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Abstract. In this paper, we develop one-level and multilevel meshfree radial basis
functions (RBF) collocation methods for solving the Helmholtz equation with variable
wave speed on a bounded connected Lipschitz domain. The approximate solution is
constructed by employing successive refinement scattered data sets and scaled com-
pactly supported radial basis functions with varying support radii. We prove the con-
vergence of one-level and multilevel collocation method for the modelling problem in
Sobolev spaces. The convergence rates depend on the regularity of the solution, the
smoothness of the computational domain, the bounds of frequency and wave speed,
the approximation of scaled kernel-based spaces, the increasing rules of scattered data,
and the selection of scaling parameters.
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1 Introduction14

The Helmholtz equation has many important applications, including time-harmonic
acoustic wave-propagation, radar and sonar detection as well as medical and seismic
imaging, and so on. A general Helmholtz equation in heterogeneous media has the form

−div(a(x)grad u)−
(

ω

c(x)

)2

u= f (x) in Ω, (1.1a)

a(x)
∂u
∂n
−iωβ(x)u= g(x) on ∂Ω. (1.1b)
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Where Ω⊂Rd is a bounded Lipschitz domain, frequency ω≥ω0>0. For the coefficients,15

we suppose a(x),c(x) are bounded above and below by strictly positive numbers, real-16

valued β(x)∈ L∞(∂Ω). It’s usually assumed that f ∈ L2(Ω) and g∈ L2(∂Ω) (or weaker17

assumption g∈H−1/2(∂Ω) ).18

Several grid-type numerical methods have been designed to solve the Helmholtz19

equation, such as finite difference methods [3, 10, 11] and finite element methods [5, 17,20

21,31]. To avoid mesh generation in complex domain, the radial basis functions has been21

gradually used for numerical solution of Helmholtz equation [22, 26]. The radial basis22

functions allow the easy construction of approximation spaces in arbitrary dimensions23

with arbitrary smoothness. Therefore, this paper will consider one-level and multilevel24

radial basis collocation methods for the Helmholtz equation with variable wave speed.25

The paper is organized as follows. Section 2 is devoted to some notation in Sobolev26

spaces. Section 3 discusses the well-posedness of Helmholtz equation and its priori27

bounds. Sections 4 and 5 provide the convergence of one-level collocation method and28

multilevel collocation method respectively. Section 6 gives several numerical examples29

and deals with numerical efficiency. The paper ends with some concluding remarks in30

Section 7.31

2 Preliminaries32

2.1 Sobolev space on Ω33

When considering some complex-valued functions, we denote the scalar product and
norm of L2(Ω) as

(u,v)=
∫

Ω
uvdx, ‖u‖L2(Ω)=

(∫
Ω

uudx
)1/2

, u,v∈L2(Ω).

With a nonnegative integer k, Sobolev space Wk,2(Ω) contains all functions which have
weak differentiability order k and integrability power 2. Wk,2(Ω) has been assembled
with the (semi-) norms

|u|Wk,2(Ω)=

(
∑
|α|=k
‖Dαu‖2

L2(Ω)

)1/2

, ‖u‖Wk,2(Ω)=

(
∑
|α|≤k
‖Dαu‖2

L2(Ω)

)1/2

.

Wk,∞(Ω) (semi-) norms are defined as

|u|Wk,∞(Ω)= sup
|α|=k
‖Dαu‖L∞(Ω), ‖u‖Wk,∞(Ω)= sup

|α|≤k
‖Dαu‖L∞(Ω).

Because Wk,2(Ω) is a Hilbert space, we usually denote Wk,2(Ω) as Hk(Ω). With a non-34

integer values 0< σ<∞, the fractional order Sobolev space Hσ(Rd) is characterized by35

Fourier transform36

û(ω)=(2π)−d/2
∫

Rd
u(x)e−ixTωdx. (2.1)
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At this time the norm of Hσ(Rd) is given by37

‖u‖2
Hσ(Rd)=

∫
Rd
|û(ω)|2(1+‖ω‖2

2)
σdω. (2.2)

Hσ(Ω) is a subspace of Hσ(Rd), which can be simply defined by

Hσ(Ω)={u|Ω : u∈Hσ(Rd)}.

Definition 2.1. We say Ω has a Lipschitz boundary ∂Ω provided there exists a collection of38

open sets Oi, a positive parameter ε, an integer N and a finite number M, such that for all39

x∈ ∂Ω the ball of radius ε centered at x is contained in some Oi, no more than N of the sets Oi40

intersect nontrivially, and each domain Oi∩Ω=Oi∩Ωi, where Ωi is a domain whose boundary41

is a graph of a Lipschitz function φi (i.e., Ωi = {(x,y)∈Rd : x∈Rd−1, y<φi(x))}) satisfying42

‖φi‖Lip(Rd−1)≤M.43

With the Definition of Lipschitz boundary [4], the connection between Hσ(Ω) and44

Hσ(Rd) can be characterized by Sobolev extension [1].45

Lemma 2.1 (Sobolev extension). Let Ω⊆Rd be open and have a Lipschitz boundary. Let σ≥0.46

Then there exists a linear operator E :Hσ(Ω)→Hσ(Rd) such that for all f ∈Hσ(Ω) the following47

results hold:48

(1). E f |Ω = f ,49

(2). ‖E f ‖Hσ(Rd)≤C‖ f ‖Hσ(Ω).50

2.2 Sobolev space on ∂Ω51

The scalar product and norm of L2(∂Ω) can be defined as

(u,v)∂Ω =
∫

∂Ω
uvds, ‖u‖L2(∂Ω)=

(∫
∂Ω

uuds
)1/2

, u,v∈L2(∂Ω).

If Ω has a Ck,s−boundary with s∈ [0,1), then we can define the Sobolev norm on ∂Ω by a
number of Ck,s−diffeomorphisms

ψj : B→Vj, 1≤ j≤K,

where B=B(0,1) is the unit ball in Rd−1 and Vj⊆Rd are open sets such that ∂Ω=
⋃K

j=1Vj.
Hence the Sobolev norm on the boundary can be defined by

‖u‖2
Hσ(∂Ω)=

K

∑
j=1
‖(uωj)◦ψj‖2

Hσ(B),

where {ωj} is a partition of unity with respect to Vj. When σ=0, we discuss the relation-52

ship between L2(∂Ω) and H0(∂Ω). This is the following lemma. An early version can be53

found in the book [38].54
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Lemma 2.2. Suppose Ω⊆Rd is a bounded domain with Ck,s−boundary. Then, there exists a
constant C such that

‖u‖L2(∂Ω)≤C‖u‖H0(∂Ω).

Proof. By the definition of L2(∂Ω) and the partition of unity, we have

‖u‖2
L2(∂Ω)=

∫
∂Ω
|u|2ds=

K

∑
j=1

∫
∂Ω
|uωj|2ds=

K

∑
j=1

∫
Vj∩∂Ω

|uωj|2ds

=
K

∑
j=1

∫
B
|(uωj)◦ψj|2 ·|Jj(y)|dy≤C

K

∑
j=1

∫
B
|(uωj)◦ψj|2dy

=C
K

∑
j=1
‖(uωj)◦ψj‖2

H0(B)=C‖u‖2
H0(∂Ω).

Where, y∈Rd−1, and Jj(y) are some Jacobi matrices. Because Ω has Ck,s−boundary, by55

Paragraph 4.10 in [1] we know |Jj(y)| are bounded.56

To establish a relationship between Sobolev norm for the domain Ω and Sobolev norm57

for the boundary ∂Ω, we need to cite the trace theorem and inverse trace theorem.58

Lemma 2.3 (Trace theorem). Suppose Ω⊆Rd is a bounded domain with Ck,s−boundary. Let
1/2<σ< k+s. Then, there exists a continuous linear operator

T : Hσ(Ω)→Hσ−1/2(∂Ω),

such that Tu=u|∂Ω for all u∈Hσ(Ω) and

‖u‖Hσ−1/2(∂Ω)≤C‖u‖Hσ(Ω)

for some positive constant C, which is independent of u.59

The proof of trace theorem can be found in [39]. The following inverse trace theorem60

depicts the opposite situation, namely, the linear mapping from Hσ−1/2(∂Ω) to Hσ(Ω).61

Lemma 2.4 (Inverse Trace theorem). Suppose Ω⊆Rd is a bounded region with Ck,s−boundary.
Let 1/2<σ< k+s. Then, there exists a continuous linear operator

Z : Hσ−1/2(∂Ω)→Hσ(Ω),

such that T◦Zu=u for all u∈Hσ−1/2(∂Ω).62
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3 Helmholtz equation63

One priori bounds or well-posedness of the Helmholtz equation plays an important role64

in theoretical analysis of numerical methods. The analysis of convergence of radial basis65

functions collocation method is also closely dependent on the priori bounds. The earlier66

stability estimate for the heterogeneous Helmholtz equation goes back to [2]. Unfortu-67

nately, the explicit stability for the Helmholtz equation in heterogeneous media with the68

general form (1.1a)-(1.1b) is very rare [5, 16, 17, 28].69

We use the regularity result from [5].70

Theorem 3.1 (Regularity). Suppose Ω⊂Rd is a bounded connected Lipschitz domain and sat-
isfies the geometric assumptions in [18]. And suppose there exist positive constants amin, amax,
cmin, cmax, βmin, βmax, such that for all x∈Ω,

amin≤ a(x)≤ amax, cmin≤ c(x)≤ cmax, βmin≤β(x)≤βmax.

Further, we suppose u has the regularity u∈H3/2+δ(Ω) for some δ>0. Define a function

s(x) :=div
(

1
a(x)c2(x)

(x−x0)

)
,

and denote C to be the minimal constant such that

2
∣∣∣∣∫Ω

(
∇a(x)
a(x)

)
∇u((x−x0)·∇u)dx

∣∣∣∣≤C
∥∥∥∥∇a(x)

a(x)

∥∥∥∥
L∞(Ω)

‖∇u‖2
L2(Ω).

Furthermore, we suppose that

smin=min
x∈Ω

s(x)>0,

smin−
(
(d−2)+C

∥∥∥∥∇a(x)
a(x)

∥∥∥∥
L∞(Ω)

)
1

aminc2
min

>0.

Then, the following estimate holds71

∥∥∥√a(x)∇u
∥∥∥2

L2(Ω)
+

∥∥∥∥ ω

c(x)
u
∥∥∥∥2

L2(Ω)

≤C∗
(

1+
1

ω2

)(
‖ f ‖2

L2(Ω)+‖g‖
2
L2(∂Ω)

)
, (3.1)

here C∗ is independent of ω.72

For the convenience of subsequent theoretical analysis, we set

a(x)=1, β(x)=
1

c(x)
.
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Define the two linear differential operators

Lu :=−∆u−
(

ω

c(x)

)2

u, Bu :=
∂u
∂n
−i

ω

c(x)
u.

Then (1.1a)-(1.1b) can be reduced to

Lu= f (x) in Ω, (3.2a)
Bu= g(x) on ∂Ω. (3.2b)

We can derive a priori bounds of (3.2a)-(3.2b) to form the following theorem.73

Theorem 3.2 (A priori bounds). Let Ω⊂Rd (d = 1,2,3) be a bounded connected Lipschitz
domain. Let the frequency ω≥ω0>0. Let c(x)∈L∞(Ω) be bounded by

0< cmin≤ c(x)≤ cmax<∞.

Under the same assumption as Theorem 3.1. Then there exist positive Cstab which depends on ω74

such that75

‖u‖2
L2(Ω)≤Cstab ·

cmax

ω

(
‖ f ‖2

L2(Ω)+‖g‖
2
L2(∂Ω)

)
. (3.3)

In the later discussion, we always assume that the conditions of Theorem 3.2 are sat-76

isfied. Then, we can characterize the continuity of Helmholtz operator and boundary77

differential operator.78

Lemma 3.1 (Continuity of L and B). Let σ∈R, and k=bσc>d/2+2. Let c(x)∈Wk−1,∞(Ω).
Suppose the solution of (3.2a)-(3.2b) has the regularity u ∈ Hσ(Ω). Then L and B both are
bounded operators which satisfy

‖Lu‖Hσ−2(Ω)≤Cω2‖u‖Hσ(Ω),

‖Bu‖L2(∂Ω)≤C
ω

cmin
‖u‖H1(∂Ω).

Proof. Take a multi-index α∈Nd
0 with |α|≤ k−1, then we have∣∣∣∣∣Dα

(
ω

c(x)

)2

u

∣∣∣∣∣=ω2

∣∣∣∣∣∑
β≤α

(
α
β

)
Dα−β 1

c(x)
Dβu

∣∣∣∣∣
≤Cω2 ∑

β≤α

|Dβu|.

This shows that ∥∥∥∥∥Dα

(
ω

c(x)

)2

u

∥∥∥∥∥
L2(Ω)

≤Cω2‖u‖H|α|(Ω)≤Cω2‖u‖H2+|α|(Ω).
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Hence, we have∥∥∥∥∥
(

ω

c(x)

)2

u

∥∥∥∥∥
Hk−1(Ω)

≤Cω2‖u‖Hk+1(Ω),

∥∥∥∥∥
(

ω

c(x)

)2

u

∥∥∥∥∥
Hk−2(Ω)

≤Cω2‖u‖Hk(Ω).

Thus, by Sobolev interpolation theory we obtain the upper bound of operator L.79

For the boundary operator B, using Lemma 2.2 we obtain

‖Bu‖L2(∂Ω)=

∥∥∥∥∂u
∂n
−i

ω

c(x)
u
∥∥∥∥

L2(∂Ω)

≤‖∇u‖L2(∂Ω)+
ω

cmin
‖u‖L2(∂Ω)

≤C
ω

cmin
‖u‖H1(∂Ω).

This completes the proof.80

4 One-level RBF collocation81

We want to use the trial spaces produced by radial basis functions as finite dimensional82

approximation of the Eqs. (3.2a)-(3.2b). In fact, such trial spaces are the subspaces of the83

reproducing kernel Hilbert spaces (or native spaces). The reproducing kernel plays an84

important role in our later analysis.85

Definition 4.1. Let H be a real Hilbert space of functions f : Ω(⊆Rd)→R with inner product86

〈·,·〉H. A function Φ : Ω×Ω→R is called reproducing kernel for H if87

(1). Φ(·,x)∈H for all x∈Ω,88

(2). f (x)= 〈 f ,Φ(·,x)〉H for all f ∈H and all x∈Ω.89

A translation-invariant kernel such as the strictly positive definite radial function90

Φ(x,y)=Φ(x−y) will generate a reproducing kernel Hilbert space, the so-called native91

spaceNΦ(Ω). But we will make use of the native spaceNΦ(R
d) which defined in Rd and92

described by Fourier transform (2.1). NΦ(R
d) consists of all functions f ∈L2(Rd) with93

‖ f ‖2
Φ =

∫
Rd

| f̂ (ω)|2

Φ̂(ω)
dω<∞. (4.1)

Hence, if the Fourier transform of Φ :Rd→R has the algebraic decay condition94

c1(1+‖ω‖2
2)
−σ≤ Φ̂(ω)≤ c2(1+‖ω‖2

2)
−σ (4.2)

for two fixed constants 0<c1<c2, then the native spaceNΦ(R
d) will be norm equivalent95

to the Sobolev space Hσ(Rd). In the paper, we always use Φ to represent the radial96
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functions which satisfy the condition (4.2). Thus, with a radial function Φ satisfied (4.2)97

and a scaling parameter δ∈ (0,1], we can construct a scaled radial function98

Φδ :=δ−dΦ((x−y)/δ), x,y∈Rd. (4.3)

The following Lemma establishes a relation between the native space NΦδ
(Rd) and the99

Sobolev space Hσ(Rd). Its proof can be found in [34].100

Lemma 4.1 (Norm Equivalence). For every δ∈ (0,1] we have NΦδ
(Rd)= Hσ(Rd). And we101

have for every f ∈Hσ(Rd) the norm equivalence102

c1‖ f ‖Φδ
≤‖ f ‖Hσ(Rd)≤ c2δ−σ‖ f ‖Φδ

(4.4)

with c1,c2>0.103

Let X = {x1,x2,··· ,xNI ,xNI+1,··· ,xN}⊂Ω be some scattered centers in Rd, which in-
clude NI interior points and N−NI boundary points. We denote the set of interior
points and boundary points as X I and XB respectively. Then X = X I⋃XB, and X I ,XB

are nonempty sets. Let hI denote the fill distance of the set X I in Ω, which is usually
defined as

hI :=sup
x∈Ω

min
xj∈X I
‖x−xj‖2.

For the boundary points, we define the fill distance by using ψj and the partition of unity,
that is

hB := max
1≤j≤K

{
sup

x∈B=B(0,1)
min

xj∈ψ−1
j (XB⋂Vj)

‖x−xj‖2

}
.

Then, a symmetric collocation for (3.2a)-(3.2b) is finding a trial function with the form104

s(x)=
NI

∑
j=1

cjLyΦδ(x−y)
∣∣∣
y=xj

+
N

∑
j=NI+1

cjByΦδ(x−y)
∣∣∣
y=xj

, xj∈X, (4.5)

which satisfies

Ls(xi)= f (xi), i=1,··· ,NI , (4.6a)
Bs(xi)= g(xi), i=NI+1,··· ,N. (4.6b)

Here Ly and By are the differential operators used in (3.2a)-(3.2b), but acting on Φ viewed
as a function of the second argument. The symmetric collocation (4.5) is based on the
generalized Hermite interpolation method which is developed in [37]. In order to be
able to apply the results from generalized Hermite interpolation that will ensure the non-
singularity of the collocation matrix, [14] proposed the symmetric collocation. It differs
from the non-symmetric collocation [20], where the specific format of s(x) is written as

s(x)=
N

∑
j=1

cjΦδ(x−xj), xj∈X.
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Compared with the symmetric collocation method, non-symmetric collocation method is105

more flexible and concise. It avoids constructing the trial space based on complicated dif-106

ferential operator or implementing the numerical integration. However, [19] shows that107

this method may be failure for some scattered data sites with the special distribution. It108

cannot be well-posed for arbitrary centers locations and may produce a singular collo-109

cation matrix. So it is now an open question to find sufficient conditions on the centers110

locations that guarantee invertibility of the non-symmetric collocation matrix. This is the111

reason why we use the symmetric collocation in the paper.112

Then, the linear system (4.6a)-(4.6b) can produce a collocation matrix A that is of the113

form114

A=

(
ALLy ALBy

ABLy ABBy

)
. (4.7)

Here the four blocks are generated as follows:

(ALLy)ij =LLyΦ(x−y)|x=xi ,y=xj , xi∈X I , xj∈X I ,

(ALBy)ij =LByΦ(x−y)|x=xi ,y=xj , xi∈X I , xj∈XB,

(ABLy)ij =BLyΦ(x−y)|x=xi ,y=xj , xi∈XB, xj∈X I ,

(ABBy)ij =BByΦ(x−y)|x=xi ,y=xj , xi∈XB, xj∈XB.

The matrix A of (4.7) is of the same type as the generalized Hermite interpolation ma-115

trix, it is symmetric and therefore non-singular as long as Φ is chosen appropriately. So,116

viewed using the expansion (4.5) for s(x), the symmetric collocation method is appar-117

ently well-posed.118

We now want to bound the L2 error between the solution u and its symmetric approx-119

imation s.120

Theorem 4.1 (Convergence of one-level collocation). Let σ∈R, and k= bσc>d/2+2. Let
Ω⊂Rd (d=1,2,3) be a bounded connected Lipschitz domain with Ck,s−boundary for s∈[0,1). Let
c(x)∈Wk−1,∞(Ω). Suppose the solution of (3.2a)-(3.2b) has the regularity u∈Hσ(Ω). Assume
that δ∈(0,1]. Suppose s is the collocation solution that satisfies (4.6a)-(4.6b). Then there exists a
constant C>0 such that

‖u−s‖L2(Ω)≤C ·C(ω)δ−σhσ−2‖u‖Hσ(Ω),

where C is independent of ω, cmin, cmax, δ, h, and

h=max{hI ,hB}, C(ω) :=
√

Cstab ·cmax ·
[

ω3+
ω

c2
min

]1/2

.

Proof. With the help of the priori inequality (Theorem 3.2) we have

‖u−s‖2
L2(Ω)≤Cstab

cmax

ω

(
‖Lu−Ls‖2

L2(Ω)+‖Bu−Bs‖2
L2(∂Ω)

)
.
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So we need to bound the two terms on the right-hand side separately.121

By using the sampling inequality of [27], Lemmas 3.1, 2.1, 4.1, and Theorem 16.1
in [33], we have

‖Lu−Ls‖2
L2(Ω)≤Ch2(σ−2)

I ‖Lu−Ls‖2
Hσ−2(Ω)

≤Cω4h2(σ−2)
I ‖u−s‖2

Hσ(Ω)

≤Cω4h2(σ−2)
I ‖Eu−sE‖2

Hσ(Rd)

≤Cω4δ−2σh2(σ−2)
I ‖Eu−sE‖2

Φδ

≤Cω4δ−2σh2(σ−2)
I ‖Eu‖2

Φδ
.

For the boundary term, by using Lemma 3.1, the sampling inequality, Lemma 2.3, and
the proof process as for the above term, we have

‖Bu−Bs‖2
L2(∂Ω)≤C

(
ω

cmin

)2

‖u−s‖2
H1(∂Ω)=C

(
ω

cmin

)2 k

∑
j=1
‖vj‖2

H1(B)

≤C
(

ω

cmin

)2 k

∑
j=1

h2(σ−3/2)
Tj,B

‖vj‖2
Hσ−1/2(B)

≤C
(

ω

cmin

)2

h2(σ−3/2)
B ‖u−s‖2

Hσ−1/2(∂Ω)

≤C
(

ω

cmin

)2

h2(σ−3/2)
B ‖u−s‖2

Hσ(Ω)

≤C
(

ω

cmin

)2

δ−2σh2(σ−3/2)
B ‖Eu‖2

Φδ
.

Hence, by combining the above two results we can conclude

‖u−s‖2
L2(Ω)≤C ·Cstab

cmax

ω
δ−2σ

[
ω4h2(σ−2)

I +

(
ω

cmin

)2

h2(σ−3/2)
B

]
‖Eu‖2

Φδ

≤C ·Cstab
cmax

ω

[
ω4+

(
ω

cmin

)2
]

δ−2σh2(σ−2)‖Eu‖2
Φδ

≤C ·Cstab
cmax

ω

[
ω4+

(
ω

cmin

)2
]

δ−2σh2(σ−2)‖Eu‖2
Hσ(Rd)

≤C ·Cstab
cmax

ω

[
ω4+

(
ω

cmin

)2
]

δ−2σh2(σ−2)‖u‖2
Hσ(Ω).

This completes the proof.122



306 Z. Liu and Q. Xu / Adv. Appl. Math. Mech., 18 (2026), pp. 296-321

5 Multilevel RBF collocation123

We now consider implementing the symmetric collocation for (3.2a)-(3.2b) on the in-
creasingly dense data sites. Assume that we are given a sequence of interior centers
X I

1,X I
2,···⊂Ω with fill distance hX I

1
,hX I

2
,···, and boundary centers XB

1 ,XB
2 ,···⊂∂Ω with fill

distance hXB
1
,hXB

2
,···. We denote

hj =max{hX I
j
,hXB

j
}, Xj =X I

j

⋃
XB

j ⊂Ω.

With a radial function Φ satisfied (4.2) and a series of decreasing scaling parameters δ1>124

δ2> ···>δj > ···∈ (0,1], we can define125

Φj :=Φδj =δ−d
j Φ((x−y)/δj), x,y∈Rd. (5.1)

Using the radial functions Φj and the trial centers Xj, the one-level kernel-based trial126

spaces can be constructed as127

Wj =span{LyΦj(·−y)|y=xj , xj∈X I
j }
⋃

span{ByΦj(·−y)|y=xj , xj∈XB
j }. (5.2)

Then a multilevel collocation algorithm for the Eqs. (3.2a)-(3.2b) can be obtained as the128

following form.129

130

Algorithm 5.1 (Multilevel collocation). Given the right-hand sides f and g, we imple-131

ment132

(1). Set u0=0, f0= f , g0= g133

(2). for j=1,2,···, do134

• Determine the local collocation sj∈Wj to f j−1 and gj−1 with

Lsj(x)= f j−1(x), x∈X I
j , (5.3a)

Bsj(x)= gj−1(x), x∈XB
j , (5.3b)

• Update the global approximation and the residuals

uj =uj−1+sj, f j = f j−1−Lsj, gj = gj−1−Bsj.

135

The multilevel collocation has been used for various scientific and engineering calcu-136

lations successfully [6–9, 12, 13, 15, 23, 32, 35, 36]. We are now ready to prove the L2 error137

of multilevel symmetric collocation for the Eqs. (3.2a)-(3.2b). The proof is very similar to138

the technical process of [7, 12, 34], and [36].139
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Theorem 5.1 (Convergence of multilevel collocation). Let σ∈R, and k=bσc>d/2+2. Let140

Ω⊂Rd (d=1,2,3) be a bounded connected Lipschitz domain with Ck,s−boundary for s∈[0,1). Let141

c(x)∈Wk−1,∞(Ω). Suppose the solution of (3.2a)-(3.2b) has the regularity u∈Hσ(Ω). Suppose142

sj∈Wj are the local collocation decided by Algorithm 5.1. Assume that δj, hj satisfy the relations:143

δj =

(
hj

µ

)1−2/σ

, hj =µhj−1, j=1,2,··· , (5.4)

with appropriate h0 and 0<µ<1. And assume the constant µ has been chosen sufficiently small
such that

α :=C ·C(ω)µσ−2<1.

Then there exists a constant C>0 such that

‖u−uk‖L2(Ω)≤C ·C(ω)αk‖u‖Hσ(Ω).

Proof. Let ej =u−uj, then

ej =u−
j

∑
k=1

sk = ej−1−sj.

We now consider the relationship between ej and ej−1 under the action of Sobolev exten-
sion operator E. By using the definition of the native space NΦj+1(R

d), we have

‖Eej‖2
Φj+1

=
∫

Rd

|Êej(ω)|2

Φ̂j+1(ω)
dω=

∫
Rd

|Êej(ω)|2

Φ̂(δj+1ω)
dω

≤C
∫

Rd
|Êej(ω)|2(1+δ2

j+1‖ω‖2
2)

σdω

≤C
∫
‖ω‖2≤ 1

δj+1

|Êej(ω)|2(1+δ2
j+1‖ω‖2

2)
σdω

+C
∫
‖ω‖2≥ 1

δj+1

|Êej(ω)|2(1+δ2
j+1‖ω‖2

2)
σdω=: CI1+CI2.

For the first term I1, using Lemma 2.1, the one-level convergence result (Theorem 4.1),
and Lemma 4.1 leads to

I1≤2σ
∫
‖ω‖2≤ 1

δj+1

|Êej(ω)|2dω

≤2σ
∫

Rd
|Êej(ω)|2dω

=2σ‖Eej‖2
L2(Rd)≤C‖ej‖2

L2(Ω)

≤C ·C2(ω)δ−2σ
j h2(σ−2)

j ‖Eej−1‖2
Φj

≤C ·C2(ω)µ2(σ−2)‖Eej−1‖2
Φj

.
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For the second term on the right-hand side, we use the norm definition of Hσ(Rd), Lem-
mas 2.1, and 4.1 to obtain

I2≤2σδ2σ
j+1

∫
‖ω‖2≥ 1

δj+1

|Êej(ω)|2‖ω‖2σ
2 dω

≤2σδ2σ
j+1

∫
Rd
|Êej(ω)|2(1+‖ω‖2

2)
σdω

≤2σδ2σ
j+1‖Eej‖2

Hσ(Rd)≤Cδ2σ
j+1‖ej‖2

Hσ(Ω)

=Cδ2σ
j+1‖Eej−1−sEej−1‖

2
Hσ(Ω)

≤Cδ2σ
j+1‖Eej−1−sEej−1‖

2
Hσ(Rd)

≤Cδ2σ
j+1δ−2σ

j ‖Eej−1−sEej−1‖
2
Φj

≤Cµ2(σ−2)‖Eej−1‖2
Φj

.

From the upper bounds of I1, I2, choosing α=C ·C(ω)µσ−2, we have144

‖Eej‖Φj+1≤C ·C(ω)µσ−2‖Eej−1‖Φj =α‖Eej−1‖Φj . (5.5)

Then we obtain

‖u−uk‖L2(Ω)=‖ek‖L2(Ω)

≤C ·C(ω)hσ−2
k ‖Eek‖Hσ(Rd)

≤C ·C(ω)hσ−2
k δ−σ

k+1‖Eek‖Φk+1

≤C ·C(ω)‖Eek‖Φk+1 .

Then using (5.5) k times, we have

‖u−uk‖L2(Ω)≤C ·C(ω)‖Eek‖Φk+1≤···≤C ·C(ω)αk‖Eu‖Φ1≤C ·C(ω)αk‖u‖Hσ(Ω).

This completes the proof.145

6 Numerical examples146

We restrict ourselves here to the two-dimensional numerical experiments. We denote
x=(x,y), ξ=(ξ,η)∈Ω⊆R2. Given one of the radial basis functions

Φ(x−ξ)=Φ
(√

(x−ξ)2+(y−η)2
)

,
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we can derive the expression after the differential operators are applied:

LLξΦ=∆2Φ+

(
ω

c(ξ,η)

)2

∆Φ+

(
ω

c(x,y)

)2

∆Φ+

(
ω

c(x,y)

)2( ω

c(ξ,η)

)2

Φ,

LBξΦ=−n1(ξ,η)∆Φξ−n2(ξ,η)∆Φη+i
ω

c(ξ,η)
∆Φ−

(
ω

c(x,y)

)2

n1(ξ,η)Φξ

−
(

ω

c(x,y)

)2

n2(ξ,η)Φη+i
(

ω

c(x,y)

)2 ω

c(ξ,η)
Φ,

BLξΦ=−n1(x,y)∆Φx−n2(x,y)∆Φy+i
ω

c(x,y)
∆Φ−

(
ω

c(ξ,η)

)2

n1(x,y)Φx

−
(

ω

c(ξ,η)

)2

n2(x,y)Φy+i
(

ω

c(ξ,η)

)2 ω

c(x,y)
Φ,

BBξΦ=n1(x,y)n1(ξ,η)Φξx+n1(x,y)n2(ξ,η)Φηx−in1(x,y)
ω

c(ξ,η)
Φx

+n2(x,y)n1(ξ,η)Φξy+n2(x,y)n2(ξ,η)Φηy−in2(x,y)
ω

c(ξ,η)
Φy

−i
ω

c(x,y)
n1(ξ,η)Φξ−i

ω

c(x,y)
n2(ξ,η)Φη−

ω

c(x,y)
ω

c(ξ,η)
Φ,

here n=(n1,n2) is the outward unit normal vector on ∂Ω.147

Since we consider complex operators, we also need to conjugate the operators in order
to get a Hermitian matrix in the end. Denote B̄ξ as the conjugate of Bξ . If we replace Bξ by
B̄ξ in the above derivation, we will get a Hermitian matrix which will be more convenient
for numerical calculation. In addition, because ∆ξΦ=∆Φ, Φx =−Φξ , and Φy =−Φη , so
we only need to consider the action of differential operators on variables x=(x,y). In the
following experiments, we use Wendland’s C6 radial basis function

Φ(x,ξ)= [(1−εr)+]8(32(εr)3+25(εr)2+8εr+1) with r=
√
(x−ξ)2+(y−η)2

and a scaling parameter ε :=1/δ>0. Then,

Φx =−22ε2x[16(εr)2+7εr+1][(1−εr)+]7, Φy =−22ε2y[16(εr)2+7εr+1][(1−εr)+]7,

Φxx =22ε2 1
r2

[
x2(160(εr)3+15(εr)2−6εr−1)+y2(16(εr)3−9(εr)2−6εr−1)

]
[(1−εr)]6+,

Φyy =22ε2 1
r2

[
y2(160(εr)3+15(εr)2−6εr−1)+x2(16(εr)3−9(εr)2−6εr−1)

]
[(1−εr)+]6,

Φxy =528ε4xy(6εr+1)[(1−εr)+]6, ∆Φ=44ε2[88(εr)3+3(εr)2−6εr−1][(1−εr)+]6,

∆Φx =−1056ε4x[33(εr)2−10εr−2][(1−εr)+]5,

∆Φy =−1056ε4y[33(εr)2−10εr−2][(1−εr)+]5,

∆2Φ=1056ε4[297(εr)3−212(εr)2+16εr+4][(1−εr)+]4.
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In our numerical experiments, the computations were performed on a laptop with 2.2148

GHz Intel Core i7-1360P processor, using MATLAB running in the Windows 11 operating149

system. The discrete linear system is solved by a MATLAB operator ”\”.150

6.1 Example 1 (regular domain)151

We first consider the one-level and multilevel collocation methods for (3.2a)-(3.2b) on a
square domain Ω=[0,1]2. We choose the exact solution and the variable wave speed as

u(x,y)=sin(πx)sin(πy)e−iω(x+y), c(x,y)=
(√1

2
sin
(

2π
√

x2+y2

)
+5
)−1

,

and the source term as

f (x,y)=2(π2+ω2)sin(πx)sin(πy)e−iω(x+y)+2iωπ(cos(πx)sin(πy)

+cos(πy)sin(πx))e−iω(x+y)

−ω2(0.5sin(2π
√

x2+y2)+5)sin(πx)sin(πy)e−iω(x+y).

We know that Wendland’s C6 radial basis function can generate Sobolev space Hσ(R2)152

with σ=4.5. Simple calculation shows that the convergence order of one-level collocation153

method is, approximately, 2.5. We choose the point sets to be on nested uniform grids154

and create additional equally spaced 4(h−1/2−1) boundary points. For the one-level155

collocation case, we fix δ= 2.0. Table 1 shows the L2 error and convergence rate of one-156

level collocation. From Table 1, we observe that the rate is consistent with the results of157

the Theorem 4.1 when ω is relatively small. But when ω = 20, the convergence rate is158

lower than 2.5 because the counteracting term C(ω) is affecting the convergence order.159

Fig. 1 gives the fill plots of the numerical solution for different frequencies. It shows that160

the simulation effect of the numerical solution is very consistent with the exact solution.

Table 1: Numerical results of one-level collocation method on square domain, when ω=1,10,20.

h ω=1 ω=10 ω=20
L2-error rate L2-error rate L2-error rate

1/4 1.150410e-01 - 4.080607e-01 - 5.663582e-01 -
1/8 2.073224e-02 2.4722 6.446011e-02 2.6623 2.192027e-01 1.3694

1/16 2.871389e-03 2.8521 1.522878e-02 2.0816 1.535179e-02 3.8358
1/32 3.219845e-04 3.1567 3.230740e-03 2.2369 4.867683e-03 1.6571
1/64 3.189464e-05 3.3356 4.307717e-04 2.9069 1.483474e-03 1.7143

161

162

For the multilevel case, by using the conditions of the Theorem 5.1 we use a variable

δj =v
(

hj

µ

)1−2/σ

,
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(a) ω=1 (b) ω=10 (c) ω=20

Figure 1: The real part of the one-level numerical solution for different frequencies, when h=1/32 on square
domain.

(a) ω=1 (b) ω=10 (c) ω=20

Figure 2: The real part of the multilevel numerical solution for different frequencies, when h=1/32 on square
domain.

with µ = 1/2. In order to be consistent with the experiments in [12], we select v = 2.4.163

Table 2 shows the change process of δ, the L2 error and convergence rate of multilevel164

collocation. From Table 2, we can see that the convergence rate is lower than the one-165

level case. This is due to the fact that the convergence order of the multilevel collocation166

is about (2h)2.5 instead of h2.5. However, by using multilevel method, the discrete matrix167

has better sparsity and condition number, thus speeding up the solution process. Fig. 2168

gives the fill plots of the numerical solution for different frequencies. It shows that the169

modelling problem is still well simulated.170

6.2 Example 2 (star domain)171

We now consider an example is defined on an irregular domain. The boundary of this
irregular domain is defined by the parameter equations:

∂Ω={(x,y)|x=ρ(θ)cos(θ)+0.5, y=ρ(θ)sin(θ)+0.5, 0≤ θ≤2π}

with

ρ(θ)=
0.9+0.1sin(5θ)

2
.
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Table 2: Numerical results of multilevel collocation method on square domain, when ω=1,10,20.

δ h ω=1 ω=10 ω=20
L2-error rate L2-error rate L2-error rate

1.6329 1/4 1.574715e-01 - 4.035495e-01 - 5.656354e-01 -
1.1111 1/8 7.404363e-02 1.0886 6.556042e-02 2.6218 2.172251e-01 1.3807
0.7560 1/16 2.951978e-02 1.3267 1.715437e-02 1.9342 1.581026e-02 3.7803
0.5144 1/32 9.557896e-03 1.6269 4.825416e-03 1.8299 5.074368e-03 1.6396
0.3500 1/64 2.478405e-03 1.9473 1.025810e-03 2.2339 1.781843e-03 1.5099

Table 3: Numerical results of one-level collocation method on star domain, when ω=1,10,20.

h ω=1 ω=10 ω=20
L2-error rate L2-error rate L2-error rate

1/4 3.592399e-02 - 5.164890e-03 - 3.370509e-02 -
1/8 2.061473e-03 4.1232 6.333039e-04 3.0278 1.699101e-04 7.6321

1/16 1.935131e-04 3.4132 5.444790e-05 3.5399 1.179411e-05 3.8486
1/32 1.459235e-05 3.7291 6.809399e-06 2.9993 2.600095e-06 2.1814
1/64 1.198619e-06 3.6058 5.487727e-07 3.6332 3.278490e-07 2.9875

And the outward unit normal vector of ∂Ω is

n1=
nx√

n2
x+n2

y

, n2=
ny√

n2
x+n2

y

,

here

nx =0.25cos(5θ)sin(θ)+0.5[0.9+0.1sin(5θ)]cos(θ),
ny =−0.25cos(5θ)cos(θ)+0.5[0.9+0.1sin(5θ)]sin(θ).

We choose the exact solution and the variable wave speed as

u(x,y)= e−ω((x−0.5)2+(y−0.5)2), c(x,y)= e−0.1sin
(√

x2+y2
)
−0.5,

and the source term as

f (x,y)=
(

4ω−4ω2((x−0.5)2+(y−0.5)2)−ω2e0.2sin
(√

x2+y2
)
+1
)

e−ω((x−0.5)2+(y−0.5)2).

Although it is difficult to compare the convergence order on an irregular domain, we172

still provide the L2 error and convergence rate of one-level collocation and multilevel173

collocation in Tables 3-4, respectively. It seems that the rate is little bit higher than the174

case of Example 1. Figs. 3-4 show the fill plots of the numerical solutions for different175

frequencies. We can observe that they are very consistent with the exact solution.176
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(a) ω=1 (b) ω=10 (c) ω=20

Figure 3: The real part of the one-level numerical solution for different frequencies, when h = 1/32 on star
domain.

(a) ω=1 (b) ω=10 (c) ω=20

Figure 4: The real part of the multilevel numerical solution for different frequencies, when h= 1/32 on star
domain.

(a) ω=1 (b) ω=10 (c) ω=20

Figure 5: The real part of the one-level numerical solution for different frequencies, when N=1089 on butterfly
domain.

6.3 Example 3 (butterfly domain)177

This example considers a butterfly domain. The butterfly interface defined by the param-
eter equation:

∂Ω={(x,y)|x=ρ(θ)cos(θ)+0.35, y=ρ(θ)sin(θ)+0.35, 0≤ θ≤2π},
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(a) ω=1 (b) ω=10 (c) ω=20

Figure 6: The real part of the multilevel numerical solution for different frequencies, when N=1089 on butterfly
domain.

with
ρ(θ)=(esin(θ)sin2(2θ)+ecos(θ)cos2(2θ))/4.5.

And the outward unit normal vector of ∂Ω is

n1=
nx

n2
x+n2

y
, n2=

ny

n2
x+n2

y
,

here

nx =
sin(θ)

4.5
[
esin(θ)cos(θ)sin2(2θ)+2sin(4θ)esin(θ)−ecos(θ)sin(θ)cos2(2θ)

−2sin(4θ)ecos(θ)]+ cos(θ)
4.5

[
esin(θ)sin2(2θ)+ecos(θ)cos2(2θ)

]
,

ny =−
cos(θ)

4.5
[
esin(θ)cos(θ)sin2(2θ)+2sin(4θ)esin(θ)−ecos(θ)sin(θ)cos2(2θ)

−2sin(4θ)ecos(θ)]+ sin(θ)
4.5

[
esin(θ)sin2(2θ)+ecos(θ)cos2(2θ)

]
.

We choose the exact solution and the variable wave speed as

u(x,y)=sin(πxy)e−iω(x+y), c(x,y)=1+0.5sin(2πx),

and the source term as

f =π2(x2+y2)sin(πxy)e−iω(x+y)+2iωπ(x+y)cos(πxy)e−iω(x+y)

+2ω2sin(πxy)e−iω(x+y)−ω2(1+0.5sin(2πx))−2sin(πxy)e−iω(x+y).

In this experiment, we choose N = 25,81,289,1089,4225 Halton data sites which are ran-178

domly distributed in the interior domain. But on the boundary ∂Ω, we arrange 4(
√

N−1)179

equidistant points according to polar angles. Tables 5-6 provide the L2 error and conver-180

gence rate of one-level collocation and multilevel collocation respectively. We find that181
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Table 4: Numerical results of multilevel collocation method on star domain, when ω=1,10,20.

δ h ω=1 ω=10 ω=20
L2-error rate L2-error rate L2-error rate

1.6329 1/4 4.070963e-02 - 3.437267e-03 - 2.712704e-02 -
1.1111 1/8 6.623436e-03 2.6197 8.212335e-04 2.0654 5.951840e-04 5.5103
0.7560 1/16 1.368363e-03 2.2751 1.200983e-04 2.7736 1.630609e-04 1.8679
0.5144 1/32 2.219571e-04 2.6241 3.397697e-05 1.8216 5.068991e-05 1.6856
0.3500 1/64 3.402616e-05 2.7056 5.883681e-06 2.5298 1.026783e-05 2.3036

Table 5: Numerical results of one-level collocation method on butterfly domain, when ω=1,10,20.

N ω=1 ω=10 ω=20
L2-error rate L2-error rate L2-error rate

25 1.504504e-02 - 1.759899e-01 - 8.819989e-01 -
81 3.454404e-04 5.4447 1.551704e-02 3.5036 1.397931e-01 2.6575

289 9.178573e-05 1.9121 8.413235e-04 4.2050 1.726511e-02 3.0174
1089 6.020187e-06 3.9304 7.618799e-05 3.4650 9.877943e-04 4.1275
4225 1.776984e-07 5.0823 6.210688e-06 3.6167 7.968292e-05 3.6319

Table 6: Numerical results of multilevel collocation method on butterfly domain, when ω=1,10,20.

δ N ω=1 ω=10 ω=20
L2-error rate L2-error rate L2-error rate

1.6329 25 1.893869e-02 - 1.708972e-01 - 8.783269e-01 -
1.1111 81 5.465632e-04 5.1148 1.757426e-02 3.2816 1.435739e-01 2.6130
0.7560 289 1.954274e-04 1.4838 1.089144e-03 4.0122 1.696510e-02 3.0812
0.5144 1089 2.130116e-05 3.1976 1.228255e-04 3.1485 1.158617e-03 3.8721
0.3500 4225 1.552557e-06 3.7782 1.723295e-05 2.8334 1.395661e-04 3.0534

the convergence rate is still quite higher even for the complex domain like the butterfly182

shape. Figs. 5-6 show the fill plots of the numerical solutions for different frequencies.183

We can still see that even for relatively large frequencies ω, the exact solution is still able184

to be approximated well.185

6.4 Example 4 (M-shaped duct)186

This example considers the wave propagation in an M-shaped duct. The upper and lower
boundaries of the M-shaped duct can be defined by

y=0.3e−20(x−0.5)2
, y=0.8−0.3

(
e−80(x−0.3)2

+e−80(x−0.7)2)
.

We choose the exact solution and the variable wave speed as

u(x,y)=
e−iω(x+y)

√
x2+y2

10
, c(x,y)=1+sin(πx),
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Table 7: Numerical results of one-level collocation method on M-shaped duct, when ω= 1, 10, 20.

N ω=1 ω=10 ω=20
L2-error rate L2-error rate L2-error rate

25 1.202931e-02 - 1.369322e-01 - 4.680121e-01 -
81 4.121063e-03 1.8225 1.059125e-02 4.3544 1.796101e-01 1.6293
289 1.749722e-03 1.3470 1.458086e-03 3.1178 1.673438e-02 3.7317

1089 8.703604e-04 1.0528 2.086351e-04 2.9313 1.988324e-03 3.2115
4225 2.086614e-04 2.1069 3.490594e-05 2.6375 1.802480e-04 3.5415

Table 8: Numerical results of multilevel collocation method on M-shaped duct, when ω=1,10,20.

δ N ω=1 ω=10 ω=20
L2-error rate L2-error rate L2-error rate

1.6329 25 2.949475e-02 - 1.317722e-01 - 4.566828e-01 -
1.1111 81 1.620794e-02 1.0186 1.259406e-02 3.9944 1.742291e-01 1.6394
0.7560 289 6.543452e-03 1.4262 3.160256e-03 2.1739 1.940484e-02 3.4511
0.5144 1089 2.689467e-03 1.3405 5.590315e-04 2.6115 2.283010e-03 3.2264
0.3500 4225 9.329308e-04 1.5619 1.438175e-04 2.0028 5.836243e-04 2.0121

and the source term is

f (x,y)=

(
ω2e−iω(x+y)

√
x2+y2

5
+iω

x+y
5
√

x2+y2
e−iω(x+y)− e−iω(x+y)

10
√

x2+y2

)

−ω2e−iω(x+y)
√

x2+y2

10(1+sin(πx))2 .

Compared with the previous examples, the solution in this example has less smoothness.187

And f blows up at the boundary. As in the Example 3, we choose N=25,81,289,1089,4225188

Halton data sites which are randomly distributed in the interior domain but arrange189

4(
√

N−1) equidistant points on the boundary. Tables 7-8 provide the L2 error and con-190

vergence rate of one-level collocation and multilevel collocation respectively. We can191

observe that the convergence rates of one-level and multilevel collocation are still quite192

higher even for the solution which has less smoothness. Figs. 7-8 show the fill plots of193

the numerical solutions for different frequencies.194

6.5 Example 5 (constant wave speed)195

We now present a numerical example outside of our convergence theory. We take196

c(x,y)=1 and f (x,y)=0. The computational solutions of one-level and multilevel colloca-197

tion for different frequencies are displayed in Figs. 9 and 10, respectively. Fig. 11 shows198

the computational results of the finite element method with rectangular mesh. These199

results are obtained by using COMSOL Multiphysics software. It is very close to the sim-200
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(a) ω=1 (b) ω=10 (c) ω=20

Figure 7: The real part of the one-level numerical solution for different frequencies, when N=1089 on M-shaped
duct.

(a) ω=1 (b) ω=10 (c) ω=20

Figure 8: The real part of the multilevel numerical solution for different frequencies, when N=1089 on M-shaped
duct.

(a) ω=1 (b) ω=10 (c) ω=20

Figure 9: The real part of the one-level numerical solution of Example 5 for different frequencies, when N=1089.

ulation results of one-level and multilevel collocation. The accuracy and efficiency of the201

proposed methods are validated again.202
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(a) ω=1 (b) ω=10 (c) ω=20

Figure 10: The real part of the multilevel numerical solution of Example 5 for different frequencies, when
N=1089.

(a) ω=1 (b) ω=10 (c) ω=20

Figure 11: The real part of the FEM solution of Example 5 for different frequencies, when h=1/32.

7 Conclusions203

The paper developed one-level and multilevel RBF collocation methods for solving the204

Helmholtz equation with variable wave speed and provided convergence proofs. The205

theoretical convergence was established by using the regularity theory of the solution,206

the sampling inequality, and the approximation property of the radial basis functions207

trial spaces. The results in the paper are obtained based on the symmetric collocation.208

For the non-symmetric collocation method, we cannot provide sufficient conditions209

to ensure the non-singularity of this method yet at present. Nevertheless, [29, 30] show210

that the non-symmetric collocation method is convergent once the testing discretization211

has been selected to have more degrees of freedom than the trial discretization. Recently,212

the authors have proved the L2 convergence of the one-level non-symmetric collocation213

method for the second order elliptic boundary value problems [24, 25]. The convergence214

proofs there is different from the theory in the present paper, which mainly depends on215

the inverse inequality satisfied by the functions from kernel-based trial space. The con-216

vergence order of the non-symmetric collocation method is only hσ−2−d/2. It is currently217

not yet optimal and deserve refinement.218
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In addition, we did not consider iterative methods for solving the linear system (4.6a)-219

(4.6b). In the future work, we will develop effective iterative methods and precondi-220

tioning techniques to solve the linear system which is produced by the symmetric RBF221

collocation.222
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