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Abstract. In this paper, we propose a nonconvex and nonsmooth model for image
restoration with Cauchy noise removal. The regularization term is composed of a
nonconvex Lipschitz potential function with first-order derivatives of an image, while
the data fidelity term is introduced based on the maximum a posteriori estimator to
Cauchy distribution. To handle the nonconvexity of regularizers, we adopt the proxi-
mal linearization technique to convert the original nonconvex model to a series of con-
vex models, which can be easily implemented by alternating direction method with
multipliers. Based on the Kurdyka-Lojasiewicz property, we can verify the global con-
vergence of the proposed algorithm by using an abstract convergence framework. Nu-
merical experiments and comparisons indicate that our method obtains good restora-
tions and is effective for better preserving edges.
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1 Introduction

In image processing, images are unavoidable to be degraded by blur and noise because of
the limitation of imaging devices. Except for the common Gaussian noise [11,29,35,37],
Cauchy noise is another important type of additive noise appeared in wireless communi-
cation systems, biomedical images and synthetic aperture radar images [21,30,42]. In this
paper, we focus on designing a nonconvex nonsmooth restoration model with globally
convergent algorithm for deblurring images under Cauchy noise.

Without loss of generality, we rearrange an n X n image U into a vector u€IR"™. Assume
that f € R™ is an observed image degraded from the true image u € R™ with blur and
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(a) Noise free signal (b) Signal with Gaussian noise (c) Signal with Cauchy noise

Figure 1: A 1D signal degraded by the Gaussian noise with mean 0 and variance 0.02 and the Cauchy noise
with ¢=0.02.

Cauchy noise. Usually, the probability density function (PDF) of the Cauchy distribution
is written as
1 9

p(x):;(fz—i—(x—é)z’

where ¢ >0and é€IR are called the scale and localization parameters. The scale parameter
determines the spread of the distribution around J, while the localization parameter cor-
responds to the median of the distribution as discussed in [30]. In this paper, we consider
0 =0. From [30,31], the Cauchy noise can be obtained from the ratio of two indepen-
dent on Gaussian variables, and thus images corrupted by blur and Cauchy noise can be
modeled as

f=Hu+g,
12

where H=hy,hy,---,hy] is a linear blur matrix, ¢ >0 denotes the noise level, 71 and 7, are
independent random variables following Gaussian distribution with mean 0 and varia-
tion 1. Some recent papers [21, 30, 31,42] indicate that the Cauchy distribution has the
heavy tails characteristic, which leads to noisy images having a greater probability to in-
clude outliers than that degraded by the Gaussian distribution. In Fig. 1, we show a sim-
ple example where a 1D signal is respectively corrupted by Gaussian noise and Cauchy
noise. It is clear that the noisy signal degraded by Cauchy noise is impulsive. Interested
readers can refer to more details about the differences between Gaussian, impulsive and
Cauchy noise in [21, 30,31, 42].

A widely studied restoration method is based on variational regularization technique.
One of the most popular variational models is ROF model [29] for Gaussian noise re-
moval, where the total variation (TV) regularization term is the ¢; norm of image gradi-
ent. Based on TV regularization, Sciacchitano et al. [30] introduced a variational model
for recovering images degraded by Cauchy noise and blur as

)4
'f/D f/le—2, .
. Q! u|+2 Qogw +(Hu—f)*) (1.1)
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where BV (Q)) is the space of functions of bounded variation, [,|Du| is the TV term,
Jolog(v?+ (Hu—f)?) is the data fidelity term and « is a positive model parameter. To
get a strictly convex model, the authors in [30] added a quadratic penalty term to the
nonconvex data fidelity term

cint [ 1Dul+ 5 (| 108+ (Hu—7) [ Hu-1n]?), 12
where ug is the result restored by the median filter and 82 > 1. Since (1.2) is con-
vex, it can be solved by many efficient algorithms which are irrespective of the initial
condition. Under this idea, [12,42] adopted other convex regularization terms with
the convex data fidelity term to recover blurred images with Cauchy noise. For exam-
ple, [42] proposed an adaptive model combining TV and high-order TV regularizations
to reduce staircase artifacts. By using the alternating direction method with multipli-
ers (ADMM), [21] introduced a globally convergent algorithm to solve the nonconvex
model (1.1). However, its solution strongly depends on initializations and the solving
scheme [42]. Later, [1,16,17,20] presented different variational models with the non-
convex data fidelity term in (1.1) for Cauchy noise removal, and also used the nonconvex
ADMM to obtain restorations. Similarly, these algorithms are dependent on the initializa-
tions. Moreover, other techniques [7,19,31,39,41,45], such as nonlocal myriad filters [19]
and nonlinear diffusion equation [31], have been proposed to restore images corrupted
by Cauchy noise. However, the high-order and nonlocal models are somewhat compli-
cated to implement and time-consuming.

Instead of convex regularization models for image restoration, some studies [5,9,13,
15,23-25,38,40,44] have shown that nonconvex and nonsmooth potential functions com-
posed of image gradient can enhance the gradient sparsity and produce neat edges with
better contrast preservation. A great challenge is to design efficient numerical algorithms
because of the nonsmooth of nonconvex gradient regularization. A widely used idea is
to adopt smoothing approximation strategies [5, 8,9, 15,32] to convert nonsmooth terms
into smooth forms, where the smoothed model can be solved by some classic optimiza-
tion methods. Iterative reweighted ¢; or ¢, [10, 18] is another type of smoothing tech-
niques to yield smoothed problems. Recently, iterative support shrinking algorithms
were introduced [13, 14, 33,34, 43] for handling nonconvex and non-Lipschitz restoration
models. They put constraints on the support set of the gradient of images to remove
nonsmooth points of the objective function, and then used the proximal linearization to
change the original nonconvex model into a series of constrained convex models. As
far as we know, most of nonconvex models with algorithms were designed to eliminate
Gaussian noise [9, 13, 26,34, 43]. It is necessary to explore new nonconvex nonsmooth
methods to recover images from blurred images with Cauchy noise.

In this paper, we propose a nonconvex and nonsmooth regularization model for im-
age restoration with Cauchy noise removal. It consists of a nonconvex potential function
with first-order gradients of an image as the regularization term and the second term
of (1.2) as the data fidelity term. A proximal linearization technique in [13] is adopted
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to handle nonconvex Lipschitz regularizers, where the converted convex models can be
easily solved by ADMM. Under an abstract convergence framework with the Kurdyka-
Lojasiewicz property, the global convergence of the proposed algorithm is proved. Ex-
perimental results show that our method obtains good restorations and outperforms the
TV based regularization model.

The paper is organized as follows. In Section 2, we present some basic notations, our
model and the corresponding numerical algorithm. Section 3 gives the global conver-
gence analyses. In Section 4, numerical experiments and comparisons are shown. At last,
we conclude the paper in Section 5.

2 The proposed model and numerical algorithm

2.1 Basic notation

We first give the discrete difference operators of a grayscale image, which is represented
as an n x n matrix. Denote J={(iy,iy):1<iy,i,<n}. For UcR"*", the first-order difference
operators at a pixel (iy,i,) are given as follows:

n Ui i+1— Ui, 1<i,<n-1,
(DyU)i i, = .
uix,l - uix,n/ ly =n,
(D) Ui +1,i, — Ui i, 1<ix<n-—1,
iy =
Y Y ul,iy - un,iy/ Ix=n,

where D} and D;r denote forward difference operators with periodic boundary condi-
tion.

When an image U € R"*" is reformulated into a vector u € R" (m=n?), the index set
of all elements of u is denoted by ] ={1,2,---,m}. There is a one-to-one correspondence
between ] and J, i.e., ] =]: i (iy,iy), where

Iy = HJ +1, iy=mod(i,n), mod(i,n)#0,

. ) .

= iy=n, mod(i,n) =0.
Define the discrete gradient operator d; as d; = (df,dly ) T €R2*™ where d;‘,dly e RY™™ and
dfu = (D U) diyu = (D;'u)ix,iy- Let D = (dl,dz,---,dm)T € RZ™*M be the first-order

matrix. The Euclidean norm is denoted as ||-||.
Moreover, the definitions of d, d are given as follows.

iy

Definition 2.1 (Subdifferentials [28]). Let h:IR" — (—o0,+00] be a proper and lower semicon-
tinuous function. For a point x € dom h,
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1. the regular subdifferential of h at x is defined as

an(x) = {we]R”:lim ing M) Zh() —{wz=x) zo},
ZEXZX ||Z—XH

where z is a point near x but different from x.

2. the limiting subdifferential of h at x is defined as

oh(x) ={weR":In* = x,h(x*) = h(x) and w*edh(x)—w as k— oo}

Remark 2.1. (a) For each x € dom h, we have dh(x) C dh(x). If h is differentiable at x,
then

oh(x)=0h(x)={Vh(x)}.
(b) A point x € R™ is called a critical point if 0 € 9h(x).

2.2 Nonconvex model

To remove blur and Cauchy noise, we propose the following nonconvex and nonsmooth
model

P) minF) = Lol +5 (Gogtr + (Hu—,0) +ulHu=ml?),  @1)

m
uelR icl

where ||d;ul| = \/ (d*u)2+(d/u)?, ¢(t) is a nonconvex potential function, the logarith-
mic function log is pixel-by-pixel, uy is the pre-denoising result of the median filter,
1=(1,1,---,1)T € R™, u is a positive penalty parameter and a is a positive model pa-
rameter. In the proposed model, the first nonconvex and nonsmooth term composed of
first-order derivatives can preserve important structures of u, while the second term with
a quadratic penalty is the data fitting term to ensure the convexity under 8% > 1.

For the potential function ¢(t) and the proposed model (2.1), some basic assumptions
are listed below.

Assumption 2.1. (a) ¢(t):[0,+0c0)—[0,40) is concave and coercive, and ¢(0) =0.
(b) ¢(t)is Clon [0,+00), ¢'(t)] [0,+00) >0 and ¢(t) is L-Lipschitz gradient continuous.
(c) The minimizer of (P) always exists.

In the image processing, the nonconvex Lipschitz potential function ¢(f) satisfying
Assumption 2.1 may be In(1+at) (a>0) and (t+€)? (0<p<1 and €>0) as that in [9,13,25].
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Algorithm 2.1 IIAPL: Inexact iterative algorithm with a proximal linearization for (2.1).

1. Input &, H, f,p > 0. Initialize u’ = f.

1

2. For eachk=0,1,---, compute ukt1 as an approximation solution of

min () =Y ¢/ (dini ) | diael| + & flu—u|

uclR™ ic]
[
+5 (og(r+ (Hu— )1}l ol ?),

with a ™81 € 9Hy (u**1) satisfying

I, (0<ny<1).

HTk—&-lH < %Huk—&-l_

u

2.3 Numerical algorithm

Since the ¢(||d;u||) is nonconvex and nonsmooth with respect to u, it is usually difficult
to solve. Here, we adopt the linearization technique to handle it. Given u, ¢(||d;ul|) is
linearized at ||d;u*|| by the first order Taylor approximation, and then we compute 1+
by solving

(Fe)  min Fe(u):=)_¢'(ldiu"|)lld;u] +% ((log(v*+ (Hu—£)?),1) + || Hu—uol|?)..

m
uelR ic]

For the optimization problem (Fi), we solve an inexact solution of it. Together with the
proximal strategy, we propose the following algorithm.

For the inner optimization problem, we adopt ADMM [27, 35, 37] to handle it due to
its good separable structure and strong convexity. Firstly, auxiliary variables p and v are
introduced

pi=diu for Vie],
v=Hu.

Consequently, #¥*1 is solved by the following minimization

. (14
min Y (sl § = P+ 5 (Gog(r+ (o= A1) o] ), @222
T deg]
st. pi=du, Vie], (2.2b)

v=Hu. (2.2¢0)
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Algorithm 2.2 ADMM: the alternating direction method of multipliers for solving u**1.

Step 0. Input u¥, o, A, A, r1, 12
Initialize u%9 =uk, pk'o =0, 00 =0, A0 =0, Ak0 =0.

Step 1. Fort=0,1,2,---, compute

r le’t+1 c argming(M,Pk't,vk't})\k't,}\k't); (23a)
u
(P oM € argmin £ (ubH L, p,o; AR AR, (2.3b)
po
/\i‘c,t-i-l _ /\;c,t +r (diuk’t+l . pif,t—i-l )/ Vie ],. (2.3C)
ARt = Yot ) (HyRAT — ght 41, (2.3d)

Step 2. If a termination criterion is not met, then go to Step 1. Otherwise, uf*1 =ut+1,

The augmented Lagrangian functional for this optimization problem (2.2) writes

2(u,p,0:0 1) =10 (1dinl ) il + & llu— ]
ief

14

5 ((og(2+ (0= PR 1)+ o=l ) + Kot —p)

ic]

_|_

r ~ r
5 Llldiu—pill*+ (A, Hu—o) + 2| Hu—o|°,

i€

where A, A are Lagrange multipliers, and 1, r; are positive constants. The corresponding
ADMM procedure is given as follows.
We now deal with each subproblem in the above ADMM.

e The u-subproblem (2.3a):

u

as Eargmin{Z()\f’t,diu)—kgZHdiu—pf'tHz—kgHu—uk||2

ie] ie]
(AR Hu) + %2 | Hu— o Hz}.
The optimality condition for this least squares problem yields the following linear equa-

tion
(riD*D+r,H*"H+pl)u=D" (rlpk't —Ak’t> +ouk+H* (rzz)k't —;\k't> , (2.4)

where D* and H* are conjugate matrices of D and H. When we consider the periodic
boundary condition in difference operators as shown in basic notation part, D*D and
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H*H of (2.4) are all block circulant matrices which can be efficiently computed by the
fast Fourier transform (FFT) as in [1,16,35,37,42]. Alternatively, the Neumann boundary
condition is always used in difference operators [4,22]. Together with the symmetric
blurring kernel function, D*D and H*H are block Toeplitz-plus-Hankel matrices and the
linear equation (2.4) can be solved by 2D discrete cosine transforms as that in [22]. In this
paper, we conduct numerical experiments using the periodic boundary condition.

e The (p,v)-subproblem (2.3b): This problem is actually separable, where p, v can be
computed parallel. In particular, p is calculated by
AR |12
pi— <diuk’t+l+l> }1

. T
pk,mEargm;n{zwndiuku)||pz~||+;Z

ie] ic] r
whose solution pf’tﬂ is
e A 'l )
pit ! =shrink | dpMH 420 T vieg], (2.5)
5} 5}
with .
shrink(a,b) = w*max(“a” —b,0).
The v is computed by
. [
o4 cargmin{ 3 (llog (2 + (o 1)1) o= m )
Tkt 2 kt+1 . q2
+(A ,v>+2|\Hu o||” p.
Let

14 ~ 4]
6(0)=3 (gl + (o £12), 1)+l sl )+ (14,0) + 2 [ Hu 1 o]
Similar to [21,30], v is obtained by Newton’s mehtod

G/ (Uk’t)
kt+1 _  kt
v =0 G (o1’ (2.6)

where G’ and G” are the gradient and Hessian matrices of G.

3 Convergence analysis

According to an abstract convergence result for descent methods in nonconvex analy-
ses [3], we can prove the global convergence of {1} in the proposed IIAPL for our
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nonconvex Lipschitz model. The main goal is to verify a sufficient decrease property
and a relative error tolerance property of the subdifferential when the objective function
satisfies the Kurdyka-Lojasiewicz (KL) property. Firstly, we give the definition of the
Kurdyka-Lojasiewicz (KL) property.

Definition 3.1 (Kurdyka-Lojasiewicz (KL) property [2]). The function h:R" — (—00,+o0]
is said to have the Kurdyka-Eojasiewicz property at X € dom oh:={x € R":0h(x) £ D} if there
exist 7y € (0,400}, a neighborhood U of X, and a continuous concave function ¢ € ®.,, where .,
stands for a class of function ¢:

(i) ¢:[0,77) — (0,400] and ¢(0) =0;
(ii) ¢ is continuous differentiable on (0,7);
(iii) forall s€(0,7), ¢'(s)>0;

(iv) forall xe UN{x € R":h(X) <h(x) <h(X)+}, the Kurdyka-Lojasiewicz (KL) inequality
holds:

¢' (h(x)—h(x))dist(0,0h(x)) >1,
where dist(0,0h(x)) =inf{||w||:we€oh(x))}.
If h satisfies the KL property at each point of dom 0oh, h is called a KL function.

Many KL functions have been used in practice applications [3, 6,21, 43] such as real
polynomial functions, logistic loss function, and indicator function of the positive semidef-
inite cone.

Secondly, the sufficient decrease property of the objective function is given in the
following proposition.

Proposition 3.1 (Sufficient decrease property). {F(u*)} is a nonincreasing sequence and sat-

isfies

NI

(1—) || —u* | <F(u*) - F(u**1), vk>o0. (3.1)
Moreover, the sequence {u*} satisfies
k+1

lim ||u uk||=0.
k—o0

Proof. Since ¢(t) is a concave function, we have

olldiul)) < @lldiu ) +¢' () (Idinel] = | dius*])), Vie]. (3.2)
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Then,
P(uk+1)+g‘|uk+l_uk”2
=Y (a1 )+ Ll |
ie]
14
+5 (g + (Hu 1 1)1+ il o 2
<Y (it )+ (i ) (diad | = diae () )+ a1 =2
ieJ
14
+5 (g + (Hut 1 £12)1)-4 il o 2
=H () + 1 (@ (ldik]]) — ¢/ (i) i)

ief

<Hy () — (T ) Y (i) — ' (i) 1w

ie]
:F(uk) . <Tk+1,uk— uk+1>

<)+ 2L 1|, (33)

where the first equality is from (3.2) and the second equality is based on the convex-
ity of Hy(u). Obviously, (3.3) implies (3.1). Moreover, because the sequence {F(u*)} is
bounded, and thus {F(u*)} is convergent. This also indicates limy_,, [|u**!1 —u¥||=0. O

Next, we show the relative error property of the subdifferential of F(u) in (2.1).

Proposition 3.2 (Relative error property). Suppose that F(u) is the objective function in the
model (2.1) and {u*} is the generated sequence by ITAPL. Then, there exists a 91 € 9F (u}+1)
such that

|95+ < (}:Lud |!2+p+p'7> [ — k|, (3.4)

ief
where L is the Lipschitz gradient constant of ¢(t) defined in Assumption 2.1(b), and p,  are two
constants defined in the proposed IIAPL algorithm.
Proof. From [28, Exercise 8.8], [28, Corollary 10.9] and [13, Proposition 4] that

OF(u 1) =) ¢' (|l din* 1 ||) (d;) "sign(d;u*")

ie]

T k+1_
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where

diukJrl
sign(d;u*t1) = |kt
LT <1, BT R, d ) =0

i1 0,

Moreover, TFt1 € 9Hj (1) in our algorithm ITAPL gives

k+1€aH k+1 Zgo \dukH ) Slgl‘l(d k+1)+p( k+1 uk)

ie]

T k+1 _
o (g )

Assume that there exists a tf“ € R? with || Li-(—H || <1 in the above equality such that

) diu
= Y o' (ldk )T+ Y ¢ IIdukH)WJrP(uk“—uk)

160k+1 ZGQ/H»I

HT Huk+l_
M(72+((Huk+1—?)2HHT(HukH_”O))’

(3.6)

where Qf "' ={i€J:||d;u**1||=0} and QX ={i€J:||du*"1|| #£0}. Similarly, in (3.5), there

exists a 91 € 9F (uF*+1) with the above /£ € R? with [|/£1|| <1 such that

o+l — (Ild; k+1 T k+1 (Ild: k+1 (d )d“kH
Yo @l (d) 5 4 Y @' ([[di H)id =
Q! Qi | djuk 1|

T(Hyu k1 —
o (o gy ).

Combining (3.6) and (3.7) implies

== N (@' (ldi™ ) — 9" (Il ) (i) T+

1
icQft!

(3.7)

o o (T R P L e R

160k+1
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Then, we get

R - N G Tt VLU E R DI P

ieQktt
K gy il i) 1k
I (R I e e e R
ieQk+t i
k k k k k k
<Y LIPS Y LY P |
iEQSJrl itelc+l
= (ZL||diH2+p> ot =),
ic]
where the second inequality is from Assumption 2.1(b). Together with
HT"HHS%Hukﬂ—ukll

in our algorithm ITAPL, we have *+! € 9F (u*+1) satisfying

[ <[+ (ZLHdi\IZJrP) ot =]

ic]
< (ZLI\di||2+P+M> [an ]
: 2
ief
This completes the proof. O
The global convergence of {u*} is given as follows.

Theorem 3.1 (Global convergence). Suppose that the objective function F(u) in (2.1) satisfies
the KL property. Let {u} be a sequence generated by ITAPL. Then {u*} converges to a critical
point u* of the original function F(u).

Proof. Since F(u) is coercive and the sequence {F(u*)} is bounded from Proposition 3.1,
{u*} is bounded. Then, there exists a convergent subsequence {u"1} such that {u%} — i
and {F(u%)}—F(ii) as j—oco. Combining (3.1), (3.4) and by [3, Theorem 2.9], the sequence
{u¥} converges to u* =i, which implies that u* is a critical point of F(u). O

4 Experimental results

In this section, we mainly investigate the performance of our first-order nonconvex reg-
ularization model with the proposed algorithm compared to the Median filter, the first-
order convex TV method [30] and the nonconvex regularization with the nonconvex fi-
delity term model [1] for deblurring images under Cauchy moise. For simplicity, the
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(a) Circle (200 x 200) (b) NCAT (256 x 256) (c) Shepp-Logan (128 x 128)

(d) Cameraman (256 x 256) (e) Parrot (256 x 256) (f) Books (704 x 576)

Figure 2: Test images.

models in [30] and [1] are respectively denoted as TV and NN. All numerical experiments
are conducted using Windows 10 and MATLAB R2019b on a desktop with the Intel i5-
10400f processor at 4.3GHz and 16G RAM. Except for the visual quality evaluation, we
also use the peak signal-to-noise ratio (PSNR) and the structural similarity (SSIM) [36] as
two quantitative indexes.

Fig. 2 shows six test images, where pixel values of images are all scaled to the inter-
val [0,1]. Four types of blurring kernels are tested: type 1 (fspecial ("average’,9)), type
2 (fspecial (‘'motion’,15,30)), type 3 (fspecial (‘gaussian’,[9,9],10)) and type 4 (fspecial
('disk’,4)). In all experiments, we generate the blurred images with Cauchy noise by
using the following degradation

f=Hu+zL,
12

where H is a linear blur matrix, ¢ >0 denotes the noise level, #; and 7, are independent

random variables following Gaussian distribution with mean 0 and variation 1.

kt+1_ kit
In ITAPL, there are two loops. The inner loop is terminated when % <1074

or the number of inner iterations exceeds 20, while the termination criterion in the outer
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oo [F@)—F(ub)| -5 : :
loop is FGED < 107°. For the compared TV [30], we implement it by ADMM and
use the same stopping condition [E@ ) —FuO] 105, For the NN method [1], we use

F(uk+1
the code from the authors and four p‘al(‘amgz‘ters A&, p1, 1o are tuned as that in [1]. In our
model, the nonconvex potential function ¢(t) =In(1+at) is adopted, algorithm param-
eters are simply set as 11 =10, r, =10, p = 10~%, and a,a are tuned to get the best PSNR
values. For a fair comparison, we similarly let r; =10, , =10, and choose the best param-
eter & in TV method. Moreover, to satisfy the convexity condition, all experiments are
conducted under 8;172 =1 as that in [30].

Fig. 3 shows different restorations by four methods for six test images which are cor-
rupted by type 1 (fspecial ("average’,9)) blurring kernel and Cauchy noise with ¢ =0.02.
One can see that the Median filter can remove most noises but has little effect on the blur.
In contrast, other three methods are able to eliminate both noises and blur. However,
our method can produce neater edges than TV [30] and NN [1] from the first and second
rows in Fig. 3. Moreover, one can found that our model with the proposed algorithm is
more suitable to remove blur and noise from images with more piecewise constant re-
gions and higher contrasts. More restorations are presented in Figs. 4 and 5 when all test
images are corrupted by type 2 (fspecial (‘'motion’,15,30)) and type 4 (fspecial("disk’,4))
blurring kernels and Cauchy noise with ¢ =0.02. Figs. 6 and 7 give restored results by
different methods for all test images corrupted by two different blurs and Cauchy noise
with ¢ =0.04. Similar phenomena can be observed as above, where our method yields
more flat piecewise constant regions and neater edges because of the nonconvexity of
regularization term in the proposed model. Tables 1 and 2 list more results on the PSNR,
SSIM values and the computation time in seconds by different methods for images with
different blurring kernels and Cauchy noise, where the best results are shown in bold. Al-
though the running time of our method is a bit longer than Median filter and TV because
of two loops in IIAPL, it achieves the best PSNR values on average.

Fig. 8 shows both F(u¥) and ||u*+! —u*|| versus the outer iteration number for “NCAT”
and “Cameraman” under type 2 (fspecial (‘'motion’,15,30)) blurring kernel and Cauchy
noise with ¢ =0.02. One can easily observe that the objective values and the iterative
errors are decreasing as the iteration number increases. Except for the theoretical con-
vergent result in Theorem 3.1, Fig. 8 verifies the convergence of our algorithm from the
numerical viewpoint. To further observe the objective values of Hy(u*!) versus the last
inner iteration number for “NCAT” and “Cameraman” in Fig. 8, Fig. 9 gives the curves.
In the two cases, the inner iterations are terminated when the number of inner iterations
exceeds 20. Since the solution of the v-subproblem in ADMM for solving the inner opti-
mization problem is inexact, the objective values increases a little from the first iteration
to the second iteration. However, it decreases after 2 iterations.

Moreover, some experimental results are presented for removing Cauchy noise only.
Here, two recent methods [17,31] are compared, where [31] utilized the nonlinear diffu-
sion equations and [17] adopted the weighted nuclear norm minimization strategy based
on the nonlocal similarity of images. For simplicity, we respectively denote the mod-
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Figure 3: The first column: observed images corrupted by type 1 (fspecial ("average’,9)) blurring kernel and
Cauchy noise with {=0.02. From the second column to the fifth column: restored images by Median filter, TV,
NN and our method. PSNR values are also listed.
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Figure 4: The first column: observed images corrupted by type 2 (fspecial ('motion’,15,30)) blurring kernel
and Cauchy noise with {=0.02. From the second column to the fifth column: restored images by Median filter,
TV, NN and our method. PSNR values are also listed.
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Figure 5: The first column: observed images corrupted by type 4 (fspecial(’disk’,4)) blurring kernel and Cauchy
noise with §=0.02. From the second column to the fifth column: restored images by Median filter, TV, NN

and our method. PSNR values are also listed.
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Figure 6: The first column: observed images corrupted by type 1 (fspecial ("average’,9)) blurring kernel and
Cauchy noise with {=0.04. From the second column to the fifth column: restored images by Median filter, TV,
NN and our method. PSNR values are also listed.
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Figure 7: The first column: observed images corrupted by type 3 (fspecial ('gaussian’,[9,9],10)) blurring kernel
and Cauchy noise with {=0.04. From the second column to the fifth column: restored images by Median filter,
TV, NN and our method. PSNR values are also listed.
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Figure 8: F(uX) and ||[uft! —uk|| versus the outer iteration number for “NCAT” and “Cameraman” corrupted
by type 2 (fspecial ('motion’,15,30)) blurring kernel and Cauchy noise with & =0.02.
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Figure 9: Hy(u*') versus the last inner iteration number for “NCAT"” (left) and “Cameraman” (right) corrupted
by type 2 (fspecial ('motion’,15,30)) blurring kernel and Cauchy noise with ¢ =0.02.
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Table 1: PSNR, SSIM and Time using different methods for images corrupted by four blurring kernels and
Cauchy noise with {=0.02.

Blur Image Median filter TV NN Our
type & PSNR/SSIM/Time | PSNR/SSIM/Time | PSNR/SSIM/Time | PSNR/SSIM/Time
Circle 25.95/0.6804/0.03 30.84/0.8883/0.12 29.48/0.9071/2.33 33.32/0.9421/0.50
NCAT 22.16/0.6648/0.03 27.29/0.8709/0.19 27.31/0.9234/7.03 28.52/0.9174/0.65
Shepp-Logan | 16.35/0.5382/0.03 18.53/0.6360/0.10 | 20.06/0.8315/12.81 | 18.95/0.6025/0.22
average | Cameraman | 20.65/0.5615/0.03 | 22.90/0.6852/0.20 | 23.56/0.7294/3.64 | 23.22/0.7008/0.66
Parrot 19.37/0.5887/0.03 21.91/0.6879/0.22 23.12/0.7375/11.13 22.27/0.7006/0.63
Books 21.57/0.6125/0.04 23.58/0.7350/1.53 | 25.00/0.7900/17.23 | 24.05/0.7356/6.04
Circle 25.47/0.6707/0.03 31.20/0.9113/0.11 29.79/0.9047/1.52 33.38/0.9432/0.46
NCAT 21.39/0.6569/0.03 27.58/0.8511/0.20 28.14/0.8882/6.03 30.01/0.9240/0.84
Shepp-Logan | 16.34/0.5212/0.03 19.50/0.3775/0.13 | 21.54/0.8670/12.27 | 20.48/0.6747/0.27
motion Cameraman 20.19/0.5613/0.03 22.37/0.6924/0.18 23.82/0.6959/4.96 23.35/0.6922/0.63
Parrot 19.45/0.5986/0.03 22.83/0.7148/0.21 23.99/0.7379/6.28 23.11/0.7153/0.61
Books 21.18/0.5406/0.05 23.58/0.7112/1.73 24.76/0.7283/18.47 23.91/0.7086/1.43
Circle 29.81/0.8006/0.03 33.40/0.9311/0.10 31.62/0.9356/1.99 35.37/0.9575/0.49
NCAT 26.66/0.7783/0.03 30.62/0.9041/0.19 30.06/0.9243/4.88 33.57/0.9441/0.85
Shepp-Logan 20.15/0.7342/0.04 23.56/0.7394/0.10 26.19/0.9145/7.55 24.17/0.7933/0.23
gaussian | Cameraman 24.47/0.7355/0.03 26.26/0.7934/0.22 26.86/0.8118/2.08 26.38/0.7867/0.66
Parrot 24.50/0.7795/0.03 26.98/0.8223/0.20 27.47/0.8404/2.78 27.08/0.8213/0.67
Books 25.39/0.7926/0.04 27.32/0.8305/1.65 28.80/0.8702/15.37 27.56/0.8240/5.80
Circle 26.86/0.7165/0.03 31.50/0.9226/0.13 29.80/0.9086/1.39 33.65/0.9440/0.48
NCAT 23.21/0.6988/0.03 27.48/0.8897/0.14 | 27.77/0.9152/10.82 | 29.82/0.9311/0.84
Shepp-Logan 16.97/0.5874/0.03 19.03/0.6128/0.09 20.50/0.8543/17.31 19.59/0.6327/0.70
disk Cameraman 21.50/0.6030/0.03 23.44/0.7106/0.20 24.09/0.7390/4.08 23.72/0.7145/0.64
Parrot 20.56/0.6410/0.03 23.06/0.7281/0.20 24.21/0.7606/9.65 23.47/0.7352/0.67
Books 22.38/0.6621/0.04 23.84/0.7397/1.69 24.95/0.7751/19.26 24.12/0.7484/5.82
Average values 22.19/0.6552/0.03 25.36/0.7661/0.41 25.95/0.8300/8.37 26.38/0.7954/1.46

els in [31] and [17] as NDE and WNNM. As discussed in [31], two parameters « and ¢
of NDE are adjusted to obtain the best denoising performance, while all parameters of
WNNM are fixed except for A in [17]. In our method, we still use the nonconvex po-
tential function ¢(t) =In(1+at), fix algorithm parameters r; =10, r, =10, p=10"* and
tune «, a. Figs. 10 and 11 illustrate the denoising results for test images corrupted by
Cauchy noise with ¢ =0.02 and ¢ =0.04. Although the WNNM gets better restorations
because of nonlocal similarity in most cases, our model with the proposed algorithm is
able to achieve good performance with the least computation time among all compared
methods as shown in Table 3.

5 Conclusions

In this paper, we introduced a nonconvex and nonsmooth model for blurred image restora-
tion under Cauchy noise. It had the advantages of nonconvex Lipschitz regularization
for preserving edges, as well as the data fidelity term for removing Cauchy noise. By
the proximal linearization strategy, our nonconvex model was converted into a series of
convex models, where these convex problems can be solved by ADMM. Based on an ab-
stract convergence result for descent methods, the proposed algorithm was analyzed to
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Figure 10: The first column: observed images corrupted by Cauchy noise with {=0.02. From the second column
to the fourth column: restorations by NDE, WNNM and our method. PSNR values are also listed.
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Figure 11: The first column: observed images corrupted by Cauchy noise with {=0.04. From the second column
to the fourth column: restorations by NDE, WNNM and our method. PSNR values are also listed.
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Table 2: PSNR, SSIM and Time using different methods for images corrupted by four blurring kernels and

Cauchy noise with ¢ =0.04.

Blur Image Median filter TV NN Our
type & PSNR/SSIM/Time | PSNR/SSIM/Time | PSNR/SSIM/Time | PSNR/SSIM/Time
Circle 25.18/0.5160/0.03 30.25/0.8824/0.12 28.36/0.8855/1.85 31.97/0.9043/0.55
NCAT 21.79/0.4756/0.03 26.13/0.8025/0.17 26.01/0.9023/7.00 26.96/0.8618/0.66
Shepp-Logan 16.27/0.3914/0.03 17.91/0.5011/0.08 18.35/0.7558/17.46 18.27/0.5213/0.22
average | Cameraman | 20.37/0.4571/0.03 | 22.25/0.6647/0.17 | 22.26/0.6900/3.88 | 22.33/0.6640/0.64
Parrot 19.13/0.4915/0.03 21.20/0.6623/0.20 21.85/0.6943/14.02 21.35/0.6602/0.63
Books 21.26/0.5008/0.04 22.95/0.6904/1.49 | 23.73/0.7405/20.36 | 23.07/0.6925/5.79
Circle 24.77/0.5094/0.03 30.16/0.8788/0.13 28.67/0.8916/2.32 31.44/0.8919/0.57
NCAT 21.07/0.4687/0.03 25.75/0.7758/0.14 26.51/0.8914/12.03 26.78/0.8393/0.80
Shepp-Logan | 16.24/0.3817/0.03 18.42/0.4462/0.09 | 18.40/0.7476/14.57 | 19.00/0.5079/0.28
motion Cameraman 19.93/0.4571/0.03 22.13/0.6530/0.19 22.52/0.6701/3.24 22.22/0.6323/0.61
Parrot 19.20/0.5018/0.03 21.79/0.6609/0.20 22.44/0.6982/8.59 21.88/0.6658/0.63
Books 20.89/0.4826/0.04 22.72/0.6791/1.54 23.36/0.7004/18.86 22.78/0.6562/6.01
Circle 27.88/0.6073/0.03 31.81/0.8978/0.10 30.19/0.9240/2.16 33.22/0.9214/0.58
NCAT 25.45/0.5674/0.03 28.91/0.8556/0.18 28.41/0.9070/5.52 30.93/0.9276/1.09
Shepp-Logan 19.71/0.5523/0.03 21.96/0.5859/0.09 23.36/0.9053/7.00 22.60/0.7590/0.29
gaussian | Cameraman 23.62/0.6125/0.03 25.12/0.7547/0.19 25.42/0.7685/1.98 25.17/0.7484/0.64
Parrot 23.55/0.6641/0.04 25.56/0.7758/0.18 25.94/0.7976/2.88 25.60/0.7734/0.65
Books 24.45/0.6602/0.04 25.78/0.7797/1.58 26.77/0.8265/13.75 25.83/0.7749/5.95
Circle 25.91/0.5432/0.03 30.64/0.8869/0.12 28.70/0.8879/1.66 32.28/0.9113/0.64
NCAT 22.73/0.5030/0.03 26.80/0.8179/0.14 | 26.62/0.8987/11.60 | 28.23/0.9003/1.05
Shepp-Logan 16.87/0.4299/0.03 18.56/0.4817/0.12 19.19/0.8044/11.30 18.64/0.4950/0.22
disk Cameraman 21.14/0.4941/0.03 22.92/0.6743/0.17 23.07/0.7055/3.50 23.00/0.6791/0.65
Parrot 20.22/0.5388/0.03 22.37/0.7021/0.18 22.75/0.7227/10.37 22.48/0.6973/0.63
Books 22.00/0.5449/0.04 23.29/0.7209/1.50 | 23.90/0.7428/18.90 | 23.37/0.7198/6.13
Average values 21.65/0.5146/0.03 24.39/0.7179/0.38 24.45/0.8000/8.95 24.98/0.7419/1.50

Table 3: PSNR, SSIM and Time using different methods for images corrupted by Cauchy noise with ¢ =0.02

and ¢=0.04.

¢ Tmage NDE WNNM Our
PSNR/SSIM/Time | PSNR/SSIM/Time | PSNR/SSIM/Time
Circle 32.00/0.7508/0.38 | 38.79/0.9883/33.69 | 38.75/0.9683/0.17
NCAT 30.03/0.6532/0.72 | 35.26/0.9892/79.98 | 37.44/0.9604/0.57
Shepp-Logan | 27.05/0.6376/0.19 | 29.34/0.8957/101.34 | 27.58/0.9445/0.11
0.02 | Cameraman | 25.08/0.7442/0.75 | 30.14/0.8736/120.96 | 28.84/0.8615/0.49
Parrot 25.47/0.7612/0.72 29.82/0.9142/45.91 29.45/0.8749/0.49
Books 22.30/0.7045/13.54 | 31.69/0.9378/279.24 | 30.34/0.9013/4.98
Circle 29.22/0.6547/0.42 35.77/0.9685/22.54 | 35.54/0.9355/0.14
NCAT 26.81/0.5378/1.23 31.43/0.9598/32.62 | 34.11/0.9338/0.54
Shepp-Logan | 23.96/0.5014/0.27 | 29.65/0.8925/62.33 | 27.31/0.8535/0.15
0.04 | Cameraman | 22.99/0.6852/1.28 | 29.08/0.8635/125.92 | 27.13/0.8062/0.50
Parrot 22.93/0.7083/1.25 27.06/0.8782/30.07 27.29/0.8264/0.50
Books 22.22/0.6945/13.47 | 29.17/0.8925/189.69 | 28.00/0.8520/4.82
Average values 25.84/0.6695/2.85 | 31.43/0.9212/93.69 | 30.98/0.8932/1.12

be convergent globally. Experimental results demonstrated that our method presented
good performances especially for images with more homogeneous regions.
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