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Abstract. The incompressible magnetohydrodynamics system with variable density
is coupled by the incompressible Navier-Stokes equations with variable density and
the Maxwell equations. In this paper, we study a new first-order Euler semi-discrete
scheme for solving this system. The proposed numerical scheme is unconditionally
stable for any time step size τ>0. Furthermore, a rigorous error analysis is presented
and the first-order temporal convergence rate O(τ) is derived by using the method of
mathematical induction and the discrete maximal Lp-regularity of the Stokes problem.
Finally, numerical results are given to support the theoretical analysis.
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1 Introduction

In this paper, we consider the 3D incompressible magnetohydrodynamics (MHD) sys-
tem with variable density. It is used to describe the motions of several conducting in-
compressible immiscible fluids without surface tension in presence of a magnetic field,
and has a wide range of applications in physical and industrial fields, such as astro-
physics, geophysics, plasma physics and liquid metals of an aluminum electrolysis cell
(cf. [8, 16, 27, 39]). This MHD system is governed by the following nonlinear parabolic
system in QT =Ω×(0,T]:

ρt+∇·(ρu)=0, (1.1a)
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ρ(ut+u·∇u)− 1
Re

∆u+Sb×curl b+∇p= f, (1.1b)

bt+
1

Rm
curl (curl b)−curl (u×b)=0, (1.1c)

∇·u=0, ∇·b=0, (1.1d)

where Ω⊂R3 is a bounded and convex domain with the boundary Γ= ∂Ω and [0,T] is
the time interval with some T > 0. The vector function f is a given body force. Positive
constants Re, Rm, S represent the Reynolds number, the magnetic Reynolds number and
the coupling number, respectively. The unknown functions are the density ρ, the velocity
field u, the pressure p and the magnetic field b.

The MHD system (1.1a)-(1.1d) is supplemented with the following initial values and
boundary conditions:

ρ(x,0)=ρ0(x), u(x,0)=u0(x), b(x,0)=b0(x) in Ω,
u(x,t)=g(x,t), b(x,t)·n=0, curl b(x,t)×n=0 on ΣT,
ρ(x,t)= a(x,t) on Σin

T ,
(1.2)

where n denotes the outward unit normal vector to the boundary Γ, ΣT =Γ×(0,T], Σin
T =

Γin×(0,T] and Γin is the inflow boundary defined by Γin={x∈Γ : g·n<0}. For the reason
of simplicity, we consider the homogeneous Dirichlet boundary condition for the velocity
field, i.e., g=0. This means that the boundary is impermeable, i.e., Γin =∅.

In addition, we require that the initial velocity field u0 and magnetic field b0 satisfy
the incompressible conditions, i.e.,

∇·u0=∇·b0=0 (1.3)

and there is no vacuum state in Ω, i.e.,

0<min
x∈Ω

ρ0(x) :=m≤ρ0(x)≤M :=max
x∈Ω

ρ0(x). (1.4)

There are many studies on the well-posedness of the solutions to the MHD system
(1.1a)-(1.2). The global existence of weak solutions of finite energy in the whole space
R3 was firstly established by Gerbeau and Le Bris under no vacuum assumption (1.4)
in [15]. The global existence of strong solutions with small initial data in some Besov
space was proved by Abidi and Paicu in [1]. Chen, Tan and Wang in [11] considered the
local strong solutions in the presence of vacuum. Huang and Wang in [26] extended it to
the global existence of strong solutions for 2D problem. Other theoretical results can be
found in [7, 12, 23, 34] and references cited therein.

On numerical methods for the incompressible MHD problems, there have a large
amount of works for the constant density MHD problem, such as [5, 6, 14, 24, 33, 37, 38,
40, 42–46] and references cited therein. However, few studies are made for the variable
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density MHD problem since the equations in (1.1a)-(1.1d) entangle hyperbolic, parabolic
and elliptic features.

We recall some known numerical methods for the incompressible Navier-Stokes flows
with variable density. The first-order and second-order Gauge-Uzawa projection schemes
were proposed by Pyo and Shen in [41] and the first-order temporal convergence rate
was shown by Chen, Mao and Shen for the first-order Gauge-Uzawa scheme in [10].
An incremental projection scheme was proposed by Guermond and Quartapelle in [20].
However, the scheme in [20] is somewhat expensive since there have two-consuming pro-
jection steps. Moreover, the pressure equation is a variable-coefficient elliptic equation.
To avoid the variable-coefficient elliptic equation, Guermond and Salgado in [21] pro-
posed a fractional-step splitting scheme based upon a pressure Poisson equation, and the
error estimate was given in [22] where the authors assumed that the numerical solution
of density has the upper and lower boundness uniformly. By using the similar assump-
tion, An studied a new fractional-step scheme, an iteration penalty scheme and the Euler
semi-implicit scheme proposed in [35], and proved the first-order temporal convergence
rate in [2–4], respectively. Recently, a complete error estimate of a linearized finite ele-
ment scheme for the two-dimensional Navier-Stokes equations with variable density was
studied in [9], where the numerical error was split into the temporal error and spatial er-
ror. The temporal error was estimated by using the discrete maximal Lp-regularity of
the nonlinear parabolic equations developed in [28], and the spatial error was estimated
by using the energy techniques developed in [29–32]. The complete error estimates for
the three-dimensional problem were studied in [30], where the discontinuous Galerkin
method was used to discretize the density equation.

As mentioned above, few work was studied for numerical simulations of the MHD
system with variable density. Gerbeau, Le Bris and Lelièvre in [16] discussed the nu-
merical approximations in the ALE formulation for the two-fluid MHD equations with
variable density, where the ALE method was used to track the interface of two fluids.
An Euler semi-implicit finite element scheme based on weak ALE formulation was con-
sidered and proved to be stable in [16]. By the implicit-explicit linearized technique, a
first-order Euler semi-discrete scheme was proposed in [36], where the first-order tempo-
ral convergence rate was derived.

Let Xh, Vh, Mh and Wh for approximations of the density, the velocity field, the pres-
sure and the magnetic field, respectively. Let 0= t0 < t1 < ···< tN =T be a uniform parti-
tion of the time interval [0,T] with time step τ=T/N and tn =nτ for 0≤n≤N. Denote
un

h ∈Vh and ρn
h ∈Xh the finite element approximations of u(tn) and ρ(tn), respectively.

To preserve the unconditional stability of the first-order Euler finite element scheme, the
following equality is often used:(

ρn
h

un+1
h −un

h
τ

,un+1
h

)
+

1
2

(
ρn+1

h −ρn
h

τ
,|un+1

h |2
)

=
1

2τ

(
‖σn+1

h un+1
h ‖2

L2−‖σn
h un+1

h ‖2
L2+‖σn

h (u
n+1
h −un

h)‖2
L2

)
, (1.5)
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where σn
h =

√
ρn

h . This can be viewed as the discrete version of the following continuous
equality on the time derivative of the kinetic energy:

(ρut,u)+
1
2
(ρt,|u|2)=

1
2

d
dt
‖σu‖2

L2 ,

where σ=
√

ρ. Thus, to preserve the unconditional stability of the numerical scheme, one
requires un+1

h ·un+1
h ∈Xh and the constraint condition of finite element spaces:

Vh ·Vh⊂Xh. (1.6)

The same constraint condition (1.6) is needed for finite element schemes of the incom-
pressible Navier-Stokes equations with variable density (cf. [9]) and with mass diffusion
(cf. [17–19]).

A natural question is whether an unconditionally stable algorithm can be constructed
without the constraint condition (1.6). This paper gives a positive answer. Firstly, we
rewrite the MHD system (1.1a)-(1.1d) to an equivalent MHD system (see (2.5a)-(2.5d) be-
low). Then we propose a time-discrete scheme for the new MHD system by the implicit-
explicit linearized technique. In terms of the discrete maximal Lp-regularity in [9,28], the
first-order convergence rate O(τ) is shown for the density, the velocity field, the pres-
sure and the magnetic field in some norms. In the finite element discretizations, we use
(P1,P1b,P1,P1) finite element discretization for the density, the velocity field, the pres-
sure and the magnetic field, respectively. The unconditional stability of the fully discrete
scheme is proved. Thus, the constraint condition (1.6) is avoided.

This paper is organized as follows. In Section 2, we recall some notations and give the
equivalent MHD system to (1.1a)-(1.1d). Then, we propose a time-discrete scheme for the
new system and prove the unconditional stability of algorithm. The main result about the
first-order convergence rate is presented in Section 3. The proof is given by the method of
mathematical induction and the discrete maximal Lp-regularity for the Stokes problem in
Section 4. In Section 5, numerical results are shown to confirm the temporal convergence
rate by using the finite element method to discrete the spatial direction. Moreover, the
unconditional stability of the fully discrete scheme is presented.

2 Time-discrete algorithm

2.1 Preliminaries

For the mathematical setting, we introduce the following notations. For k ∈N+ and
1≤ p≤+∞, the boldface notations Hk(Ω), Wk,p(Ω) and Lp(Ω) are used to denote the
vector-value Sobolev spaces corresponding to Hk(Ω)3, Wk,p(Ω)3 and Lp(Ω)3, respec-
tively. Moreover, the norms ‖·‖Hk , ‖·‖Wk,p and ‖·‖Lp in Hk(Ω), Wk,p(Ω) and Lp(Ω) are
defined by the classical way. Denote Hk

0(Ω) be the subspace of Hk(Ω) where the func-
tions have zero trace on ∂Ω. We use (·,·) to denote the L2 or L2 inner product. In the rest
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of this paper, we use the symbol C to denote some positive constant which can depend
on the physical data and is independent of the time step size τ.

Introduce the following function spaces:

V=H1
0(Ω), W={w∈H1(Ω), w·n=0 on Γ}, W0={w∈W, ∇·w=0},

Lq
σ(Ω)={v∈Lq(Ω), ∇·v=0, v·n|Γ =0}, Lq

σ(Ω)⊥={∇φ, φ∈W1,q(Ω)},

Vσ ={v∈V, ∇·v=0}, M=L2
0(Ω)=

{
q∈L2(Ω),

∫
Ω

qdx=0
}

.

The norm in W can be defined by

‖w‖W =

(∫
Ω
(|curl w|2+|∇·w|2)dx

)1/2

, ∀w∈W.

As we know that there exists some C>0 such that

‖w‖H1≤C‖w‖W , ∀w∈W,

which implies that

‖w‖H1≤C‖curl w‖L2 , ∀w∈W0.

By the Poincaré inequality, the norms in V is defined by

‖v‖V =‖∇v‖L2 =

(∫
Ω
|∇v|2dx

)1/2

, ∀v∈V.

Furthermore, there holds

‖v‖H1≤C‖∇v‖L2 , ∀v∈V.

For 2≤ q<+∞, we introduce the projection operator P : Lq(Ω)→Lq
σ(Ω). In terms of

the Helmholtz-Weyl decomposition of Lq(Ω) (cf. [13]), for any function v∈Lq(Ω), there
has a unique decomposition

v=Pv+∇φ (2.1)

with ∇φ∈Lq
σ(Ω)⊥ such that

‖Pv‖Lq +‖∇φ‖Lq≤C‖v‖Lq . (2.2)

Finally, we define the Stokes operator A by A=−P∆ which satisfies

‖v‖W2,q≤C‖Av‖Lq , ∀v∈Vσ∩W2,q(Ω). (2.3)



268 Y. Li and X. Cui / Adv. Appl. Math. Mech., 17 (2025), pp. 263-294

2.2 An equivalent system

It is easy to prove that the solution (ρ,u,b) to (1.1a)-(1.2) satisfies the following energy
inequalities (cf. [36]):

sup
t∈[0,T]

{
1
2
‖σ(t)u(t)‖2

L2+
S
2
‖b(t)‖2

L2+
∫ t

0

(
1

2Re
‖∇u(s)‖2

L2+
S

Rm
‖curl b(s)‖2

L2

)
ds
}

≤1
2
‖u0‖2

L2+
S
2
‖b0‖2

L2+
Re
2

∫ T

0
‖f(t)‖2

L2 dt, (2.4)

where σ(t)=
√

ρ(t). We note that the quantity 1
2‖σ(t)u(t)‖2

L2 is the kinetic energy of the
flow, which gives a hint to rewrite the system (1.1a)-(1.1d) as an equivalent form.

From (1.1a) and ∇·u=0, by a simple calculation, we get

∂ρ

∂t
+∇·(ρu)=2σ

(
∂σ

∂t
+∇σ·u

)
=2σ

(
∂σ

∂t
+∇·(σu)

)
=0

and

ρ
∂u
∂t

=σ
∂(σu)

∂t
+

u
2
∇·(ρu).

Then we can rewrite the MHD system (1.1a)-(1.1d) to the following equivalent form:

σt+∇·(σu)=0, (2.5a)

σ(σu)t−
1

Re
∆u+ρ(u·∇)u+u

2
∇·(ρu)+Sb×curl b+∇p= f, (2.5b)

bt+
1

Rm
curl (curl b)−curl (u×b)=0, (2.5c)

∇·u=0, ∇·b=0. (2.5d)

From (1.2), initial and boundary conditions for (2.5a)-(2.5d) are{
σ(x,0)=σ0(x)=

√
ρ0(x), u(x,0)=u0(x), b(x,0)=b0(x) in Ω,

u(x,t)=0, b(x,t)·n=0, curl b(x,t)×n=0 on ΣT,
(2.6)

where σ0 satisfies the no vacuum assumption:
√

m≤σ0(x)≤
√

M, ∀x∈Ω. (2.7)

2.3 Time-discrete scheme

Let 0= t0< t1< ···< tN =T be a uniform partition of the time interval [0,T] with time step
size τ=T/N and tn =nτ. For any sequence of functions {gn}N

n=0, we denote

Dτgn =
gn−gn−1

τ
for 1≤n≤N.

Start with σ0 =σ0, u0 =u0 and b0 =b0. For 0≤n≤N−1, we propose the following Euler
time-discrete scheme for solving (2.5a)-(2.6) numerically:
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Algorithm 2.1 First-order Euler time-discrete algorithm.

1. Step I: For given σn and un, we first solve σn+1 by

Dτσn+1+∇·(σn+1un)=0. (2.8)

2. Step II: Then we solve (un+1,pn+1,bn+1) by

σn+1Dτ(σ
n+1un+1)− 1

Re
∆un+1+∇pn+1+ρn+1(un ·∇)un+1

+
un+1

2
∇·(ρn+1un)+S(bn×curl bn+1)= fn+1, ∇·un+1=0, (2.9)

and

Dτbn+1+
1

Rm
curl (curl bn+1)−curl (un+1×bn)=0, ∇·bn+1=0, (2.10)

with boundary conditions un+1 = 0, bn+1 ·n= 0 and curl bn+1×n= 0 on Γ, where
ρn+1=(σn+1)2.

2.4 The stability of the algorithm

In this subsection, we will prove the unconditional stability of the proposed time-discrete
algorithm (2.8)-(2.10). Since the sub-problems are linear problems by using the implicit-
explicit linearized method, the unconditional stability implies the existence and unique-
ness of numerical solutions (σn+1,un+1,pn+1,bn+1).

Multiplying (2.8) by 2τσn+1 and integrating over Ω, we have

‖σn+1‖2
L2+‖σn+1−σn‖2

L2−‖σn‖2
L2 =0, (2.11)

where we noted that

2(∇·(σn+1un),σn+1)=2(∇σn+1 ·un,σn+1)=(∇|σn+1|2,un)=−(|σn+1|2,∇·un)=0

by using ∇·un =0. Then from (2.11) we get the L2 stability of σn+1:

‖σn+1‖L2≤‖σ0‖L2 , ∀0≤n≤N−1.

Testing (2.9) by v=2τun+1 leads to

‖σn+1un+1‖2
L2+‖σn+1un+1−σnun‖2

L2−‖σnun‖2
L2+

2τ

Re
‖∇un+1‖L2

+2τS(bn×curl bn+1,un+1)=2τ(fn+1,un+1), (2.12)
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where we use

2(ρn+1(un ·∇)un+1,un+1)

=(ρn+1un,∇|un+1|2)
=−(un+1∇·(ρn+1un),un+1).

Testing (2.10) by w=2Sτbn+1, we get

S
(
‖bn+1‖2

L2+‖bn+1−bn‖2
L2−‖bn‖2

L2

)
+

2Sτ

Rm
‖curl bn+1‖L2

−2Sτ(un+1×bn,curl bn+1)=0. (2.13)

According to the vector formula

(a×curl b,c)=(c×a,curl b), ∀a,b,c∈R3, (2.14)

we have
(bn×curl bn+1,un+1)=(un+1×bn,curl bn+1).

Then adding (2.12) and (2.13) and summing up from n=0 to n=m with 0≤m≤N−1, we
have

‖σm+1um+1‖2
L2+S‖bm+1‖2

L2+
m

∑
n=0

(‖σn+1un+1−σnun‖2
L2+‖bn+1−bn‖2

L2)

+τ
m

∑
n=0

(
1

Re
‖∇un+1‖L2+

2S
Rm
‖curl bn+1‖L2

)
≤‖σ0u0‖2

L2+S‖b0‖2
L2+Cτ

N−1

∑
n=0
‖fn+1‖L2 . (2.15)

3 Main result

In this section, we will present the main result on the first-order temporal convergence
rate O(τ) of numerical solutions (σn+1,un+1,pn+1,bn+1) in different norms, and then
prove these convergence rates.

For 0≤n≤N, we introduce error functions as follows:

en
ρ =ρ(tn)−ρn, en

σ =σ(tn)−σn, en
u=u(tn)−un,

en
p = p(tn)−pn, en

b=b(tn)−bn.

Since we focus on the optimal convergence analysis for the time discrete scheme (2.8)-
(2.10), the regularity assumption of the exact solution is needed. Throughout this paper,
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we assume that the equivalent MHD system (2.5a)-(2.6) have a unique strong solution
which is sufficiently smooth such that

σ∈L∞(0,T;H3(Ω)), σt∈L∞(0,T;H1(Ω)), (3.1a)

σtt∈L∞(0,T;W1,∞(Ω))∩L2(0,T;H2(Ω)), (3.1b)

u∈L∞(0,T;V∩W2,4(Ω)), utt∈L2(0,T;L2(Ω)), (3.1c)

ut∈L∞(0,T;W1,∞(Ω))∩L2(0,T;H2(Ω)), (3.1d)

b∈L∞(0,T;W∩W2,4(Ω)), bt∈L2(0,T;H1(Ω)), btt∈L2(0,T;L2(Ω)). (3.1e)

The main result in this paper is presented in the following theorem.

Theorem 3.1. Suppose that the initial data σ0∈H2(Ω)∩W1,∞(Ω), u0∈W1,∞(Ω)∩Vσ∩H2(Ω),
b0∈W0, f∈ L2(0,T;L2(Ω)), and σ0 satisfies the no vacuum assumption (2.7). Let σ, u, p and b
be the solution of the equivalent MHD system (2.5a)-(2.6) and satisfy the regularity assumption
(3.1). Then for 0≤ n≤ N−1, the time-discrete scheme (2.8)-(2.10) admit the unique solution
σn+1, un+1, pn+1 and bn+1. Furthermore, there exists some small τ0 >0 such that when τ<τ0,
one has

√
m≤σk(x)≤

√
M, ∀x∈Ω, 0≤ k≤N, (3.2)

and the regularity estimates

max
0≤k≤N

(
‖uk‖W1,∞ +‖Auk‖L2+‖σk‖W1,∞ +‖σk‖H2

)
≤K, (3.3)

where

K=‖u‖L∞(0,T;W1,∞)+‖u‖L∞(0,T;H2)+‖σ‖L∞(0,T;W1,∞)+‖σ‖L∞(0,T;H2)

+‖u0‖W1,∞ +‖Au0‖L2+‖σ0‖W1,∞ +‖σ0‖H2+1.

Moreover, the following temporal error estimates hold:

max
1≤n≤N

(
‖en

ρ‖L2+‖en
σ‖L2+‖∇en

u‖L2+‖curl en
b‖L2

)
≤Cτ, (3.4a)

τ
N

∑
n=1

(
‖en

u‖2
H2+‖en

b‖2
H2+‖en

p‖2
H1

)
≤Cτ2. (3.4b)

To prove Theorem 3.1, we recall three lemmas which are frequently used. The follow-
ing two lemmas established in [9] play a key role in error analysis.

Lemma 3.1. Assume that σn∈H2(Ω)∩W1,∞(Ω) and un∈W1,∞(Ω)∩Vσ∩H2(Ω) are given for
0≤n≤N−1. Then the hyperbolic equation (2.8) has a unique solution σn+1∈H2(Ω)∩L∞(Ω)
which satisfies the maximum principle

min
x∈Ω

σn(x)≤σn+1(x)≤max
x∈Ω

σn(x), ∀ x∈Ω. (3.5)
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Lemma 3.2. For 1≤n≤N, let an(x) be a function defined on Ω which satisfies

(1) κ0≤ an(x)≤κ1 for some positive constants κ0 and κ1,

(2) max1≤n≤N‖an‖W1,4≤κ2 for some positive constant κ2,

(3) ∑N
n=1‖an−an−1‖L∞≤κ3 for some positive constant κ3.

Then the solution vn to the following problem

anDτvn+Avn =gn, n=1,··· ,N,

satisfies

τ
N

∑
n=1

(
‖Dτvn‖p

Lq +‖Avn‖p
Lq

)
≤C

(
τ1−p‖v0‖Lq +τ‖Av0‖Lq

)
+Cτ

N

∑
n=1
‖gn‖p

Lq , (3.6)

where C>0 is independent of τ and an, but may depends on κ0, κ1, κ2, κ3 and T.

Then, we recall the discrete Gronwall’s inequality established in [25].

Lemma 3.3. Let ak,bk and γk be the nonnegative numbers such that

an+τ
n

∑
k=0

bk≤τ
n

∑
k=0

γkak+B for n≥1. (3.7)

Suppose τγk <1 and set σk =(1−τγk)
−1. Then there holds:

an+τ
n

∑
k=0

bk≤exp
(

τ
n

∑
k=0

γkσk

)
B for n≥1. (3.8)

Remark 3.1. If the sum on the right-hand side of (3.7) extends only up to n−1, then the
estimate (3.8) still holds for all k≥1 with σk =1.

Next, we give error equations as follows. For 0≤n≤N−1, the exact solution (σ,u,p,b)
to (2.5a)-(2.6) at t= tn+1 satisfies

Dτσ(tn+1)+∇·(σ(tn+1)u(tn))=Rn+1
σ , (3.9)

and

σ(tn+1)Dτ(σ(tn+1)u(tn+1))−
1

Re
∆u(tn+1)+ρ(tn+1)(u(tn)·∇)u(tn+1)

+
u(tn+1)

2
∇·(ρ(tn+1)u(tn))+∇p(tn+1)+S(b(tn)×curl b(tn+1))= fn+1+Rn+1

u (3.10)
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with ∇·u(tn+1)=0, and

Dτb(tn+1)+
1

Rm
curl (curl b(tn+1))−curl (u(tn+1)×b(tn))=Rn+1

b (3.11)

with ∇·b(tn+1)=0, where truncation error functions Rn+1
σ , Rn+1

u and Rn+1
b are given by

Rn+1
σ =(Dτσ(tn+1)−σt(tn+1))−∇σ(tn+1)·(u(tn+1)−u(tn)),

Rn+1
u =σ(tn+1)(Dτ(σ(tn+1)u(tn+1))−(σu)t(tn+1))

−ρ(tn+1)((u(tn+1)−u(tn))·∇)u(tn+1)−
u(tn+1)

2
∇ρ(tn+1)·(u(tn+1)−u(tn))

−S((b(tn+1)−b(tn))×curl b(tn+1)),

Rn+1
b =(Dτb(tn+1)−bt(tn+1))+curl (u(tn+1)×(b(tn+1)−b(tn))).

In terms of the regularity assumption (3.1) and the Taylor formula, truncation error func-
tions satisfy

‖Rn+1
σ ‖2

W1,∞ +τ
N−1

∑
n=0

(
‖Rn+1

σ ‖2
H2+‖Rn+1

u ‖2
H1+‖Rn+1

b ‖2
L2

)
≤Cτ2. (3.12)

Subtracting (2.8), (2.9), (2.10) from (3.9), (3.10), (3.11), we get the following error equa-
tions:

Dτen+1
σ +∇·(σ(tn+1)en

u)+∇·(en+1
σ un)=Rn+1

σ , (3.13a)

∇·en+1
u =0, σn+1Dτ(σ

n+1en+1
u )− 1

Re
∆en+1

u +∇en+1
p +

4

∑
i=1

In+1
i =Rn+1

u , (3.13b)

∇·en+1
b =0, Dτen+1

b +
1

Rm
curl (curl en+1

b )− In+1
5 =Rn+1

b , (3.13c)

where In+1
1 ,··· , In+1

5 are given by

In+1
1 = en+1

ρ (u(tn)·∇)u(tn+1)+ρn+1(en
u ·∇)u(tn+1)+ρn+1(un ·∇)en+1

u ,

In+1
2 = en+1

σ Dτ(σ(tn+1)u(tn+1)+σn+1en+1
σ Dτu(tn+1)

+σn+1(Rn+1
σ −∇(σ(tn+1))·en

u−∇en+1
σ ·un)u(tn),

In+1
3 =

u(tn+1)

2
∇·(en+1

ρ u(tn))+
u(tn+1)

2
∇·(ρn+1en

u)+
en+1

u
2
∇·(ρn+1un),

In+1
4 =Sen

b×curl b(tn+1)+Sbn×curl en+1
b ,

In+1
5 =curl (u(tn+1)×en

b)+curl (en+1
u ×bn).

Proof of Theorem 3.1. We will use the method of mathematical induction to prove the
maximal principle (3.2) and the regularity estimate (3.3). Meanwhile, error estimates
(3.4a)-(3.4b) can be derived in the procedure of induction.
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It is clear that (3.2) and (3.3) hold for k=0. For 0≤n≤N−1, we assume that (3.2) and
(3.3) are valid for k=n, i.e., there hold

√
m≤σn(x)≤

√
M, ∀x∈Ω, (3.14)

and

‖un‖W1,∞ +‖un‖H2+‖σn‖W1,∞ +‖σn‖H2≤K. (3.15)

Under induction assumptions (3.14)-(3.15) and according to Lemma 3.1, the hyperbolic
equation (2.8) has a unique solution σn+1∈H2(Ω)∩L∞(Ω) which satisfies

√
m≤min

x∈Ω
σn(x)≤σn+1(x)≤max

x∈Ω
σn(x)≤

√
M, ∀x∈Ω, 0≤n≤N−1. (3.16)

Thus, (3.2) is valid for k=n+1. Furthermore, (3.16) implies that

m≤ρn+1(x)≤M, ∀x∈Ω, 0≤n≤N−1. (3.17)

To close the mathematical induction, we need to prove that (3.3) is valid for k=n+1.
Step I: L2 estimates of en+1

u and en+1
b . Testing (3.13a) by 2τen+1

σ , we have

‖en+1
σ ‖2

L2−‖en
σ‖2

L2+‖en+1
σ −en

σ‖2
L2

=2τ(Rn+1
σ ,en+1

σ )−2τ(∇σ(tn+1)·en
u,en+1

σ )

≤τ

2
‖en+1

σ ‖2
L2+Cτ‖Rn+1

σ ‖2
L2+Cτ‖σnen

u‖2
L2 ,

where we have noted (3.14) and

2(∇·(en+1
σ un),en+1

σ )=2
∫

Ω
∇en+1

σ ·unen+1
σ dx=

∫
Ω
∇|en+1

σ |2 ·undx

=−
∫

Ω
|en+1

σ |2∇·undx=0.

Summing up the above inequality and using the discrete Gronwall inequality in Lemma
3.3, we get

‖en+1
σ ‖2

L2+
n

∑
i=0
‖ei+1

σ −ei
σ‖2

L2≤Cτ2+Cτ
n

∑
i=0
‖σiei

u‖2
L2 , ∀0≤n≤N−1. (3.18)

Testing (3.13b) and (3.13c) by 2τen+1
u and 2τSen+1

b , respectively, and adding the resulting
equations, we obtain

‖σn+1en+1
u ‖2

L2−‖σnen
u‖2

L2+‖σn+1en+1
u −σnen

u‖2
L2+

2τ

Re
‖∇en+1

u ‖2
L2

+S‖en+1
b ‖2

L2−S‖en
b‖2

L2+S‖en+1
b −en

b‖2
L2+

2τS
Rm
‖curl en+1

b ‖2
L2

=2τS(In+1
5 ,en+1

b )−2τ
4

∑
i=1

(In+1
i ,en+1

u )+2τ(Rn+1
u ,en+1

u )+2τS(Rn+1
b ,en+1

b ). (3.19)
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We estimate the right-hand side of (3.19) term by term by the Hölder inequality and the
Young inequality. Firstly, from the integration by parts, one has(

ρn+1(un ·∇)en+1
u ,en+1

u

)
+

1
2

(
en+1

u ∇·(ρn+1un),en+1
u

)
=0.

Then using the regularity assumption (3.1) and induction assumptions (3.16)-(3.17), we
can get

−2τ(In+1
1 ,en+1

u )−2τ(In+1
3 ,en+1

u )

=−2τ(en+1
ρ (u(tn)·∇)u(tn+1),en+1

u )−2τ(ρn+1(en
u ·∇)u(tn+1),en+1

u )

+τ
(

en+1
ρ u(tn),∇(u(tn+1)·en+1

u )
)
−τ
(

u(tn+1)∇·(ρn+1en
u),e

n+1
u

)
≤Cτ

(
‖en+1

σ ‖2
L2+‖σnen

u‖2
L2

)
+

τ

4Re
‖∇en+1

u ‖2
L2 , (3.20)

where we use

‖en+1
ρ ‖L2≤‖

√
ρ(tn+1)+σn+1‖L∞‖en+1

σ ‖L2≤C‖en+1
σ ‖L2 . (3.21)

The term In+1
2 can be bounded by

−2τ(In+1
2 ,en+1

u )≤Cτ(‖en+1
σ ‖L2‖en+1

u ‖L2+‖en+1
σ ‖L2‖∇en+1

u ‖L2+‖en
u‖L2‖en+1

u ‖L2)

+Cτ(‖Rn+1
σ ‖L2‖en+1

u ‖L2+‖∇σn+1‖L3‖en+1
σ ‖L2‖en+1

u ‖L6)

≤ τ

4Re
‖∇en+1

u ‖2
L2+Cτ(‖en+1

σ ‖2
L2+‖Rn+1

σ ‖2
L2+‖σnen

u‖2
L2). (3.22)

Finally, from the vector formula (2.14), we have

−2τ(In+1
4 ,en+1

u )+2τS(In+1
5 ,en+1

b )

=2τS(u(tn+1)×en
b,curl en+1

b )−2τS(en
b×curl b(tn+1),en+1

u )

≤Cτ‖en
b‖L2‖en+1

u ‖L2+Cτ‖en
b‖L2‖curl en+1

b ‖L2

≤Cτ‖en
b‖2

L2+
τ

4Re
‖∇en+1

u ‖2
L2+

τS
2Rm

‖curl en+1
b ‖2

L2 . (3.23)

Substituting (3.20), (3.22) and (3.23) into (3.19) yields

‖σn+1en+1
u ‖2

L2+‖σn+1en+1
u −σnen

u‖2
L2−‖σnen

u‖2
L2+

τ

Re
‖∇en+1

u ‖2
L2

+S‖en+1
b ‖2

L2+S‖en+1
b −en

b‖2
L2−S‖en

b‖2
L2+

τS
Rm
‖curl en+1

b ‖2
L2

≤Cτ
(
‖en+1

σ ‖2
L2+‖σnen

u‖2
L2+‖en

b‖2
L2+‖Rn+1

u ‖2
L2+‖Rn+1

b ‖2
L2+‖Rn+1

σ ‖2
L2

)
.
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Summing up the above inequality and using (3.18) yields

‖σn+1en+1
u ‖2

L2+S‖en+1
b ‖2

L2+
n

∑
i=0

(
‖σi+1ei+1

u −σiei
u‖2

L2+S‖ei+1
b −ei

b‖2
L2

)
+

τ

Re

n

∑
i=0
‖∇ei+1

u ‖2
L2+

Sτ

Rm

n

∑
i=0
‖curl ei+1

b ‖
2
L2

≤Cτ2+Cτ
n

∑
i=0

(‖σiei
u‖2

L2+‖ei
b‖2

L2), ∀ 0≤n≤N−1.

By the Gronwall inequality in Lemma 3.3, we get

‖σn+1en+1
u ‖2

L2+S‖en+1
b ‖2

L2+
n

∑
i=0

(
‖σi+1ei+1

u −σiei
u‖2

L2+S‖ei+1
b −ei

b‖2
L2

)
+

τ

Re

n

∑
i=0
‖∇ei+1

u ‖2
L2+

Sτ

Rm

n

∑
i=0
‖curl ei+1

b ‖
2
L2≤Cτ2, ∀0≤n≤N−1, (3.24)

which with (3.18) yields

‖en+1
σ ‖2

L2+
n

∑
i=0
‖ei+1

σ −ei
σ‖2

L2≤Cτ2, ∀0≤n≤N−1. (3.25)

Step II: H2 regularities of un+1 and bn+1. The inequality (3.24) implies the uniform
boundness of un+1 and bn+1 in H1-norm, i.e., there exists some C>0 such that

‖∇un+1‖L2+‖curl bn+1‖L2≤C. (3.26)

On the other hand, from

‖σn+1−σn‖L2≤‖σ(tn+1)−σ(tn)‖L2+‖en+1
σ −en

σ‖L2≤Cτ (3.27)

and

‖σn+1un+1−σnun‖L2

≤‖σn+1en+1
u −σnen

u‖L2+‖(σn+1−σn)u(tn+1)‖L2+‖σn(u(tn+1)−u(tn))‖L2 ,

we have
m

∑
n=0
‖σn+1un+1−σnun‖2

L2

≤C
m

∑
n=0
‖σn+1en+1

u −σnen
u‖2

L2+C
m

∑
n=0
‖σn+1−σn‖2

L2

+C
m

∑
n=0
‖u(tn+1)−u(tn)‖2

L2≤Cτ. (3.28)
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In order to derive the H2 regularities of the numerical solution, we rewrite (2.9) and (2.10)
as the following Stokes type and Maxwell type problems:

− 1
Re

∆un+1+∇pn+1

=−σn+1Dτ(σ
n+1un+1)−ρn+1(un ·∇)un+1

−un+1

2
∇·(ρn+1un)−S(bn×curl bn+1)+fn+1, ∇·un+1=0, (3.29)

and

1
Rm

curl (curl bn+1)=curl (un+1×bn)−Dτbn+1, ∇·bn+1=0. (3.30)

Next, we estimate the right-hand side of (3.29) term by term. From (3.16) and (3.28), we
have

τ
N−1

∑
n=0
‖σn+1Dτ(σ

n+1un+1)‖2
L2≤C. (3.31)

In terms of the Sobolev embedding theorem, (3.17) and (3.26), we can get

τ
N−1

∑
n=0
‖ρn+1(un ·∇)un+1‖2

L3/2≤Cτ
N−1

∑
n=0
‖ρn+1‖2

L∞‖∇un‖2
L2‖∇un+1‖2

L2≤C, (3.32a)

τ
N−1

∑
n=0
‖Sbn×curl bn+1‖2

L3/2≤Cτ
N−1

∑
n=0
‖curl bn‖2

L2‖curl bn+1‖2
L2≤C. (3.32b)

According to (2.8), we have

−un+1

2
∇·(ρn+1un)=−σn+1un+1∇·(σn+1un)=σn+1Dτσn+1un+1.

Then ∥∥∥∥un+1

2
∇·(ρn+1un)

∥∥∥∥
L3/2

=‖σn+1un+1Dτσn+1‖L3/2

≤Cτ−1‖un+1‖L6‖σn+1−σn‖L2 . (3.33)

From (3.27), one has

τ
N−1

∑
n=0

∥∥∥∥un+1

2
∇·(ρn+1un)

∥∥∥∥2

L3/2
≤C. (3.34)
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Applying the regularity of the Stokes problem to (3.29), and using (3.31)-(3.32b) and
(3.34), we have

τ
N−1

∑
n=0
‖un+1‖2

W2,3/2≤C.

According to the Sobolev imbedding W2,3/2(Ω)⊂W1,3(Ω), we get

τ
N−1

∑
n=0
‖un+1‖2

W1,3≤C. (3.35)

By a similar method, one has

‖bn+1−bn‖L2≤‖b(tn+1)−b(tn)‖L2+‖en+1
b −en

b‖L2 ,

which with (3.24) leads to

τ
N−1

∑
n=0
‖Dτbn+1‖2

L2≤C. (3.36)

Furthermore, from (3.26), one has

‖curl (un+1×bn)‖L3/2≤C‖∇un+1‖L2‖bn‖L6+C‖un+1‖L6‖∇bn‖L2

≤C‖∇un+1‖L2‖bn‖L6+C‖un+1‖L6‖curl bn‖L2≤C,

where we noted
‖∇bn‖L2≤‖bn‖H1≤C‖curl bn‖L2 .

Thus,

τ
N−1

∑
n=0
‖curl (un+1×bn)‖2

L3/2≤C. (3.37)

Applying the regularity theory of the Maxwell equation to (3.30) and using (3.36)-(3.37)
yield

τ
N−1

∑
n=0
‖bn+1‖2

W2,3/2≤C.

By the Sobolev imbedding W2,3/2(Ω)⊂W1,3(Ω), again, we get

τ
N−1

∑
n=0
‖bn+1‖2

W1,3≤C. (3.38)
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Based on (3.35) and (3.38), we can obtain the H2 regularities of numerical solution
(un+1,bn+1). Firstly, one has

‖ρn+1(un ·∇)un+1‖L2≤C‖un‖L6‖∇un+1‖L3≤C‖un+1‖W1,3 ,

‖bn×curl bn+1‖L2≤C‖bn‖L6‖curl bn+1‖L3≤C‖curl bn+1‖L3 ,

‖curl (un+1×bn)‖L2≤C‖∇un+1‖L3‖bn‖L6+C‖un+1‖L6‖curl bn‖L3

≤C(‖∇un+1‖L3+‖curl bn‖L3).

Then

τ
N−1

∑
n=0

(
‖ρn+1(un ·∇)un+1‖2

L2+‖bn×curl bn+1‖2
L2+‖curl (un+1×bn)‖2

L2

)
≤C. (3.39)

By the Agmon inequality, (3.16) and (3.27), we have∥∥∥∥un+1

2
∇·(ρn+1un)

∥∥∥∥2

L2
=‖σn+1un+1Dτσn+1‖2

L2≤C‖un+1‖2
L∞‖Dτσn+1‖2

L2

≤C‖∇un+1‖L2‖Aun+1‖L2≤ 1
2
‖Aun+1‖2

L2+C‖∇un+1‖2
L2 . (3.40)

The regularity theories of the Stokes and Maxwell problems with (3.31), (3.36), (3.39) and
(3.40) yields

τ
N−1

∑
n=0

(
‖Aun+1‖2

L2+‖pn+1‖2
H1+‖bn+1‖2

H2

)
≤τ

N−1

∑
n=0

∥∥∥∥un+1

2
∇·(ρn+1un)

∥∥∥∥2

L2
+C

≤τ

2

N−1

∑
n=0
‖Aun+1‖2

L2+C.

Thus, we get the regularities of numerical solution:

τ
N−1

∑
n=0

(
‖Aun+1‖2

L2+‖pn+1‖2
H1+‖bn+1‖2

H2

)
≤C. (3.41)

Step III: H1 estimates of en+1
u and en+1

b . For j=1,2,3, differentiating (3.13a) with respect
to xj gives

Djen+1
σ −Djen

σ

τ
+∇(Djσ(tn+1))·en

u+∇σ(tn+1)·Djen
u

+∇(Djen+1
σ )·un+∇en+1

σ ·Djun =DjRn+1
σ , (3.42)
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where the differential operator Dj=∂/∂xj. Testing the above equation by 2τDjen+1
σ yields

‖Djen+1
σ ‖2

L2+‖Djen+1
σ −Djen

σ‖2
L2−‖Djen

σ‖2
L2

≤Cτ(‖en
u‖2

L4+‖Djen
u‖2

L2+‖∇en+1
σ ‖2

L2+‖DjRn+1
σ ‖2

L2)+Cτ‖Djen+1
σ ‖2

L2 ,

which implies that

‖∇en+1
σ ‖2

L2+‖∇(en+1
σ −en

σ)‖2
L2−‖∇en

σ‖2
L2

≤Cτ(‖∇en
u‖2

L2+‖∇Rn+1
σ ‖2

L2)+Cτ‖∇en+1
σ ‖2

L2 .

Summing up the above inequality and using the discrete Gronwall inequality, we get

‖∇en+1
σ ‖2

L2+
n

∑
i=0
‖∇(ei+1

σ −ei
σ)‖2

L2≤Cτ
n

∑
i=0

(‖∇ei
u‖2

L2+‖∇Ri+1
σ ‖2

L2)≤Cτ2. (3.43)

To derive the H1 error estimate of the velocity field, we rewrite the error equation (3.13b)
as follows:

ρn+1Dτen+1
u − 1

Re
∆en+1

u +∇en+1
p +

4

∑
i=1

In+1
i + In+1

6 =Rn+1
u , (3.44)

where In+1
1 ,··· , In+1

4 are defined as before, and In+1
6 is given by

In+1
6 =σn+1Dτ(σ

n+1en+1
u )−ρn+1Dτen+1

u =−σn+1∇·(σn+1un)en
u.

Multiplying (3.44) by 2τDτen+1
u and integrating over Ω yields

2τ‖σn+1Dτen+1
u ‖2

L2+
1

Re

(
‖∇en+1

u ‖2
L2+‖∇en+1

u −∇en
u‖2

L2−‖∇en
u‖2

L2

)
=2τ(Rn+1

u ,Dτen+1
u )−2τ

4

∑
i=1

(In+1
i ,Dτen+1

u )−2τ(In+1
6 ,Dτen+1

u ),

which with (3.16) leads to

2mτ‖Dτen+1
u ‖2

L2+
1

Re

(
‖∇en+1

u ‖2
L2+‖∇en+1

u −∇en
u‖2

L2−‖∇en
u‖2

L2

)
≤mτ

2
‖Dτen+1

u ‖2
L2+2τ|(In+1

3 ,Dτen+1
u )|

+Cτ(‖In+1
1 ‖2

L2+‖In+1
2 ‖2

L2+‖In+1
4 ‖2

L2+‖In+1
6 ‖2

L2+‖Rn+1
u ‖2). (3.45)

We can estimate ‖In+1
1 ‖2

L2 , ‖In+1
2 ‖2

L2 , ‖In+1
4 ‖2

L2 and ‖In+1
6 ‖2

L2 as follows:

‖In+1
1 ‖2

L2≤C(‖en+1
σ ‖2

L2+‖en
u‖2

L2+‖un‖2
H2‖∇en+1

u ‖2
L2),

‖In+1
2 ‖2

L2≤C(‖en+1
σ ‖2

L2+‖en
u‖2

L2+‖un‖2
H2‖∇en+1

σ ‖2
L2+‖Rn+1

σ ‖2
L2),

‖In+1
4 ‖2

L2≤C(‖en
b‖2

L2+‖curl en+1
b ‖2

L2),

‖In+1
6 ‖2

L2≤C‖un‖2
H2‖∇σn+1‖2

L3‖en
u‖2

L6≤C‖un‖2
H2‖∇en

u‖2
L2 ,
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where (3.1), (3.17) and (3.21) are used.
For the term In+1

3 in (3.45), we rewrite I3 as follows:

In+1
3 =

u(tn+1)

2
∇·(en+1

ρ u(tn))+
u(tn+1)

2
∇·(ρn+1en

u)+
en+1

u
2
∇·(ρn+1un)

=
u(tn+1)

2
∇·(en+1

ρ u(tn))+
u(tn+1)

2
∇·(ρ(tn+1)en

u)−
u(tn+1)

2
∇·(en+1

ρ en
u)

+
en+1

u
2
∇·(ρ(tn+1)un)− en+1

u
2
∇·(en+1

ρ un). (3.46)

Then there holds

2τ|(In+1
3 ,Dτen+1

u )|
≤Cτ‖u(tn+1)∇en+1

ρ ·u(tn)‖L2‖Dτen+1
u ‖L2+Cτ‖u(tn+1)∇ρ(tn+1)·en

u‖L2‖Dτen+1
u ‖L2

+Cτ‖en+1
u ∇ρ(tn+1)·un‖L2‖Dτen+1

u ‖L2+C|(u(tn+1)∇·(en+1
ρ en

u),e
n+1
u −en

u)|
+C|(en+1

u ∇·(en+1
ρ un),en+1

u −en
u)|

≤mτ

2
‖Dτen+1

u ‖2
L2+Cτ(‖∇en+1

σ ‖2
L2+‖∇en

u‖2
L2+‖∇en+1

u ‖2
L2)

+
1

2Re
‖∇en+1

u −∇en
u‖2

L2+C(‖∇en
u‖2

L2+‖∇en+1
u ‖2

L2)‖en+1
σ ‖2

H1 ,

where we use

‖∇en+1
ρ ‖L2 =‖∇(en+1

σ (2σ(tn+1)−en+1
σ ))‖L2≤C‖en+1

σ ‖H1 . (3.47)

Substituting the above inequalities into (3.45) and using (3.43), we get

mτ
n

∑
i=0
‖Dτei+1

u ‖2
L2+

1
Re
‖∇en+1

u ‖2
L2+

1
2Re

n

∑
i=0
‖∇ei+1

u −∇ei
u‖2

L2

≤Cτ2+Cτ
n

∑
i=0
‖ui‖2

H2‖∇ei+1
u ‖2

L2+Cτ
n

∑
i=0
‖∇ei+1

u ‖2
L2 ,

which with the discrete Gronwall inequality gives

mτ
n

∑
i=0
‖Dτei+1

u ‖2
L2+

1
Re
‖∇en+1

u ‖2
L2+

1
2Re

n

∑
i=0
‖∇ei+1

u −∇ei
u‖2

L2 .≤Cτ2. (3.48)

Applying the classical regularities theory of the Stokes problem to (3.44) and using (3.24),
(3.25), (3.43) and (3.48), we get

τ
m

∑
n=0

(‖Aen+1
u ‖2

L2+‖∇en+1
p ‖2

L2)

≤Cτ
m

∑
n=0

(
‖Dτen+1

u ‖2
L2+

4

∑
i=1
‖In+1

i ‖2
L2+‖In+1

6 ‖2
L2+‖Rn+1

u ‖2
L2

)
≤Cτ2 (3.49)
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by noting

τ‖In+1
3 ‖2

L2≤Cτ(‖∇en+1
ρ ‖2

L2+‖en
u‖2

L2+‖∇en+1
ρ ‖2

L2‖en
u‖2

L∞)

+Cτ(‖un‖2
H2‖en+1

u ‖2
L2+‖un‖2

H2‖∇en+1
ρ ‖2

L2‖en+1
u ‖2

L∞)

≤Cτ(‖∇en+1
σ ‖2

L2+‖en
u‖2

L2+‖∇en+1
σ ‖2

L2‖∇en
u‖L2‖Aen

u‖L2)

+Cτ(‖un‖2
H2‖en+1

u ‖2
L2+‖un‖2

H2‖∇en+1
σ ‖2

L2‖∇en+1
u ‖L2‖Aen

u‖L2)

≤Cτ(‖∇en+1
σ ‖2

L2+‖en
u‖2

L2+‖∇en+1
σ ‖4

L2‖∇en
u‖2

L2)

+Cτ(‖un‖2
H2‖en+1

u ‖2
L2+‖un‖4

H2‖∇en+1
σ ‖4

L2‖∇en+1
u ‖2

L2)+ετ‖Aen
u‖2

L2

and

τ
m

∑
n=0
‖In+1

3 ‖2
L2≤ετ

m

∑
n=0
‖Aen

u‖2
L2+Cτ2

for some sufficiently small ε>0.
By the similar method for the estimate of en+1

u , we make the error analysis for en+1
b .

The Eq. (3.13c) can be written as

Dτen+1
b +

1
Rm

curl (curl en+1
b )= In+1

5 +Rn+1
b , ∇·en+1

b =0, (3.50)

where the term In+1
5 is rewritten as

In+1
5 =curl (u(tn+1)×en

b)+curl (en+1
u ×bn)

=(en
b ·∇)u(tn+1)−(u(tn+1)·∇)en

b+(bn ·∇)en+1
u −(en+1

u ·∇)bn. (3.51)

Multiplying (3.50) by 2τDτen+1
b and integrating over Ω yields

2τ‖Dτen+1
b ‖2

L2+
1

Rm

(
‖curl en+1

b ‖2
L2−‖curl en

b‖2
L2+‖curl en+1

b −curl en
b‖2

L2

)
≤Cτ

(
‖en

b‖L2+‖∇en
b‖L2+‖bn‖H2‖∇en+1

u ‖L2

)
‖Dτen+1

b ‖L2

+Cτ
(
‖Aen+1

u ‖L2‖∇bn‖L2+‖Rn+1
b ‖L2

)
‖Dτen+1

b ‖L2

≤τ‖Dτen+1
b ‖2

L2+Cτ
(
‖en

b‖2
L2+‖curl en

b‖2
L2

)
+Cτ

(
‖bn‖2

H2‖∇en+1
u ‖2

L2+‖Aen+1
u ‖2

L2+‖Rn+1
b ‖2

L2

)
.

From (3.24), (3.41) and (3.49), we have

τ
n

∑
i=0
‖Dτei+1

b ‖
2
L2+

1
Rm

(
‖curl en+1

b ‖2
L2+

n

∑
i=0
‖curl ei+1

b −curl ei
b‖2

L2

)
≤Cτ2, ∀0≤n≤N−1. (3.52)
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In addition, ‖In+1
5 ‖2

L2 can be estimated by

‖In+1
5 ‖2

L2≤C
(
‖en

b‖2
L2+‖curl en

b‖2
L2+‖bn‖2

H2‖∇en+1
u ‖2

L2+‖Aen+1
u ‖2

L2

)
. (3.53)

Then the classic regularity theory of the Maxwell equation implies that

τ
n

∑
i=0
‖ei+1

b ‖
2
H2≤Cτ

n

∑
i=0

(
‖Dτei+1

b ‖
2
L2+‖Ii+1

5 ‖
2
L2+‖Ri+1

b ‖
2
L2

)
≤Cτ2. (3.54)

Step IV: W1,4 estimate of en+1
σ . Thanks to (4.35) in [9], one has

‖en+1
σ ‖L∞≤Cτ

n

∑
i=0

(‖Ri+1
σ ‖L∞ +‖ei

u‖L∞)≤Cτ. (3.55)

Testing (3.42) by τ|Djen+1
σ |2Djen+1

σ , we have

‖Djen+1
σ ‖4

L4−
(

Djen
σ,|Djen+1

σ |2Djen+1
σ

)
+τ
(
∇(Djσ(tn+1))·en

u,|Djen+1
σ |2Djen+1

σ

)
+τ
(
∇σ(tn+1)·Djen

u,|Djen+1
σ |2Djen+1

σ

)
+τ
(
∇(Djen+1

σ )·un,|Djen+1
σ |2Djen+1

σ

)
+τ
(
∇en+1

σ ·Djun,|Djen+1
σ |2Djen+1

σ

)
=τ
(

DjRn+1
σ ,|Djen+1

σ |2Djen+1
σ

)
,

where we use

(∇(Djen+1
σ )·un,|Djen+1

σ |2Djen+1
σ )=−1

4
(|Djen+1

σ |4,∇·un)=0.

Furthermore, from the Hölder inequality, one has

‖Djen+1
σ ‖4

L4−‖Djen
σ‖L4‖Djen+1

σ ‖3
L4

≤Cτ
(
‖∇(Djσ(tn+1))·en

u‖L4+‖∇σ(tn+1)·Djen
u‖L4

)
‖Djen+1

σ ‖3
L4

+Cτ
(
‖∇en+1

σ ·Djun‖L4+‖DjRn+1
σ ‖L4

)
‖Djen+1

σ ‖3
L4 ,

which implies that

‖Djen+1
σ ‖L4≤Cτ

n

∑
i=0

(‖∇(Djσ(ti+1))·ei
u‖L4+‖∇σ(ti+1)·Djei

u‖L4)

+Cτ
n

∑
i=0

(‖∇ei+1
σ ·Djui‖L4+‖DjRi+1

σ ‖L4)

≤Cτ
n

∑
i=0

(
‖Aei

u‖L2+‖Djei
u‖H1+‖∇ei+1

σ ‖L4+‖DjRi+1
σ ‖L4

)
. (3.56)
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Using the discrete Gronwall inequality, (3.24) and (3.49), we can derive that

‖∇en+1
σ ‖L4≤Cτ

n

∑
i=0

(‖Aei
u‖L2+‖∇ei

u‖L2+‖∇Ri+1
σ ‖L4)≤Cτ (3.57)

for all 0≤n≤N−1.

Step V: W1,∞ estimate of en+1
u . In terms of the Helmholtz-Weyl decomposition (2.1),

there has a unique decomposition

ρn+1Dτen+1
u =P(ρn+1Dτen+1

u )+∇φn+1, (3.58)

where φn+1 with
∫

Ω φn+1dx=0 is the solution to the following Neumann problem:

∆φn+1=∇·(ρn+1Dτen+1
u ) in Ω, (3.59)

with the boundary condition:

∇φn+1 ·n=(ρn+1Dτen+1
u )·n=0 on Γ. (3.60)

By the regularity of solution to the Neumann problem, the solution φn+1 satisfies

‖∇φn+1‖L4≤C‖ρn+1Dτen+1
u ‖L4

≤C‖Dτen+1
u ‖L4

≤C‖Dτen+1
u ‖

1
4
L2‖∇(Dτen+1

u )‖
3
4
L2 .

Then

τ
n

∑
i=0
‖∇φi+1‖2

L4≤Cτ
n

∑
i=0

(
‖Dτei+1

u ‖
1
2
L2‖∇(Dτei+1

u )‖
3
2
L2

)
≤Cτ

1
2

n

∑
i=0
‖Dτei+1

u ‖2
L2+Cτ

7
6

n

∑
i=0
‖∇(Dτei+1

u )‖2
L2≤Cτ

7
6 , (3.61)

where (3.48) is used.
Applying the projection operator P to (3.44), we get

ρn+1Dτen+1
u +

1
Re

Aen+1
u =∇φn+1+P

(
Rn+1

u −
4

∑
i=1

In+1
i − In+1

6

)
, (3.62)

where In+1
i , i = 1,··· ,4, and In+1

6 are defined as before. In order to get the estimate of
‖en+1

u ‖W1,∞ , by the Sobolev imbedding W2,4(Ω)⊂W1,∞(Ω), we need to derive the estimate
‖Aen+1

u ‖L4 by using Lemma 3.2. Firstly, we check the conditions in Lemma 3.2 as follows.
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The first condition holds from (3.17). For the second condition, one has

‖ρn+1‖W1,4≤‖en+1
ρ ‖W1,4+‖ρ(tn+1)‖W1,4

≤C‖en+1
σ ‖W1,4+‖ρ(tn+1)‖W1,4≤C, ∀0≤n≤N−1. (3.63)

For the last condition, by (3.1) and (3.55), it is easy to see that

N−1

∑
n=0
‖ρn+1−ρn‖L∞≤

N−1

∑
n=0

(
‖en+1

ρ −en
ρ‖L∞ +‖ρ(tn+1)−ρ(tn)‖L∞

)
≤C

N−1

∑
n=0
‖en+1

σ −en
σ‖L∞ +C≤C. (3.64)

Thus, all conditions in Lemma 3.2 hold. Then from Lemma 3.2, we have

τ
N−1

∑
n=0

(‖Dτen+1
u ‖2

L4+‖Aen+1
u ‖2

L4)

≤Cτ
N−1

∑
n=0

(
‖∇φn+1‖2

L4+
4

∑
j=1
‖In+1

j ‖2
L4+‖In+1

6 ‖2
L4+‖Rn+1

u ‖2
L4

)
. (3.65)

The right-hand side of (3.65) can be estimated term by term as follows. For ‖In+1
1 ‖L4 , we

have

‖In+1
1 ‖2

L4≤C(‖en+1
σ ‖2

L4+‖en
u‖2

L4+‖∇en+1
u ‖2

L4)

≤C(‖en+1
σ ‖2

H1+‖∇en
u‖2

L2+‖Aen+1
u ‖2

L2), (3.66)

where we use

‖un‖L∞≤C‖Aen
u‖L2+C‖Au(tn)‖L2≤C.

For ‖In+1
2 ‖L4 , we can get

‖In+1
2 ‖2

L4≤C‖en+1
σ Dτ(σ(tn+1)u(tn+1)‖2

L4+C‖σn+1en+1
σ Dτu(tn+1)‖2

L4

+C‖σn+1(Rn+1
σ −∇(σ(tn+1))·en

u−∇en+1
σ ·un)u(tn)‖2

L4

≤C(‖en+1
σ ‖2

H1+‖∇en
u‖2

L2+‖∇en+1
σ ‖2

L4+‖Rn+1
σ ‖2

L4). (3.67)

For ‖In+1
3 ‖L4 , we have

‖In+1
3 ‖2

L4≤C(‖∇en+1
ρ ‖2

L4+‖∇ρn+1 ·en
u‖2

L4+‖en+1
u ∇ρn+1 ·un‖2

L4)

≤C(‖∇en+1
σ ‖2

L4+‖∇ρn+1‖2
L4‖Aen

u‖2
L2+‖∇ρn+1‖2

L4‖Aen+1
u ‖2

L2)

≤C(‖∇en+1
σ ‖2

L4+‖Aen
u‖2

L2+‖Aen+1
u ‖2

L2), (3.68)
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where we use

‖∇ρn+1‖L4 =‖2σn+1∇σn+1‖L4≤C‖∇en+1
σ ‖L4+C‖∇σ(tn+1)‖L4≤C.

For ‖In+1
4 ‖L4 and ‖In+1

6 ‖L4 , it is easy to prove that

‖In+1
4 ‖2

L4≤C(‖en
b‖2

L4+‖curl en+1
b ‖2

L4)

≤C(‖curl en
b‖2

L2+‖en+1
b ‖2

H2) (3.69)

and

‖In+1
6 ‖2

L4≤C‖∇σn+1‖2
L4‖en

u‖2
H2≤C‖en

u‖2
H2 . (3.70)

Then substituting the above estimates and (3.61) into (3.65), we have

τ
N−1

∑
n=0

(‖Dτen+1
u ‖2

L4+‖Aen+1
u ‖2

L4)

≤Cτ
N−1

∑
n=0

(‖∇φn+1‖2
L4+‖en+1

σ ‖2
H1+‖∇en+1

σ ‖2
L4+‖en

u‖2
H2+‖en+1

u ‖2
H2)

+Cτ
N−1

∑
n=0

(‖curl en
b‖2

L2+‖en+1
b ‖2

H2+‖Rn+1
σ ‖2

L4+‖Rn+1
u ‖2

L4)≤Cτ
7
6 ,

which implies that

τ
N−1

∑
n=0
‖en+1

u ‖2
W1,∞≤Cτ

N−1

∑
n=0
‖Aen+1

u ‖2
L4≤Cτ

7
6 . (3.71)

As the consequence of (3.71), we obtain the uniform boundness of un+1 in W1,∞-norm:

‖un+1‖W1,∞≤‖en+1
u ‖W1,∞ +‖u(tn+1)‖W1,∞≤C, ∀0≤n≤N−1. (3.72)

Step VI: H2 and W1,∞ estimates of en+1
σ . Firstly, we give the estimate of ‖∇en+1

σ ‖L∞ .
Testing (3.42) by τ|Djen+1

σ |k−1Djen+1
σ and taking k→+∞, we have

|Djen+1
σ ‖L∞−‖Djen

σ‖L∞

≤Cτ‖∇(Djσ(tn+1))·en
u‖L∞ +Cτ‖∇σ(tn+1)·Djen

u‖L∞

+Cτ‖∇en+1
σ ·Djun‖L∞ +Cτ‖DjRn+1

σ ‖L∞

≤Cτ‖en
u‖L∞ +Cτ‖∇en

u‖L∞ +Cτ‖∇en+1
σ ‖L∞ +Cτ‖∇Rn+1

σ ‖L∞ .

Taking the sum of the above inequality and using the discrete Gronwall inequality for
the sufficiently small τ, we get

‖∇en+1
σ ‖L∞≤Cτ

m

∑
n=0

(‖en
u‖L∞ +‖∇en

u‖L∞ +‖∇Rn+1
σ ‖L∞)≤Cτ

1
2 (3.73)
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for all 0≤n≤N−1.
To get the estimate ‖en+1

σ ‖H2 , differentiating (3.42) with respect xi yields

Dijen+1
σ −Dijen

σ

τ
+∇(Dijσ(tn+1))·en

u+∇(Djσ(tn+1))·Dien
u

+∇(Diσ(tn+1))·Djen
u+∇σ(tn+1)·Dijen

u+∇(Dijen+1
σ )·un

+∇(Djen+1
σ )·Diun+∇(Dien+1

σ )·Djun+∇en+1
σ ·Dijun =DijRn+1

σ (3.74)

for i, j=1,2,3. Multiplying the above equation by 2τDijen+1
σ and integrating over Ω leads

to

‖Dijen+1
σ ‖2

L2−‖Dijen
σ‖2

L2+‖Dijen+1
σ −Dijen

σ‖2
L2

≤Cτ(‖en
u‖2

L∞ +‖Dien
u‖2

L3+‖Djen
u‖2

L3+‖Dijen
u‖2

L2+‖∇(Dien+1
σ )‖2

L2)

+Cτ(‖∇(Djen+1
σ )‖2

L2+‖∇en+1
σ ‖2

L∞‖Dijun‖2
L2+‖DijRn+1

σ ‖2
L2)+Cτ‖Dijen+1

σ ‖2
L2 .

Summing up the above inequality and using the discrete Gronwall inequality gives

‖∇2en+1
σ ‖2

L2≤Cτ
n

∑
i=0

(
‖Aei

u‖2
L2+‖∇ei+1

σ ‖2
L∞‖Aui‖2

L2+‖∇2Ri+1
σ ‖2

L2

)
≤Cτ1/4,

which implies that

‖en+1
σ ‖H2≤Cτ1/8, ∀0≤n≤N−1. (3.75)

Step VII: The close of mathematical induction. To finish the proof of Theorem 3.1, we
need to close the mathematical induction, i.e., we need to prove that (3.3) is valid for
k=n+1 with 0≤n≤N−1. In terms of error estimates (3.49), (3.71), (3.73) and (3.75), we
can see

‖un+1‖W1,∞ +‖Aun+1‖L2+‖σn+1‖W1,∞ +‖σn+1‖H2

≤‖en+1
u ‖W1,∞ +‖Aen+1

u ‖L2+‖en+1
σ ‖W1,∞ +‖en+1

σ ‖H2+(K−1)

≤Cτ1/12+(K−1)≤K

for some small τ≤τ0 with Cτ1/12
0 ≤1. Error estimates (3.4a) and (3.4b) follow from (3.21),

(3.25), (3.48), (3.49), (3.52) and (3.54). Thus, we complete the proof of Theorem 3.1. �

4 Numerical experiment

In this section, for the reason of simplicity, we make the numerical experiment for the
2D MHD system with variable density to support the stability of the numerical solu-
tion and the temporal convergence rate O(τ) derived in Theorem 3.1 by using the finite
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element method to discretize (2.8)-(2.10), where the mini-element (P1b−P1) is used to
approximate (u,p), and the P1 element is used to approximate σ and b. The associated
vector-valued finite element spaces are denoted by Vh ⊂V, Mh ⊂M, Xh ⊂ H1(Ω) and
Wh⊂W, respectively. It is clear that Vh ·Vh⊂Xh does not hold.

We solve the incompressible MHD equations (2.5a)-(2.6) with variable density in the
unit square:

Ω={(x,y)∈R2 : 0< x<1, 0<y<1}.
In the case of two-dimensional domain, the MHD system (2.5a)-(2.5d) with variable den-
sity are

σt+∇σ·u=0, (4.1a)

σ(σu)t−
1

Re
∆u+ρ(u·∇)u+u

2
∇·(ρu)+Sb×curlb+∇p= f, (4.1b)

bt+
1

Rm
curl (curl b)−curl (u×b)=g, (4.1c)

∇·u=0, ∇·b=0. (4.1d)

Here u= (u1,u2) and b= (b1,b2). In the 2D case, the operator curl applied to a vector
v=(v1,v2) is defined by

curlv=
∂v2

∂x
− ∂v1

∂y
.

The operator curl applied to a scalar function r is defined by

curl r=
(

∂r
∂y

,− ∂r
∂x

)
.

In addition, the cross product of two vectors u and b is given by u×b=u1b2−u2b1. For a
vector function b and a scalar function r, the cross product is given by b×r=(rb2,−rb1).

Let σ0
h = πhσ0, u0

h = Ihu0 and b0
h = Jhb0, where πh, Ih and Jh are L2 or L2 projection

operators onto the finite element spaces. For 0≤n≤N−1, the finite element fully discrete
scheme can be stated as follows:
Step I: For given σn

h ∈Wh and un
h ∈Vh, we solve σn+1

h ∈Wh such that

(Dτσn+1
h ,rh)+(∇σn+1

h ·un
h ,rh)+

1
2
(σn+1

h ∇·un
h ,rh)=0, ∀rh∈Wh. (4.2)

Step II: For given un
h ∈Vh and bn

h ∈Wh, we solve (un+1
h ,pn+1

h )∈Vh×Mh and bn+1
h ∈Wh

such that

σn+1
h

(
Dτ(σ

n+1
h un+1

h ),vh

)
+

1
Re

(∇un+1
h ,∇vh)−(∇·vh,pn+1

h )+(∇·un+1
h ,qh)

+
(

ρn+1
h (un

h ·∇)un+1
h ,vh

)
+

1
2

(
un+1

h ∇·(ρn+1
h un

h),vh

)
+S(bn

h×curl bn+1
h ,vh)

=(fn+1,vh) (4.3)
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and

(Dτbn+1
h ,wh)+

1
Rm

(curl bn+1
h ,curl wh)+

1
Rm

(∇·bn+1
h ,∇·wh)

−(un+1
h ×bn

h ,curl wh)=(gn+1,wh) (4.4)

for any (vh,qh)∈Vh×Mh and wh∈Wh, where ρn+1
h =(σn+1

h )2.

Remark 4.1. Due to ∇·un
h 6=0 in the point-wise sense, the stable term 1

2 (σ
n+1
h ∇·un

h ,rh) in
(4.2) is added to preserve the unconditional stability of σn+1

h .

For the finite element fully discrete scheme (4.2)-(4.4), we have the following uncon-
ditional stability which implies the existence and uniqueness of the numerical approxi-
mation solution (σn+1

h ,un+1
h ,pn+1

h ,bn+1
h ) for 0≤n≤N−1.

Theorem 4.1. For any time step size τ and mesh size h, there hold the following discrete energy
inequalities:

‖σn+1
h ‖L2≤‖σ0

h‖L2 (4.5)

and

‖σn+1
h un+1

h ‖2
L2+S‖bn+1

h ‖2
L2+

τ

Re

n

∑
i=0
‖∇ui+1

h ‖
2
L2

+
Sτ

Rm

n

∑
i=0

(
‖curl bi+1

h ‖
2
L2+‖∇·bi+1

h ‖
2
L2

)
≤‖σ0

h u0
h‖2

L2+S‖b0
h‖2

L2+Cτ
N−1

∑
i=0

(
‖fi+1‖2

L2+‖gi+1‖2
L2

)
(4.6)

for all 0≤n≤N−1.

Proof. In fact, setting rh =σn+1
h in (4.2), we have

‖σn+1
h ‖2

L2+‖σn+1
h −σn

h ‖2
L2 =‖σn

h ‖2
L2

by using

(∇σn+1
h ·un

h ,σn+1
h )=

1
2

∫
Ω
∇|σn+1

h |2 ·un
hdx=−1

2

∫
Ω
|σn+1

h |2(∇·un
h)dx.

Thus, the stability (4.5) of σn+1
h holds.

Setting (vh,qh) = 2τ(un+1
h ,pn+1

h ) in (4.3) and wh = 2Sτbn+1
h in (4.4), and adding the

resulting equations, we have

‖σn+1
h un+1

h ‖2
L2−‖σn

h un
h‖2

L2+‖σn+1
h un+1

h −σn
h un

h‖2
L2

+S‖bn+1
h ‖2

L2−S‖bn
h‖2

L2+S‖bn+1
h −bn

h‖2
L2+

2τ

Re
‖∇un+1

h ‖2
L2

+
2Sτ

Rm

(
‖curl bn+1

h ‖2
L2+‖∇·bn+1

h ‖2
L2

)
=2τ(fn+1,un+1

h )+2τ(gn+1,bn+1
h )
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by using (2.14) and(
ρn+1

h (un
h ·∇)un+1

h ,un+1
h

)
=

1
2

∫
Ω

ρn+1
h un

h ·∇|un+1
h |2dx=−1

2

∫
Ω
∇·(ρn+1

h un
h)|un+1

h |2dx.

By using the Hölder and Young inequalities, we can get the stability (4.5) of (un+1
h ,bn+1

h ).
Thus, we finish the proof of Theorem 4.1.

Now, we present numerical results to confirm the stability of the numerical solution
and the temporal convergence rateO(τ) derived in Theorem 3.1. We take the appropriate
f and g in (4.1b)-(4.1c) such that the exact solutions (σ,u,p,b) have the following forms:

σ(x,y,t)=
√

2+xcos(sin(t))+ysin(sin(t)),

u(x,y,t)=(−ycos(t), xcos(t))T,
p(x,y,t)=sin(x)sin(y)sin(t),

b(x,y,t)=(−ysin(t), xsin(t))T.

In addition, we take the Reynolds number Re=100, the magnetic Reynolds number Rm=
100, the coupling number S=1, the mesh size h= 1

200 and the final time T=1. For brevity
of notations, we denote

‖ρ−ρh‖L2 =
∥∥∥ρ(tN)−ρN

h

∥∥∥
L2

,

‖σu−σhuh‖L2 =
∥∥∥σ(tN)u(tN)−σN

h uN
h

∥∥∥
L2

,

‖u−uh‖V =
∥∥∥∇(u(tN)−uN

h

)∥∥∥
L2

,

‖b−bh‖L2 =
∥∥∥b(tN)−bN

h

∥∥∥
L2

,

‖b−bh‖W =
∥∥∥curl

(
b(tN)−bN

h

)∥∥∥
L2
+
∥∥∥∇·(b(tN)−bN

h

)∥∥∥
L2

.

For some Banach space X with norm ‖·‖X, we define the discrete l2(X)-norm by

‖v‖l2(X)=

(
τ

N

∑
n=1
‖v(tn)‖2

X

)1/2

,

‖vh‖l2(X)=

(
τ

N

∑
n=1
‖vn

h‖
2
X

)1/2

,

for any v(t)∈X and vh :={vn
h}N

n=1⊂X.
To confirm the stability of the numerical solution and the first-order temporal con-

vergence rate, the time step τ is taken τ = 1
5×2i for i = 0,1,··· ,4. Numerical results are

displayed in the following tables. In Tables 1 and 2, the stabilities of the exact solution
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Table 1: Stabilities of the exact solution (σ,u,b).

τ ‖σ(tN)‖L2 ‖σ(tN)u(tN)‖L2 ‖u‖l2(V) ‖b‖l2(W)

0.2 1.92510 0.86925 0.34172 0.75263
0.1 1.92510 0.86925 0.24163 0.53219

0.05 1.92510 0.86925 0.17086 0.37632
0.025 1.92510 0.86925 0.12082 0.26610
0.0125 1.92510 0.86925 0.08543 0.18816

Table 2: Stabilities of the numerical solution (σh,uh,bh).

τ
∥∥σN

h

∥∥
L2

∥∥σN
h uN

h

∥∥
L2 ‖uh‖l2(V) ‖bh‖l2(W)

0.2 1.91748 0.85456 0.36269 0.76021
0.1 1.92134 0.86142 0.24539 0.53364

0.05 1.92323 0.86519 0.17153 0.37658
0.025 1.92417 0.86718 0.12093 0.26614
0.0125 1.92463 0.86821 0.08545 0.18817

Table 3: Numerical errors I and temporal convergence rates.

τ ‖ρ−ρh‖L2 ‖σu−σhuh‖L2 ‖b−bh‖L2

0.2 3.80734e-002 3.02732e-002 3.30688e-002
0.1 1.89736e-002 1.61293e-002 1.67111e-002

0.05 9.50156e-003 8.36358e-003 8.40923e-003
0.025 4.76004e-003 4.26555e-003 4.21981e-003
0.0125 2.38386e-003 2.15517e-003 2.11394e-003

rate 0.999 0.953 0.992

Table 4: Numerical errors II and temporal convergence rates.

τ ‖u−uh‖V ‖b−bh‖W ‖∇(p−ph)‖l2(L2)

0.2 2.71756e-001 2.39326e-001 6.78071e-001
0.1 1.35306e-001 1.24142e-001 2.03986e-001

0.05 6.77424e-002 6.33905e-002 6.54700e-002
0.025 3.39541e-002 3.20538e-002 2.19734e-002

0.0125 1.70059e-002 1.61194e-002 7.56432e-003
rate 1.000 0.973 1.621

(σ,u,b) and the numerical solution (σh,uh,bh) are presented. From Table 2, we can see
the good stability of the numerical solution of (4.2)-(4.3) when the time step τ becomes
small and small gradually. Numerical errors of (ρh,uh,ph,bh) are shown in Table 3, from
which we can see clearly the predict first-order convergence rate O(τ). In summary, the
above numerical results are in good agreement with our theoretical analysis.
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5 Conclusions

Based on an equivalent form of the incompressible MHD system with variable density,
we proposed a first-order Euler time-discrete scheme for approximating the equivalent
system. In the finite element approximations, we do not need to consider the constraint
condition (1.6) and the finite element algorithm is unconditionally stable. In terms of
the discrete maximal Lp-regularity of the Stokes problem, we proved the first-order con-
vergence rate O(τ) for the proposed time-discrete scheme. On the other hand, for the
equivalent system (2.5a)-(2.5d), it is easy to construct the unconditionally stable BDF2
scheme without any conditions of the time step size and mesh size, which will be given
in future work.
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