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Abstract. Image smoothing techniques are widely used in computer vision and graph-
ics applications. In this paper, we present an /,-nonconvex regularization method for
image smoothing. To induce sparsity prior of the smoothed images more strongly than
the ¢; norm regularization, we take the nonconvex arctangent penalty function of the
image gradient as the regularization term. To make the proposed model more flexible
and effective for different image smoothing applications, we use the £, norm func-
tion as the fidelity term, instead of the ¢, norm function. The powerful majorization-
minimization (MM) algorithm is employed for the proposed nonconvex optimization
model. The convergence of the resulting MM algorithm is discussed. Comprehen-
sive experiments and comparisons show that the proposed method is effective in var-
ious image processing tasks such as texture smoothing, detail enhancement, artifact
removal, image denoising, high dynamic range (HDR) tone mapping, edge detection,
and image composition.

AMS subject classifications: 94A08, 68U10, 90C26
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1 Introduction

The purpose of image smoothing is to eliminate unwanted details while maintaining
the important edges. As a significant image processing technique, image smoothing is
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widely used in computer vision and graphics applications such as texture smoothing,
detail enhancement, artifact removal, image denoising, high dynamic range (HDR) tone
mapping, edge detection, and image composition [1-7]. In recent years, image smooth-
ing methods have received considerable attention from the image processing research
community.

Generally, edge-preserving methods are used to smooth out the small details while
preserving or sharpening the strong edges. One of the most classical edge-preserving
methods is the bilateral filter (BF) [8-10]. The BF is widely used in various smoothing
tasks due to its simplicity and effectiveness in removing noise-like structures. However,
as pointed out by He et al. in [11], the BF tends to produce undesirable gradient rever-
sal artifacts at the edges. A guided filter was proposed by He et al. in [11] to alleviate
this problem and obtain high-quality images. To reduce the running cost of BF, Zhang
et al. in [12] designed a fast weighted median filter that runs more than 100 times faster
than BF. In [13], to improve the ability of BF-based filters to extract the multi-scale de-
tails, Farbman et al. introduced the weighted least squares (WLS) optimization method.
Although the WLS method alleviates many problems, it is insufficient in capturing fine-
scale textures. To remedy this deficiency, Subr et al. in [14] explored the local extreme
model to extract fine-scale features. This model captures textures based on the assump-
tion that fine-scale details are rapidly oscillating information between minima and max-
ima. In [15], Gastal et al. considered a domain transformation method for addressing the
gradient reversal problem by using one-dimensional space to accelerate two-dimensional
edge-aware filtering. In [16], Xu et al. used the ¢y gradient minimization (/yGM) method
to enforce the gradient sparsity of the smoothed images. In [17], Paris et al. designed a
local Laplacian filter for edge-aware image smoothing. The critical step is to character-
ize the edges with a simple threshold on the pixel values so that large-scale edges can
be distinguished from small-scale details. In [18], Ham et al. developed a static and
dynamic (SD) filter to handle structural inconsistencies between the guidance and input
images. To improve the problem of over-sharpening caused by excessive regularization
parameter in the /p-norm method, Liu et al. in [19] adopted the gradient sparsity and
surface area (GSSA) minimization scheme. In [20], Liu et al. proposed an effective it-
erative least squares (ILS) for edge-preserving image smoothing. The implementation
of the ILS algorithm is close to real-time due to the use of the Fourier transform during
the iterative process. In [21], Zhu et al. built a benchmark for edge-preserving image
smoothing from the point of both qualitative and quantitative performance evaluation.
The reasonable edge-preserving filter shouldn’t blur or over-sharpen the edges that de-
fine object boundaries or other important features, while smoothing the areas between
these edges. Unfortunately, such a filter does not exist, as it is generally not possible to
accurately determine which edges should be retained.

Structure-preserving smoothing methods are usually applied to preserve the salient
structures of the restored images. In [22], Xu et al. developed the relative total variation
(RTV) measures to accomplish structure extraction from texture images. In [23], Karacan
et al. employed a novel approach based on patch-analysis. Specifically, they estimated
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the similarity between two image patches within an adaptive filtering framework by
considering the region covariance matrix of color, orientation and intensity. Inspired by
Karacan et al.’s work, Jeon et al. in [24] investigated a new constraint model for capturing
textures in intrinsic image decomposition. In [25], Guen presented the total variational-
{1 (TV-£1) model for some structure-preserving smoothing tasks such as texture removal
and structure extraction. In [26], Zhang et al. studied a rolling guidance filter (RGF) based
on scale-space theory to smooth structures at different scales. In [27], Zhu et al. adopted
an effective patch-group-based nonlocal mean framework for structure-preserving im-
age smoothing. In [28], Lee et al. introduced a novel adaptive smoothing image gradient
model to smooth out the textures of images. In this model, texture components are dis-
tinguished from structural edges and smoothly changing shadows based on the interval
gradient operator. In [29], Guo et al. proposed a model that jointly considers structure
discovery and texture removal (SDT). The principle of SDT is that the structure edge
detector and texture smoother are mutually beneficial. In [30], Fan et al. designed an
unsupervised learning framework to achieve the leading smoothing results. In fact, the
framework imposes different forms of regularization on diverse images through a spa-
tially adaptive £, flattening criterion. In [31], Zhao et al. utilized two local activity-driven
filtering for structure-preserving image smoothing. The local activity-driven anisotropic
diffusion with two edge-stopping functions is used to mitigate coding artifacts of depth
images, while the local activity-driven relative total variation with the way of the prod-
uct between gradient and the local activity measurement is applied for achieving image
smoothing and scale representation. In [32], Cao et al. proposed a hybrid ¢y-H! op-
timization model for structure-preserving image smoothing. The model measures the
sparsity of scale-aware gradients by the £y norm and the structure fidelity by the H!
norm with an embedded Laplace operator. Some deep learning methods have been pro-
posed for structure-preserving image smoothing. We refer the reader to [33,34] and ref-
erences therein. These structure-preserving methods explicitly smooth out the textures
in the image. However, it fails to maintain the important edge information. It also pro-
duces a slight staircasing artifact near edge boundaries, which affects the quality of the
processed image.

Besides, a series of edge-preserving and structure-preserving image smoothing meth-
ods have also been proposed recently. In [35], Cai et al. presented a novel image smooth-
ing method to eliminate textures at any level while preserving other image content via
relativity-of-Gaussian. Experimental results have shown that the technique has the ca-
pability of smoothing the input image without distorting edges and structures. In [36],
Liu et al. proposed a generalized optimization framework with a truncated Huber (TH)
penalty function for edge-preserving and structure-preserving image smoothing. Due to
its strong flexibility, the framework is able to achieve diverse smoothing natures. In [37],
Cao et al. utilized the relative bilateral filter as a local regularization to capture and sup-
press weak large-scale textures from salient structures and edges.

In the mentioned literature, we observe that most researchers usually employ the Eu-
clidean distance between the low-level feature vectors associated with each pixel as an
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Figure 1: Comparison of smoothing effects by different algorithms. (a) The input image; (b)-(d) The smoothing
images by using £oGM, TV-{; and the proposed model respectively.

affinity function. However, this measure of similarity has its own limitations, since it
does not consider any higher-level structure. To alleviate this problem, in this paper, we
propose a novel smoothing method based on the £,-nonconvex minimization model. To
induce sparsity prior of the smoothed images more strongly than the ¢; norm regular-
ization, we take the nonconvex arctangent penalty function of the image gradient as the
regularization term. To make the proposed model more flexible and effective, we use
the £, norm function as the fidelity term, instead of the /> norm function. The proposed
nonconvex method offers good possibilities for restoring images with homogeneous re-
gions surrounded by neat edges. In Fig. 1, we show an example of the smoothing effect
using {yGM [16], TV-/; [25] and our method. Fig. 1(a) is the input image and Figs. 1(b)-
(d) are the smoothing results generated by ¢/,GM, TV-{; and our method, respectively.
Although the /oGM is widely used in image smoothing, it inevitably suffers from the
over-sharpening effect if the regularization parameter is large. In particular, from the
zooming-in area of Fig. 1(b), we observe a severe color shift phenomenon due to over-
sharpening. Fig. 1(c) shows that the TV-{; method is a significant improvement over
the ¢oGM approach. However, it does not preserve the image structure at a coarse scale
well, as shown in the enlarged part of Fig. 1(c). It is clear from Fig. 1(d) that the pro-
posed method can eliminate the undesired details while preserving the weak edges of
prominent structures. Our smoothed image looks more satisfactory than the others.
The main contributions of this paper include the following aspects.

(i) We propose an effective £,-nonconvex regularization method for the image smooth-
ing problem, which is rarely discussed in image smoothing before. The parameter
p controls the edge-preserving ability and contrast of the smoothed image, and dif-
ferent choice of p in the regularization term reveals different smoothing behaviors.

(i) We employ the powerful majorization-minimization (MM) algorithm to solve the
proposed nonconvex optimization model and prove the convergence of the MM
algorithm.
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(iii) We demonstrate the effectiveness of the proposed method in several image pro-
cessing tasks, including texture smoothing, detail enhancement, artifact removal,
image denoising, HDR tone mapping, edge detection, and image composition.

The rest of this paper is organized as follows. In Section 2, we establish the /-
nonconvex minimization model. In Section 3, we solve the proposed nonconvex opti-
mization model with the MM algorithm and prove the convergence of the resulting MM
algorithm. In Section 4, we provide a comprehensive comparison between our method
and the state-of-the-art methods in various applications. In Section 5, we give a short
conclusion.

2 Proposed model

In this paper, we investigate the following /,-nonconvex minimization model for the
image smoothing problem:

Irlllin](u):cbfid(u)+)\lyreg(u)/ (2.1)

where @4 (1) represents the fidelity term and Yres (1) represents the regularization term,
u € RMN represents the smoothing image of size M x N to be recovered and A >0 is a
regularization parameter which controls the strength of the smoothing. A larger regular-
ization parameter will lead to more smoothing, as the penalty for large weights becomes
more significant, while a smaller regularization parameter will result in less smoothing,
allowing the optimization model to fit more closely to the original data.

For the fidelity term, we adopt the following £,-norm function

1 1 MN
Ppig(u) =—lu—flF ==Y ¢p((u—f);) (2.2)
p Pi=
with
(pp(x):\x\p, (2.3)

where f € RMN represents the input image of size M x N and p € (0,1]. Clearly, the /-
norm with 0 < p <1 is nonsmooth and nonconvex, the £,-norm with p =1 is nonsmooth
and convex.

For the regularization term, we choose the nonconvex and nonsmooth arctangent
penalty function. The arctangent penalty function can induce sparsity more strongly
than the total variation regularization [38]. More precisely, the arctangent penalty term is
given by

MN

Freg (1) =) 5i(8) ¥a (|| Viully), (24)

where

si(g)=e 27 (2.5)
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Figure 2: Level lines of the arctangent penalty function with different a-values. (a)-(c) The parameter a is set
to be 0.02, 2 and 200 respectively.

with a guidance image ¢ and a positive range parameter ¢, and

ll)a(X):% (atan(m\/[;x‘> —Z) (2.6)

with a given positive concavity parameter a [39]. The parameter a in (2.4) is used to
control the sparsity of the image gradient. Here

2 v 2 v
IVig|2=(V'g) +(Vig)? and ||Viul, =1/ (Viu)’ +(V¥u)?,

where V" and VY correspond to the linear operators of the first-order differences along
the horizontal and vertical directions at pixel i, respectively. When the guidance im-
age is a zero matrix, the proposed model becomes a non-guided method in [40]. This
manuscript can be regarded as the extension of its conference version.

In Fig. 2, we plot the level lines of the arctangent penalty function ¢, (x) with different
a-values. Obviously, when a is small, the penalty function has a similar result as the ¢;-
norm. Increasing a can obtain an approximation of the ¢p-norm.

It is obvious that the proposed model (2.1) with the fidelity term (2.2) and the regu-
larization term (2.4) is coercive for any u € RMN. Since the objective function J(u) in (2.1)
is continuous and bounded below, the optimal set

Cli{ﬁ:](ﬁ): inf ](u)}

ucRMN
is nonempty for any input image f.
3 Numerical algorithm

Many algorithms such as orthogonal matching pursuit [41], iterative hard threshold-
ing [42], ¢ greedy [43], parallel iteration [44,45] and MM [46] have been devised to
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compute the sparse solutions of nonconvex optimization problems. In this paper, we
employ the powerful MM method to solve the proposed nonconvex model. The MM
method for minimizing (2.1) has the form

u(t+1)

—argminQ(u;u'")), (3.1)
u

where Q(u;w) is an upper bound function of J(u). Usually, the MM method requires that

each function Q(u;w) satisfies the following properties [46,47]:

(i) Q(u;w) is quadratic in u;
(i) Q(u;w)>J(u) for all u € RMN;

(iii) Q(w;w) = J(w) and 9, Q(w;w) = J'(w), where 9,, represents the first-order partial
derivative with respect to the first variable u;

(iv) 04uQ(u;w) isindependent of u, where d,,, represents the second-order partial deriva-
tive with respect to the first variable u.

According to properties (iii) and (iv), J(#) must be a continuously differentiable func-
tion. For this reason, we need to modify the fidelity term and the regularization term
separately to make the function J(u) continuously differentiable. For the fidelity term, a
well-known smoothed version of the function ¢, is given by

c;)p,ﬁ(x):(x2+ﬁ)% for pe(0,1], (3.2)

where f is a small positive parameter. For the regularization term, a smoothed version of
the function ¢, is given by

P (x) = % (atan (H?‘”(X\[ZJF'Y)Z) - z) ) (3.3)

where 7 is a small positive parameter.
For the use of the MM method, we replace the original nonsmooth £,-nonconvex
minimization problem (2.1) with the following smoothed minimization problem

1MN
mm]lgy Z%ﬁ +AZS ) Waqy ([ Viud]],). (3.4)

For the MM method, it generally includes two main steps: a majorization step which
generates an upper bound function of the objective function, and a minimization step
which determines a minimizer of this upper bound function.
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3.1 Majorization step

Let ¢(x) be a continuously differentiable function, we can construct a quadratic form of
the upper bound function q(x;z) of ¢(x )
x
(5 )
z

('bi ) x24-C, (3.5)

2
where C represents a constant independent of x [48].
Using (3.5), we get the upper bound function of ¢, g((u— f);) at the point u(*) as

1 9@ =) .

where

Similarly, we obtain the upper bound function of ., (|| Vu|,) at the point u*) as
1 Ia,'y(|‘viu(t)"2)

. . - . 7112
q(IViul | ViuDly) = 2 [V, [Viull2+C
=@ |Vulg+c, (37)
where
3v/3a

o) =

1

NI

1
2 ((|Viu®]347)2 +a(| Viu®O[347) +a2(|Viu®[54+7) ")
With the notations

h
v:[gv], th:[V?u,Vgu,'“,V?\/jN”]T and Vu=] qufvg”/'“/vaN“]Tf

we obtain the upper bound function Qg (1; u®) for | g,y (1) at the point u® as
1 MN

Qg () = Yal(u S0 =) 2 Y s(@)-a IVl T )
i=1

V! u ' I o v’ u|+C
v? 0 r(t) VY
%’_/

W)

=—(u—F)TAD (u—f)+ %uTVTW(t)Vu-l-C, (3.8)

=2<u—f>TA<f><u—f>+§<
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where

AW =diag (ggt)) and T'" =diag (si(g).@i(t))

are the diagonal MN x MN matrix, and C is all terms independent of u.

3.2 Minimization step

According to (3.1), u**1) is the minimizer of Qﬁﬁ(u;u(t)). Since (3.8) is a quadratic func-
tion, u can be solved by the linear problem

(A AV W )ult D = A, (3.9)

With the Sherman-Morrison-Woodbury formula [49], the solution of the linear problem
(3.9) can be rewritten as

-1 1 -1 ~1 -1
(t+1) — ¢ (t) T( & (1) (t) T
u f=(a0) v <A<w ) +v(a) v> VY. (3.10)
This iteration can be implemented at a low computational cost, since the resulting matrix
in (3.10) is tridiagonal.

In summary, we obtain the following algorithm for image smoothing.

Algorithm 3.1 Image smoothing via the £,-nonconvex model.

Input: an input image f, a guidance image g, A, a, p, p and 7.
Output: a smoothing image u.
Initialization: u(0)
fort=1,2,---,do
(1). construct A1) with gl(»t);
(2). construct ') and W) with cDi(t) and s;(g);
(3). compute u**1) by (3.10);
end for

In the following, we analyze the convergence of Algorithm 3.1.

Theorem 3.1. Let the sequence {u)} be generated by Algorithm 3.1, then the sequence
{Jg (')} is monotonically decreasing and convergent.

Proof. 1t is easy to show that

Jor () = Qg (u;ul) > Qg (D ;ul) > Jg p (V). (3.11)
The first equality and the last inequality come from the properties of the upper bound
function. The second inequality holds, since u(t+1) is the minimizer of Qﬁﬁ (u (D) ). From
(3.4), we know that {J] 5,7(7/1“))} is bounded from below by zero. Therefore, the sequence
{Js (1)} is monotonically decreasing and convergent. O
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Theorem 3.2. Let the sequence {u'")} be generated by Algorithm 3.1. Then, for any initial
solution u® e RMN | we have

o0 -] =0
t—r00

Proof. Since Qg (u; ;uY)) is quadratic with respect to u, we take Taylor expansion of
Qp (wsu By at u(t+1) as

a1 () )+ < MQM( (1), (¢ )),u u(t+1)>

(u . u(t—i—l) )TauuQ,B,fy (u(t—b—l);u(t)) (u u(t+1)) (3.12)

Qﬁw(“;”(t)) =Qp,, (1

+

N“_\/'\

It is straightforward to get auQﬁﬁ(u(tH) ;uth) =0, since ult*1 is the minimizer of
Qﬁﬂ(u;u(t)). According to (3.8), we have

9 Qu ;) = A L AV W V.

Obviously, the matrix axe( t“ ult )) is symmetric positive definite with the smallest
eigenvalue T more than zero. By takmg u=u® in (3.12), we get

f+UW. (3.13)

OIOMNN MG
Qg (1 ;ut) 2 Qp o (u ult )

g

Together with (3.11), it then follows that

Ty () = g o (D) > Q. (u®;u®) — Qg (1))
T 2
> 2| —ulted)| . (3.14)

We immediately obtain that

2 <2 3 (1) a4
=2 g )~ ;) (.15)

where 3 denotes the limit point of the convergent sequence {/g,, (uM)}. Therefore, we

obtain that
lim H y(t+1) H =0.
t—o0

This completes the proof. O
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4 Experiments and comparisons

In the section, we compare the proposed image smoothing approach with the highly
related methods, including BF [9], WLS [13], /oGM [16], SD [18], GSSA [19], ILS [20],
RTV [22], TV-¢; [25], RGF [26], £o-H ! [32] and TH [36]. Note that for the SD, GSSA, ILS,
RTV, TV-/1, and TH methods, we follow the parameter setting suggested by the authors
in the original papers. For the remaining comparative methods, we carefully tune the
parameters to obtain the best results. All of the numerical experiments were carried out
in Matlab R2021a. The results were obtained by running the Matlab codes on an Intel(R)
Core(TM) i7-8700 CPU (3.70 GHz, 3.70 GHz) computer with RAM of 16 GB.

In the tests, the guidance image g is obtained by the BF method with the empirical pa-
rameter. In (2.5), we choose the range parameter c=0.5 to control the sensitivity to edges.
Both B and vy in ], (1) are set to be 10~* in the proposed method. The L-curve, discrep-
ancy principle and generalized cross-validation methods are commonly used techniques
for selecting the regularization parameter A in image processing [50,51]. In this paper, we
empirically choose the value of the regularization parameter A for satisfactory smoothing
performance.

4.1 Effect of guidance image g

We first compare the difference of the smoothing behaviors without or with a guidance
image. In Fig. 3, we show the image smoothing results with different methods. Fig. 3(a)
depicts a degraded image containing severe compression artifacts. Fig. 3(b) displays a
smoothing image produced by the BF method. Figs. 3(c) and (d) show the smoothing
results obtained by the proposed approach without and with the guidance image, re-
spectively. For the proposed method, p =0.8, A =3 and a =3 are selected in Figs. 3(c) and
(d). We take the filtered image of the BF method as a guidance image in Fig. 3(d). It is
clear from Fig. 3 that the restored result by the proposed method with the guidance image
is better than the restored results by the BF method and the proposed method without

(a) Input (b) BF (c) Without guidance (d) With guidance
p g g

Figure 3: Effect of guidance image. (a) The input image; (b)-(d) The smoothing images by using BF, the
proposed model without and with the guidance image respectively.
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the guidance image.

4.2 Convergence behavior

To show the convergence behavior of the proposed /,-nonconvex regularization method
for image smoothing, we report the relative error (RE), peak signal-to-noise ratio (PSNR)
and structural similarity (SSIM) versus each iteration for the artifact removal problem.
The RE between two successive iterations is defined by

o w0,

T,

In Fig. 4, we plot the numerical convergence results of RE, PSNR and SSIM for different
quality factors. The degraded images in Figs. 4(b)-(d) are generated by compressing the
original image in Fig. 4(a) with a quality factor of 10, 20 and 30, respectively. In Figs. 4(e)-
(g), we show the RE, PSNR and SSIM results by the proposed method. It can be seen

1322

(a) Input (b) Quality factor 10 (c) Quality factor 20 (d) Quality factor 30
5 x10° 35 0985 ‘
34 098 »/A—’“““-
. ﬁ/
—10 0975+
% 2 —20 | 2
& | e |
3
—-—10
30 0965 —+20
——30
2 0.96
0 10 20 30 " 0 10 20 30 %
Iteration Iteration Iteration
(e) RE (f) PSNR (g) SSIM

Figure 4. Convergence behavior. (a) The input image; (b)-(d) The degraded images with a compression quality
factor of 10, 20 and 30 respectively; (e)-(g) The RE, PSNR and SSIM values are given by the proposed method
respectively.
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from Figs. 4(e)-(g) that the proposed method is convergent within 20 iterations. In the
following experiments, the iterations for the proposed algorithm are terminated when
the maximum number of outer iterations Maxit =20 has been carried out or RE <1073,

4.3 Effect of parameters p and a

We compare the effects of the smoothing behavior using the proposed method for dif-
ferent values of p and a. In Fig. 5, we show the smoothing results for different p-values.
Fig. 5(a) shows the input image and Figs. 5(b)-(d) display the smoothing results using
the proposed /,-nonconvex model with p=0.8, 1, 2, respectively. It is noted that the dis-
cussion and results about the nonconvex regularization methods with p=2 can be found
in [52,53]. As discussed in [54], when p=0.8 and 1, the smoothing images in Figs. 5(b)-(c)
are composed of partly of constant patches and partly of pixels that fit data samples ex-
actly. From Figs. 5(b)-(d), we observe that p=0.8, 1, 2 achieve effective piecewise constant
visual restoration results with edge preservation. As expected, the differences between
neighboring pixels in homogeneous regions are smaller than a small threshold, while
they are larger than a large threshold at edges. It is not difficult to see from Fig. 5 that the
proposed model maintains the local contrast and edges of the smoothing image precisely
when p is less than or equal to 1, while the proposed model lays stress on a neat classi-
fication of differences as belonging to smooth regions or to edges when p=2, as seen in
the circles in the zoomed-in region of Figs. 5(b)-(d). So when p <1, the proposed method
has the potential to exhibit a better performance in edge and contrast preservation.

In Fig. 6, we show the smoothing results for different a-values. The input image and
its 262" row in RGB channels are given in Fig. 6(a). We display the smoothing results
and the one-dimensional representation of their RGB channels for 2 =0.1, 1 and 10 in
Figs. 6(b)-(d), respectively. As can be seen from Fig. 6(b), smaller a tends to generate
piecewise smoothing results but with lower pixel values (similar to the ¢;-norm). From
Figs. 6(c)-(d), we observe that the larger a yields more piecewise constant results (similar
to the {p-norm). In this case, the proposed model effectively removes low-amplitude
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Figure 5: Smoothing results for different p-values. (a) The input image; (b)-(d) The parameter p is set to be
0.8, 1 and 2 respectively.
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Figure 6: Smoothing results for different a-values. (a) The input image and its 262" row in RGB channels;
(b)-(d) The smoothing images and the one-dimensional representation of their RGB channels for =0.1, 1 and
10 respectively.

structure and sharpens the edges. In the proposed model, the choice of a-value depends
on what kind of smoothing properties we desire. In the following tests, the parameters
of the proposed method are carefully adjusted to obtain the best visual results.

4.4 Texture smoothing

Many human-created artworks contain plenty of textures, such as graffiti and fluff toys.
The task of texture smoothing is to simultaneously extract important structures and
smooth out meaningless textures. We employ the BE, WLS, ¢/,GM, SD, GSSA, ILS, RTV,
TV-¢1, RGE ¢y-H~!, TH methods and the proposed method to solve the texture smooth-
ing problem. Fig. 7 depicts the smoothing results generated by the competing methods.
For the proposed method, the satisfactory result is achieved by p=1, A=7.5and a=7.5.
The original image is displayed in Fig. 7(a). It contains many fluff textures and noise-
like structures. The smoothing images obtained by the competing methods are shown
in Figs. 7(b)-(m), respectively. It is easy to see from Fig. 7(b) that the BF method yields
a blurry restored image and doesn’t preserve the significant edges. The WLS method
eliminates most of the texture successfully, but the smoothed image still looks blurred, as
shown in Fig. 7(c). As displayed in Fig. 7(d), the /(GM method succeeds in preserving
the boundaries of the object. However, some noise-like structures and color artifacts can
be observed in the enlarged parts, possibly due to the limitations of the ¢y regulariza-
tion used in the model. We observe from the zoomed-in regions of Fig. 7(e) that the SD
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Figure 7: Comparison of texture smoothing. (a) The input image; (b)-(m) The smoothing images by using BF,

WLS, £,GM, SD, GSSA, ILS, RTV, TV-{;, RGF, ¢y,-H 1, TH and the proposed model respectively.
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approach removes the fluff textures without artifacts, but the surface of the restored im-
age is not enough piecewise smoothing. It can be observed from Fig. 7(f) that the GSSA
method removes small-scale textures. But the GSSA method blurs the edges, which may
be caused by the process of surface area minimization. The result in Fig. 7(g) reveals that
the ILS approach can completely remove the fluff textures. Unfortunately, some blocky
artifacts are present in the right magnified region. The RTV method is also unsatisfactory
in terms of edge-preserving capability, as illustrated in Fig. 7(h). It can be seen from the
enlarged areas of Figs. 7(i) and (l) that both TV-/; and TH techniques perform well in
removing textures. However, the color shift phenomenon and unnatural artifacts can be
observed in their results. From Fig. 7(j), we can see that the RGF method can maintain the
edges well but cannot smooth out the textures effectively. The £p-H ! method produces
the smoothed image with no visible texture, but lacks in edge preservation, as shown
in Fig. 7(k). In contrast to the other methods, the proposed algorithm is able to remove
the fluff textures sufficiently while generating neater edges than others, as depicted in
Fig. 7(m).

To objectively compare the smoothing capabilities of various algorithms, we extract
the 78! row of each smoothed image in RGB channels and display them in Fig. 8. It
should be noted that the pixel values have been normalized to the interval [0, 1]. Fig. 8(a)
is one-dimensional representation of the RGB channels of the input image. Itis easy to see
that the observed image has many steep regions. From Fig. 8(b), we notice that the RGB
channels have a relatively narrow transition. This phenomenon implies that the output
of BF tends to be blurred. As shown in Figs. 8(c)-(e) and (j), the results generated by WLS,
¢oGM, SD and RGF have more or less steep areas. Some textures are clearly seen in the
smoothed images. We observe from Fig. 8(f) that the GSSA model produces lower pixel
values than the others and the entire smoothed image looks strange. From Fig. 8(g), we
notice that there are sharp areas in the RGB channels. It suggests that the result of ILS is
over-sharpened. It is easy to see from Fig. 8(i) that the difference in pixel values between
the RGB channels is small, which indicates the TV-{; result with low-contrast. Without
zooming in, we see from Figs. 8(h) and (k)-(m) that our RGB channels are more piecewise
constant than the other three methods. Combining visual results and RGB channels, the
proposed algorithm is superior to other related algorithms in texture smoothing.

4.5 Detail enhancement

An image usually contains a base layer and a detail layer. For detail enhancement, one
commonly used method is to boost the detail layer to increase contrast. In Fig. 9, we
show a comparison between the proposed method and other related smoothing filters
for detail enhancement. The input image is shown in Fig. 9(a). At a glance, we have
difficulty in distinguishing details from the petals. The enhanced results by BF, WLS,
¢oGM, SD, GSSA, ILS, RTV, TV-¢1, RGF, ¢p-H 1, TH and our method are displayed in
Figs. 9(b)-(m), respectively. In our method, we choose p= 0.8, A =5 and a= 1.5 to obtain
the enhancement result. In this test, the detail layer is boosted by three. As shown in
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Fig. 9(b), the BF technique leads to slight gradient reversal artifacts at the boundary. We
notice from Figs. 9(d) and (f) that the /(GM and GSSA models relatively alleviate the
gradient reversal artifacts. However, the compartmentalization artifacts exist in the left
zoom-in patches, and halo artifacts are unexpectedly introduced at the edges of leaves
(labeled with the red arrows). It can be seen from Fig. 9(e) that the SD filter produces
more visible gradient reversal artifacts than other methods. From Fig. 9(g), we observe
that the ILS result has rich details, but suffers from conspicuous gradient reversal artifacts
at the edges. We notice from the magnified regions of Figs. 9(h) and (1) that there exist
slight gradient reversal artifacts in the RTV and TH results. As can be seen from the
enlarged parts of Fig. 9(i), the TV-/; method results in a severe color shift phenomenon,
which is caused by edge sharpening on the corresponding base layer. From Fig. 9(j),
we observe that there are apparent compartmentalization artifacts in the result of RGFE.
In Fig. 9(k), we display the enhancement result created by £;-H !, where both gradient
reversals and halos can be observed (labeled with the red arrows). Figs. 9(c) and (m)
provide similar results with little visible artifacts. Both WLS and our algorithms provide
superior performance in handling gradient reversals and halos. In conclusion, our and
WLS output images are visually more attractive than other enhanced images.

4.6 Artifact removal

When an original image is compressed in JPEG format with low-quality, compression
artifacts usually appear. In Fig. 10, we show the results of JPEG compression artifacts
removal by different methods. Fig. 10(a) is a high-quality input image. The degraded
image in Fig. 10(b) is obtained by compressing the original image in Fig. 10(a) with a
quality factor of 30. It can be seen that the compressed image exists visible artifacts and
color changes at the edges. The artifact removal images by all comparative methods are
given in Figs. 10(c)-(n). For the proposed method, p= 0.8, A =7 and a = 8 are selected
for a satisfactory result. We enlarge some details of the restored images for a better visual
comparison. From the enlarged part of Fig. 10(c), it is easy to see that the BF method can
remove most compression artifacts, but some artifacts still exist. In Fig. 10(d), we notice
that the WLS result has some blurred edges and a slight color shift phenomenon, which
is due to a trade-off between the ability to remove compression artifacts and maintain
edges. As can be seen from Figs. 10(e) and (g)-(h), the /{;GM, GSSA and ILS methods
fail to eliminate the artifacts completely. Although the RTV, TV-/;, RGF and TH methods
perform well in suppressing JPEG artifacts, they do not successfully preserve the edges
(labeled with the red arrows), as shown in the enlarged parts of Figs. 10(i)-(k) and (m).
From Figs. 10(f), (1) and (n), we observe that SD, ¢y-H ~1 and our results are similar in that
all simultaneously eliminate visible artifacts and alleviate the color shift problem.

To show the superiority of the proposed method quantitatively, we consider the arti-
fact removal of the compressed images with quality factors of 10, 20, 30, ---, 90. We use
the PSNR and SSIM values between the restored and original images as measures to eval-
uate the restoration results. The higher the value of SSIM and PSNR are, the better the
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Figure 9: Comparison of detail enhancement. (a) The input image; (b)-(m) The enhanced images by using BF,
WLS, £,GM, SD, GSSA, ILS, RTV, TV-{;, RGF, ¢o,-H™ 1, TH and the proposed model respectively.
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Figure 10: Comparison of JPEG artifact removal. (a) The input image; (b) The degraded image with a
compression quality factor of 30; (c)-(n) The smoothing images by using BF, WLS, ¢,GM, SD, GSSA, ILS,
RTV, TV-¢1, RGF, {p-H~!, TH and the proposed model respectively.
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Table 1: Quantitative comparison of artifact removal.

Methods BF WLS £oGM SD GSSA ILS RTV TV-{y RGF lo-HT TH Ours
Compression quality | PSNR  SSIM | PSNR  SSIM | PSNR  SSIM | PSNR SSIM | PSNR SSIM | PSNR SSIM | PSNR SSIM | PSNR SSIM | PSNR SSIM | PSNR SSIM | PSNR SSIM | PSNR  SSIM
10 3097 09115 | 28.14 09144 | 30.65 0.9025 | 30.14 09324 | 30.84 09163 | 2998 09213 | 31.14 0.9242 | 29.71 09361 | 30.76 0.9322 | 31.05 0.9186 | 30.88 0.9530 | 31.28 0.9606
20 32.35 09254 | 29.83 0.9365 | 3271 09090 | 3245 0.9418 | 3245 09232 | 3248 09447 | 33.02 09368 | 31.88 09592 | 33.06 09522 | 3349 0.9407 | 33.31 0.9679 | 33.62 0.9723
30 3357 09386 | 31.10 09523 | 3503 0.9276 | 34.35 09616 | 34.35 0.9398 | 34.81 09611 | 35.06 0.9521 | 33.76 0.9718 | 3521 0.9630 | 35.76 0.9560 | 33.38 09775 | 36.21 0.9817
40 3529 09446 | 3429 09585 | 3553 0.9401 | 3583 09588 | 3583 0.9469 | 36.04 09612 | 3691 0.9597 | 3545 0.9727 | 36.36 0.9644 | 36.17 0.9504 | 3421 09787 | 37.33 0.9805
50 3586 0.9608 | 3539 09711 | 37.06 0.9588 | 37.05 09744 | 37.05 09614 | 3749 09736 | 38.05 09720 | 3657 09842 | 37.38 09763 | 37.84 09679 | 36.50 09877 | 38.99 0.9920
60 3723 09661 | 36.15 09751 | 37.64 0.9682 | 38.39 0.9779 | 38.39 0.9687 | 38.56 0.9779 | 39.30 0.9771 | 37.17 0.9867 | 37.87 0.9781 | 39.66 0.9736 | 37.00 0.9898 | 39.94 0.9922
70 3878 0.9662 | 38.58 09758 | 38.95 09715 | 39.91 09753 | 39.91 09695 | 4046 0.9784 | 41.42 0.9740 | 3836 0.9833 | 40.04 0.9782 | 41.85 0.9780 | 38.68 0.9866 | 41.88 0.9888
80 39.24 09784 | 38.80 09858 | 41.02 0.9859 | 4142 09869 | 4142 09832 | 4245 09873 | 43.67 09861 | 39.58 09921 | 40.34 09879 | 44.61 09893 | 39.84 09949 | 44.69 0.9955
90 42.00 09880 | 4148 0.9927 | 4542 09933 | 4278 09923 | 4278 0.9900 | 4596 0.9927 | 4672 0.9920 | 41.13 09951 | 41.16 0.9929 | 48.27 0.9941 | 41.52 0.9965 | 48.49 0.9968
Average 36.14 0.9533 | 34.86 0.9625| 37.11 0.9508 | 36.92 0.9668 | 37.00 0.9554 | 37.58 0.9665 | 38.37 0.9638 | 3596 0.9757 | 3691 0.9695 | 38.74 0.9632 | 36.15 0.9814 | 39.16 0.9845

quality of restoration will be. In Table 1, we give the PSNR and SSIM values of the artifact
removal results via different methods. The best results of PSNR and SSIM are in bold in
the table. As can be seen from Table 1, our approach achieves the highest PSNR and SSIM
values among these methods, followed by fo-H ! and TH. Our method performs better
than the other methods for artifact removal with respect to PSNR and SSIM.

4.7 Image denoising

The goal of image denoising is to remove noise from the observed noisy image. It is an
essential part of image processing. In Fig. 11, we compare the denoising results produced
by the competing approaches. In the proposed method, we choose p= 0.8, A = 1.28 and
a= 0.1 to achieve satisfactory result. In Fig. 11(a), we show an input image consisting
of different colored peppers. The noisy image in Fig. 11(b) is created by adding the salt-
and-pepper noise with a ratio of 10% to the input image. The denoised images by the
competing methods and our proposed method are shown in Figs. 11(c)-(n), respectively.
From Figs. 11(c)-(d) and (h), we notice that these comparative methods are unable to
eliminate the salt-and-pepper noise completely, it indicates that these edge-preserving
filters are vulnerable to the salt-and-pepper noise. Note that for the /(GM method, the
salt-and-pepper noise cannot be properly removed because the ¢y norm is employed as
the regularization term, as shown in Fig. 11(e). As displayed in Figs. 11(f), (i) and (1), the
SD, RTV and /y-H ! approaches remove most of the noise while preserving the structures
well. However, these methods all produce oversmoothing results. It can be seen from
Fig. 11(g) that the GSSA method performs a smoothing operation, but some noticeable
noise can still be seen at the restored image. From Figs. 11(j) and (m)-(n), we observe that
the TV-¢;, TH and our method can eliminate salt-and-pepper noise effectively, and the
recovered results show a good similarity with the original image in visually.

To quantitatively evaluate the effectiveness of the proposed method in removing salt-
and-pepper noise at different noise ratios, we use PSNR and SSIM as metrics to compare
the results produced by the twelve methods. In Table 2, we give the PSNR and SSIM
values by the comparative methods with noise ratios ranging from 5% to 30%. As shown
in Table 2, on average, the proposed method achieves the higher PSNR and SSIM values
than BE, WLS, £yGM, SD, GSSA, ILS, RTV, TV-/;, RGF, ¢y-H ! and TH. This shows that
our denoising algorithm can achieve better performance for noise removal qualitatively
and quantitatively.
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Figure 11: Comparison of image denoising. (a) The input image; (b) The noisy image with a ratio of 10%;
(c)-(n) The smoothing images by using BF, WLS, £,GM, SD, GSSA, ILS, RTV, TV-£1, RGF, £p-H~', TH and
the proposed model respectively.

Table 2: Quantitative comparison of image denoising.

Methods BF WLS £GM SD GSSA ILS RTV TV-(, RGF lo-H T TH Ours
noise ratios | PSNR  SSIM | PSNR  SSIM [ PSNR SSIM | PSNR SSIM | PSNR SSIM [ PSNR SSIM [PSNR SSIM [ PSNR SSIM | PSNR SSIM | PSNR SSIM [ PSNR SSIM [ PSNR  SSIM|
5% 2753 0.9582 | 26.61 0.9511 | 17.94 0.7538 | 26.3¢ 0.9502 | 20.78 0.8656 | 26.94 0.9527 | 27.25 0.9562 | 34.61 09913 | 2821 09621 | 27.58 0.9578 | 30.68 0.9794 | 34.92 0.9917
10% 25.57 0.9365 | 24.85 09301 | 1493 0.6044 | 24.66 0.9334 | 19.82 0.8366 | 24.93 09319 | 2527 0.9379 | 3297 09879 | 26.11 0.9436 | 25.92 0.9424 | 30.32 09780 | 33.28  0.9883
15% 24.28 09206 | 2323 09045 | 13.15 0499 | 23.27 09147 | 18.86 0.8109 | 23.31 0.9095 | 2371 09178 | 32.01 09852 | 2431 09220 | 24.32 09233 | 29.89 0.9761 | 3249 0.9864
20% 2293 0.8950 | 21.92 0.8834 | 11.93 04427 | 22,14 0.8964 | 18.13 0.7784 | 22.10 0.8838 | 22.25 0.8958 | 31.33 0.9828 | 22.82 0.8982 | 22.96 0.9031 | 29.87 0.9760 | 31.83 0.9845
25% 2202 0.8824 | 2071 0.8471 | 1096 0.3603 | 20.94 0.8716 | 1742 07634 | 2093 0.8589 | 21.18 0.8589 | 30.61 0.9804 | 2147 0.8713 | 21.68 0.8802 | 28.83 0.9703 | 31.14 0.9826
30% 2097 0.8593 | 19.73 0.8252 | 10.17 0.3093 | 19.90 0.8453 | 16.92 0.7243 | 19.89 0.8316 | 20.07 0.8457 | 30.03 09781 | 20.29 0.8411 | 20.51 0.8518 | 28.13 0.9658 | 30.38 0.9797
Average 23.88  0.9087 | 22.84 0.8902 | 13.18 0.4950 | 22.88 0.9019 | 18.66 0.7965 | 23.02 0.8947 | 23.29 0.9021 | 31.93 0.9843 | 23.87 0.9064 | 23.83 0.9098 | 29.62 0.9743 | 32.34  0.9855
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4.8 HDR tone mapping

HDR tone mapping is a technique that reproduces the appearances of HDR images by
mapping one set of colors to another on a low dynamic range display. The challenge of
this task is to avoid halo artifacts and gradient reversals for the reconstructed image. In
Fig. 12, we provide the HDR tone mapping results generated by all competing methods.
In our method, we suggest p=1, A=2 and a= 1. The original image is given in Fig. 12(a)
and the HDR tone mapping images by all methods are displayed in Figs. 12(b)-(m), re-
spectively. From the enlarged parts of Figs. 12(b) and (d), it can be seen that both the BF
and /oGM methods produce strong gradient reversal artifacts near edges. We observe
from Fig. 12(c) that the result by WLS contains no halos or gradient reversals. However,
the entire image lacks high contrast due to the trade-off between edge-preserving capabil-
ity and smoothing capability. As shown in Fig. 12(e), the contrast of the SD result is low,
and some gradient reversal artifacts can be observed in the highlighted regions. The re-
sult of GSSA suffers from annoying gradient reversal artifacts, as illustrated in Fig. 12(f).
Compared to the previous edge-preserving algorithms BF and GSSA, the ILS result in
Fig. 12(g) shows a better mitigation of the gradient reversal problem, but there are still
some artifacts in the magnified regions. The gradient reversal phenomenon occurs in
the result produced by the RTV method, as shown in Fig. 12(h). Clearly, we can see no
gradient reversals and halo artifacts in the results of TV-; and TH methods. However,
the tone mapping results have a slight intensity shift, as shown in the bright spots in the
enlarged regions of Figs. 12(i) and (I). From Figs. 12(j) and (k), we notice that more or
less visually noisy structures appear on the surfaces of the results produced by RGF and
lo-H~1. The result generated by our method contains neither gradient reversals nor ha-
los, as shown in Fig. 12(m). Compared with the other output images, our tone mapping
image looks more attractive and natural.

4.9 Edge detection

Detecting edges from the input image is an interesting and important technique in im-
age processing. Since the input image usually contains rich textures, directly extracting
edges by an edge detector to the input image is inaccurate. Therefore, texture reduction
becomes critical as a pre-processing operation for edge detection. Sometimes, images are
affected by vagueness so that the edges of objects are difficult to distinguish. Hence, it is
necessary to develop fuzzy image processors, we refer to [55,56] for more details. Among
the previously mentioned methods, only the /,GM and RTV algorithms are used to detect
edges with the Canny operator [2] in the original papers, so we only take the two types of
methods for comparison. In this task, we adopt p=0.8, A= 3.5 and a= 2 for the proposed
algorithm. In Fig. 13(b), we show the result of edge detection using the Canny operator
directly on the “Turtle” image in Fig. 13(a). We see from Fig. 13(b) that some irrelevant
edge information appears in the edge map. Clearly, the texture with the high contrast
cannot be removed only using the Canny operator. As shown in Fig. 13(d), the edge map
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Figure 12: Comparison of HDR tone mapping. (a) The input image; (b)-(m) The HDR tone mapping images by
using BF, WLS, ¢,GM, SD, GSSA, ILS, RTV, TV-¢;, RGF, £;5-H~1, TH and the proposed model respectively.
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Figure 13: Comparison of edge detection. (a) The input image; (b) The edge map by using the Canny operator
directly on the input image; (c)-(h) The smoothing images and edge maps by using {yGM, RTV and the
proposed model respectively.

of £oGM is not very accurate since the smoothed image in Fig. 13(c) has false edges. In
Figs. 13(e)-(h), we give the RTV and our smoothing results and edge maps, respectively.
We observe from these figures that RTV and our method are visually superior to the edge
map using the Canny detector directly, since they have removed irrelevant details while
maintaining accurate and clean edges. In addition, compared with the RTV method, the
proposed algorithm generates a high-contrast smoothing image with cleaner edges.

4.10 Image composition

As well known, graffiti, painting and natural images usually cannot be directly used in
image composition. The main reason for this is that the textures of the input image and
the target image are incompatible. To mitigate this shortcoming, we first decomposes
the input image into a base layer and a detail layer by the proposed method, and then
composites the detail layer with the background image to produce a visually plausible
result. In Fig. 14, we show an example of image composition. The input image and the
background image are given in Figs. 14(a) and (b), respectively. In our method, we choose
p=1, A= 3 and a= 1.2 to obtain the smoothing result. As can be seen from Fig. 14(c),
our method can effectively remove the textures and retain the original color information
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(a) Input (b) Background (c) Our smoothing (d) Composition

Figure 14: Image composition. (a) The input image; (b) The background image; (c)-(d) The smoothing image
and composite image by using the proposed model respectively.

of the face. This makes the composite image in Fig. 14(d) look visually more natural and
plausible. It indicates that the proposed method can elegantly achieve the purpose of
preserving edges and hence make the composed image more impressive.

5 Conclusions

In this paper, we investigate a novel /,-nonconvex minimization model for the image
smoothing problem. Firstly, we take £,-norm function with 0 <p <1 as the fidelity term
and the arctangent penalty function as the regularization term. Then, we employ the
powerful MM method to solve the proposed model and explore the convergence prop-
erties of the resulting algorithm. Finally, detailed experiments show that our method is
effective in various image processing tasks, including texture smoothing, detail enhance-
ment, artifact removal, image denoising, HDR tone mapping, edge detection, and image
composition.
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