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Abstract. The WENO-Z+ scheme [F. Acker, R. B. de R. Borges, and B. Costa, An im-
proved WENO-Z scheme, J. Comput. Phys., 313 (2016), pp. 726-753] with two dif-
ferent versions further raised the nonlinear weights with respect to the nonsmooth or
less-smooth substencils, by introducing an additional term into the weights formula
of the well-validated WENO-Z scheme. These two WENO-Z+ schemes both produce
less dissipative solutions than WENO-JS and WENO-Z. However, the recommended
one which achieves superior resolutions in the high-frequency-wave regions fails to re-
cover the designed order of accuracy where there exists a critical point, while the other
one which obtains the designed order of accuracy at or near critical points is unstable
near discontinuities. In the present study, we find that the WENO-Z+ schemes over-
amplify the contributions from less-smooth substencils through their additional terms,
and hence their improvements of both stability and resolution have been greatly hin-
dered. Then, we develop improved WENO-Z+ schemes by making a set of modifica-
tions to the additional terms to avoid the over-amplification of the contributions from
less-smooth substencils. The proposed schemes, denoted as WENO-IZ+, maintain the
same convergence properties as the corresponding WENO-Z+ schemes. Numerical
examples confirm that the new schemes are much more stable near discontinuities
and far less dissipative in the region with high-frequency waves than the WENO-Z+
schemes. In addition, improved results have been obtained for one-dimensional linear
advection problems, especially over long output times. The excellent performance of
the new schemes is also demonstrated in the simulations of 1D and 2D Euler equation
test cases.
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1 Introduction

The first WENO (weighted essentially non-oscillatory) scheme was developed by Liu et
al. [1] as an improvement to the ENO (essentially non-oscillatory) schemes [2-5]. Later, it
was developed to recover the designed order of accuracy [6] resulting in the well-known
WENO-JS scheme. Since this classical WENO-JS [6] scheme was proposed, the WENO
schemes have been widely investigated [7-21,48-51]. The WENO schemes owe their
success to the ENO property near discontinuities and high-order accuracy in smooth
regions.

It was pointed out by Henrick, Aslam and Powers [7] that WENO-JS may fail to obtain
the designed order of accuracy at a point where the first derivative is zero while the
second derivative is non-zero. To amend this drawback, they [7] devised the famous
WENO-M scheme by constructing a mapping function to correct the classical WENO-JS
weights. After that, a series of new mapping functions were designed leading to various
versions of mapped WENO schemes [13-16,18-22]. As complicated mapping procedures
are often required, the extra computational costs of most mapped WENO schemes are
expensive.

Inspired by the work of Henrick et al. [7], Borges et al. [8] innovatively developed a
very different way to determine the weights by incorporating the higher-order informa-
tion about the numerical solution in the form of a global smoothness indicator (abbre-
viated to GSI). The new weights can satisfy the sufficient conditions for optimal conver-
gence order, and thus, the new scheme, dubbed WENO-Z, recovers optimal convergence
order even near critical points. Moreover, WENO-Z gains better results than WENO-M
due to its lower dissipation while only consuming almost the same computational cost
as that of the WENO-JS scheme. By designing different smoothness indicators or GSIs, a
series of WENO-Z-type schemes [9-12,23-26] were devised to further extend WENO-Z.

Compared to WENO-JS, WENO-M and WENO-Z both produce much less dissipa-
tion at or near critical points. And also, in high-frequency-wave regions, they both obtain
greatly improved resolutions, especially for the standard shock-density wave interaction
problems [27-30]. Since WENO-M and WENO-Z both show better convergence proper-
ties near the peak of the waves, the improved resolution of high-frequency waves was
attributed to better accuracy at critical points. Until recently, it was revealed by Acker
et al. [9] that assigning larger values to the nonlinear weights with respect to the non-
smooth or less-smooth substencils is the most relevant cause. Following this thought,
Acker et al. [9] developed the improved WENO-Z scheme, dubbed WENO-Z+, by in-
troducing an additional term into the weights formula of WENO-Z to further raise the
nonlinear weights with respect to nonsmooth or less-smooth substencils. Two versions
of WENO-Z+ were reported and both of them gained greatly better solutions compared
to WENO-JS and WENO-Z on solving problems involving fine smooth structures and
shocks [9]. However, increasing the nonlinear weights with respect to nonsmooth or
less-smooth substencils also raises the potential risk of numerical instability. Therefore,
the recommended version of WENO-Z+ enhances its stability at the price of violating the
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optimality condition for the designed order of accuracy in the presence of critical points
(see Proposition 6 of [9] for details). The other version of WENO-Z+ whose € satisfies the
optimality condition was more oscillatory than the recommended one, and as reported
in [9], it generates evident spurious oscillations near discontinuities on simulating the
Gaussian-square-triangle-ellipse test [6,9] and the shock-tube problem of Lax [31]. Actu-
ally, our calculations demonstrate that both of these two WENO-Z+ schemes, as well as
the modified WENO-Z+ scheme (dubbed WENO-Z+I) proposed by Luo and Wu in [10],
produce spurious oscillations in solving the standard shock-tube problem of Sod, albeit
on a very small scale (see Fig. 10 in Subsection 5.2.1). And besides, the two versions of
WENO-Z+ and WENO-Z+I really suffer from generating spurious oscillations or losing
resolutions for long-output-time simulations of 1D linear advection equation with dis-
continuities (see Fig. 7 in Subsection 5.1.1) or high-order critical points (see Figs. 8, 9 in
Subsection 5.1.2), as well as generating evident post-shock oscillations (see Figs. 21, 22,
23 in Subsection 5.3) for 2D Euler equations with strong shock waves. In this study, we
try to reveal the reason why the WENO-Z+ schemes suffer from the troubles described
above and to improve them accordingly.

The remainder of this article is structured under five major sections. First, in Sec-
tion 2, we give a brief description of the finite-volume methodology and several different
WENO schemes, including WENO-JS [6], WENO-Z [8], WENO-Z+ [9], as well as WENO-
Z+1 [10]. In Section 3, we discuss the over-amplification of the contributions from less-
smooth substencils resulting from the additional term of WENO-Z+. The spectral prop-
erties of WENO-Z+ are also briefly provided in this section. The design of the improved
WENO-Z+ schemes and the basic properties are proposed in Section 4. In Section 5, some
numerical experiments are conducted to demonstrate the enhancements of the proposed
schemes. Section 6 concludes this paper.

2 Preliminaries

In this section, we briefly describe several different fifth-order WENO schemes in the
finite-volume framework for a clear understanding of the present work.

2.1 The finite-volume (FV) WENO method

This subsection focuses on the finite-volume (FV) WENO method. The FV method is
a discretization method that is well-suited for the numerical simulation of hyperbolic
conservation laws. For the convenience of description but without loss of generality, the
following one-dimensional case is taken into account

du  df(u) _
ﬁ—'— ox =0,

u(x,0) =up(x).

XISXer, t>0/ (21)
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In the FV framework, a set of non-overlapping cells is used to discretize the computa-
tional domain. For simplicity, only the uniform mesh is discussed here. Let

- 1 xj+Ax /2
wi(h)= Ax/xij/z u(et)de, Ar=xjy-xy and L=lxopx)
it is easy to know that #;(t) indicates the volume-averaged conservative variable in I;. In
numerical calculations, our goal is to obtain an approximation to ;(t).
By integrating the conservation law Eq. (2.1) over the cell [; and after some simple
mathematical manipulations, we can obtain

dii;(t) 1 /2 .
a = ax Ui fia): 22

where 1; stands for the numerical approach to #;(t). To compute flu , some

ey )

proper numerical fluxes are used. In this paper, we employ the Lax-Friedrichs (LF)

flux [32,33]. Once u].il are calculated, the above ODE can be marched in time using a
2

suitable time discretization method. In the present work, the widely used explicit, third-

order, strong stability preserving (SSP) Runge-Kutta method [34-36] will be employed.

WENO reconstructions are widely used to get u}i 1 and we next briefly review this to clar-
2

ify our concerns. For the sake of brevity, we choose to only state the WENO procedures
for u};l and drop the superscript “—" without causing any confusion in the discussion
2

below. It should be noted that u]: can be reconstructed in a mirror-symmetric way.

1
2

2.2 Several WENO reconstructions

The 5th-order WENO reconstructions are defined as
2

_ I
uH%—gwluH%, (2.3)

where ”;er I=0,1,2 are the results of ENO [2-5] reconstructions with respect to three

2
substencils, taking the form

1
wl g = (20 2= 71 +111), (2.4a)
L. o
”]i% = g(—ujq +5i1+2ilj41), (2.4b)
1
2 p— ] - ] - 1] -
i1 = 6 (21 +511j 11 —1lj42). (2.40)

For WENO-JS [6], the nonlinear weights are given as

WS M s s s=0,1,2 (2.5)
Tyl T (Bt T '
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where € is a constant and very small positive real number introduced to prevent the
denominator from becoming 0 (e.g., € =10"* is used in our numerical tests below), and
p =2 is used usually. The smoothness indicators s are well defined in [6], and we can
compute them by their explicit formulas as follows

_ 2
pa= 1 (7= 2Mj 11 +j42) "+

13 1
Bo= 5 (-2 =21 +) "+ (12 411 +31)",
13 1
pr= (B =20+ 1) + 7 (71— 1j11),
13 1

- N2
4 (31/[] —4uj+] +u]‘+2) .
WENO-JS was found to dissipate too much and it was only third-order convergence or-
der near critical points [7]. To fix this, WENO-Z was proposed [8] and its nonlinear
weights are defined as

L PO G (2.6)
’ _212:0“12, T Bst+e) | '

where T=|B2—Bo|. WENO-Z assigns larger weights to the less-smooth substencils than
WENO-JS, leading to less-dissipative solutions. If taking p =2, WENO-Z can recover the
fifth-order convergence rate of accuracy near critical points.

It was claimed that [9] the raising of the nonlinear weights with respect to nonsmooth
or less-smooth substencils is the most relevant reason to elucidate the enhanced behavior
of WENO-Z. Then, the following nonlinear weights were proposed

Z+ p +€
Z+ _ &g Z—i-:d 1+<T+€T> 4 Z+:| Z+:/\<ﬁs ﬁ) 27
ws ZZZZOOCZZ+, D(s S |: ﬁs+€ﬁ gs 4 S T+€T ’ ( )

in which an additional term was introduced into the weights formula of WENO-Z lead-
ing to the further raised nonlinear weights with respect to nonsmooth or less-smooth
substencils.

Two different versions of WENO-Z+, dubbed WENO-Z+* and WENO-Z+8 respec-
tively in the present study, were reported in [9]. WENO-Z+* stands for the version with
the standard set of parameters, say, eg=€:=10"%", p=2 and A=Ax?/3. WENO-Z+® stands
for the other version with the same parameters above, except for €g, which is changed to
Ax?. It was demonstrated that [9] WENO-Z+A cannot obtain the designed order of ac-
curacy in the presence of critical points and WENO-Z+? achieves the designed order of
accuracy, regardless of critical points. However, they also pointed out that WENO-Z+5
is more oscillatory than WENO-Z+%, and thus WENO-Z+# was recommended in most
applications [9].

Luo et al. [10] found that the improvement of WENO-Z+* in solving problems with
multiscale structures appeared to be insufficient compared to WENO-Z. To fix this issue,
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they proposed some simple but efficient modifications to the nonlinear weights formula
of WENO-Z+4, resulting in the following new weights formula

Wit = D‘SZH
’ 212:0“12+I
with
2 .
741 T min(Bo,B1,B2) > Bs
W2 —g 1+ ——) +A(1= ,
’ (ﬁs+€> ( max(Bo,B1,B2) +€* ) max(Bo,B1,B2)+€

where e* =100 was taken in [10]. The other parameters are the same as those of WENO-
Z+%, and the resultant scheme was named WENO-Z+1.

3 Analysis of the WENO-Z+ scheme

In this section, we review the WENO-Z+ scheme as introduced in subsection 2.2. We first
discuss the risk of the appearance of spurious oscillations near discontinuities caused
by the over-amplifications of the nonlinear weights with respect to the nonsmooth or
less-smooth substencils resulting from the additional term. Then, we briefly present the
spectral properties of WENO-Z+.

3.1 Over-amplifications of the nonlinear weights with respect to the
nonsmooth or less-smooth substencils

It is well known that WENO-JS is too dissipative and raising the weights of less-smooth
substencils leading to less-dissipative results, as WENO-Z+ does, seems to be benefi-
cial to the solution in some cases. However, trivially, it is unfavorable to assign a larger
weight to a less-smooth substencil while assigning a smaller weight to a smoother subs-
tencil as it may probably cause oscillations and instability. Therefore, the relative order of
the nonlinear weights obtained from WENO-JS should be preserved. Otherwise, we say
an over-amplification of the nonlinear weight with respect to a nonsmooth or less-smooth
substencil happens. Unfortunately, WENO-Z+ can not prevent this over-amplification
successfully. Here, we provide a brief analytical proof as follows, where the parameters
€, €, €p are dropped just for simplicity but without loss of generality.

Proposition 3.1. Assume that Sp is a substencil in which the solution is “less smooth” than that

in Sc which is a substencil of the same global stencil, in other words, Bp > Bc. If ‘;—2 < (g—‘g)p,

then we have

JS
(1). definitely, “R <1;
C

oS
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(UZ+
(2). probably, —5->1.
we
. dp Bo \ ¥ .
Proof. (1). Since 2 < <5—C) , according to Eq. (2.5), we have

o _of o/l

<1.
w]CS ]CS dc/ B

(2). Let
AgPT AgPH
l%mn:dDﬁé‘<ﬁ%+”W+’;?> and Rmnzdcﬁ%‘<5é+rp+§:).
According to Eq. (2.7), we get

_ I'num Prum — Pden

Bl AP+ AR/ ) ~ Pien  Pen

b +1, (3.1)

l
Wit ozt dopl(Bh+Tr+AL /T
we e dc,BD (

and

, ABBBC
Prum — Pgen = ‘BD:BC(dD dC)+T (dDﬁC d ﬁD) T

T T;

(dpBp—dcPc)-

T3

'B 7
have T; <0 and T3 >0. Therefore, we can not guarantee the inequality of Prum — Pgen <0.

Obviously, we have T, <0 since dD < (g”) For the case of dp <dc, if dD > BC then we

Z
In other words, the inequality Phym —Pgen >0 may hold, leading to W—E: >1. For the case of

dp >dc, it is trivial to get T; >0 and T > 0. Similarly, we probably have % Z - 1. Actually,

we can directly verify the second case from the last two rows of Table 1 i 1n [9]. O

To manifest Proposition 3.1 and illustrate the negative effect of the over-amplifications
of the nonlinear weights with respect to the nonsmooth or less-smooth substencils, we
consider the following model test proposed in [9]

2 1
F(x)= gsin(67rx) + isin(1.67'[x). (3.2)

Now we examine the behavior of WENO-Z+* and WENO-Z+8 with Ax =1/20. For
the purpose of comparison, we illustrate the solutions solved by WENO-Z+4 (Fig. 1(a))
and WENO-Z+8 (Fig. 1(b)) and their nonlinear weights, as well as that of WENO-JS, to-
gether in Fig. 1. The X-axis is x, the left Y-axis is F(x), and the right Y-axis is the nonlinear
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Figure 1. Left axis (in black): the numerical solutions and the exact solution of F(x) with Ax=1/20. Right axis
(in blue): the nonlinear weights of different WENO schemes. The double dot-dash arrow lines (in red) illustrate
the over-amplifications of the nonlinear weights with respect to the nonsmooth or less-smooth substencils.

weights. Firstly, we can see that, at x; of Fig. 1(a) and x, of Fig. 1(b), wg)s is very close to

. A B A B . .
w{s, while wf ™" and w{™ are far smaller than w?"" and w®"" respectively. Moreover, it

can be seen that both WENO-Z+* and WENO-Z+8 over-amplify the contributions from
less-smooth substencils near critical points. In other words, Proposition 3.1 holds at these
locations leading to the fact that a larger weight is assigned to a less-smooth substencil
while a smaller weight is assigned to a smoother substencil. Accordingly, we find that the
computed results of F(x) near these critical points are significantly larger than the exact
solution. It is well known that [9,13] it is difficult to distinguish discontinuities from high
gradients and fine smooth structures by the smoothness indicators. Therefore, the results
above and Proposition 3.1 indicate that WENO-Z+* and WENO-Z+? may fail to maintain
the ENO property near discontinuities resulting in spurious oscillations and instability.
Actually, it was shown in Fig. 22 of [9] that WENO-Z+B, which satisfies Proposition 6
of [9] leading to optimal convergence orders even near critical points, generates evident
spurious oscillations. Therefore, to better avoid spurious oscillations, WENO-Z+4 was
recommended by [9] although its convergence rate of accuracy near critical points is only
third order. Furthermore, our calculations as given in Fig. 10 below demonstrate that
both WENO-Z+* and WENO-Z+8 produce spurious oscillations near discontinuities.

Besides causing instability, the over-amplifications of the nonlinear weights with re-
spect to the nonsmooth or less-smooth substencils may also hinder the improvement
of the resolution of WENO-Z+”* and WENO-Z+B, especially for long-run simulations
(see Figs. 7, 8, 9 below) and for problems with severe high-frequency smooth waves (see
Figs. 14, 15, 20 below). We will discuss this carefully in Section 5.
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3.2 The spectral analysis

By using the approximated dispersion relation (ADR) method proposed by Pirozzoli [37],
the spectral properties of WENO-Z+4 was investigated carefully by Luo et al. in [10] in
which special attention has been paid to the dissipation property of WENO-Z+%. It was

indicated that the additional term of WENO-Z+4, say, A (ﬁ A ), may cause negative dis-

T5t+er

sipation, that is, the imaginary part of the modified wavenumbers is positive. Although
the negative-dissipation interval can be narrowed down by decreasing the value of A,
there is a singularity located at the wavenumber of ¢ ~1.18 that can not be eliminated
even if A has been reduced to the recommended value of Ax2/3. Luo et al. [10] concluded
that this singularity is harmful to the resolution of WENO-Z+* and one can refer to [10]
for a detailed analysis. In summary, it is necessary to eliminate this singularity in the
design of the improved WENO-Z+4, as well as WENO-Z+8. In subsection 4.3 below, we
will discuss this in detail.

4 Design and properties of the improved WENO-Z+ scheme

4.1 The new nonlinear weights

Inspired by the knowledge discussed earlier, we propose a means of improving the fam-
ily of WENO-Z+ schemes, by preventing the over-amplifications of the nonlinear weights
with respect to the nonsmooth or less-smooth substencils. The idea is to modify the ad-
ditional term of ocsz+, resulting in the formula

W7+ = g, <1+ ( T+€€T )p+§;‘> ‘ 4.1)

In the regions where no over-amplification happens, the modified additional term
should satisfy the same conditions as that {#* satisfies stated on page 734 of [9]. But,
in the regions where over-amplification happens, the modified term ; should help to
eliminate the over-amplification, and a simple way to do this is to turn «!4* back into
that of WENO-JS, say, Dcls. Directed by this idea, we devise such a (; as follows

1-6

*:9 Z+ 1_ p_ P , 42
gs gs + (,Bs+€ﬁ)p( (,Bs+€,3) (T+€T) ) ( )
with
1, if min O(i,j)>0,
0<i,j<2
0= i#] (4.3)
0, otherwise,
where

Q(i,j) = ) (s
)= “§s+€ lsz+_,_€
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is used to detect the over-amplification of the nonlinear weights with respect to the non-
smooth or less-smooth substencils, and we trivially have the following property.

Proposition 4.1. If for Vi,j=0,1,2 and i #j, ©(i,j) > 0 holds true, then we say there is no over-
amplifications of the nonlinear weights with respect to the nonsmooth or less-smooth substencils
on the corresponding set of substencils for WENO-Z+. Otherwise, the over-amplification happens.

Therefore, we obtain the improved nonlinear weights formula as follows

IZ+ a2+
S

where al?* is computed by Egs. (4.1), (4.2) and (4.3). We denote this improved WENO-
Z+ scheme as WENO-IZ+. Specifically, for the case of e =€ = 1040, p=2and A=Ax%/3,

WENO-IZ+4 and w£Z+A are used. Similarly, WENO-IZ+8 and cungrB are used for the case
that €p is changed to Ax? while the other parameters are the same as those of WENO-

IZ+%, so as to achieve the designed orders of accuracy regardless of critical points.

Now, in comparison to Proposition 3.1, we give the following Proposition 4.2 for the
WENO-IZ+ schemes.
Proposition 4.2. Assume that Sp is a substencil in which the solution is “less smooth” than that

in Sc which is a substencil of the same global stencil, in other words, Bp > Bc. If Z—E < (ﬁ—D)p,

Bc
then we definitely have
wh Wt
e sz <1
C(]C C‘JC

Proof. The proof of “& < 1 is exactly the same as that of Proposition 3.1.
C

(1). If
min O(i,j) >

0<i,j<2
i#]’
]S
as ]S <1, we can trivially know that “2- —1<0 (disregarding €), leading to < Z - < 1. From
C

Eq. (4 3), we obtain 6 = 1 then we get { =% according to Eq. (4.2). Thus, £Z+ is equal

to w?*. So, we have = P /a2 < 1, and clearly,
we

IZ+ B w]ZD+ B (x%+ leBé. (:BpD—i_Tp‘f')‘,Blpjl/T) dD/,BD ]S

wp
Wl g o dcpl (LT Aplt /) ded/Be w]cS

(2). Otherwise, we have 6 =0. Then, it is very easy to verify that a** = ol°. In other
words, we have

1Z+ JS
Wwp Wp
Z+ 7S
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Thus, we complete the proof. O

Clearly, the convergence property of WENO-IZ+ is identical to that of the corre-
sponding WENO-Z+ which has been discussed carefully in [9]. In other words, WENO-
IZ+” can achieve only 3rd-order accuracy where there is a first-order critical point while
WENO-IZ+P? can recover the designed convergence orders. In Section 4.4 below, we will
numerically verify this in detail.

4.2 Verification and demonstration

Now, we verify the fact that WENO-IZ+” and WENO-IZ+® can successfully eliminate
the over-amplifications of the nonlinear weights with respect to the nonsmooth or less-
smooth substencils, by considering the model test Eq. (3.2) used earlier. And also, we
will roughly demonstrate the benefit of the new schemes through this test.

Similarly, we plot the results computed by WENO-IZ+* (left figure) and WENO-1Z+?
(right figure) and the nonlinear weights of WENO-JS and WENO-IZ+* or WENO-1Z+8
together in Fig. 2. Again, the X-axis is x, the left Y-axis is F(x), and the right Y-axis is
the nonlinear weights. We can see that the over-amplifications of the nonlinear weights
with respect to the nonsmooth or less-smooth substencils generated by WENO-Z+* and
WENO-Z+? as shown in Fig. 1 have been successfully eliminated by WENO-IZ+* and
WENO-IZ+B. As a result, it can be found that the corresponding computed results of
F(x) are properly bounded by the exact solution. This is a remarkable benefit of the
new schemes as it indicates that WENO-IZ+* and WENO-IZ+8 are more stable than the
corresponding WENO-Z+# and WENO-Z+B. We will examine this carefully through

(a)
T T T T
10F ° uExact 108
--o-- izt
O wés
406
Ao @ 2
Js
o ez =) =
1Z+h o) °
" 90 Hoa 2 = 2
A 1Z+A T x .
@4 © e @
Zeh @ o)
* w3 c =
h = =
02 2 3
4 0.0
1 1 1 1
-1.6 -1.4 -1.2 -1.0 -0.8
X X

Figure 2. Left axis (in black): the numerical solutions solved by WENO-IZ+4, WENO-IZ+P and the exact
solution of F(x) with Ax=1/20. Right axis (in blue): nonlinear weights of WENO-1Z+#, WENO-1Z+B and
WENO-JS. For comparison with Fig. 1.
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Figure 3: Left axis (in black): the numerical solution solved by WENO-I1Z+B and the exact solution of F(x)
with Ax=1/20. Right axis (in blue): nonlinear weights of WENO-IZ+B and WENO-JS. To show more results.
The dashed arrow lines (in red) illustrate the increase of the weights of less-smooth substencils.

numerical experiments in Section 5.

It is worth noting that there are still many locations where the weights of less-smooth
substencils are increased by WENO-IZ+% and WENO-IZ+5, and we can see this clearly
in Fig. 3 where more results of WENO-IZ+B are plotted as an illustrative example. This
means that WENO-IZ+8, as well as WENO-IZ+2 whose results are similar to that of
WENO-IZ+P while not presented here just for the sake of brevity, maintains the major
feature of WENO-Z+ of increasing the weights of less-smooth substencils at most loca-
tions, which was claimed [9] to be beneficial to the solution for some cases.

4.3 Dispersion and dissipation properties

In this subsection, we investigate the spectral properties of the WENO-IZ+* and WENO-
1Z+8 schemes. For nonlinear WENO schemes, the spectral properties can be obtained by
using the approximated dispersion relation (ADR) method proposed by Pirozzoli [37].
The ADR of a nonlinear scheme is obtained by numerically advancing sinusoidal test
functions with reduced wavenumber, say ¢, up to a very short time 7, and determining
the resulting wave amplitude through Fourier transform, say 9(¢;7). On a finite uniform
mesh with length L and N mesh cells, the supported Fourier modes have wavelengths
An=L/n and reduced wavenumbers ¢, =27n/(N—1),0<¢,<mwithn=0,---,(N—1) /2.
Then, a discrete representation of the spectral transfer function can be obtained by

(D(qon):_llog(zw)/ nIO,"‘,N/Z,
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where 0 =ct/Ax < 1. It is indicated that [37] the real part of ® is associated with the
approximate phase speed, i.e., with the dispersion properties of the scheme, while the

imaginary part of ® is related to its numerical dissipation.

For comparison purposes, Fig. 4 gives the spectral properties of the WENO-1Z+4,
WENO-1Z+B schemes and their associated WENO-Z+#, WENO-Z+B schemes, as well as
the fifth-order upwind (UW5) scheme and the classical WENO-JS and WENO-Z schemes.
In general, WENO-IZ+” and WENO-IZ+B gain almost the same dispersion and dissipa-
tion properties, outperforming those of WENO-JS.

Now, let us focus our discussion on the dissipation property of the schemes shown
in Fig. 4. We can observe that: (1) firstly, it is consistent with the results proposed
in [10] that WENO-Z+4, as well as WENO-Z+B, embraces a singularity at about ¢ =1.18
around where the negative dissipation occurs; (2) however, this negative-dissipation in-
terval is eliminated by WENO-1Z+” and WENO-IZ+8; (3) in the region of low modified
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wavenumbers of ¢ < 1.09, the dissipation of WENO-1Z+” and WENO-1Z+8 is slightly
smaller than that of WENO-Z+* and WENO-Z+8; (4) in the region of low and medium
modified wavenumbers of ¢ < 1.36 excluding the interval of ¢ € (1.16,1.22) around the
singularity, WENO-IZ+* and WENO-I1Z+8 show smaller dissipation than WENO-Z; (5)
moreover, the dissipation of WENO-IZ+* and WENO-IZ+8 is even smaller than that of
the UW5 scheme in the region of low and medium modified wavenumbers of ¢ <1.32
excluding the interval of ¢ € (1.16,1.22). It should be pointed out that the dissipation
property of the ADR of WENO-IZ+” is inferior to those of WENO-Z+", WENO-Z and
WENO-Z+I in the region of medium and high wavenumbers. However, for the long-
run solutions with discontinuities (for example, see Fig. 7 below) and high-order criti-
cal points in smooth regions (for example, see Fig. 8 and Fig. 9 below), WENO-IZ+% is
much less dissipative than WENO-Z+4, WENO-Z and WENO-Z+I, and as pointed out
by Zeng et al. [26], this fact demonstrates that the anti-dissipation of WENO-IZA is effec-
tive for both smooth solution and discontinuous solution, while WENO-Z+”, WENO-Z
and WENO-Z+I can only improve the accuracy of the smooth solution, especially for
long output time simulations. Besides WENO-I1Z+, the dissipation property of WENO-
1Z+B is also inferior to those of WENO-Z+8, WENO-Z and WENO-Z+] in the region of
medium and high wavenumbers. Similarly, WENO-IZ+8 is much less dissipative than
WENO-Z and WENO-Z+], especially for long-run calculations. Although the dissipa-
tion of WENO-Z+P is as small as WENO-IZ+8, it is far less robust than WENO-IZ+B (see
Figs. 5, 6, 7 of Subsection 5.1 and Figs. 10, 11 of Subsection 5.2). This fact demonstrates
that the anti-dissipation of WENO-IZ+? is helpful to avoid spurious oscillations for the
discontinuous solutions, while WENO-Z+B can not prevent spurious oscillations near
discontinuities.

4.4 Convergence property at smooth critical points

In this subsection, we conduct a numerical test to examine the convergence property of
the WENO-IZ+” and WENO-I1Z+P schemes at smooth critical points.
Consider the following classical test case

g(x)=x"e*, —1.0<x<1.0.

It is very easy to verify that its first n—1 derivatives g(f) (xp)=0,j=0,1,---,n—1 with
Xcp = 0. In other words, the function g(x) has a (n—1)st-order critical point at xcp.
Taking n =2, the L, convergence properties are shown in Table 1. As expected, the
convergence order of the WENO-JS scheme drops to about third-order, and the WENO-
Z and WENO-Z+I schemes can recover the optimal convergence order. In consistency
with the results given in [9], WENO-Z+* also only obtains nearly 3rd-order convergence
order of accuracy while the WENO-Z+B scheme achieves the 5th-order convergence or-
der of accuracy, leading to the fact that their improved WENO-1Z+* and WENO-1Z+?
schemes get third-order and fifth-order accuracy respectively. In terms of accuracy, the
WENO-Z, WENO-Z+I, WENO-Z+B and WENO-IZ+B schemes significantly outperform



R. Liand W. Zhong / Adv. Appl. Math. Mech., 17 (2025), pp. 31-68 45
Table 1: Convergence properties at the smooth critical point.

N 100 200 400 800 1600 3200

WENO-JS 7.78472E-06  8.25085E-07  8.74036E-08 9.20947E-09  9.65225E-10  1.00658E-10
- 3.2380 3.2388 3.2465 3.2542 3.2614

WENO-Z 8.51117E-08 1.58511E-09 3.75866E-11 8.72344E-13 1.99977E-14 4.54841E-16
- 5.7467 5.3982 5.4292 5.4470 5.4583

WENO-Z+I  6.24936E-08 8.67724E-10 1.53728E-11 1.94040E-13 5.27482E-15 1.62034E-16
- 6.1703 5.8188 6.3079 5.2011 5.0248

WENO-Z+A  1.88414E-06 2.41769E-07 2.90637E-08 3.37702E-09 3.81995E-10 4.22559E-11
- 2.9622 3.0563 3.1054 3.1441 3.1763

WENO-IZ+A  1.88363E-06 2.41769E-07 2.90637E-08 3.37702E-09 3.81995E-10  4.22559E-11
- 2.9618 3.0563 3.1054 3.1441 3.1763

WENO-Z+B  2.19534E-08 7.17315E-10 2.24974E-11 7.03379E-13 2.19788E-14  6.86759E-16
- 4.9357 4.9948 4.9993 5.0001 5.0002

WENO-IZ+B  1.55846E-08 7.17316E-10 2.24974E-11 7.03379E-13 2.19788E-14  6.86759E-16
- 44414 4.9948 4.9993 5.0001 5.0002

the WENO-JS, WENO-Z+A and WENO-IZ+” schemes. Furthermore, we can see that the
numerical errors and convergence orders of the WENO-IZ+* and WENO-IZ+P schemes
are identical to those of their counterparts, say, WENO-Z+* and WENO-Z+?, respec-
tively.

5 Numerical results

In this section, we compare the numerical performance of WENO-IZ+* and WENO-1Z+?
with WENO-Z+” and WENO-Z+B, as well as the classical WENO-JS and WENO-Z. And
also, the solution of WENO-Z+I is provided. The numerical presentation starts with
two different cases of the 1D scalar advection equation. One is discontinuous to demon-
strate the excellent robustness and high-resolution property of the proposed WENO-
1Z+” and WENO-IZ+? dealing with complicated cases, and the other is smooth with
high-order critical points to demonstrate that these new schemes can provide consid-
erably high-resolution results for simulations with large output times while the other
considered schemes do not. Then, the one-dimensional Euler equations with Riemann
initial value problems of Sod and Lax, shock-density wave interaction of Shu-Osher and
Titarev-Toro and the interacting blast problems are conducted to further demonstrate
the strong robustness and high-resolution property of the proposed schemes. Finally,
the two-dimensional problems on the 2D version of the shock-density wave interaction,
shock-vortex interaction, two-dimensional Riemann problem, Rayleigh-Taylor instability
and double Mach reflection are simulated. Unless noted otherwise, the CFL number is
set to be 0.5 for all calculations.
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5.1 1D scalar advection equation

1D scalar advection equation is defined by

ur+u,=0, —-1<x<1,
u(x,0)=ug(x), periodic boundary.

51.1 Casel

In the first case, we run the classical test proposed in [6], dubbed the Gaussian-square-
triangle-ellipse test in [9] as its solution contains a Gaussian, a square wave, a triangle
and a semi-ellipse wave. The initial condition is

% [G(x,B,2—6)+4G(x,B8,2) +G(x,B,z+0)], —0.8<x<-0.6,
1, —04<x<-0.2,
up(x) =< 1—[10(x—0.1)], 0.0<x<0.2, (5.1)
%[P(x,zx,a—(?)+4P(x,oc,a)+l—”(x,oc,a—|—3)], 04<x<0.6,
0, otherwise,
with

G(x,B,z)= e*ﬁ(xfz)zl F(x,a,a)= \/max (1 —a2(x —a)Z,O),

and 0 =10, B="22 z=—0.7, a=0.5, §=0.005.

The solutions at t =2 (1 cycle) for N =200,400,800 are plotted in Fig. 5 and Fig. 6.
As shown in Fig. 5, our results are in agreement with those reported by [9], in which it
was indicated that WENO-Z+P gives a slightly higher resolution than WENO-Z+ but it
is also more oscillatory, although the oscillations can hardly be observed without a very
close view. It is worth noting that WENO-IZ+? can successfully remove these oscillations
generated by WENO-Z+8 and preserve very high resolution at the same time. Actually,
as shown in Fig. 5 and Fig. 6, WENO-1Z+8 and WENO-1Z+%, as well as WENO-Z+%,
have better resolution than WENO-JS, WENO-Z and WENO-Z+I in general, while the
difference is not great for short output times. However, if we take a large output time, as
shown in Fig. 7(a) in which the results at t =200 (100 cycles) for N =1600 is presented,
we can see that the resolutions of WENO-1Z+” and WENO-IZ+B are comparable to that
of WENO-Z+” and they are significantly higher than those of WENO-JS, WENO-Z and
WENO-Z+I. Moreover, for a larger output time of t =2000 (1000 cycles) with N =800,
from Fig. 7(b), it can be found that the resolutions of WENO-IZ+* and WENO-IZ+? are
even much better than that of WENO-Z+%. In addition, the oscillations generated by
WENO-Z+? can be observed very easily for both the two above large output times while
WENO-IZ+P can still avoid these oscillations.
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Figure 5: Numerical solutions for the Gaussian-square-triangle-ellipse test at t=2 with N=200. The right figure
gives a zoomed-in view of the square wave.
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Taken together, these results suggest that WENO-IZ+" and WENO-IZ+? can success-
fully avoid spurious oscillations while attaining very high resolutions for problems con-
taining discontinuities for both coarse and refined meshes regardless of the length of
output time. This should be a noticeable contribution of the present study.

5.1.2 Case?2

Next, we compute the widely used test [13,19-21] to demonstrate the competitive ad-
vantage of WENO-IZ+* and WENO-IZ+? on simulating problems containing high-order
critical points for large output times. Its initial condition is as follows

up(x) =sin’ (1x).

Here, the CFL number is set to be Ax?/3. A large output time of ¢ =1000 (500 cycles) and

a coarse uniform mesh size of Ax = 11W is used.

The numerical solutions are plotted in Figs. 8 and 9. Clearly, WENO-IZ+* and WENO-
1Z+8 greatly outperform WENO-Z+” and all other considered schemes with the ex-
ception of WENO-Z+B in terms of resolution. As expected, WENO-Z+B can achieve
a remarkably high resolution due to its low dissipation. However, as indicated in [9],
WENO-Z+8 is very unstable and it suffers from spurious oscillations in most cases, such
as the earlier discussed Gaussian-square-triangle-ellipse test and more one-dimensional
Euler tests demonstrated below. Most importantly, we can observe that the resolutions of
WENO-IZ+* and WENO-IZ+B are comparable to that of WENO-Z+8 on this smooth test
case but they can properly prevent the spurious oscillations on the cases with disconti-
nuities.

5.2 1D Euler equations

The 1D Euler equations in strong conservation form are defined by

P pu
pu | +| pu*+p | =0,
E J, uE+up

where p, u, p, E are the density, velocity, pressure and total energy, respectively. The
following equation of state for an ideal polytropic gas

1
p=(y—1) (E—Zpu2>, r=14,

is supplemented to close the governing equations of one-dimensional Euler system.
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Figure 8: Performance of WENO-I1Z+4, WENO-Z+4, WENO-JS, WENO-Z and WENO-Z+1 for 1 (x)=sin’(x)
at +=1000 with N =200.

5.2.1 Riemann initial value problem of Sod

The initial condition for this standard shock tube problem [38] is given by

(0,10,p) (x,0) = (1.0,0.0,1.0),  x€[0.0,0.5],
u,p)(x, (0.125,0.0,0.1), x€0.5,1.0].

The zero-gradient boundary conditions are used and the calculations are conducted with
t=0.25 and N =300.

The simulated density profiles are shown in Fig. 10. Generally speaking, all the con-
sidered schemes perform well at contact discontinuity and shock. However, closer in-
spection reveals that WENO-Z+” and WENO-Z+8, as well as WENO-Z+], generate ev-
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Figure 9: Performance of WENO-1Z4-8, WENO-Z+8, WENO-JS, WENO-Z and WENO-Z+1 for ug(x)=sin’(x)
at t=1000 with N =200.

ident spurious oscillations. The result of WENO-Z also seems to be oscillatory, albeit in
a smaller scale. It can be seen that WENO-IZ+” and WENO-IZ+8, as well as WENO-JS,
can successfully prevent these spurious oscillations, while the solutions of WENO-IZ+%
and WENO-1Z+8 get closer to the exact solution than that of WENO-JS.

5.2.2 Riemann initial value problem of Lax

For the Lax problem [31], the initial condition is set as

(0.445,0.698,3.528), x€|[—5,0],

7%y ’O =
(0:,p) (x,0) (0.500,0.000,0.571), x€[0,5].
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Figure 11: Numerical solutions of the Lax’s Riemann initial value problem with t=1.3 and N =2300.

The zero-gradient boundary conditions are used and the calculations are conducted with
t=1.3 and N =300.

The simulated density profiles are shown in Fig. 11. As before, close examination
shows that WENO-Z+8 produces unfavorable spurious oscillations while WENO-1Z+B
can successfully remove them. For this test, the other considered schemes can also avoid
spurious oscillations and their performances are nearly the same as that of WENO-IZ+5.
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5.2.3 Shock-density wave interaction of Shu-Osher

For this Mach 3 shock-density wave interaction [27], the initial condition is specified by

(o p) ()= | (F557143,2629369,10333330), —5.0<x< 4,
’u’ x’ -
prtep (1.0-+-0.2sin(5x),0,1), —40<x<50.

The zero-gradient boundary conditions are used and the calculations are conducted with
t=1.8 and N =300.

The simulated density profiles are plotted in Fig. 12 and Fig. 13. The result computed
by WENO-JS with a refined mesh of N=10000 was used as the reference solution. Clearly,
WENO-JS shows the lowest resolution. We can see that the solutions of WENO-1Z+4,
WENO-1Z+8, WENO-Z+4, WENO-Z+B and WENO-Z+I are almost the same, and have
better resolution near shocklets and high-frequency waves behind the main shock than
that of WENO-Z.
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Figure 12: Numerical solutions of the Shu-Osher's shock-density wave interaction with t=1.8 and N =300, for
WENO-I1Z+A.

5.2.4 Shock-density wave interaction of Titarev-Toro
This is a more severe version [28-30] of the previous example. Its computational domain

is initialized by

(1.515695,0.523346,1.805000), x € [—5.0,—4.5],
(o,u,p) (x,0)= .
(1.04-0.1sin(207tx),0,1), xe[—45,5.0].

The zero-gradient boundary conditions are used and the calculations are conducted with
t=>5.0 and N =1500.
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Figure 13: Numerical solutions of the Shu-Osher's shock-density wave interaction with t=1.8 and N =300, for
WENO-1Z+5.

The simulated density profiles are plotted in Fig. 14 and Fig. 15. Also, the result
computed by WENO-JS with a refined mesh of N=10000 was used as the reference solu-
tion. As before, the resolution of WENO-JS is the lowest, followed by that of WENO-Z.
WENO-IZ+% shows good agreement with WENO-Z+1I and its resolution is significantly
higher than those of WENO-Z+4 and WENO-Z+8. Moreover, WENO-IZ+8 shows the
best description near shocklets and high-frequency waves, even slightly better than those
of WENO-I1Z+A and WENO-Z+1. Tt is worthy of note that, as shown in Fig. 15(c), WENO-
Z+B falsely amplifies the smooth waves behind the high-frequency waves while WENO-
1Z+B can properly fix this issue.

5.2.5 Interacting blast wave problem

The initial condition is given by [39]

(1,0,1000), x€[0,0.1),
(o,u,p)(x,00=¢ (1,0,0.01), x€[0.1,09),
(1,0,100), x€[0.9,1.0].

The reflective boundary conditions are used and the calculations are conducted with t =
0.038 and N =300.

The simulated density profiles are plotted in Fig. 16 and Fig. 17. The reference solution
is obtained by WENO-JS with N =10000. Although this problem is much more stringent
than those discussed previously, the new proposed WENO-1Z+* and WENO-1Z+8, as
well as other considered WENO schemes, still work well here. It can be observed that
WENO-IZ+2 and WENO-IZ+B perform as excellently as WENO-Z+", WENO-Z+8 and
WENO-Z, all of which are less dissipative than WENO-JS. WENO-Z+I appears to be
slightly better than all other schemes for this test.
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Figure 14: Numerical solutions of the Titarev-Toro’s shock-density wave interaction with t=5.0 and N =1500,
for WENO-1Z+A.

5.3 2D Euler equations

The 2D Euler equations in strong conservation form are defined by

o gu v

pu | PH +p + PZW _
%4y ouv pv +p

E J, uE+up /. vE+op

Here, v stands for the velocity in the y coordinate direction. Similarly,

p=(r-1) [E- 2ot +)|
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Figure 15: Numerical solutions of the Titarev-Toro's shock-density wave interaction with t=>5.0 and N =1500,
for WENO-1Z+B.

is supplemented to close the governing equations of two-dimensional Euler system. Un-
less otherwise indicated, ¥ =1.4 is used in all tests of this subsection.

5.3.1 2D shock-density wave interaction

Now, we simulate the 2D versions of the Shu-Osher’s and Titarev-Toro’s shock-density
wave interaction discussed earlier. Their initial conditions are given as

(3.857143,2.629369,0,10.333333), x€(=5,—4),
4 4 4 7 /0 - . .
(p "o p)(x y.0) (1.0+0.251n (5xc03%—|—5ysm%),0,0,1>, x€[—4,5),
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Figure 16: Numerical solutions of the interacting blast wave problem with t=0.038 and N =300, for WENO-
1Z4+A.
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Figure 17: Numerical solutions of the interacting blast wave problem with t=0.038 and N =300, for WENO-
1Z+B.

and

(1.515695,0.523346,0,1.805000), x€(—5—45),
151>y 4 /O - . .
(p,1,0,p) (x,9.,0) (1.0+0.1sin (207rxcos = +20mysin = ),0,0,1), x€[-45,5).
6 6
The transmissive boundary conditions are used at the left and right boundaries and the

periodic conditions are used at the top and bottom boundaries.
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Figure 18: Numerical solutions of the 2D Shu-Osher’s shock-density wave interaction with t=1.8 and Ny x N, =
300 % 60.
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Figure 19: Numerical solutions of the 2D shock-density wave interaction of Titarev-Toro with 20 equally spaced
contour lines from 0.9 to 1.65 using Ny X Ny =1500x 300 cells at t=5.0.
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Figure 20: The cross-sectional slices of density plot along the plane y=0.0 for the 2D shock-density wave
interaction of Shu-Osher (the first two rows) and Titarev-Toro (the last two rows). The right figures show a
zoom of the left ones.
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Fig. 18 shows the density contours of the 2D Shu-Osher’s shock-density wave inter-
action with t=1.8 and N, x N, =300 x 60. Fig. 20 gives the cross-sectional slices of density
plot along the plane y =0.0 of WENO-Z+*, WENO-Z+8, WENO-IZ+* and WENO-1Z+5.
For the purpose of comparison, the results of WENO-JS, WENO-Z, WENO-Z+I and re-
fined WENO-IZ+? (reference solution) are also plotted. We can see that WENO-IZ+"
and WENO-IZ+B provide almost comparable results to those of WENO-Z+*, WENO-
Z+B WENO-Z and WENO-Z+I, which perform better than WENO-JS.

Fig. 19 shows the density contours of the 2D Titarev-Toro’s shock-density wave in-
teraction with t =5.0 and N, x N, =1500x300. And also, we plot the density profiles
on the y =0.0 cross-sectional plane as shown in Fig. 20. Like the 1D case, the resolution
of WENO-JS is lowest, followed by WENO-Z. Close examination indicates that WENO-
1Z+* and WENO-1Z+® again perform slightly better than WENO-Z+%, WENO-Z+? and
even WENO-Z+1.

5.3.2 Shock-vortex interaction

The computational domain of the commonly used shock-vortex interaction problem [40-
42] is [0,1] x [0,1] and it is initialized by

(pL+0p,uL+0u,v.+v,pL+dp), x<0.5,
(PR,UR,UR,PR), x>0.5,

(o,u,0,p) (x,y,0) = {

where pLzl, MLZW, v, =0, pLzl, vr=0, pR:1.3 and

pR:pL<7—l—|—(’H—1)PR> uR:uL< 1—pr )
Y+1+(y=1)pr )’ Vr—1+pr(y+1) /)’

2 2
_ L _AYTVc a(1-72) . AX T X a(1-12) _ TPL
bp=——=—0T, Su=é=—>e , dv=—E——¢ , op=—""9T,
SO 2 2 P= (0 —Tjpe

€=0.3,04=0.204,
x.=0.25,y.=0.5,7.=0.05,

r= \/((X_XC)2+ (y—yc)?) /2,
6T = —(7—1)e2e22(1-7) / (4ary).

The transmissive boundary conditions are used for all boundaries and the calculations
are conducted with Ny x N, =800 x 800.

Fig. 21 presents the density contours of the shock-vortex interaction problem com-
puted by WENO-Z, WENO-Z+1, WENO-Z+#, WENO-1Z+*, WENO-Z+? and WENO-
1Z+B at t =0.35. Firstly, it can be seen that all considered schemes can properly capture
the main structure of the complicated flow after the interaction. However, after care-
ful observation, we can find that WENO-Z+I suffers from severe post-shock oscillations
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Figure 21: Numerical solutions of the shock-vortex interaction with 50 equally spaced contour lines from 0.9 to
1.4 using Ny x N, =800 800 cells at t=0.35.

which can also be observed, although not as severe as that of WENO-Z+], in the solu-
tions of WENO-Z, WENO-Z+” and WENO-Z+8. Tt is noticeable that WENO-IZ+* and
WENO-IZ+? can remove or greatly reduce these post-shock oscillations, and this can be
observed more clearly in the cross-sectional slices of density plot along the plane y=0.65
as shown in Fig. 22, in which the reference solution is obtained by using WENO-JS with
Ny x N, =1600 x 1600 uniform meshes.

5.3.3 2D Riemann problem

The 2D Riemann problem has been widely used to test the performance of high-resolution
numerical schemes [44,45] since it was firstly introduced by [43]. Here, we consider Con-
figuration 9 of [44]. Its computational domain of [0,1] x [0,1] is divided into four quad-
rants by lines x=0.5 and y=0.5 and these quadrants are specified by the following initial
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Figure 22: The cross-sectional slices of density plot along the plane y=0.65 for the shock-vortex interaction
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constant states

(1.0,0.0,0.3,1.0), 05<x<10, 05<y<10,

(2.0,0.0,—0.3,1.0), 0.0<x<05, 05<y<10,
(o,1,0,p) (x,,0) =

(1.039,0.0,—0.8133,04), 0.0<x<0.5, 0.0<y<0.5,

(0.5197,0.0,—0.4259,0.4), 05<x<1.0, 0.0<y<0.J5.

On all boundaries, the transmission boundary conditions are used.

Fig. 23 plots the density contours with a spatial resolution N, x N, =800x 800 at t=0.3.
As expected, WENO-IZ+% can considerably reduce the post-shock numerical oscillations
while the other schemes generate evident oscillations. Again, WENO-IZ+P also generates
oscillations. However, it is less oscillatory than WENO-Z+? and its oscillation is only
severer than that of WENO-IZ+" but better than those of all other considered schemes.

5.3.4 Rayleigh-Taylor instability
This is a famous 2D benchmark test [12,20,46,47]. The initial condition is given by

(2,0,—0.025c-cos(87x),2y+1), y<0.5,

At Al 7 IO =

(o,1,0,p) (x,9,0) { (1,0,—0.025¢-cos(87x),y+1.5), y>0.5.

Here, the ratio of specific heats is specified as y=5/3 and ¢ = /yp/p is the speed of
sound. The reflective boundary conditions are used on boundaries x=0,0.25. On bound-
aries y=0,1, the following values are assigned

(2,0,0,1), y=0,

U, Y 4 ’t -



R. Liand W. Zhong / Adv. Appl. Math. Mech., 17 (2025), pp. 31-68 63

Figure 23: Numerical solutions of the 2D Riemann problem using Ny x Ny =800 x 800 cells at t=0.3. The last
two columns show a zoom over the regions with severe post-shock oscillations.

The density contours with a spatial resolution Ny x Nj, =240 x 960 at t=1.98 are shown
in Fig. 24. Clearly, the WENO-IZ+”* and WENO-IZ+® obtain more complex structures
than WENO-JS and WENO-Z. WENO-Z+”, WENO-Z+8 and WENO-Z+I also produce

finer structures.

5.3.5 Double Mach reflection

The computational domain of the double Mach reflection problem [39] is specified by

(8.0,8.25c0s6,—8.255in6,116.5), x <xo+ =,

V3

Y
1.4,0.0,0.0,1.0), x>xo+—~,
( ) 0 \@

(0,u,0,p) (x,y,0) =
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Figure 24: Numerical solutions of the Rayleigh-Taylor instability with t=1.98 and Ny X Ny =240 x 960.

with xg=% and 6= Z. At the right edge, the zero-gradient outflow condition is utilized.
At the left edge, the boundary is assigned with the post-shock values as given above,
and the region over [0,7) along the bottom boundary is also always assigned with these
post-shock values. The region over [£,4] is a reflecting wall. Aty =1, the top boundary
of this problem is set to describe the exact motion of the Mach 10 shock and it is given as
follows

7T 7T
8.0,8.25c0s —,—8.25sin—,116.5 |, x€[0,s(t)),
o) y— | (B0825cesT 82551165 ), x<[os()
(1.4,0.0,0.0,1.0), xels(t),4],

where s(t) =1+ 1%‘”. The simulations are performed on the computational domain dis-

cretized into N, x Ny =2000 x 500 uniform cells till £ =0.2.

Fig. 25 plots the density contours, and it indicates that all considered schemes perform
well in general. Again, careful inspection of Fig. 25 shows that WENO-IZ+* and WENO-
1Z+B can reduce the numerical oscillations which are evidently observed in the results of
WENO-Z+* and WENO-Z+8, albeit not very thoroughly.

Remark 5.1. We can conclude that WENO-1Z+* and WENO-IZ+? outperform WENO-
Z+" and WENO-Z+P respectively. Moreover, it can be seen that WENO-IZ+? has indeed
less dissipation and more resolution than WENO-IZ+* in most tests (as shown in Table
1 and Figs. 5-7), and however, WENO-IZ+8B is also more oscillatory in some tests (see
Fig. 23). Therefore, in the situations of flows with complicated fine smooth structures,
WENO-IZ+B should be recommended. On the other hand, in the situations of flows with
shocks or strong discontinuities, WENO-IZ+* should be recommended.
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Figure 25: Numerical solutions of the DMR problem with t=0.2 and Ny X N, =2000 x 500.

6 Conclusions

This study has found that the over-amplifications of the nonlinear weights with respect to
the nonsmooth or less-smooth substencils prevent the WENO-Z+ schemes from improv-
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ing the resolution and preserving the stability. This is the crucial cause of the issue that
the WENO-Z+ schemes have very low resolutions in solving 1D scalar advection prob-
lems containing high-order critical points with large output times and generate spurious
oscillations on simulating problems with discontinuities or shocks, such as the Gaussian-
square-triangle-ellipse linear test and the shock-tube problems. Inspired by this knowl-
edge, we propose a method of modifying the additional term in the WENO-Z+ weights
formula to avoid the over-amplifications of the nonlinear weights with respect to the
nonsmooth or less-smooth substencils. The resultant scheme is named WENO-IZ+. Ex-
tensive numerical tests demonstrate that the performance of WENO-IZ+ is greatly im-
proved in broad aspects. Firstly, the new schemes can successfully remove spurious os-
cillations in solving problems with discontinuities while maintaining good convergence
properties in smooth regions. Secondly, they are able to achieve comparable or even
better results than WENO-JS, WENO-Z, WENO-Z+ and WENO-Z+I at problems with
high-frequency smooth waves like the shock-density wave interaction of Shu-Osher and
Titarev-Toro. Thirdly, they can significantly improve the resolutions for long-run calcu-
lations of problems with discontinuities or high-order critical points. The performance
of the WENO-IZ+ schemes on simulating 2D problems modeled via Euler equations has
also been examined and it was illustrated that these proposed WENO schemes perform
better than many other WENO schemes and they can eliminate or greatly decrease the
post-shock oscillations.
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