Advances in Applied Mathematics and Mechanics DOI: 10.4208 /aamm.OA-2023-0004
Adv. Appl. Math. Mech., Vol. 17, No. 1, pp. 175-206 February 2025

Asymptotic Error Analysis for the Discrete Iterated
Galerkin Solution of Urysohn Integral Equations with
Green’s Kernels

Gobinda Rakshit*

Department of Mathematical Sciences, Rajiv Gandhi Institute of Petroleum Technology
(RGIPT), Jais Campus, Amethi, Uttar Pradesh 229304, India

Received 2 January 2023; Accepted (in revised version) 26 June 2023

Abstract. Consider a Urysohn integral equation x—/C(x) = f, where f and the integral
operator K with kernel of the type of Green’s function are given. In the computation
of approximate solutions of the given integral equation by Galerkin method, all the
integrals are needed to be evaluated by some numerical integration formula. This
gives rise to the discrete version of the Galerkin method. For r>1, a space of piecewise
polynomials of degree <r—1 with respect to a uniform partition is chosen to be the
approximating space. For the appropriate choice of a numerical integration formula,
an asymptotic series expansion of the discrete iterated Galerkin solution is obtained
at the above partition points. Richardson extrapolation is used to improve the order
of convergence. Using this method we can restore the rate of convergence when the
error is measured in the continuous case. Numerical examples are given to illustrate
this theory.

AMS subject classifications: 45G10, 65B05, 65]J15, 65R20

Key words: Urysohn integral equation, Green’s kernel, iterated Galerkin method, Nystrom ap-
proximation, Richardson extrapolation.

1 Introduction

Let X =L*][0,1]. Consider the problem of solving Urysohn integral equation
1
x(s)— / k(s tx(D)dt=f(s), se[01], (1.1)
Jo
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where f € X and x € C([0,1] x[0,1] xR) are given. Let the Urysohn integral operator
K:L*[0,1] — CJ[0,1] be defined by

1
K(x)(s) = / k(s,tx(D)dt, xeX, se01]. (1.2)
0
Since the kernel « is continuous, K is compact operator on &X'. Denote Eq. (1.1) by
x—K(x)=f. (1.3)

We assume that the above equation has a solution, say ¢. We also assume that K is twice
Frechét differentiable and 1 is not an eigenvalue of the compact linear operator X'(¢).
This gives us that ¢ is an isolated solution of (1.3). See [12,14]. Note that, if f € C*[0,1] for
any positive integer «, then ¢ € C*[0,1]. See [4, Corollary 3.2] and [5, Corollary 4.2]. We
are looking for Galerkin approximations of ¢.

For r > 1, consider the approximating space X, as a space of piecewise polynomials
of degree <r—1 with respect to a uniform partition, say A(”), of [0,1] with n subintervals
each of length = 1. Let 71, be the restriction to L*[0,1] of the orthogonal projection from
L2[0,1] to &,. Then the Galerkin solution ¢§ satisfies the following integral equation

qo,?—nnlC(go,f) =TTy f.

Galerkin method for Urysohn integral equation has been studied extensively in research
literature. See [12-14] and [4]. The iterated Galerkin solution is defined by

Pn=K(¢7)+f.

In [4], the following orders of convergence are also obtained.

lof —lle=0O(h), 95— 9lle=0 (1), if r=1,
oy —lle=0O ("), 95— ¢lle=0 (K*2), if r>2.

It is also shown that the order of convergence of ¢} at the points of partition A", is h?".

If an asymptotic expansion for the error exists, one can apply a technique to obtain
more accurate approximations. Richardson extrapolation is one of such methods. In [26],
an asymptotic expansion for the iterated Galerkin solution of Urysohn integral equation
with Green’s function type of kernel, is obtained at the above mentioned partition points.
Then, by [11] and using Richardson extrapolation, an approximate solution with order of
convergence h**2 can be obtained.

In the computation of above approximations, various integrals are involved. There is
an integral in the definition of the Urysohn integral operator K. In the definition of the
orthogonal projection 71, the standard inner product on L?[0,1] comes into picture. In
practice, it is necessary to replace all these integrals by a numerical quadrature formula.
This gives rise to the discrete versions of the projection methods. The discrete versions of
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the Galerkin methods for Urysohn integral with Green’s kernel, are investigated in [5, 6].
Whereas, in [18,20], a different version of discrete projection method is discussed.

In this article, by discretization, we try to fill the gap between computational result
and the theoretical result obtained in [26]. We consider the Urysohn integral equation
with Green’s kernel, and discrete Galerkin method is applied for approximations. Then,
an asymptotic expansion for the discrete iterated Galerkin solution is obtained.

We choose a fine partition (submesh of A()) of [0,1] with m subintervals each of length
h=1 and define a composite numerical quadrature formula. Replacing the integrals in
the definition of K and 7t,,, we define the Nystrom operator K, and the discrete orthogo-
nal projection P,. Then the discrete Galerkin and the discrete iterated Galerkin equations
are given by

20 =PuKn(2§)=Puf and 2} —Ku(Puzy)=f,

respectively. If p € C"*2[0,1], then from [5] and [18], we have

z,f—q)Hoo:(’)(max{hr,flz}), (1.4a)
O (max{h%,i?}), r=1,

S _ = ! 14

zi-ol {o(max{hr+2,h2}), r>2. (14b)

In [18], discrete modified projection methods are applied to (1.1) and an improved order
of convergence for the discrete iterated modified projection solution (z) is achieved,
which is as follows.

M_ H B O(max{h4,ﬁz}), r=1,
n T O (max{h"t4 h?}), r>2.

In this article, first we find an asymptotic error expansion due to the discrete orthogonal
projection. Then using this, the following asymptotic expansion is obtained:

Zfl(ti> = gD(ti)—i—’)/(ti)hzr—FO (max{hzrﬂ,flz}), (15)

where the function <y is independent of /. If we choose m such that h<h?+2 then using
the Richardson extrapolation, an approximation of ¢ could be obtained of the order h?"*2,
which is better than the order of discrete iterated modified projection solution.

This article is organized as follows. Definitions, notations and some preliminary re-
sults are given in Section 2. In Section 3, a quadrature rule is deduced, and using it the
discrete orthogonal projection and the Nystrom approximations of the integral operators
are defined. Section 4 contains the asymptotic error analysis for the approximations. A
Numerical example is given in Section 5.
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2 Preliminaries

For an integer a >0, let C*[0,1] denotes the space of all real valued a-times continuously
differentiable functions on [0,1] with the norm

7
o]

N0 ‘

[l o0 = max

where xU) is the j" derivative of the function x, and

Hx(j)H = sup |7 (1.

© 0<t1
Define
ey | et
where - itk
D(l’]’k)K<S,t,M) = ST (s,t,u).

2.1 Green’s function type kernel

Let r >1 be an integer and assume that the kernel x has the following properties.

1. Fori=1,2,3,4, the functions K,% € C(Q), where C(Q) denotes the space of all real
valued continuous function on Q=1[0,1] x [0,1] xR.

2. Let Oy ={(s,t,u):0<t<s<1,ucR} and Qp={(s,t,u):0<s<t<1,uecR}. There
are two functions «; € Cr(Qj), j=1,2, such that

3. Denote

%k

oK
O(s, tu)= ﬁ(s,t,u) and  A(s,tu)= W(s,t,u),
for all (s,t,u) € Q). The partial derivatives of ¢(s,t,u) and A(s,t,u) with respect to s
and t have jump discontinuities on s =*.

4. There are functions /;,A; € Cr(Qj), j=1,2, with

| (s, tu), (s,tu)e), [ Ms,tu), (s,tu)e)y,
E(s,t,u)—{ O(s,tu), (stu)ey, Als tu)= t
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The kernels in the following two examples satisfy the above four properties.

(i) Consider the integral equation of the second kind

x(s)—/olkc(s,t) [x(t)—g(tx(t)]dt=f(s), 0<s<1,

where
ke(s,t) = 1 sinh(cs)sinh(c(1—t)), 0<s<t,
7 csinh(y) | sinh(c(1—s))sinh(ct), t<s<1,
f(s)= m[asinh(c(l—s))—l—bsinh(cs)] and c is a parameter chosen such a way

that the Picard iteration converge. This equation can be derived (cf. [24, Example
2]) from the two-point boundary value problem

x"(s)—g(s,x(s))=0, 0<s<1,
x(0)=a, x(1)=b.

(ii) Consider the non-linear integral equation

1
x(s)= [ k(oD [g(tx(0) +£ (D],

where ( )
t(s—1), 0<t<s,
k(s’t)_{ s(t—1), s<t<1,
g(tu)= ﬁ and the function f is so chosen such that ¢(s)= 5(11;55) is a solution

of the above problem. This integral equation can be reformulated (cf. [4]) from the
boundary value problem

x"(s)=g(s,x(s))+f(s), 0<s<1,
x'(0)=0, x(1)=0.

Under the above assumptions (since % €C(Q) fori=1,2,3,4), the operator K is four
times Fréchet differentiable, and its Fréchet derivatives at x € X’ are given by

19ix

KO o1, 00(5)= [ S5

s,t,x(t))v(f)---vi(£)dt, i=1,2,3,4,

where

i

o'k K
s,tx(t))= w(s,t,u)

37 ¢

, 1i=1,2,34,

u=x(t)
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and v1,02,03,04 € X. Note that K'(x):X — X is linear and K@) (x): X' — X are multi-linear
operators, where X" is the cartesian product of i copies of X'. See [27]. The norms of these
operators are defined by

H/di)(x) H :sup{ H/di)(x)(vl,- 07

o<t =11}

fori=1,2,3,4. It follows that

(i) o' _
HIC (x)H < s |50 (s,t,x(1)|, i=1,2234.
Let
1 oK 1
K'(¢)o(s) = 3 (st (P(f))v(t)de/O U(s,t,p(t))o(t)dt, veEX (2.1)

Then K'(¢) is a compact linear operator.

3 Discretization of integrals by numerical quadrature rule

In this section, first we consider a numerical integration formula We replace the integral

in the standard inner product of L2[0,1] (i.e., fo (t)dt) by the quadrature rule
and define a discrete inner product. Subsequently, the Correspondlng discrete orthogonal
projection is defined. After that, an asymptotic error expansion for the discrete orthog-
onal projection is obtained. Next we define the Nystrom approximations of the integral
operator K and its Fréchet derivatives.

Consider a basic numerical integration formula

1 4
/ x(t)dt~) wex(pg), (3.1)
0 =1

where w; and p,; denote the weights and quadrature nodes, respectively. Assume that
the quadrature rule (3.1) is exact for polynomials of degree <3r, and that it is exact at
least for linear polynomials when r =0. So we have 25:1 w,=1.

Let n €N and consider the following uniform partition of [0,1]:

1 1
AW o< <<, (3.2)
n n
Define t; —% Aj= [ i—1,t]and h=tj—t; ;=21 j=1,--- ,n. Define the subspace Chn[01]=
{xeX:xeC*[tj_1,tj], j=1,2,3,--- ,n}. For r>1, the approximating space

Xy = {x € X :x|a;is a polynomial of degree < r—l}.
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Let p be a positive integer and m = pn. Consider the following uniform partition of [0,1]:

1 1
A 0<—<- <m7<1 (3.3)

Leth= —ands, ,i:O,---,m.

Please note that As our goal to find Eq. (1.5), where the higher order term is maxi-
mum of 1% 2 and /2, we choose the partition A guch that i2 <H'.

A composite integration rule with respect to the partition (3.3) is then defined as

Alx(t)dt:i/Si x(t)dtzfziqux(si_1 +pgh).

i=1"5i-1 i=1q=1
Thus,
t jh P r(j—1h+vh
/ x(t)dt:/ x(t)dt:Z/ x(t)dt.
tjfl (]—1)h =1 (]—1)h+(1/—1)h
Since h=ph,
i p (= )P*Vh
/ 2 / t)dt.
t] 1 — p+v 1
Substituting
o (]—1)p+1/—1h+}~m: (]—1)p+1/—1+ah

p

in the above equation, we obtain

/ far=" Z/ (] 1) p—H/ H_ah)da
tl 1 pv 1
/ (1 +2= H"h)da.
pv 1

Note that H% €10,1]. Now using the numerical quadrature formula (3.1), we obtain

/ dtN—Zqu <j1+v_1];rwh>.

ti1 Pz 19=1

Let ,
v—1+
VE/V:p‘uql qzllzlfp/ 1/:1/2/"'/p-
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Then,
]—1 P= 1g=1

We prove the following lemma which will be used to find an asymptotic error expansion
for the discrete orthogonal projection.

Lemma 3.1. Let L, be the Legendre polynomial of degree n € {0,1,---,r—1} defined on [0,1].
Then for any k=1,2,---,2r—1,

fzzmww 1L Y N P

p}y Ov=1g=1

where
Y Ly(t)Ly(s)=As(1,5) for T,5€(0,1].

Proof. Since L; is a polynomial of degree 0 <7 <r—1,

7221017 (1/ 1—|—yq) ) 1/ (1/ 1+t>dt

Po= 1g=1
1
_21/“ ds_/ Ly (s)ds.

Since the basic quadrature formula (3.1) is exact for polynomials of degree <3r,

722 . (1/—1+Vq> <“—1+”q_T>k:/01L,7(s)(s—r)kds.

1/ 1g=1 p p
It follows that
k k
(P‘qv_T) ! (s—1)
VZ‘{{;wq 7 (Hav) - —/0 Ly(s) z ds,
where py = H%. This gives
koo, k
(hp—7)" & /1 (s—1)
— w, L y)~—————=1Y L,(T L;(s ds.
pnzv_;)ng q Ly (pqv) il ]7;)17()0 7(s) Xl

Let
ZLU =A(1,8), T,5€[0,1].
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Then,
0 Z Z quLn )Ly (igv) yqv / Al ) as.
p n=0v=1g=1
Hence the required result follows. O

3.1 Discrete orthogonal projection

Letj€{1,2,---,n} and x,y € C(A;). Define a discrete inner product on A; by

PP
:h Z qux(tf—l+Vl]1/h)y(tj—l+ﬂqvh)- (3.5)
v=1q=1

Note that, this is an indefinite inner product. For more details on indefinite inner product
spaces, see [8]. However, the properties which we need to define a discrete orthogonal
projection, hold true for (3.5). For 7=0,1,---,r—1, let L, denote the Legendre polynomial
of degree 17 on [0,1]. For j=2,---,n, and for =0,1,---,r—1, define

1 t—ti 4

0, otherwise,

qol,q(t):\/glm (t_ht°>

if t € [to,t1] and 0 otherwise. Note that

and,

Pin (ti1+pguh) =h" 2Ly (jgy) forall j=1,2,--,n. (3.6)

Note that {(Pj,ﬂ :j=1,---,n,y=0,1,---,r—1} is a set of orthonormal basis for X,, where
¢j, is the Legendre polynomial of degree 7 defined on [t;_1,tj]. Since the basic nu-
merical integration (3.1) has degree of precision 3r, the set {¢;,} is also orthonormal
with respect to the discrete inner product (3.5). Define the discrete orthogonal projection
Py, ;:Clti_1,t]] — P, 5, as follows:

r—1

P, x= Z;)<x, (f’ff'7>Aj,m @y (3.7)
]’l:

See [5,6] for more details. A discrete orthogonal projection P,:C[0,1] — X}, is defined by

n
P,x=) D, jx. (3.8)
j=1
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It follows that P,x(t) =P, ;x(t), for all t € [t;_1,t;]. It can be also shown that || P, || <o and,
if xeC’ [tj_l,tj], then

W, (3.9)

J=Buly a2,

if x€C"[0,1], then
W, (3.10)

(o]

2= Pall g 0 S Ci |57

where

[xllp 0= sup [x(t)]
tG[f]',],t]']

and, C; is a constant independent of /. For details see [18].

In (3.10) we have an error bound for the discrete orthogonal projection. But, by the
following lemma we obtain an asymptotic error expansion for the discrete orthogonal
projection, which is a more stronger result than (3.10).

Lemma 3.2. Let P, be the discrete orthogonal projection defined by (3.7)-(3.8). Let x € CZVJ)Z [0,1]
and t=t;_1+7h with T € [0,1]. Then

2r+1

Pux(t)—x(t)= Y Jo(0)x® (t; 1 +Th)HE+ O (h¥+2),
k=1

where

1 _\k
]k(r):/o Ar(T,s)(Sk'T)ds, k=12, 2r+1.

Proof. Define a function v;:[t;_1,tj] — R by
Z)j(t) =1, te [tjfl,tj].

For t€[0,1], let t=t; 1 +ht €[tj_1,t;]. From (3.7) it is easy to see that

Py, jvj=v;.
It follows that
r—1
2 0jr Py oy ®in () =1
n=0

Since g@;, is a polynomial of degree 0 <# <r—1on [t; 1,t],

(05 Pin)a,= |, Pin(S)ds =1 b, b wa iy (tia+ iauh).
j— v=1g=
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Thus for any function x: [t;_1,t;] — R, we have

hrl

p IEDIDY qu‘f’m i1 Havh) @y (1)
n=0v=1g=1
It follows that
hr 1
Py jx(t) 7 =) Z qu(PM o1 pguh) [x(ta+pguh) —x(t)] @, (1),
n=0v=1¢=1

where t=t; 1+ht €[t;_1,t;] and T €[0,1]. From (3.6), we have

r—1
P, jx(t) 1 ZZqu (pgv) [x(tj—1+pguh) —x(t)] Ly (7). (3.11)

p;]Oqu

Since x € C¥*2[tj_4,t;], using Taylor series expansion we obtain

x(ti_1+pgh ht) 5 hwhk O (h?r+2
j-1+Hqh) = x(tj1+hT) = ZX (ti1+7h) +O (h777).

k!
Thus
Pyx(t) —x(t) =P, jx(t) —x(t)
Sl KSR (g —7)" 242
= Zx( (tia+Th)H ¢ =YY Y “wyLy (pgv) Ly (T) - N +0O (B*2).
k=1 n=0v=1g=1 )
Let

k
DM RANIRINL R e A SO

pij =0v=1g9=1

By Lemma 3.1, we can write

! (s—1)
)= / Ar(T,5) ds.
0
Hence
2r+1
Pux 2]k (tio1+Th)H +0 (W7 2).

The result follows. U
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Let
L=(1-K'(9)) "K' (g).
Then L is a compact linear Fredholm integral operator of the second kind (see [21]). Let
¢ be the kernel of L. Since / (in page 4 and (2.1)) is Green’s function type of kernel, ¢ is
also a Green’s function type of kernel (see [4,28, Lemma 5.1]). It follows that
t

LPx(s)—Lx(s) =Y / " U(s,t) (Pax (D) —x())dt, VxeX.

j=17tj—1

Then using Lemma 3.2, and following the proofs of [23, Theorem 5.1] and [25, Theorem
3.2], it can be shown that

L(I-Py)g(t:)=En(@) () +0O (K72), i=0,1,---,n, (3.12)
where
_ 1_ 2r—1_ o\¥Pt t=1
N — . (2r) g - Ho®
E:(9) () =B [ Uti)(1)9 <t>dt+pgbzr,p{ [( 5) (e <t>)]

- !(;’t)%p_l (Z(ti,ﬂfp@)(t))] R }

t=t;—

with

-t (t—3)? Bar—p(s)
bZ,,p—/O OAr(T,S) o (2r—p)!deS

and By is the Bernoulli polynomial of degree k > 0.

3.2 Approximation of the integral operator

Let x € X. Recall that 1
IC(x)(s):/ k(s t,x(t)dt, se01].
0

Replacing the above integral by the numerical quadrature rule (3.4), we define the Nystrom
approximation of X by

o r

h n
Ko (x)(s) = ’ YN wyk(s, i1+ pguhx(tioa+pgh)), s€[0,1].
j=1g=1v=1

Let {y{w =t +ugph:j=1,2,---,n;9=1,2,---,0,v=1,2,---,p} be the set of all quadrature
nodes in [0,1]. Then

thP

Kn(x)(s)==Y_Y ) wyx (s,yév,x (yév) ), s€[0,1]. (3.13)

p j=lg=1v=1
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The Nystrom method for solving (1.1) is to solve

x—Ku(x)=f.

For sufficiently large m, the above equation has a unique solution ¢;, in a neighborhood
B(¢,€) of ¢, and

lp—pulleo < C2|IK(9) = Kin(9) [l o= O (7?), (3.14)
where C; is a constant independent of m. See [1, Theorem 4]. We write
(I=Pn) pu=(I=Pu) (=) + (1= Pu) .
Then from (3.10), (3.14), we have
(I—Py) =0 (max{H h*}). (3.15)

Let v1,v, € X and x € B(¢,€). Then the Fréchet derivatives of K, at x are given by

n P p . . .
K ( ZZZW,,DOM (s,y{iv,x(y{,v))vl(y{w), s€[0,1],
] lg=1v=1
h 2 P p 2 . . .
o (x) (01,02) (s pZlelwqa 5 (S Why,x (y’qv))vl (;ﬂqv>vz(yiw>.
q v
It follows that
" 9%
| Ko (x) (01,02) || o < sup | Z(Sfu) 191/ oo [[02]] o -
s,te(0,1]

[ul<||¢llcote

This implies
82
[Km(x)||< sup ~ 2(5 t,u)| < oo.
s,te(0,1]

[ul<|l¢llct+e

Similarly, it can be shown that
3) O
HICm (x)H < sup 5 3(5 tu)| | =Cz<oo.
s,t€[0,1]

|u|<|glleo+e
Lemma 3.3. Let x1,%, € B(¢,€). If D003 € C(Q) then
[ (1) = KCo (e2) || < Ca |1 —x2 | o

where Cs is constant independent of n.
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Proof. For v1,v2 € X, we have

[KCo (x1) =Ky (x2)] (v1,02) (5)
e [ (s (1))~ s (o)) o (o ) )

9%k

for all s € [0,1]. Since D(®*3)x € C(Q), applying mean value theorem on 9%

to its third variable 1, we obtain

o (s (1)) = 5 (b)) = [ (1) =2 () 5 (st

where CZ,V lies in the line segment joining the points x; <y{,v) and x, <y{,v). Then

with respect

o (st (1)) ~ 5o (s (1)) | <ol =l

Hence
|| [Ch (1) = Ko (x2) ] (v1,02) || o < Ca |1 = X2l 101 |0 [102| 0+
which follows the result. O

We will now quote some error estimates for the Nystrom approximations.
For a >0, if v1,00€ Cg(m) [0,1], then from [29] or [6, Corollary 1], we obtain the following
errors for numerical integration.

1K (@) —K'(9)] 01, =0 (), (3.16)

and

[ K (@) =K (9)] (01,02) |, = O ().

Also from [17, Proposition 3.3], we have

1 (@) = I () | < Callpm— 9 ll o = O (7). (3.17)
Therefore combining (3.16) and the above equation, we obtain
| [Kri (@) =K' (9)] 0|, =O (B*) forall veCy [0,1]. (3.18)
Similarly,
[ (9m) =K (@)] (v1,02) ||, = O (%), Vo1,02€Cf [01], (3.19)

for all v1,v5,v3 € C} [0,1] implies

[ (@) KO (9)] (01,02,05)|_ =0 (). (3.20)

[ee]
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4 Asymptotic error analysis

Replacing KC by K, and 71, by P, in the Galerkin equation x — 77, KC(x) =77, f, the discrete
Galerkin equation is defined by

z,f—PnlCm(z,?) =P,f,

where z$ is the discrete Galerkin solution. Then the discrete iterated Galerkin solution is
defined by

Note that P,z =z§. From the equations
Pn—Kn(om)=f and  z;—Kun(Puz3) =,

we obtain the following error term.

Zg_q’m: [I_an(q’m)]il [’Cm<z1§)_lcm((l)m)_Iqw(ﬁom)(zs_q’mﬂ
— Lon(1=Pa) [Kon (25) = Kn (@) = K (@) (25 — o) |
= Lon(I=Po) I3 (@) (2 = @) = Lon (1= P) @im, (4.1)
where
L= (113 ()]~ Kl gpm)
Using the Resolvent Identity, we get

(I=Kp(pm) = (1=K (9)) !

= (1-K'(9)) " [Khp (@) =K' (@)] (I= Kl (@) "

Therefore

(I= Ky (pu) = (1=K () "+ (1=K ()" [Ku (@) — K (@)] (I~ KCp (@)
(1=K () ™ [Kn(9) =K' (@)] (I= Kh(g)) (4.2)

Now, we will analyze each of the terms appearing in the RHS of Eq. (4.1). Error estimates
for each of the referred terms will be obtained by the following propositions.

Proposition 4.1. Let {t;:i=0,1,---,n} be the set of partition points of [0,1] defined by (3.2),
then

where &, is defined by (3.12).
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Proof. It can be easily verified that (using (4.2))

Lon(T=Pa) @ = [T=K}(@n)] K@) (1= P) @
=(I-K'(9)) " Kp(@m) (I~ Pa) o
+(I=K'(9)) " [Kh(@m) = Knn(@)] (1= K@)~ K (@) (1= Po) o
+(I=K'(9)) " [Kiu(@) =K (@)] (1=K} (@)~ Kiu (o) (=P . (43)
Consider the first term of the above equation, we have

(I=K'(9)) " Ky (@) (I—Pa) g

=(I-K'(9)) "'K'(¢)(I=Pu)p+(I-K'(9)) " K' (@) (I=Pu) (9m—9)

+(I=K'(9)) " K (@) —K'(9)] (I~ P) @i

Using (3.12), (3.14) and (3.18), we obtain

1

(1=K () " Chy (@) (1= P) @ (1) = Ear (@) (1) WP +O (max {B¥ 2 12}).  (44)

Note that

HIC;n(G"M)HS sup  |ry(s,t,u)|
s,te0,1]
[u[<||lpllote

and from [17, Proposition 4.2], we have

|(1=Kin(pm)) ™" || <oo.

Thus, from (3.16) and (3.17), we have the following

| (1=K (9)) ™ nlgm) —Kn(9)] (1= K0 pu)) ™ o (@) I—Pi)gu]|_ =0 (),
| (1=1(9) " [ 9)— K (9)] (= KChu(g)) ™ Chu(gm) (1= Pu) o] |_= O ().

Hence the required result follows from (4.3), (4.4) and the above two estimates. O

Before each of the following propositions, we prove lemmas and its corollaries which
are used to prove next propositions.

Lemma 4.1. Let P, be the discrete orthogonal projection defined by (3.8). If D23 x € C(Q) and
v€ C™2([0,1]), then for r >1

K" (¢)(Pio—0)*=T(0)h* +O(K*"*?), (4.5)
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where
()= < /0 1 ],(T)Zdr) K" () (v(r)>2.

Furthermore, when r =1, then
KO (9)(Pyo—0v)3=0 (h4). (4.6)

Proof. The proofs of (4.5) and (4.6) follows from Lemma 3.2, [16, Lemma 2.4] and [16,
Remark 2.4] respectively. O

Given that (I—K’(¢)) " is a bounded linear operator. Let
M= (1-K'(9))"K"(¢).

Note that M is a compact bi-linear integral operator. Also the smoothness of the kernel
of M is the same as the kernel of K" (¢). See [6,28].
As a consequence of the above lemma, we get the following result.

Corollary 4.1. Forr>1,

M(Pyo—0)*=T (v)h* +0O(h*2), 4.7)

T(v)= (/01],(T)2d7> M (U(r))z.
Lemma 4.2. If p € C""2([0,1]), then for r >1,

Ko (@m) (25 — @um)? = T(@)h* +O (max { ¥ +2,i?}),

where

where T is defined in Lemma 4.1.

Proof. Note that

26— g =P, (z,ﬁ—(pm)—(I—Pn)gom. (4.8)
Thus,
Kt () (25— o) =K ) (Pu (25— 0) ) =260 (o) (P (25— ) (1= Pa) g
+’C£:z(§9m)((1_Pn)§9m)2- (4.9)

Since || K}, (@m)|| < oo and || P, || < oo, from (1.4b) it is easy to see that
2
HIC;,1<(PM) (Pn (Zﬁ—q)m>)

H/C%((pm) (Pn (25 —qvm) (I=Py) <pm) Hoo =0 (FPmax {2 ?}). (4.10b)

=0 (max{h2r+4,fl4}> , (4.10a)
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Now we write

Ko (@m) ((I—Py) GDm)Z
= [ (@m) = K" (9)] (1= Pu) @m)* +K" (9) (1= P) o)’
=K"(9) (I=Pu) 9)* +K" (9) (I~ Pu) (9~ pm))’
+ [ (@m) = K" (9)] (T=Pa) ).
Since || Kl (@m)|| < oo and || P, || < oo, from (3.14), (3.19) and the above estimate, we obtain
Ko (@m) ((I_Pn)(l’m)z =K"(¢) ((I-Pn) §0>Z+O (EZ)-
Therefore, from (4.5) we obtain
Ko (@m) ((I—Py) (PM)2 =T(¢)h” +0O (max{h2’+2,l~12}) :
Hence, the required result follows from (4.9), (4.10a), (4.10b) and the above equation. [
From the above lemma, we obtain
(I=K'(9)) " KL (@) (26 — pu)2 =T (¢)h* + O (max{hZ+2,i2}), (4.11)
where 7T is defined by (4.7).
Lemma 4.3. If p € C""2([0,1]), then

(1=K ()] IS () (26 — )= { ggz:ﬁ:;‘;?;j}’)', e
Proof. First, let us consider the case when r>2. Since

|1=Ki(gum)] M| <0 and || (gm)]| <o,
from (1.4a) we obtain

| 1=K ()]

Now consider the case, when r =1. We rewrite (4.8) as

(Zr?_(l’m)3: [Pn (Zi_(PM> _(I_PH)Q’mr-

71/C;(113)(§0m)(2,§—([)m)3Hw=(’)(max{h3r,fz6}).

Thus

K2 () (=5~ @u* =K () (Ba (25 —gm ) ) K (@) (1= P) )’

(3)((pm)< (Pu(zi—em) zf(I—anm)
o) (P

] (zﬁ—q)m), Pn)¢m)2). 4.12)
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Since HIC,S?) (om) H < oo and || P,|| < oo, from (1.4b) and (3.15) we obtain

8 (o) (Ba (5= 9m) ) =0 (),
K8 (9n) ((u(z-90) ) (1= P9 ) =0 (),
K5 (gm) (P (25— o) (1= Pu)gun)?) = O ().

Note that, we have used the fact i <1 in the above three expressions. On the other hand,
from (3.14), (3.20) we have

I (@) (1= Pa) 9u)> =K@ (9) (I Pu) )° + O ().
From (4.6), it follows that
K52 (gu) (1= Pu) gu)* = O (max{h* 7 } ). (413)

Now, combining the results (4.12) - (4.13), we obtain

K (@m) (28— om)?=0 (max{h4,132}) .

Therefore

[1=K(m)] 8D () (25— )= O (max {77} ).
Hence follows the result. ]

Proposition 4.2. Let ¢ € C'"2([0,1]). Then forr>1,

=K @m)] ™ [Kon(28) = Kon (o) =K (@) (25 = @) | (5)

[
= LT () (o) 1O (max {12742, i2)),

2
forall s€[0,1].

Proof. Applying the generalized Taylor’s series expansion of K, about ¢, in the neigh-
bourhood B(¢,€), we obtain

}CM(ZS)_Km(q’m)_lqn((f’mxzs_@fﬂ)
_llcll G __ 2 1]C(3) G_ 3 R G __ 4.14
) m((Pm)(Zn (Pm) +6 m ((Pm)(zn (Pm) T Ram \ 2y — Pm ), ( . )

where

Ron (6~ 9w) = [ Sk (put0(:5—pu)) (25— gu)* o
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Note that for any x € B(¢,€),

IC,(,;l Z}i;iwqa 4(5 Why, X (yqv))zﬁ(yév), veX, se€[01].
It follows that
[efoe] <[ sup |2x st | 1ol
<liplare

Since ¢,; and z$ € B(¢,€), o +0(z$ — @) € B(¢,€) and therefore

- =0 ().

Rim (zf - q)m> —0 (h‘“) .
Using the resolvent identity (3.18) and (4.2), we obtain
[1=K3(gm)] ™ Konu(@m) (25 = @u)* = [1=K(9)] K31 (gm) (25 = ) +O (I?)..
By (4.11), it follows that

| (05 —om)) (25 —pu)*|

It follows that

(1=K (@u)] ™ K (@) (2§ — @) =T (9)h¥ + O (max {h¥"+2, 12 })

From the Lemma 4.3, we have

et (o AT ) c_ ) Omax{rtit}), r=1,
[I Km(q)m)} Km ((/’M)(Zn (Pm) _{ O(max{h3r,fz6}), 722 (415)

Combining the results from (4.14) to (4.15), we obtain for r > 1,

1=K (gm)] ™" [Kn(28) =Ko () = K () (25 — )]
= T() +0 (max {2 7)),
which completes the proof. O
Lemma 4.4. Ifve X, then forr>1,

max |y, (@) (I—Pu)o(t;)| < Co || (I—Pa)v|| H,

0<i<n

where Ce is a constant independent of h.
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Proof. We write

K (@) (1= Pr )= K3, (@) (1= Pu) v+ [y (@) — K3y (@) (I — Py ) 0. (4.16)
For fixed s € [0,1], let

E*,s(t)zﬁ*(s,t)zé(s,t,qo(t)):gZ(S,t,q)(t)), te[0,1].

From the definition of K], (¢) and the discrete inner product, we have

n

Kou(@)(I=Pa)o(s) =) (Cus, (I=Puj)0),

j=1
Since P, ; is self-adjoint on C(A;), so is I - P, ;. Therefore

n

Kl(o)(Z—P,)v 21<I Py j)lss, (I—Py) v>Am
]:

Note that, if s =t; for some i € {0,1,---,n}, then £, s € C"[t;_1,t;] for all j=1,---,n. Hence
from (3.9),

!I(I—Pn,j)ﬁ*,ti||A,,oo§C1( sup !D(O")K*(ti,t)y)hr.

tE[fjfl,tj}

Thus,
n
max | K, (¢) (I—Py)o(t)| <) || (I_Pn,j)gm,SHA,OO"(I_PH,j>U’|A]',OOh
0<i<n =1 A
<Gsl|(1- Pl
where Cs is a constant independent of 1. Now, from (3.17), (4.16) and the above estimate,
we obtain )
max [, (@m) (1= Pa)o(ti)] < Co|| (I Pu)ol|omax (K", 1},

where Cg = C4+Cs. Since h" > 2, the result follows. O

Recall that £, ==K/, (¢n)] 'K, (¢m). Therefore, the proof of the following result
is similar to that of the above lemma.

Corollary 4.2. Ifve X, then for r >1,

max | Ly, (I—Py)o(ti)| < Cr[[(I=Pa)ol| 1,

0<i<n

where Cy is a constant independent of h.
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Lemma 4.5. Let ve X. If r=1, that is, when the range of P, is the space of piecewise polynomials
of degree zero, then

(1= P) Kl () (2,0) ]|, < Csh|lo]2,

where Cg is a constant independent of h.

Proof. Given that &, is the space of piecewise constant functions with respect to the par-
tition (3.2). Note that

[(I=Pu)IC (@) (0,0) || .= max  sup |(I—Py)Ky (@) (v,0)(s)]-

1 SanSE [t]‘,l,tﬂ

Let s € [tj_1,t;]. Since the Legendre polynomial of degree zero Lo(t) =1 for all t € [0,1], we
have from (3.11),

PP
(1= Pl (9) (0,0) ()=~ 3 Y w0y [Kin(9)(0,0)(5) — Kip (@) (0,0) (11 +pigeh)]. (417)

v=1g=1

We also have
Kin (@) (0,0)(s) =K (@) (0,0) (tj—1 + pguh)

S S| 25 (s (1))~ o (v (1)) ().

Pizi=1v21

where ;u{w =t;_1+pgh. For fixed s € [0,1], let

0%k
Ais(B)=Au(s,8) =A(s,t,@(t)) = W(s,t,go(t)), te[0,1].

Then, by (3.5)

n

K3 (0)(0,0)(5) = K3(9) (00) () = Y (A=A )

k=1 Ak,m
n
22<A*,S—A , ,v2> +</\*,S—A ]- ,v2> . (4.18)
k=1 oy Aym *Hqu Ajm
k#j

First consider the case when k#j. Applying Mean Value Theorem on the first component
of A, (-,+) in the interval [s, ], ], we obtain

< . A*,yév’vz>Ak,m =(s—pb) < pD(10) A*(%v")’02>/;k,m'
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for some Bév € (tj-1,t;), and the function DA, (s,t), t € [ty_1,t] is given by

DIOA, ,(s,t) = 3)\1 (s,t,p(t)), 0<t<s<1,

DMOA, (s,t) = aas
DI, (s,t) = g)\2(5,t,q)(t)), 0<s<t<1
Therefore, for k #,

S‘S_,u{qu

‘</\*,s—)\ j ,vz> (sup D(l'o))\*(s,t)D l[o]|% 7
*, gy A

s#t

< <sup D(l'o)/\*(S/t)D o212,
st

where

sup|D(1'0)/\*(s,t)|:max{ sup |DMOA,(s,8)], sup |DIOA,,(s,b)]

s#t 0<t<s<1 0<s<t<1

=max{ sup |DMxk(s,t,u)|, sup |DIOPiy(s,tu)

0<t<s<1 0<s<t<1
[ul<ll¢lle [ul<ll¢lle

On the other hand,

<2 ( sup [A.(st) !) [ol|2 .

Ajs 0<s,t<1
where
sup |A.(s,t)|= sup |DOOi(s,t,u)l.
0<s,t<1 0<s,t<1
u<[lplle

Then, from (4.18) we obtain

K () (0,0)(5) — K (@) (0,0) ()|

0<s,t<1

s#t

k=1

k#j

It follows that

i () (0,0) (5) — Kia (@) (v,0) (1) | < Cs [0 *1,

}

n
< Z(SHPID“’O)A*(SJH) lollZ +2< sup I/\*(S/f)|> [

197
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where
Cg= [ sup| DA, (s,6)| | +2( sup |A.(s,t)] ).
s#t 0<s,t<1
The result now follows from (4.17) and the above estimate. O

Corollary 4.3. Let ve X. If r=1, that is, when the range of P, is the space of piecewise polyno-
mials of degree zero, then

[(T=Pu) K (@)oo, < Co o],
where Cy is a constant independent of h.
Proof. The proof is similar to that of Lemma 4.5. O
Proposition 4.3. Let t; be any point of the partition A" defined by (3.2). Then
Lon(I=Pa) [Kn(2§) = Kn( @) = Ko@) (25 — @) | (1)

O (1), r=1,
@) (max {h3r,hrfz4}) , r>2.

Proof. Generalized Taylor’s series expansion gives

Lon(1=Pa) [Kon (25) = Kn (@) =K (@) (25 — o) |
— 3 EnI= P (o) 25 g P+ Ln(I=P)Ram (5= gu), (19

where

1(1-6)2
Rs,m(ZS—fpm):/o ( 2!) K (9025 —gm) ) (25— @) do.

It follows that

%k

—(s,t,u)

ous Z’?_(PMHZ'

1
ron(i-e <t
R s,te0,1]
ul<[lpllote

Therefore, by (1.4a)
HRg,m (Z,f — cpm) Hoo =0 (max{h3r,f16}) )

Since ||I—P,|| <14 ||P|| < oo, from Corollary 4.2, it is easy to see that

Lon(I—Py) R (sz . (pm) (t)=0 (max {h‘“,hﬁ%}) . (4.20)
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First consider the case r > 2. Since ||K},(¢m)|| < oo and ||I—Py||,, < oo, by (1.4a) and the
Corollary 4.2, we have

> L1 P Kl () (25— (1) = O (max {17 i}, 72
2
When r=1, we write
Em(I_Pn)’C;g(GOm)(ZE_q’m)z
=Ly(I-Py,) [IC;;((PW)_IC%((P)] (Zg_(Pm)z‘*’ﬁm(l_Pn)IC%(q))(zs_90m)2~
By (1.4a), (3.14) and the Lemma 3.3, we have

Lun(I=Pa) [Kin(9u) = Kin(9)] (25— @m)*= O ().
On the other hand
n
L= Pa) () (26 = @) (1) = Y oty (1= Pa )i (@) (26 = 9 )?) |
j=1 i
Since [ — P, is self-adjoint,
Ln(I=Pa) K3 (9) (2 — o) (1)

n

:Z<(I—Pn,]')€m,t,'l (I_P”J')IC’/%((P) (ZS_(Pm)2>A' m

— s

It follows that
Lo(I=P)Kin(9) (2 — m)?(ti)

max
0<i<n

YRy o[ (1 Pu )G~ )
j=1

By Corollary 4.2 and Lemma 4.5, we obtain
" G 201\ — 4 _
max| £,u(1=Py)K(9) (2 —gu) (1) =0 (n*), r=1.

Therefore

1 _ " G_ 200\ O(h4), r=1,
5 Lo (L= Pu) Ko (@) (2] = i) (tl)_{ O (max {1 W'i*}), r>2. (4.21)

Then combing (4.19), (4.20) and (4.21), we obtain
Lon(T=Pa) [Kn(2§) = Kn( @) = Koy (@) (25 — @) | (1)

:{ O (1),

r=1,
O (max{h3’,hrﬁ4}), r>2.
This follows the result. O
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We quote the following result from [18, Proposition 1, Proposition 6], which will be
used in the next proposition.

OH), r=1,

o), r>2. (422)

Hu—Pn)ic;(qo)u—pn)q,,Hw:{

Proposition 4.4. If ¢,, and z$ are respectively the Nystrom and the discrete Galerkin approxi-
mation of ¢, then

L (I=P) Kl (@m) (25 — ) (1) = O (max {h¥+2,1*}).
Proof. Adding and subtracting K, (¢), we have

ﬁm(l_Pn)K%((Pm)(zr?_(PM)
:Em(I_Pn> [an(q)m) —/C,,ﬂ(qo)] (ZS_¢m>+£m(I_Pn)IC1,ﬂ(§0) (Zg_gom)-

Then, using (1.4a), (3.17) and the Corollary 4.2, we obtain for r >1,

L) [ () =K (9)] (=5 — ) (1)

<C7 (14| Pul|) h"h* (max {H",h*}). (4.23)

Note that

28— pu=Pazi— pu =Py (2~ ¢) — (I-P) 9+ (9—gm).
Then

Ln(I=Pu)K3, (9) (25 — @)

=Lun(1=Pu)K}, (9)Pa (2 =9 ) = Lu(I=P)Kpu(@) (1= Pa) g
+Lin(I=Pu) K (@) (9 — @)

By the Corollary 4.2

LalI=PIK; (9)P: (25— 0) (1)

then by (1.4b) and Corollary 4.3, we obtain

<C|[a=rKi(g)Ps (5 —9)|| ",

)Em(I—Pn)IC;n(cp)Pn <zfl—g0)(ti) =0 (max{h**%,i*}) for r>1.

Also, the Corollary 4.2 and (4.22) implies

Ln(I-P)K}, (@) (I—Py)p(t;) =0 (W +2)  for r>1.
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It is easy to see (from (3.14) and Corollary 4.2) that
L(I=Pu)KC},(9) (9= m) =O (W) for r>1.
Therefore, for r>1,
Lol 1= P (9) (25 — pu) () = O (max {122 J?})
Hence, the result follows from (4.23) and the above equation. O

We prove the main theorem as follows.

Theorem 4.1. Let IC be the Urysohn integral operator with Green’s function type kernel x defined
by (1.2), and let IC,, be the Nystrom approximation of it defined by (3.13). Let ¢ be the unique
solution of the equation (1.1). Assume that 1 is not an eigenvalue of K'(¢). Let X, be the space of
piecewise polynomials of degree <r—1 with respect to the partition AU :=0=ty<t; <---<t,=1
defined by (3.2). Let P, :L®[0,1] — X}, be the discrete orthogonal projection defined by (3.8) and
25 be the discrete iterated Galerkin approximation of ¢. Then

(z5-¢) (6= [ey(qo)(ti){’r(qo)(t»] W+ (max {12 72},

where the operators E, and T are respectively defined by (3.12) and (4.5).

Proof. We have from (4.1)

Zh == [1=K3u ()] ™" [Kon(28) = Kon( @) =K1y () (26— o) |
— Lon(1=Pu) [Kon (25) = Kon (@) =Ky (@) (25 — o) |
_ﬁm(l_Pn)lC;/n@’m)(Zg_?m)_ﬁm(I_Pn)(Pm"’q’m_G"-

The result now follows from (3.14), Propositions 4.1-4.4. O

We now apply Richardson extrapolation to obtain an approximation of ¢ with higher

order of convergence. Define

4r S S
Ex_ 2723,— 2y

T T

We choose the partitions A1) and A such that m? > n?+2. Then, it is easy to see from
the Theorem 4.1, that

(ZEX—(P) (t)=0(h¥*?) forall i=1,2,-,n. (4.24)
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5 Numerical results

For the numerical results, we consider the Example 5.1 witha=2, b= % and c=+/12 and
Example 5.2 from the subsection 2.1.

Example 5.1. For

o(s) - [ KN p()at=f(s), 0<s<1, 61
where
. 1 sinh(cs)sinh(c(1—t)), 0<t<s<1,
K(S’)_Csinh(C) c(1—s)sinh(ct), 0<s<t<1,
and
p(o(t) =o(t)—2(p(t)°, te[01].
We have

f(s)= sm}ll(c) {ZSinh(c(l —s))+ %sinh(cs) } .

The exact solution of (5.1) is given by

2
9( )—mf s€[0,1]
Example 5.2. For
1
x(s)= [ (st g(tx(t)+F(]dt, 52
where (s—1)
t(s—1), 0<t<s,
k(s’t>_{ s(t—1), s<t<1,
where
st =1
and the function f is so chosen such that
s(1-s
p(s) ="

is a solution of (5.2).

Let &), be the space of piecewise constant functions with respect to the uniform par-
tition A" of the interval [0,1]. Let P, : L*[0,1] — X}, be the discrete orthogonal projection
defined by (3.7)-(3.8).

Lett;= iz_—ol, i=1,2,---,21 be the partition points with step size h = %. The numerical
quadrature is chosen to be the composite 2 point Gaussian quadrature rule with respect
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Example 5.1: P(s) =951 Example 5.2 : o(s)= s(11+—ss)

ti | en(t):n=20 65 €EX(t;):n=20 OFX | €(t;):n=20 &° EX(t;):n=20 OFX
0.05 8.6x1073 200 298x10°° 399 | 1.84x1073  2.001 579x10~7  4.003
0.1 756x107%  2.00 2.23x107° 3.99 1.63x1073 2.001 438%x1077 4.003
015 | 679%x107%  2.00 1.59%x 10~ 3.99 1.46x1073 2.001 3.37x1077 4.003
0.2 6.22x1073  2.00 1.09%x10°° 3.97 1.31x1073 2.000 2.62x1077 4.004
025 | 578x1073  2.00 7.13%x10~7 3.96 1.19%x 1073 2.000 2.07x10~7 4.004
0.3 545%x107%  2.00 446%x1077 3.94 1.08x1073 2.000 1.64x10~7 4.004
035 | 519%x107%  2.00 2.7%1077 391 993x10™% 2.000 1.32x10~7 4.005
0.4 498x10~%  2.00 1.69x10~7 3.86 9.13x107% 2.000 1.07x10~7 4.005
045 | 4.82x107%  2.00 1.3x1077 383 | 843x107*  2.000 8.69x1078  4.006
0.5 468x107%  2.00 1.41x10~7 3.85 7.82x107% 2.000 7.14x 1078 4.006
0.55 | 4.55x1073  2.00 1.91x10~7 3.89 7.27 %1074 2.000 593x10~8 4.007
0.6 444%x107%  2.00 2.72x1077 3.93 6.78x 1074 2.000 497%x10°8 4.007
0.65 | 4.33x1073  2.00 3.75x1077 3.95 6.35x10~4 2.000 422x10°8 4.007
07 | 422x1073 2,00 495x1077 397 | 595x10~% 2000 3.64x10°%  4.007
075 | 4.10x1073  2.00 6.26x1077 3.98 559x10~% 2.000 3.19x 108 4.007
0.8 398x107%  2.00 7.6x1077 399 | 526x107* 2,000 2.84x1078  4.006
085 | 3.84x10~%  2.00 8.94x1077 3.99 495%x10~% 2.000 258 %1078 4.005
0.9 3.69%x107%  2.00 1.02x107¢ 3.99 467%x107% 2.000 2.40x1078 4.004
095 | 352x10~%  2.00 1.14x107° 4 441x107% 2.000 2.27x1078 4.002

to partition A(™) with m = n? subintervals. Then /1 = h2. Therefore, it is expected from the
Theorem 4.1 and Eq. (4.24), that

ex(t)=lp(t) —z(t)| =0 (1) and el (t)=|g(t)—z(t)| =0 (i*),

where

Ex g, 425, (t) =25 (t)
z 4 () = 3 )

Let 65 and 65X be respectively the orders of convergence of z;, and z5X at the partition
points. We expect 6° =2 and 65X =4.

From the table above, it is clear that the obtained orders of convergence match well
with the theoretical orders of convergence. Also the order of convergence of the extrapo-
lated solution improves upon the discrete iterated Galerkin solution.

6 Conclusions

Iterated Galerkin method is applied to (1.1) and the following asymptotic series expan-
sion is proved in Rakshit et al [26].

o5 (1) — @(t:) = Car(t) W7 + O (H*12), 6.1)
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where ¢ is the iterated Galerkin solution and y, is a function bounded by a constant
independent of i. Then using Richardson extrapolation and the above equation, an ap-
proximate solution with order convergence h? 2 can be obtained.

In this paper, we have proved a similar result for the discrete iterated Galerkin solu-
tion z;,. We consider the case of discrete orthogonal projection P, instead of the orthogo-
nal projection 77, and the Nystrom approximations instead of the integral operators.

Euler-McLaurin series expansion plays an important role in the proof of (6.1). The
main difficulty here is that there is no discrete version of the Euler-McLaurin series. So,
we approach in a different way to prove a discrete version of (6.1), and obtain the follow-
ing result.

zp (1) = @(t;) +72r (1)1 + O (max { 1?2, 12}, (6.2)

where the function 7>, is independent of 1. Note that we chose a fine partition (with
m subintervals) that defines the composite quadrature rule and a coarse partition (A("))
with n subintervals to define the approximating space X, (m=np, p€IN). If we choose
the composite numerical integration formula associated with the coarse partition A("),
the error in the Nystrém approximations would be of the order h? even for a higher
order quadrature rule, as the kernel of K is of the type of Green’s function. In that case,
z> would be of the order h* due to this discretization. Hence we needed to choose a
different partition for the quadrature rule which makes the proofs more involved. It is to
be noted that even if m > n, the size of the system of equations that need to be solved for
the above approximations remains nr (= dim(X})).

It will be of interest to have an asymptotic error expansion (like (6.2)) for the discrete
iterated modified projection solution (see in [18]).
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