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Abstract. In this paper, we introduce a high-order numerical method for solving
fourth-order equations in an elliptical cylindrical region. Initially, we employ an el-
liptical cylindrical coordinate transformation to reformulate the fourth-order equation
as an equivalent second-order coupled system in the new coordinate system. To over-
come the singularity introduced by coordinate transformation, an essential pole condi-
tion is derived. The weak form and its discretization are also established. Furthermore,
the well-posedness of both the weak solution and its approximate solution have been
theoretically investigated. By introducing novel projection operators and demonstrat-
ing their approximation properties, we prove the error estimates in conjunction with
the approximation results of Fourier series. Finally, several numerical examples were
provided to validate the convergence and high accuracy of our proposed schemes.
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1 Introduction

Fourth-order problems have found widespread applications in scientific research and en-
gineering calculations [1-4]. Many complex nonlinear problems ultimately boil down
to repeatedly solving a linear fourth-order problem, such as the Cahn-Hilliard equa-
tion [5,6]. However, due to the diversity and complexity of computational domains
and boundary conditions, theoretical analysis and numerical calculations have always
been a concern for many scholars. Typical numerical methods include finite element
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methods [7-11], spectral methods [12-18], and finite difference methods [19]. Although
the finite element method offers the advantage of regional flexibility, for certain high-
dimensional computational domains with curved boundaries, the mesh generation can
be relatively complex, and boundary approximation may introduce additional errors. On
the other hand, the finite difference method is straightforward to program, and it primar-
ily relies on low-order algorithms.

It is widely recognized that the spectral method is a high-order numerical method
with spectral accuracy. It does not involve domain subdivision, so there is no additional
error introduced by boundary approximations. However, it requires the computational
domain to be a rectangular domain of product-type. Therefore, extending its applications
for complex regions is crucial. In [20] and [21], Li and Tan et al. propose spectral methods
based on dimensional reduction scheme for fourth-order problems in circular and spher-
ical domains, respectively. In [22], An et al. present spectral approximations and error
estimates for the bi-harmonic eigenvalue problem in circular, spherical, and elliptical do-
mains. In [23], An et al. present an efficient Galerkin approximation and error analysis for
the Maxwell transmission eigenvalue problem in a spherical domain. To our knowledge,
there are no reports on spectral methods for fourth-order equations on elliptic cylindrical
domains. The primary reason is that the elliptic cylindrical coordinate transformation not
only introduces singularities and variable coefficients, but also couples the radial r and
tangential 6 coordinates, making it impossible to reduce the dimensionality. This poses
certain challenges to both theoretical analysis and algorithm implementations.

Thus, the aim of this paper is to develop a high-order numerical method for solving
fourth-order equations in an elliptical cylindrical region. Firstly, we employ an ellip-
tical cylindrical coordinate transformation along with an auxiliary second-order elliptic
equation to reformulate the fourth-order equation as an equivalent second-order coupled
system in the new coordinate system. An essential pole condition is derived to overcome
the singularity introduced by coordinate transformation. Then the weak form and its
discretization are also established in a class of weighted Sobolev spaces and their ap-
proximation spaces. Furthermore, the well-posedness of both the weak solution and its
approximate solution have been theoretically discussed. We further investigate the error
estimations by novel projection operators and their approximation properties in conjunc-
tion with the approximation results of Fourier series. Finally, several numerical results
were provided to validate the efficiency and accuracy of the proposed approximation
schemes.

The rest of this article is organized as follows. In Section 2, we derive the equiva-
lent reduced-order scheme and its variational forms. In Section 3, we prove the well-
posedness of the solution and error estimations. In Section 4, we describe the efficient
implementation of the algorithm. In Section 5, we present some numerical examples to
illustrate the convergence and spectral accuracy of the algorithm. Finally, we make a
short conclusion in Section 6.



