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Abstract. This paper is devoted to adaptive finite element method for the nonlinear
Schrodinger equation. The adaptive method is based on the extrapolation technology
and a second order accurate, linear and mass preserving finite element scheme. For er-
ror control, we take the difference between the numerical gradient and the recovered
gradient obtained by the superconvergent cluster recovery method as the spatial dis-
cretization error estimator and the difference of numerical approximations between
two consecutive time steps as the temporal discretization error estimator. A time-
space adaptive algorithm is developed for numerical approximation of the nonlinear
Schrodinger equation. Numerical experiments are presented to illustrate the reliability
and efficiency of the proposed error estimators and the corresponding adaptive algo-
rithm.
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1 Introduction

In this paper, we focus on adaptive finite element method for the following nonlinear
Schrédinger equation

iy +aAu+(v(x)+Blul?)u=0 in Qx(0,T], (1.1)
subject to the initial condition

u(x,0)=up(x) in Qx{0}, (1.2)
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and satisfies the homogeneous Dirichlet boundary condition, where () is a bounded open
domain in R?, v(x),u denote the real-valued potential energy function and complex-
valued wave function, respectively, « is the given parameter as well as 8. And i=+/—1 is
the imaginary unit, A is the Laplace operator, |-| is the module of a complex number. It
is well known that one of the important properties for equation (1.1) is the mass conser-
vation. Computing the inner product of (1.1) with u, and taking the real parts, one can
obtain the following mass conservative identity

;t/ﬂ lu|2dx =0, (1.3)
The nonlinear Schrédinger equation, which was originated from quantum mechanics, is
one of the most important equations in mathematical physics. It has been widely used to
model various nonlinear physical phenomena, such as underwater acoustics [24], non-
linear optics [20,22], quantum condensates [11] and other nonlinear phenomena [1].

The Schrodinger equation is the most basic equation in quantum mechanics, and re-
searchers cannot prove it from any more fundamental assumptions. Its correctness can
only be tested by practice, and it is not easy to obtain the exact solution for the com-
plex Schrodinger equation. Therefore, it is necessary to study the numerical solution of
Schrodinger equation. The numerical approximations of the Schrédinger equation have
been extensively investigated in the past few decades. As for the spatial discretization, it
mainly includes the finite difference method [2,3,6,12], the spectral method [5], the finite
element method [4,7,23,25], the discontinuous finite element method [10,19], the hybrid
finite element method [18], the two grid mesh method [14, 26] and references therein.
And for the temporal discretization, there are Crank-Nicolson scheme [8], scalar vari-
able auxiliary (SAV) method [9] and so on. The blow-up property of solutions is one of
the important properties for the Schrodinger equation. Merle and Tsutsumi [21] proved
that, for a blow-up solution with a radially symmetric initial data, the origin is a blow-
up point and an Ly-concentration phenomenon occurs at the origin. In order to simulate
the blow-up phenomenon described by the nonlinear Schrodinger equation, it is natural
to use adaptive mesh techniques so the fine meshes are only used in a small neighbor-
hood of the blow-up solution. The subject of a posteriori error estimates and adaptive
methods for the nonlinear Schrédinger equation has been studied by some authors, we
refer to [15-17] and the references therein. In [15,17], a posteriori error estimates for
Crank-Nicolson finite element schemes of linear evolution Schrodinger equations were
considered. T. Katsaounis and I. Kyzaa derived an optimal order a posteriori error esti-
mates in the L®(L?)-norm for relaxation time discrete and fully discrete schemes of the
nonlinear Schrodinger equation up to the critical exponent in [16].

In this work, we shall be interested in the numerical approximation of the blow-up so-
lution of (1.1) with some radially symmetric initial value (1.2) in two dimensions, which
is proposed by using a time-space adaptive method for the nonlinear Schrédinger equa-
tion. The adaptive method is based on the extrapolation technology and a second order
accurate, linear and mass preserving finite element scheme. For the error control, we
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take the difference between the numerical gradient and the recovered gradient obtained
by the superconvergent cluster recovery method as the spatial discretization error es-
timator and the difference of numerical approximations between two consecutive time
steps as the temporal discretization error estimator. In view of the proposed error esti-
mations, a time-space adaptive algorithm is also proposed for numerical approximation
of the nonlinear Schrédinger equation.

The remainder of this paper is organized as follows. In Section 2, we first give the
model of nonlinear Schrodinger equation, then introduce the discrete schemes for the
nonlinear Schrodinger equation. In Section 3, a posteriori error estimations, including the
temporal and spatial discretization error estimators, are designed. In view of the above
a posteriori error estimators, a time-space adaptive algorithm is proposed. In Section4,
several numerical examples are carried out to confirm the accuracy and effectiveness
of the proposed error estimators and the corresponding time-space adaptive algorithm.
Finally, concluding remarks are drawn in Section 5.

2 The model and discrete scheme

For a bounded domain Q C R?, we adopt standard notations for Sobolev spaces such
as W"P(Q) equipped with the norm ||-||,, o and semi-norm |- |, , 0. If p =2, we set
W (@) = H™(Q), [ lbnp = |-l and |- [mper = |-l We also denote [[o] = [[o]loq
and take 0} as the boundary of Q).

21 The model problem
Let u=p+ig, then Egs. (1.1)-(1.2) can be rewritten as the following real-value equations
pr+aAg+Bg=0 in Qx(0,T],
gi—aAp—Bp=0 in Qx(0,T],

p=po, q=qo in Qx{0},
p=0, g=0 on 00 x (0,T],

2.1)

with B=o(x)+B|ul?, [u]*>=p?+4°.
The weak form of Eq. (2.1) is as follows: find (p,q) € Co([0,T], H} (Q2)) such that

{ (pe®)— (2Vq, V) +(Bg,) =0, VpeHI(Q),

2.2
(4,9)+ (&Vp, V) — (Bp,p) =0, Vge HL(Q). 22)

2.2 The semi-discrete scheme

Let 7, be a shape regular triangulation of () and V}, be the corresponding finite element
space, which is defined as

Vi={weC(Q):w|x € P*(K), KET,, w=0onoQ},
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where C(Q) is the continuous functional space and P¥(K) denotes the space of polyno-
mials of degree no more than k defined in KC R2.
The semi-discrete finite element scheme of (2.1) reads: find (py,,q;,) € Vi X Vj, such that

((pn)esPn) — (&N an, V) + (Bugn,n) =0, Vo€V,
((an)t,on) + (&N pr,Von) = (Bupn, ) =0, Vo€V, (2.3)
pr(x,0)=ITypo, qu(x,0)=T1}q0,

where Bj,=v(x)+B|uy|? and I, denotes the L?-projection, i.e., for each we L?(Q)), it holds
that

(ITyw,pp) = (w, ), Vu € Vi

Theorem 2.1. For the nonlinear Schridinger equation (2.1), the semi-discrete numerical solu-
tions of (p,q) satisfy the following mass conservation law

d
577 (el +llgu]1) =0, (2.4)
and energy conservation law

d (o o(x
7 (5 07mIP 1901 = 22 (1l + s )

=L (Il + s+ 201l 7) ) =o. @5)

Proof. On the one hand, let ¢, = py,, ¢, =g, in (2.3), it holds that

{ ((pn)espn) — (€N qn, Vpn) + (Bugn, pn) =0,
((gn)t.qn) + @V pr,Van) — (Bupn,qn) =0.

Adding the above two equations together, we obtain

d
577 (Pl +llgu[1*) =o.

On the other hand, we take the test function as ¢, = (q5)t, ¢n = (pn): in (2.3), then it
gets

{ ((pu)e,(qn)e) — (N an,V (qn)e) + (Brqn, (qn)t) =0, 27

((qn)e, (pr)e) + (&N pu, NV (pi)t) — (Bupn, (pu)t) =0.

Let the second equation minus the first equation in (2.7), we have

(@Vpn,V (pu)e) +(aVan, V (qn)e) — (Bupn, (pr)e) — (Budn, (qn)t) =0. (2.8)
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Further, we have

| =

L) d

3
5 31 VPl +1Vanll®) === (lpal*+ g4 ]1%)
d
B (pull*+ lgu+20 ) =0.
This completes the proof. O

2.3 The fully discrete scheme

We subdivide the time interval [0,T] into a partition of N consecutive adjacent subin-
tervals whose endpoints are denoted by 0 =1ty <t; <--- <ty =T, the n-th time inter-
val I, := [t,—_1,tn], the corresponding time step and finite element space are defined as
Ty :=t,—t,—1 and V', respectively. The fully discrete finite element scheme of (2.1) reads:
find a sequence of function ( pZ“,qZ“) € V;“ X V]fﬂ such that, foreachn=1,2,---,N, it
holds

n+3 nalpn Hts
(Dep L n) — (a Vg, 2, V) + (L Brg, 2 ) =0,

(Dug ™ gn) + @V 2, V)~ (IL T Brp) 2, 01) =0, -
where
PT% _ W’ Dypltl= W, (2.10a)
Z+% g I g Dygit = [ L (2.10b)
2 ’ & Tn+1 ’
and .
Bl = M, By =(o(x)+Blupl?),  [upl>=(pi)*+ ;)% (2.11)

2

with I} being the Lagrange interpolation operator of V,f_l to V).

Remark 2.1. Note that this scheme is a three-level scheme in which we need the approx-
imations (p!,q7) and (p}~',q/"') to obtain the numerical solution (p}™!,g/*!) at time
tni1. In our numerical examples, we apply the backward Euler scheme to obtain (p},q})
at time t;, then we use (2.9) to obtain numerical solution (pZ“,qZ“), n=1,23,---,N at

the other time steps.

Theorem 2.2. For the nonlinear Schrodinger equation (2.1), the fully discrete numerical solu-
tions of (p,q) satisfy the following modified mass conservation law

[P+ (= [0 g2+ (11 g P 212
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Proof. Taking the test function as
on=p " =I5 =gy 1T g

in (2.9), we obtain

n+1l__yn+l,n
(Ph IL"Ph aia

n+3 n n n
Tt Py _HZ+1PZ> - <“th+2'v(ph+l_nh+lph)>

~ 1
+ (HZHBZLIZ+2fPZH —HZ“PZ> =0,

-1 g o
1 1 7 1 1

(wf%l* -1 qz> O AAR )

~ el

- (HZ“BZW 2»/2*““2“&72) =0.

Then adding the above two equations together, we have

i 1P+l 12 = I 12 = 1T g1 =0, (2.14)
Thus the law of modified mass conservation is proved. O

3 A posteriori error estimations and adaptive algorithm

In this section, the recovery type a posteriori error estimation for spatial discretization
and an error indicator for time adaptation of the nonlinear Schrédinger equation are in-
troduced. And a time-space adaptive algorithm is designed based on the proposed error
indicators.

3.1 A posteriori error estimation

Let Ry, : V, = V), x V), be the superconvergent cluster recovery (SCR) operator. As for the
SCR method, we first need to define the recovered gradient at the vertex nodes, after
determining values of the recovery gradient at all nodes, we obtain it on the whole do-
main by interpolation using the original nodal shape functions of the finite element space,
which the detail procedure is shown in Algorithm 3.1.

Remark 3.1. As for the SCR method, the symmetry of sample points play an important
role for improving the accuracy of the SCR-recovered gradient. In general, we can use
the following three different ways to sampling the points, which are shown in Fig. 1. In
Case 1, we set all the mesh nodes as the sampling points, while in Case 2 and Case 3,
we select four points which are symmetric with respect to the recovering point. The SCR
can improve the approximation order while the sampling points are mesh nodes and
symmetrically around the recovering point. And if the sampling points are symmetrical
but not the mesh nodes, it can improve the accuracy of the SCR-recovered gradient.
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Algorithm 3.1 The SCR algorithm.
1: For a given mesh 7}, and a finite element approximation u;,, the SCR method processes
the following two steps to obtain the recovered gradient Rj,uy,.
2: Step 1: Define the SCR-recovered gradient at z € N,.

e For an interior vertex z € M}, NQ), we select some points z; = (x;,y;),1 <i<n (at
least 4) so that they locate around z as symmetrically as possible. Generally,
choosing the mesh nodes performs well. Let K, denote the convex polygon of
the sampling points. We find a linear polynomial satisfying

pa(xy):=argmin y (p1(z) —un(zi))*, (3.1)
1=ri=1

and the recovered gradient at z is defined by
Ryuy(z) =Vp.(x2,y2). (3.2)

o If z € 0() and no internal mesh node is directly connected to it, the recovered
gradient at z is defined to be Ryuy(z) =Vuy,(z).

o If z€0() and there are some internal mesh nodes z1,z3,- - -,zn, directly connected
to it, we first obtain the linear polynomial p..(x,y) which is best to fit u, at the
sampling points of K, for each internal mesh nodes z;, i=1,2,...,N;, then the
recovered gradient at z is defined to be

1 &
Ryuy(z) = ﬁszz, (2).
zi=1

3: Step 2: The recovered gradient Rju;, on () is obtained by the interpolation

Rhuh: ZJ\[ (Rhuh)(z)qbz, (33)

where ¢, is the Lagrange basis of V}, on node z.

Remark 3.2. The SCR method is a post-processing technique that reconstructs improved
gradient approximations from finite element solutions, which not only can improve the
quality of the approximation, but also construct a posteriori error estimators in adaptive
computation. And the SCR-based estimators have gained widely applications in engi-
neering practice.

In view of the SCR recovery operator, we define the following SCR-based error esti-
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5 5 5
Case 1 Case 2 Case 3

Figure 1: e sampling points [13].

mator for the spatial adaptation

1k = |Rupn—Vpnllox, 1xq=|Rugn—Vanllox, (3.4a)

2 ZKE'E (17[2<,p +7712<,q)
B NT '
where 7k, 17k ,q are denoted as the local error indicators of real and imaginary parts,
respectively, 17 is the global error estimator.
As for the temporal adaptation, the variable time steps are used and the difference of
the numerical approximations between two time steps

(3.4b)

T [ ]

is chosen as the temporal discretization error estimator.

3.2 Adaptive algorithm

In view of the error indicators above, we design the following time-space adaptive algo-
rithm for the nonlinear Schrédinger equation, which is outlined in Algorithm 3.2. And
in the Marking procedure, the maximum strategy is used for marking the elements for
refinement or coarsening as shown in Algorithm 3.3.

4 Numerical examples

In this section, several numerical examples are given to demonstrate the reliability and
effectiveness of the proposed numerical scheme and adaptive algorithm for the nonlinear
Schrodinger equation.

4.1 Tests for the rate of convergence

In this part, the convergent rates of time and space for the nonlinear Schrodinger equation
are given in Example 4.1, respectively. And the mass conservation law is also verified.
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Algorithm 3.2 Time-space adaptive algorithm for the nonlinear Schrédinger equation.

1: Given TOLy, TOL¢ min, TOLs, TOL,, 61 € (0,1), 62> 1;

2: Start with initial time step 1p, initial mesh 79, and initial solution ( pg,qg) ;
3: Set n=0, tp=0 and compute the energy E(u);

4 Set T,1:=T9,1:=1 and  =to+1;

: Solve the discrete equation for (p,,q; ) on mes using backward Euler method;
5: Solve the discrete equation for (p},q} h 7,} by using backward Eul thod
6: Do time and space adaptation and compute the energy E(u});

7: while E(u}')—E(u"')>TOL, do

8  Set 7;”“ =T T :=Tn and b1 =ty +Typ1;

9:  Solve the discrete equation for ( pzﬂ,qzﬂ) on mesh 7;;”’1 using data (p}/,q};);
10:  Compute the time error estimator 17,’(”1;
11:  while 17,'{”1 >TOL; or 77;(1+1 < TOL¢ min do
12: if /"1 > TOL; then
13: Set Ty 11:=01 - Tyy1 and t,, 1 =ty +Ty1 15
14: else
15: Set 7,4 1:=02-Tya1 and t,1 1 =ty +Tya1s
16: end if
17: Solve the discrete equation for (p}*!,4/""") on mesh 7," ! using data (p!,q});
18: Compute the time error estimator 17,21+1 ;
19:  end while

. : 1 1 1.

20:  Compute the space error estimator {171'2; }1{771’2; bt
21:  while /"' >TOL, do
22: Mark elements for refinement or coarsening;
23: Refine and coarsen mesh 7;{”“ to generate a new mesh 7;{"*1 ;
24: Solve the discrete equation for (p}*!,4/"*") on mesh 7," ! using data (p!,4});
25: Compute the error estimators 17k”+1 ;
26: while 77! > TOLyje or ' "' < TOLy 1y, do
27: if 77" > TOLyy, then
28: Set Tpt1:= (51 “Ty+1 and tn—i—l =ty +Tn+l;
29: else
30: Set T, 41: =02 Ty41 and £, 1 =ty +Typ15
31: end if
32: Solve the discrete equation for (p}™*,47 ") on mesh 7, ! using data (p!!,4});
33: Compute the error estimators 17;’“;
34: end while
35: Compute the error estimators {17[’2‘;1 I3 {17[’2;1 bt
36:  end while
37:  Compute the energy E(u*1);
38 n=n+1;

39: end while

Example 4.1 ([27]). In the first example, let O = [0,77]? and the parameters a =1, =1,
v(x) = —sin?xsin’y, we consider the nonlinear Schrodinger equation (1.1) with the exact
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Algorithm 3.3 Marking strategy.

1: Given the element error estimators {qK*F'Jl} {17”“} on mesh 7, ; and two parame-
ters: . .
=1 = .
(i) e

M=Kt > 0pits , or gt >6mits  Ke T,
Me={K:ict <Oeniphx, and gt <6onfiis, Ke T}

2: Output two element sets:

3: Calculate the maximum element error estimators:

Mmaxp -=max{yic,LKE T,

n&:iq-—max{anl,KeT"“}

4: forall Ke 7" do
5 if 17’“rl > erqgg; p OF ;71’2;1 > 0,1hix,q then
7: else 17”“ oot . and Mich! <Octining
8: Mc =M.+{K};
9: end if
solution
2it

u=e “sinxsiny.

The spatial and temporal convergent rates of the proposed methods for the nonlinear
Schrodinger equation are shown in Tables 1-2, respectively. From the tables, we can see
that the spatial accuracy is k41 order for the L, norm, and it is k order for the H; norm.
As for the temporal accuracy, it is second order.

In order to verify the mass conservation law, we plot the picture of mass in Fig. 2. As
it is shown that the mass is conserved, which is matched with the Theorem 3.1.

4.2 Numerical simulations for adaptive method

In order to verify the reliability and effectiveness of the proposed adaptive algorithm, in
this part, we solve the nonlinear Schrodinger equation based on the designed adaptive
algorithm.

Example 4.2 ([27]). Given a circular area x2+ y2 <5, consider the nonlinear Schrodinger
equation (1.1) with the initial condition

uo(x,y) =62 (*+y?),
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Table 1: Example 4.1, L error and convergent rate of space, T=0.5.

k (P m Ly-error Order | Hj-error | Order
le-03 5 | 2.1407e-01 - 7.2800e-01 -
le-03 | 10 | 5.6431e-02 | 1.9235 | 3.5351e-01 | 1.0422

1| 1e-03 | 20 | 1.4290e-02 | 1.9815 | 1.7507e-01 | 1.0138
le-03 | 40 | 3.5789e-03 | 1.9974 | 8.7311e-02 | 1.0037
1le-03 5 | 7.3176e-03 - 8.5194e-02 -
le-03 | 10 | 9.0298e-04 | 3.0186 | 2.1532e-02 | 1.9843

2| 1e-03 | 20 | 1.1102e-04 | 3.0238 | 5.3981e-03 | 1.9959
1le-03 | 40 | 1.3851e-05 | 3.0028 | 1.3508e-03 | 1.9987
2.5e-04 | 5 | 5.5912e-04 - 7.8476e-03 -
2.5e-04 | 10 | 3.4379e-05 | 3.9815 | 9.8703e-04 | 2.9911

3 | 2.5e-04 | 20 | 2.0541e-06 | 4.0649 | 1.2181e-04 | 3.0185
2.5e-04 | 40 | 1.3348e-07 | 3.9894 | 1.5120e-05 | 3.0101

Table 2: Example 4.1, Ly error and convergent rate of time (P3 element, the size of mesh 10X 25)-

Tnt1 Ly error | Order
0.1 4.1638e-03 -
0.05 | 1.1763e-03 | 1.8236
0.025 | 3.1075e-04 | 1.9204
0.0125 | 7.9742e-05 | 1.9624

and the parameters a =1, =1, v(x) =0.

Fig. 3 shows the initial mesh and the contour plot of initial function ug, which incloses
a cone shape. The sequence of adaptive meshes and the snapshots of the corresponding
approximate solutions are displayed in Fig. 4. From the numerical result, we can see

[—e—mass]|

Figure 2: Example 4.1, snapshot of mass.

217
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(a) (b)

Figure 3: Example 4.2, snapshots of initial mesh and initial solution.

Figure 4. Example 4.2, snapshots of adaptive meshes and numerical solutions.

that the blow-up phenomenon and mesh refinement near the blow-up solutions, and the
number of nodes becomes smaller and smaller as the zeros level curve becomes shorter
and shorter.

In Fig. 5, the contour plot of the change of number for nodes and time-steps with
time for the nonlinear Schrodinger equation based on the proposed time-space adap-
tive algorithm are displayed. From the pictures, we can see clearly that the number of
nodes decreases over time and the time-steps are changed with time. Further, in order to
show the efficiency of the proposed time-space adaptive algorithm, we solve nonlinear
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(a) (b)

Figure 5: Example 4.2, (a) number of nodes; (b) time-steps.

Schrodinger equation based on Algorithm 3.2 and only space adaptation, respectively,
for which the initial time-steps are both taken as 1e—5. The CPU time based on the two
kinds of adaptive algorithms are given in Table 3 for Example 4.2. As it is shown, we
can see that the CPU time in view of the only space adaptation is more than five times
that of the time-space adaptive algorithm, which indicates that the proposed time-space
adaptive algorithm is more efficient.

Table 3: Example 4.2 (T=0.04), CPU time of two kinds of algorithms (11th Gen Intel(R) Core(TM) i5-1135G7
© 2.40GHz 2.42GHz).

Algorithms | Time-space adaptive algorithm | Space adaptive algorithm
CPU time 706s 174478s

Example 4.3 ([27]). In the last example, we consider the nonlinear Schrodinger equation

iup+adu+(v(x)+Blul)u=f in Qx(0,T],
u(x,0)=up(x) in QOx{0}, 4.1)
u=0 on 90 x (0,T],

with the following exact solution

e'sin(7tx)sin(7ty)
(x—0.5)2+(y+0.5)240.01"

e'sin(7tx)sin(7y)
(x40.5)?4(y—0.5)24-0.01

U= +i
where Q =[-1,1]%, a = %, B=1, v(x) =0, and the corresponding right term f can be
obtained by taking u into Eq. (4.1).

Fig. 6 displays initial mesh and the contour plot of the initial solution 1y, which in-
closes cone type with symmetry. We present the sequence of adaptive meshes and con-
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Figure 6: Example 4.3, snapshots of initial mesh and initial solution.

Figure 7: Example 4.3, snapshots of adaptive meshes and numerical solutions.

tour plots of the corresponding approximate solutions produced by the adaptive algo-
rithm in Fig. 7. The initially connected interface splits into two curves, then the two com-
ponent of the interface develop circular shapes and the diameters of the two particles
decrease to zero until they collapse. Once again, it clearly shows the fine mesh follows
the zeros level set as it moves, and the number of nodes becomes smaller and smaller as
the zeros level curve becomes shorter and shorter.

The snapshots of the number of nodes and time-steps by using the proposed time-
space adaptive algorithm for Example 4.3 are shown in Fig. 8. And in order to compare
the proposed time-space adaptive algorithm with the spatial adaptation, the initial time-
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(a) (b)

Figure 8: Example 4.3, (a) number of nodes; (b) time-steps.

steps is given as le-6. The according CPU time based on the two kinds of adaptive algo-
rithms are given in Table 4. Once again, we can see that clearly that the number of nodes
decreases over time and the CPU time of the proposed time-space adaptive algorithm is
more shorter.

Table 4: Example 4.3 (T=4e—4), CPU time of two kinds of algorithms (11th Gen Intel(R) Core(TM) i5-1135G7
@ 2.40GHz 2.42GHz).

Algorithms | Time-space adaptive algorithm | Space adaptive algorithm
CPU time 3306s 4553s

5 Conclusions

In this paper, we considered the adaptive finite element method for the nonlinear
Schrodinger equation. The adaptive method was based on a second order accurate fi-
nite element scheme and a recovery-type a posteriori error estimator. A SCR-based a
posteriori error estimation was derived to control the mesh refinement and coarsening.
In view of the proposed error indicators, a time-space adaptive algorithm was proposed
for numerical approximation of the nonlinear Schrédinger equation. Numerical exper-
iments were presented to illustrate the reliability and efficiency of the proposed error
estimators and the corresponding adaptive algorithm.
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