2.42) and (2.11), we get (2.43). The proof is completed. O

Suppose that A and A, are the kth eigenvalue of (2.4) and (2.16), respectively. Let g and
a be the algebraic multiplicity and the ascent of A, respectively. A=Ay =A 1 =" Arq-1-
Let M(A) be the generalized eigenfunction space of (2.4) corresponding to A and Mj,(A)
be the direct sum of the generalized eigenfunctions corresponding to all eigenvalues of
(2.16) that converge to A. Let M(A) = {¥|¥ € M(A), |[¥|w=1},

1 k+q-1

Xh:* E )\],h
7 =k

denotes the arithmetic means of g discrete eigenvalues of (2.16) that converge to A.
For two closed subspace A and B of W, we define the gap between A and B in norm
|| ||w as follows:

O(A,B)= sup inf|®—¥|w, O(A B)=max{O(A,B),0(B,A)}. (2.44)
DeA||Pw=17<F
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Theorem 2.2. Assume that M(A) C (H''7(Q)) with r € (3,1], then

O(M(A),Mp(A)) S IK=Kp) [mayllw, (2.452)

A=Al SIHOK=K5) [ s lw (2.45D)
1

A =Ajn| SITIK=Kp) [ava) ll gy (2.45¢)

where (IK—1IKy,) |p(n) denotes the restriction of K—IKj to M(A). Further, let a =1 and assume
that (2.11) holds, then

[U=UnllnSH, (2.46a)
U —Up||w SH U —Up||p (2.46b)

Proof. From Lemma 2.4, we know K; — K pointwise and {KK,} is collectively compact.
Since K: W — W is compact, from Theorems 1, 2 and 6 in [33], we get (2.45a), (2.45b) and
(2.45c), respectively. From (2.26) and the spectral approximation theory, we deduce

U — Uy =[|ANKU — Ay K, Uy ||
<[ AKU = AK U]+ || K, U = A K, U |
SIKU =K U+ A=Ay |+ | U=Uy||w SH,

i.e., (2.46a) is valid.
From triangle inequality, (2.26) and (2.42), we obtain

[ [T = U [, — [|AKU = AKL U] | < | AKU = Ay Ky U — AKU A+ AK, U |
=Ky (AU = ApUp) ||
SIAU =AUy ||w
SH | (K=K, ) U (2.47)

It is easy to know from (2.47) that
U= 3~ | AKU = AK U ). (2.48)
From the spectral approximate theory, (2.42) and (2.47), we get

U — Uy |lw SIHK, —K)U ||w
Sh || (K=K, U,
SHU = Uy,

i.e., (2.46b) holds. O
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3 The mTEP and its priori error estimate

Unless otherwise stated, symbols appearing in this section that are the same as those in
Section 2 have the same meaning.
We consider the mTEP: find A € R and u,v € H'(Q), v#0, such that

( Au+k2nu=0 in O,

(—a)Av+k*Av=0 in Q,

U=0 on 9Q), (3.1)
ou Jv

kg——ﬂg on BQ

Here the index of refraction n € L*(Q)) is a positive real function, v is the unit outward
normal to the boundary 0(, g—z =v-(Vu) and k>0 is the fixed wavenumber.

We transform the problem (3.1) into the following equivalent weak form: find U€V,
|kv]jo=1and #=B—A€R, such that

A(UY)=0B(UY), Y¥eV, (3.2)
where
A(U,‘I’):/QVu-ledx%—a/QVv-Vgodx—/ﬂkznmpdx—l—/okzﬁvq)dx, (3.3a)
B(U,Y) = /Q Kogdx. (3.3b)
It is clear that
JAWY) [ < [Ulv[[¥llv- (34)

Using Gardings inequality in [34] we get the following lemma.

Lemma 3.1. For any a>0, there exists a sufficiently large constant M >0 and a constant C; >0
such that

ACY,Y)+M|[Y |3y >Cl[¥|3, Y¥eV. (3.5)

For any —1 <a <O, there exists a sufficiently large constant M >0 and a constant C, >0 such
that

A(E,TY)+M|[¥[3y > Ca ¥}, V¥eV. (3.6)

Proof. See the proof of Lemmas 3.1 and 3.2 in [11]. O
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Let F=(0,f), the source problem associated with (3.2) is as follows: find U =(uf,v/) €
V, such that

AU, ¥)=B(F,¥), VYYecV. (3.7)
Consider the TEP: find (k?,U) € C x V satisfying
AU¥)=0, V¥eV. (3.8)

In this section, we always assume that the following condition holds (see page 7 in [28]
or page 18 in [27]): fixed a real B (if ¥ <0, choose B < (0,7¢), and if ¢ >0, choose p & (0,00))
such that the wavenumber k? is not a transmission eigenvalue of (3.8).

Note that the above assumption implies Eq. (3.8) has only zero solution. Thus, if >0,
from (3.5) and Lemma 35.3 in [37] we know that .A(,-) satisfies the inf-sup condition, and
if 9<0, using the same argument as in Lemma 35.3 of [37], from (3.6) we can deduce A(-,-)
satisfies the inf-sup condition. Then we define the solution operator K=(S,T):L?(Q)) —
V satisfying

A(Kf,¥)=B(F,¥), VYeV,
Kf=UF,
T:L12(0) =V, Tf=u/,
S:L2(Q) =V, Sf=u
Then (3.2) can be written as the following equivalent operator forms:
0Tv=v, S(%v)=u,
and
IKFlly S Fllw=flli2),  Yf€L?(Q).
By the same proof as Remark 2.1, we can deduce that the following regularity holds: for
any F=(0,f), f € L%(Q), we have (u/,0/) € H*"(Q) x H"(Q) (r> 1) and
4 s+ s < Cl £l 39)

The discrete form for the problem (3.2) is to find ¢, =B—A,€R, U= (uy,vy) €Vy, ||kvy o=
1, such that

Ah(llh,‘I’h) ZﬁhB(Uh,Th), VY, eV, (3.10)
where
A (U ¥) = / Vit Vippdx+a / Vo,V opdx
KEM, KETTy
-y /kznuh¢hdx+ ) /kzﬁvh(phdx (3.11a)
KE, KEM,

B(Uy,¥y) = /Q Kopgpdx. (3.11b)
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The source problem associated with (3.10) is as follows: find Uf = (ui,vi ) €V}, such that
Ay (UE¥,)=B(F,Y),), YY¥,€V,. (3.12)

The finite element problem associated with (3.8) is as follows: find ki eCand U, =
(up,vy,) € Vy, such that

Ah(uh,‘ffh) =0, VY¥,€V,. (3.13)

Lemma 3.2. For any a>0, there exists a sufficiently large constant M >0 and a constant C3>0
such that

A (¥, ¥0) +M||¥ullg > Gl Full2, V¥LEV). (3.14)

For any —1 < a <O, there exists a sufficiently large constant M > 0 and a constant C4 >0 such
that

A (85, TY,) + M4 5> Cal¥ulls, VERE V) (3.15)
Proof. From the definitions of A;(+,-) and || - ||;, we deduce

A (¥, )+ M|[¥4l5= ) /(V%'V¢h+ﬂv¢h'v¢h—kzn¢ﬁ+k25¢%+M(¢%+(P%))dx

ke, K

= ¥ [((T0)2+a(Tn)* + (M) g+ (M+KB) g} dx

Kemy,
>min{1,a,M—Kk?||n]|o.c0, M+ B}(||9on T+ [ @1 |I7)
>Cs|[¥all7,

where C3 <{1,a, M —k?||n]|0,co, M+k?B}. Then (3.14) holds.
From the definition of A;(-,-), (2.6) and Young's inequality, we can get (3.15). O

It is easy to know that the following continuity property holds:
[ AU, ¥) [ S WUl ¥alln, YU ¥h € V.

Based on Theorem 2.1, we know that the eigenvalues of (3.13) converge to the eigenvalues
of (3.8), hence, k? is not the eigenvalue of (3.13), thus (3.12) has the unique solution.

Since (3.12) is uniquely solvable, for each F = (0,f) € W, from [26] we can obtain the
well-posedness of (3.12) and define the corresponding solution operator K, = (Sy,T,) :
L2(Q) — V), as follows:

Ay(Kpf,¥,) =B(E¥,), V¥,€V,,
K. f=Uy,

Ty:LA(Q) >V, Tyf=ul,
Sp:LA(Q) =V, Syf=0vl.
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Then (3.10) can be written as the following equivalent operator forms:
O Tyop=vp,  Sp(Oyon) = uy. (3.16)

Let UF and U}f be the solutions of (3.7) and (3.12), respectively. Define the consistency
error term of nonconforming finite element:

E,(UE,¥,) = A, (U, ¥,)—B(E,Y,), V¥, eV+V,. (3.17)
From Lemma 3.2, we obtain the following lemma.
Lemma 3.3. Forany FEW, let UF € (H'7(Q))“ be the solution of (3.7), then
En(UE¥3) SH U e[l V¥R EV 4V, (3.18)

Proof. Noting that F= (0, f) and applying the same proof method as Lemma 2.2, we can
get (3.18). O

Setting a bilinear form

E(u,‘if):/ KU-¥dx,
Q

and letting F= (g, f), we introduce a conjugate auxiliary problem: find UF € V, such that

A(Y, U =B(Y,F), VYeV. (3.19)
Let UF be the solution of (3.19), then from Remark 2.1 we can know that it is valid that
1T 17 S I Fllw- (3.20)
Define the consistency error term of nonconforming finite element:
En (¥, U5 = A, (¥, U —B(¥),,F), V¥,eV+V,. (3.21)
We use the arguement similar to E;(UF,¥) to derive the following inequality
En(¥,U") SH U 1 |[Falln, VEREVHV, (3.22)
Lemma 3.4. Let U and U] be the solutions of (3.7) and (3.12), respectively, then
|uf —ug lw SHIuf = ug s (3.23)

Proof. Let If, UF € (H'(Q) x H(Q)) NV, be the linear interpolation of UF on 7r;,. Then,
according to (3.7) and (3.12), we have A, (UF — U,f A uar ) =0, thus, from the interpolation
error estimate, (3.21), (3.22) and (3.20) we obtain

Bt —uf,Fy=BUr -uf,F)—A,uf —ut,ah)+A,(uf —uf,ur)
=—E,(Uf —Uf,uh)+ A, (uf —uf,af —15uf)
SHUF =g (1T 14
SH|[Fllol U = {15

By using Riesz representation theorem, we obtain (3.23). O
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Thanks to the Strang lemma, we get the following lemma.

Lemma 3.5. Let U and U] be the solutions of (3.7) and (3.12), respectively. Then

Eh(uFI Qh)

uf —uf||,2 inf |[UF =@+ sup == (3.24
H hHh CI)hGVhH h”h thl\)/h HQhHh )

Proof. Using the triangle inequality, for any ®, €V,
IUF = Uyl < [T =Pyl + | U, = Pl (3.25)

In the case of —1 <a <0, from (3.15), (3.17) and the continuity property of A;(-,-), we
deduce

1y — @37 SAR (U — Py, T (U — )+ M| U — PRy
= Ay (U = U}, T (D, — Uy )) + Ay (U =@y, T (U, —Dp)) + M || Uj; — Dy 1§y
= A (UF, T (@, — U )) — Ay (Uf, T (D, — Uy ) ) + A (UF — Dy, T (U — D))
+ M|, — Dy [y
SER(UF, T (D) —Ujy)) + 11Uy — Pl U =Dy [l + (U — D[y (3.26)
When ||Uf — @ |, #£0, dividing both sides of (3.26) by ||Uf — Py |, we obtain

Ey(UF, T (P - U}))

=
Ey(UF, TQy)

~aev,  1Qulln

Uy = @il < U =Dyl + | Uy — Pl
U =Dy [+ [ Uy = U [y

From the triangular inequality and (3.23), we get

E,(UF, TQ
IUF U | < U — Dyt sup P ey,
opev,  1Qulln
E,(UF,
SIUF =@y [lp+ sup M, V&, €V, (3.27)

ey, 1Qnlln
Using the continuity property of A;(-,-) we have

Ap(UF=Uf,Qn) SIUF=Uf nlQulln, YO E Vi,

then
ur, — urk,
QieV, 1Qn I
F
2 sup En(U7, Q) (3.28)

owevy  11Qnlln
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Noting that

uf —ug|l, Zq)}ig{,h [uf =y,

and combining the above two inequalities we obtain

. E,(UF,
U U2 ing U7~ + sup HUQ), 6.9
h h

owev,  11Qnlln

From (3.27) and (3.29), we derive (3.24).
In the case of a >0, similar to the proof of the case —1 <a <0, taking T as the identity
matrix, from (3.14), (3.17) and the continuity property of A;(-,-), we can obtain (3.28). [

From Lemmas 3.3 and 3.4, we have the following theorem.

Theorem 3.1. Let Uf € (H'"(Q))? (r> 1) and U be the solutions of (3.7) and (3.12), respec-
tively, then there holds the following estimate:

Juf =ug 1 SH | fllo- (3.30)

Proof. From Lemma 3.5, Lemma 3.3 and interpolate error estimate, we have

E,(UF,
JUF U S inf. JUF— -+ sup 20

€V, oev,  1Qulln

S ginf, IUF =@yl U s,

SH A fllo-
The proof is completed. O

From (3.30) we obtain
K Flln SIElw =1 fll2),  YfELHQ). (3.31)

Lemma 3.6. There holds

HT—ThH()—>O as h—0. (332)
Proof. From

[(T—Tx)fllo

HT_ThHO: su ’
ety Iflo

(3.23) and (3.9), we get (3.32). O
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Lemma 3.7. Let (8,U) and (9,,Uy,) be the jth eigenpairs of (3.2) and (3.10), respectively. Then
there holds the following identity

O~ =A (U~ Uy, U~ Uy,) —,B(U Uy, U~Uy,)
2, (U —T,U,Uy) — 28, B(U —T,U,U). (3.33)

Proof. Since B(U,U)=1 and B(Uy,U;) =1, we know
AU U)=9, A,(U,Uy,)="0.

Thus,
9—1, :A(U,U)+Ah(uh,uh) —ZAh(Uh,uh)
=AU, U)+ A, (U, Uy) —2.A, (U, Up) +2A, (U~ Uy, Uy)
=A,(U—-U, U—-Uy)+2A,(U-Uy,Uy). (3.34)
Since
B(U—U, U+Uy,)=B(U,U)+B(U,Uy,) —B(Uy, U)—B(Uy, Uy) =0,
then

1 1.5 1
B(IhLI—Uh,Uh):B(IhU—U,Uh)+B(U—uh,uh—iu+iu>—EB(U—LIh,UnLUh)

:B(IhU—u,uh)—%B(U—uh,U—uh).
Therefore,
o, B(L,U—-U,U,)=0,B(L,u-u,u,)— %l‘}hB(U— u,, uU—uy).
Together with (3.10), we deduce

Ah(U—uh,lIh) :Ah(LI—IhU,Uh)+Ah(IhU—Uh,Uh)
:Ah(LI—IhLI,LIh)+19hB(IhU—Uh,Uh)

1
:Ah(U—IhLI,LIh)—i—l?hB(IhU—U,LIh)—EﬂhB(U—Uh,U—Uh). (3.35)
Substituting (3.35) into (3.34), we get (3.33). O
Theorem 3.2. Let (0,U = (u,v)) and (&, U}, = (uy,vy)) be the eigenpairs of (3.2) and (3.10),

respectively, then it is valid the following estimates:
[U=UllnSH, (3.36a)
U —Up[lw SH(|U—Uy|ln, (3.36b)
|9 — 0| SH. (3.36¢)
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Proof. Since ||T—Ty||o—0 (h—0), from the spectral approximation theory [32] and (3.30),
we have

lo—onllo+[0—0u S (T —T)ollo SH". (3.37)
From (3.31), Theorem 3.1 and (3.37), we deduce

U = Uy|[n=]|0Ko— 8, K05 |
<||8Ko — 9Ky, 0|,+ || 9K, 0 — 6,10 |
SIKo=Kyol|p+|8 =0 |+ [lo—oullo SH"
Then (3.36a) holds. From the triangle inequality, (3.31) and (3.37), we get
[[U = Un|[ — [[6 Ko — 0K ,0 ||| < || 8K0 — 8, Ky, — Ko+ 8K,,0]])
=|| Ky (8v—8y0n) ||
Sldo—nonlo
S| (K=Kp)oll, (3.38)
that is to say
U —=Up|[n = [|0Ko — K[ . (3.39)
From (3.16), (3.23) and (3.37), we can derive
Hu—UhHW:||H<l9ZJ—]Khl9hUhHW
<[ (K—=XKp)80[lw + | Ky 0 — K, 805 |w
S K=Ky )dv[lw + |80 — 84040
SH(K =K )ol|+ [ (T —T)ollo
S| (K=K )oll,+h"|| (K=K, U],
SH|| (K=K |- (3.40)

Combining (3.39) with (3.40), we obtain (3.36b).
Substituting (3.36a), (3.36b), (2.18b) and (2.19) into (3.33), together with

20, B(U~1,U,U,) <Ch'*,
we obtain (3.36c). O

Theorem 3.3. Let a>0, (8,U) and (8,,Uy,) be the jth eigenpairs of (3.2) and (3.10), respectively.
A=B—0 and Ay =B—0y,. Assume that u,o € H'*(Q) and h is sufficiently small. When the
eigenfunctions are singular and | U— Uy ||;,>Ch'=? (§>0) for the CR element and ||U—Uy,||;, >

Ch'™"2 for the ECR element, it is valid that

Ap> A (3.41)
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Proof. From (3.33), A\=pB—1¢ and A, =B -1, (3.11a), (2.19) and (3.11b) we deduce

M—A=p=A—(B=An) =00
=A,(U-U,U-Uy)—-98,B(U-U,U-Uy,)+2A,(U-T,U,Uy,)
28, B(U~T,U,Uj,)
=Y [ V(u—uy)-V(u—up)dx+a ) [ V(v—vy)-V(v—0y)dx

xem,” K xem,

- /kzn(u—uh)zdx+ ) /kzﬁ(v—vh)zdx—ﬁhB(U—llh,LI—Uh)
ke, K

ke, K
-2)° kzn/(u—lhu)uhdx+2 ) kzﬁ/(v—lhv)vhdx
K

KETT, K KETT,

—29,K2 / (0— Iy0)o,dx. (3.42)
Q

We analyse each term on the right hand side of (3.42). For the third, the fourth and the
fifth terms on the right hand side of (3.42), from (3.36b), we know that ||U—U,||3, is a
small quantity of higher order compared with ||U—Uj||2. For the sixth, the seventh and
the eighth terms on the right hand side of (3.42), we take [ (u—Iju)u,dx as an example
for analysis.

For the CR element, there holds

/(u—Ihu)uhdxﬁh]u—lhuh,,{gh]u—uhh,,(, (3.43)

K

and for the ECR element,
/K(”_Ihu)uhdx:/,((”_lh”)(uh_Pg)(”h>dxSh%+r||u”1+r,x“”hHl,x- (3.44)

Combining (3.43) with (3.44), we obtain that the sixth, the seventh and the eighth terms on
the right hand side of (3.42) are small quantities of higher order compared with ||U—U,||2.

According to the above analysis, the first and the second terms on the right hand side
of (3.42) are dominant terms and positive when a > 0. Thus (3.41) holds. O

For the mTEP, from Theorem 3.3 we know if a > 0, the CR element and the ECR
element method approximate the exact eigenvalues from above.

Remark 3.1. When B—Aj =19; is an approximate eigenvalue of (3.2) by conforming finite
element method, thanks to the Lemma 9.1 in [32], we get

A=Ay=(B=Ay)—(B—A)=10,—0
= A, (U—U, U—Uy)—08(U—- U, U—Uy). (3.45)

From (3.45), we can deduce that the eigenvalue Aj by the conforming finite element
method approximate the exact eigenvalue from below for the mTEP (3.1) with a > 0.
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Remark 3.2. In Theorems 2.2 and 3.2, the constants implied in the inequalities are closely
related to the shape of grid and the distribution of eigenvalues. Further quantitative
analysis for these constants in error estimation will be an interesting issue that worth
studying.

4 Numerical experiments

Our program is compiled under the package of iFEM [36] and we use the internal com-
mand ‘eigs” in MATLAB 2018a to solve generalized matrix eigenvalue problem on a
ThinkPad laptop with 32G memory.

In our computation, the test domains are set to be the unit square domain Qg = (0,1)2
and the L-shaped domain Q) = (—1,1)?\[0,1) x (—1,0] for two-dimensional case, and the
Fichera domain Qf = (—1,1)3\[0,1]* and the unit cubic domain Q¢ = (0,1)3 for three-
dimensional case. We adopt a uniform mesh 7, for each domain.

4.1 The numerical results of the TEP (2.2)

The coefficient matrix A(x) and the index of refraction n(x) of the problem (2.2) are cho-
sen as follows:

2+4x3 x1x2
Casel: A(x)= , n(x)=2+|x1+x2|,
x1%2  24x3

Case2: A(x)= n(x)=3.

S O W
S W o
W o o

We d'enote the apprgximate eigenvalue as kj, = /A, — 1. . '
Since the exact eigenvalues of the problem on all test domains are unknown, in order

to investigate the convergence behavior, we use the following formula

Kin—k;

. —k.
kff’% i

1 1
(1g2) ®

to compute the approximate convergence order.

Theorem 2.2 shows that when a =1, the theoretical convergence order of the approx-
imate eigenvalues is 2r under the assumption of the eigenfunction’s smoothness index
r € (3,1]. From Tables 1-2, we see that the convergence order of the approximate eigen-
values is 2 in the unit square, and from Tables 3-4 we see that the convergence order
of the first approximate eigenvalue is about 1.33 and the convergence order of the sixth
and the seventh approximate eigenvalues is about 1.4 in the L-shaped domain. These
numerical results show that the regularity assumption of Theorem 2.2 is reasonable and
are consistent with the theoretical analysis.

order (k; ) ~

INER ST



60

L. Sun, H. Bi and Y. Yang / Adv. Appl. Math. Mech., 18 (2026), pp. 37-66

Table 1: The approximate eigenvalues of (2.2) by the CR element in the unit square for Case 1.

h k1 order kin (j=5,6) order
V2/16 | 2.309789 4.932109 F 0.246840i
V/2/32 | 2.310801 4.938256 F 0.2431961
V2/64 | 2311054 2.01 | 4.939777  0.242264i  2.00
V27128 | 2311117  2.00 | 4.940156 F 0.242030:  2.00
V2/256 | 2.311132  2.00 | 4.940250 F 0.241971i  2.00
V2/512 | 2311136 2.00 | 4.940274 F 0.241956i  2.00

Table 2: The approximate eigenvalues of (2.2) by the ECR element in the unit square for Case 1.

h k1 p order kin (j=5,6) order
V2/16 | 2.308692 4.924386 F 0.248306i
V2/32 | 2.310527 4.936303 F 0.243599i
V2/64 | 2310985 2.00 | 4.939287 T 0.242367i  1.99
V2/128 | 2.311099  2.00 | 4.940033 F 0.242056i  2.00
V2/256 | 2.311128  2.00 | 4.940220 F 0.241978;  2.00
V2/512 | 2.311135  2.00 | 4.940266 T 0.241958i  2.00

Table 3: The approximate eigenvalues of (2.2) by the CR element in the L-shaped domain for Case 1.

h k11 order kin (j=6,7) order
V2/16 | 0.871160 3.037828 F 0.083515i
V2/32 | 0.872855 3.042374 F 0.082935i
V2/64 | 0.873528  1.33 | 3.043940 F 0.082639i 152
V2/128 | 0.873795  1.33 | 3.044502 F 0.082507i  1.46
V2/256 | 0.873901  1.33 | 3.044710 F 0.082451i  1.42
V2/512 | 0.873943  1.33 | 3.044789 F 0.082428; 1.39

Table 4: The approximate eigenvalues of (2.2) by the ECR element in the L-shaped domain for Case 1.

h ky order kin(j=6,7) order
V2/16 | 0.871038 3.036014 F 0.083225i
V2/32 | 0.872825 3.041918 F 0.082859i
V2/64 | 0.873521  1.36 | 3.043826 T 0.082620i  1.62
V2/128 | 0.873793  1.35 | 3.044473 F 0.082502i 1.55
V2/256 | 0.873901 1.35 | 3.044703 F 0.082450i 1.48
V2/512 | 0.873943  1.34 | 3.044788 T 0.082428i  1.43

The numerical results in the three-dimensional domains are listed in Tables 5-6 We
observe from these tables that the numerical results also coincide with the theoretical

analysis.
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Table 5: The approximate eigenvalues of (2.2) in the unit cubic for Case 2.

CR ECR
h ki order kap order ki order kap order
V3/2 | 2.90609 4.16623 2.88316 4.10695
V3/4 | 3.08309 4.35316 3.07592 4.33351
V3/8 | 312700 201 442063 147 | 3.12509 1.97 4.41528 147
V3/16 | 313795 2.00 4.43733 201 | 3.13746 199 443596 1.98
Table 6: The approximate eigenvalues of (2.2) in the Fichera domain for Case 2.
CR ECR
h ki p order kyp order ki p order kyp order
V3/2 | 1.34055 2.06230 1.33818 2.05389
V3/4 | 1.37441 2.09922 1.37376 2.09693
V3/8 | 1.38577 157 210982 1.80 | 1.38561 159 2.10924 1.81

4.2 The numerical results of the mTEP (3.1)

61

The numerical results in the two-dimensional domains are listed in Tables 7-12 and the
results in the three-dimensional domains are listed in Tables 13-16. From these tables we

observe that the eigenvalues obtained by the CR element and the ECR element decreases
gradually, the eigenvalues obtained by the conforming P; element (P;) increase gradu-
ally as the mesh size /i decreases, and the eigenvalues obtained by the conforming and
nonconforming elements get closer and closer as h decreases. These numerical results tell
us that for the mTED, the eigenvalues obtained by the CR element and the ECR element
can provide the upper bound and the conforming element eigenvalues give the lower
bound for the exact eigenvalues. So we obtain an interval where the exact eigenvalues

are located.

Table 7: The approximate eigenvalues of (3.1) in the unit square when n=4, a=1, k=0.35.

CR ECR P

h M Ao M Ao M Ao
V2/16 4.143060 -138.7974 | 4.143516 -138.5422 | 4.140818 -140.0526
V2/32 4142773 -139.1044 | 4.142887 -139.0401 | 4.142206 -139.4203
V2/64 4142698 -139.1820 | 4.142727 -139.1659 | 4.142556 -139.2612
V2/128 | 4.142680 -139.2015 | 4.142687 -139.1975 | 4.142644 -139.2213
V2/256 | 4.142675 -139.2064 | 4.142677 -139.2054 | 4.142666 -139.2113
V2/512 | 4.142674 -139.2076 | 4.142674 -139.2073 | 4.142671 -139.2088
V2/1024 | 4.142673 -139.2079 | 4.142673 -139.2078 | 4.142673 -139.2082

trend N\ hY N\ N / /"
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Table 8: The approximate eigenvalues of (3.1) in the L-shaped domain when n=4, a=1, k=0.35.
CR ECR P
h M Ao A Ao M Ao
V2/16 | 4302978 -19.2676 | 4.303470 -19.2625 | 4.297340 -19.5556
V2/32 | 4301555 -19.3531 | 4.301678 -19.3518 | 4.299670 -19.4628
V2/64 | 4301055 -19.3859 | 4.301086 -19.3856 | 4.300397 -19.4283
V2/128 | 4.300874 -19.3986 | 4.300881 -19.3985 | 4.300635 -19.4151
V2/256 | 4.300806 -19.4036 | 4.300808 -19.4035 | 4.300717 -19.4101
V/2/512 | 4.300780 -19.4055 | 4.300781 -19.4055 | 4.300746 -19.4081
trend N\ N\ N\ N\ / /
Table 9: The approximate eigenvalues of (3.1) in the unit square when n=4, a=2, k=0.35.
CR ECR P
h M Ao Mo Ao M Ao
V2/16 | 41067042 -223.1881 | 4.1070405 -222.8579 | 4.1050515 -224.8255
V2/32 | 41064942 -223.6210 | 4.1065783 -223.5379 | 4.1060760 -224.0327
V2/64 | 41064396 -223.7301 | 4.1064606 -223.7093 | 4.1063347 -223.8332
V2/128 | 41064258 -223.7575 | 4.1064310 -223.7523 | 4.1063995 -223.7833
V2/256 | 41064223 -223.7643 | 4.1064236 -223.7630 | 4.1064157 -223.7708
V2/512 | 4.1064214 -223.7660 | 4.1064217 -223.7657 | 4.1064198 -223.7676
V2/1024 | 41064212 -223.7664 | 4.1064213 -223.7664 | 4.1064208 -223.7668
trend N N\ N\ N\ / /
Table 10: The approximate eigenvalues of (3.1) in the L-shaped domain when n=4, a=2, k=0.35.
CR ECR P
h M Ao M Ao M Ao
V2/16 | 4224531 -31.4009 | 4.224887 -31.3942 | 4.220420 -31.8449
V2/32 | 4223492 -31.5337 | 4.223581 -31.5320 | 4.222116 -31.7037
V2/64 | 4223127 -31.5848 | 4.223149 -31.5843 | 4.222646 -31.6506
V2/128 | 4222994 -31.6046 | 4.223000 -31.6045 | 4.222819 -31.6304
V/2/256 | 4222945 -31.6124 | 4.222946 -31.6123 | 4.222879 -31.6225
V2/512 | 4222926 -31.6154 | 4.222926 -31.6154 | 4.222901 -31.6194
trend N\ N\ N\ N\ / /
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Table 11: The approximate eigenvalues of (3.1) in the unit square when n=4, a=4, k=0.35.

CR ECR P,

h M Ao A Ao M Ao
V2/16 4.0886746 -386.1024 | 4.0889524 -385.6081 | 4.0873091 -388.5660
V2/32 4.0885016 -386.7908 | 4.0885710 -386.6665 | 4.0881561 -387.4094
V2/64 4.0884566 -386.9637 | 4.0884740 -386.9326 | 4.0883700 -387.1186
V2/128 | 4.0884453 -387.0070 | 4.0884496 -386.9992 | 4.0884236 -387.0458
V2/256 | 4.0884424 -387.0178 | 4.0884435 -387.0159 | 4.0884370 -387.0275
V2/512 | 4.0884417 -387.0206 | 4.0884419 -387.0201 | 4.0884403 -387.0230

ﬁ/ 1024 | 4.0884416 -387.0212 | 4.0884414 -387.0211 | 4.0884412 -387.0218
trend ™ N\ N\ N\ / /

Table 12: The approximate eigenvalues of (3.1) in the L-shaped domain when n=4, a=4, k=0.35.

CR ECR P

h M Ao M Ao M Ao
V2/16 | 418599 -55.42586 | 4.18628 -55.41547 | 4.18261 -56.17579
V2/32 | 418514 -55.65105 | 4.18521 -55.64843 | 4.18400 -55.93885
V2/64 | 418484 -55.73770 | 4.18485 -55.73705 | 4.18444 -55.84948
V2/128 | 4.18473 -55.77139 | 4.18473 -55.77123 | 4.18458 -55.81514
V2/256 | 4.18469 -55.78458 | 4.18469 -55.78454 | 4.18463 -55.80180
V2/512 | 4.18467 -55.78977 | 4.18467 -55.78976 | 4.18465 -55.79657

trend e N\ N\ N\ /! /!

Table 13: The approximate eigenvalues of (3.1) in the unit cubic when n=4, a=2, k=0.35.

CR ECR P
h A Ao A Ao A Ao
V3/2 | 41037 -126.7935 | 4.0792 -186.8073 | 4.0154 -276.7109
V3/4 | 40755 -188.6903 | 4.0663 -216.1854 | 4.0418 -246.4540
V3/8 | 4.0662 -214.0709 | 4.0622 -224.4324 | 4.0543 -233.6343
V3/16 | 4.0624 -222.7847 | 4.0608 -226.6239 | 4.0587 -229.2015
trend | AN R R / /!
Table 14: The approximate eigenvalues of (3.1) in the unit cubic when n=4, a=4, k=0.35.
CR ECR P
h A Ao A Ao A Ao
V3/2 | 40762 -221.5238 | 4.0659 -324.6261 | 4.0129 -463.8516
V3/4 | 40596 -327.9567 | 4.0552 -372.4433 | 4.0348 -418.3474
V3/8 | 40537 -370.1977 | 4.0517 -385.5676 | 4.0452 -399.4757
V3/16 | 4.0514 -383.5621 | 4.0506 -388.9896 | 4.0488 -392.8896
trend | ~ BN N / /
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Table 15: The approximate eigenvalues of (3.1) in the Fichera domain when n=4, 1=2, k=0.35.
CR ECR P;
h A Ao A Ao A Ao
V3/2 | 42148 -38.5242 | 42114 -38.9662 | 4.0841 -51.2581
V3/4 | 41985 -41.4659 | 4.1883 -41.3289 | 4.1337 -46.3939
V3/8 | 41846 -42.1087 | 4.1799 -42.1342 | 41594 -44.0269
trend | N\ N\ N\ N\ /! /!
Table 16: The approximate eigenvalues of (3.1) in the Fichera domain when n=4, a=4, k=0.35.
CR ECR P
h M Ao A Ao A Ao
V3/2 | 41752 -67.6999 | 4.1753 -68.3453 | 4.0701 -88.4833
V3/4 | 41609 -72.7274 | 41563 -72.2839 | 41111 -80.6471
\@/8 41516 -73.6870 | 4.1493 -73.6227 | 4.1324 -76.7655
trend | N\ N\ N\ N\ /! /!
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