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Abstract. The incompressible magnetohydrodynamics system with variable density
is coupled by the incompressible Navier-Stokes equations with variable density and
the Maxwell equations. In this paper, we study a new first-order Euler semi-discrete
scheme for solving this system. The proposed numerical scheme is unconditionally
stable for any time step size T >0. Furthermore, a rigorous error analysis is presented
and the first-order temporal convergence rate O(7) is derived by using the method of
mathematical induction and the discrete maximal L?-regularity of the Stokes problem.
Finally, numerical results are given to support the theoretical analysis.
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1 Introduction

In this paper, we consider the 3D incompressible magnetohydrodynamics (MHD) sys-
tem with variable density. It is used to describe the motions of several conducting in-
compressible immiscible fluids without surface tension in presence of a magnetic field,
and has a wide range of applications in physical and industrial fields, such as astro-
physics, geophysics, plasma physics and liquid metals of an aluminum electrolysis cell
(cf. [8,16,27,39]). This MHD system is governed by the following nonlinear parabolic
system in Qr=Qx (0,T]:

pt+V-(ou) =0, (1.1a)
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p(ut+u~Vu)—RieAu+Sb><curlb+Vp:f, (1.1b)
bt—l—ﬁcurl (curl b) —curl (uxb)=0, (1.1c)
V.u=0, V-b=0, (1.1d)

where Q C R® is a bounded and convex domain with the boundary I' =0() and [0,T] is
the time interval with some T > 0. The vector function f is a given body force. Positive
constants Re, Rm, S represent the Reynolds number, the magnetic Reynolds number and
the coupling number, respectively. The unknown functions are the density p, the velocity
field u, the pressure p and the magnetic field b.

The MHD system (1.1a)-(1.1d) is supplemented with the following initial values and
boundary conditions:

p(x,0)=po(x), u(x,0)=up(x), b(x,0)=bg(x) in Q,
u(x,t)=g(x,t), b(x,t):n=0, curlb(x,t)xn=0 on Zr, (1.2)
p(x,t)=a(x,t) on X,

where n denotes the outward unit normal vector to the boundary I, £ =T x (0,T], 2 =
'y % (0,T] and T, is the inflow boundary defined by I';, ={x€TI': g-n<0}. For the reason
of simplicity, we consider the homogeneous Dirichlet boundary condition for the velocity
field, i.e., g=0. This means that the boundary is impermeable, i.e., I';, =@.

In addition, we require that the initial velocity field up and magnetic field by satisfy
the incompressible conditions, i.e.,

V‘“OZV‘bOZO (13)
and there is no vacuum state in (), i.e.,

0 <minpg(x):=m <po(x) < M:=maxpo(x). (1.4)

xeQ) xeQ)

There are many studies on the well-posedness of the solutions to the MHD system
(1.1a)-(1.2). The global existence of weak solutions of finite energy in the whole space
R? was firstly established by Gerbeau and Le Bris under no vacuum assumption (1.4)
in [15]. The global existence of strong solutions with small initial data in some Besov
space was proved by Abidi and Paicu in [1]. Chen, Tan and Wang in [11] considered the
local strong solutions in the presence of vacuum. Huang and Wang in [26] extended it to
the global existence of strong solutions for 2D problem. Other theoretical results can be
found in [7,12,23,34] and references cited therein.

On numerical methods for the incompressible MHD problems, there have a large
amount of works for the constant density MHD problem, such as [5, 6, 14,24, 33,37, 38,
40,42-46] and references cited therein. However, few studies are made for the variable
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density MHD problem since the equations in (1.1a)-(1.1d) entangle hyperbolic, parabolic
and elliptic features.

We recall some known numerical methods for the incompressible Navier-Stokes flows
with variable density. The first-order and second-order Gauge-Uzawa projection schemes
were proposed by Pyo and Shen in [41] and the first-order temporal convergence rate
was shown by Chen, Mao and Shen for the first-order Gauge-Uzawa scheme in [10].
An incremental projection scheme was proposed by Guermond and Quartapelle in [20].
However, the scheme in [20] is somewhat expensive since there have two-consuming pro-
jection steps. Moreover, the pressure equation is a variable-coefficient elliptic equation.
To avoid the variable-coefficient elliptic equation, Guermond and Salgado in [21] pro-
posed a fractional-step splitting scheme based upon a pressure Poisson equation, and the
error estimate was given in [22] where the authors assumed that the numerical solution
of density has the upper and lower boundness uniformly. By using the similar assump-
tion, An studied a new fractional-step scheme, an iteration penalty scheme and the Euler
semi-implicit scheme proposed in [35], and proved the first-order temporal convergence
rate in [2-4], respectively. Recently, a complete error estimate of a linearized finite ele-
ment scheme for the two-dimensional Navier-Stokes equations with variable density was
studied in [9], where the numerical error was split into the temporal error and spatial er-
ror. The temporal error was estimated by using the discrete maximal LP-regularity of
the nonlinear parabolic equations developed in [28], and the spatial error was estimated
by using the energy techniques developed in [29-32]. The complete error estimates for
the three-dimensional problem were studied in [30], where the discontinuous Galerkin
method was used to discretize the density equation.

As mentioned above, few work was studied for numerical simulations of the MHD
system with variable density. Gerbeau, Le Bris and Lelievre in [16] discussed the nu-
merical approximations in the ALE formulation for the two-fluid MHD equations with
variable density, where the ALE method was used to track the interface of two fluids.
An Euler semi-implicit finite element scheme based on weak ALE formulation was con-
sidered and proved to be stable in [16]. By the implicit-explicit linearized technique, a
first-order Euler semi-discrete scheme was proposed in [36], where the first-order tempo-
ral convergence rate was derived.

Let Xj,, Vy,, M, and W), for approximations of the density, the velocity field, the pres-
sure and the magnetic field, respectively. Let 0=1to <t; <--- <ty =T be a uniform parti-
tion of the time interval [0,T] with time step T=T/N and t, =nt for 0 <n < N. Denote
u} € Vj, and p} € X}, the finite element approximations of u(t,) and p(t,), respectively.
To preserve the unconditional stability of the first-order Euler finite element scheme, the
following equality is often used:

n+1 n n+1 n
pnuh — iax! _’_1 Pn —Pp |un+1|2
h T '%h 2 T 71 %h

1
=5z (o7 w2~ oo+ o (a2, (15)
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where 0’ = /pj. This can be viewed as the discrete version of the following continuous
equality on the time derivative of the kinetic energy:

1 o 1d ’
(pur,u) +§(Ptr|u| )= YT, loallZ,
where 0= /p. Thus, to preserve the unconditional stability of the numerical scheme, one

requires u ! ~uZ+1 € X, and the constraint condition of finite element spaces:

V-V, CXj,. (1.6)

The same constraint condition (1.6) is needed for finite element schemes of the incom-
pressible Navier-Stokes equations with variable density (cf. [9]) and with mass diffusion
(cf. [17-19]).

A natural question is whether an unconditionally stable algorithm can be constructed
without the constraint condition (1.6). This paper gives a positive answer. Firstly, we
rewrite the MHD system (1.1a)-(1.1d) to an equivalent MHD system (see (2.5a)-(2.5d) be-
low). Then we propose a time-discrete scheme for the new MHD system by the implicit-
explicit linearized technique. In terms of the discrete maximal LP-regularity in [9,28], the
first-order convergence rate O(7) is shown for the density, the velocity field, the pres-
sure and the magnetic field in some norms. In the finite element discretizations, we use
(P1,P1b,Py,Py) finite element discretization for the density, the velocity field, the pres-
sure and the magnetic field, respectively. The unconditional stability of the fully discrete
scheme is proved. Thus, the constraint condition (1.6) is avoided.

This paper is organized as follows. In Section 2, we recall some notations and give the
equivalent MHD system to (1.1a)-(1.1d). Then, we propose a time-discrete scheme for the
new system and prove the unconditional stability of algorithm. The main result about the
first-order convergence rate is presented in Section 3. The proof is given by the method of
mathematical induction and the discrete maximal L?-regularity for the Stokes problem in
Section 4. In Section 5, numerical results are shown to confirm the temporal convergence
rate by using the finite element method to discrete the spatial direction. Moreover, the
unconditional stability of the fully discrete scheme is presented.

2 Time-discrete algorithm

2.1 Preliminaries

For the mathematical setting, we introduce the following notations. For k € N* and
1< p < 409, the boldface notations H*(Q2), W¥?(Q)) and LP(Q) are used to denote the
vector-value Sobolev spaces corresponding to H*(Q)3, Wr?(Q)3 and LP(Q)3, respec-
tively. Moreover, the norms || -|| g, || lyer and ||-||z» in HY(QY), WE?(Q) and LP(Q) are
defined by the classical way. Denote H5(Q) be the subspace of H*(Q)) where the func-
tions have zero trace on 9Q). We use (-,-) to denote the L2 or L? inner product. In the rest



Y. Li and X. Cui / Adv. Appl. Math. Mech., 17 (2025), pp. 263-294 267

of this paper, we use the symbol C to denote some positive constant which can depend
on the physical data and is independent of the time step size 7.
Introduce the following function spaces:

V=H}(Q), W={wcH!(Q), wn=00onT}, Wy={wecW, V-w=0},
LI(Q)={veli(Q), V-v=0,v-n|r=0}, LL(Q) ={Ve, pcW"(Q)},

Vo={veV, V.v=0}, M:L%(Q):{qELZ(Q),/quxzo}.

The norm in W can be defined by

1/2
||WHW:</(|cur1w|2+|V-w|2)dx> , VweW.
o)

As we know that there exists some C >0 such that
[wl[m <Cllwllw, vYweW,
which implies that
|lwl| g <Cllcurl wl|;2, YweW,.

By the Poincaré inequality, the norms in V is defined by

1/2
||v|rv:||Vv||Lz=</Q |er2dx) | wwev.

Furthermore, there holds
HVHH1§CHVV||L2’ VYveVv.

For 2 < g < 400, we introduce the projection operator P: L7(Q) — L{(Q). In terms of
the Helmholtz-Weyl decomposition of L7(Q)) (cf. [13]), for any function v € L(Q}), there
has a unique decomposition

v=Pv+V¢ (2.1)
with V¢ € L1 (Q)* such that
[Pvles +[[Vel[s <Cllv]La. (22)
Finally, we define the Stokes operator A by A= —IPA which satisfies

IV]|w2s <C|| AV, VVEV,NW>(Q). (2.3)
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2.2 An equivalent system

It is easy to prove that the solution (p,u,b) to (1.1a)-(1.2) satisfies the following energy
inequalities (cf. [36]):

sup{i”a(t)()”%ﬁ— Ib(¢) +/< V() Pt chrlb()||%2>ds}

t€[0,T)
1, 0, S, ., Re ,
§§||u0||Lz+§HbOHL2+7/O 1£(£) [|724t, (2.4)

where o (t) = \/p(t). We note that the quantity 1||o(t)u(t) 17, is the kinetic energy of the
flow, which gives a hint to rewrite the system (1.1a)-(1.1d) as an equivalent form.
From (1.1a) and V-u=0, by a simple calculation, we get

E;F;—FV (pu)= <?9t+v0' >:20<3t+V( )> =0

and
ou d(ou
]
Then we can rewrite the MHD system (1.1a)—(1.1d) to the following equivalent form:
o+ V- (ou)=0, (2.5a)
o(ou);— %Au#—p(u-V)qu %V- (pu)+Sbxcurl b+Vp=f, (2.5b)
bt+$curl (curl b) —curl (uxb)=0, (2.5¢)
V-u=0, V-b=0. (2.5d)

From (1.2), initial and boundary conditions for (2.5a)-(2.5d) are

o(x,0)=0p(x)=+/po(x), u(x,0)=up(x), b(x,0)=Dbg(x) in Q, 2.6)
u(x,t)=0, b(x,t)-n=0, curl b(x,f) xn=0 on X7, '
where 0y satisfies the no vacuum assumption:
Vm<oy(x)<VM, VxeQ. 2.7)

2.3 Time-discrete scheme

Let 0=ty<t; <---<ty=T be a uniform partition of the time interval [0,T] with time step
size T=T/N and t, =nt. For any sequence of functions {g"}\\_,, we denote

n—1
D.g" —& for 1<n<N.

Start with ¢ =0y, u’ =ug and b’ =by. For 0<n<N—1, we propose the following Euler
time-discrete scheme for solving (2.5a)-(2.6) numerically:
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Algorithm 2.1 First-order Euler time-discrete algorithm.

1. Step I: For given ¢ and u”, we first solve c” ! by

DTO-nJrl +V. (0-n+1un> =0. (2.8)
2. Step II: Then we solve (u"*1,p" 1, b"*!) by

(Tn+1 D. (0n+lun+1) _ %Aun—ﬁ—l +vpn+1 +pn+1 (un . V)un-H
un—H

+—V- (" ") +S(b" xcurl b)) =", V.uttl=0, (2.9)
5 P

and

D.b""! +$Curl (curl b"*) —curl (u"*' xb") =0, V-b"*'=0, (2.10)

with boundary conditions u"*! =0, b"1.n=0 and curl b**' xn =0 on T, where
IOnJrl — (UnJrl)Z'

2.4 The stability of the algorithm

In this subsection, we will prove the unconditional stability of the proposed time-discrete
algorithm (2.8)-(2.10). Since the sub-problems are linear problems by using the implicit-
explicit linearized method, the unconditional stability implies the existence and unique-
ness of numerical solutions (¢”"*1,u"*1,p"*1,b" ).

Multiplying (2.8) by 270" ! and integrating over (), we have

o 20— B — o 2 =0, @.11)
where we noted that
2V ("), o) =2(Vo L o) = (Vo 2,0 = — (|12, V-u") =0
by using V-u" =0. Then from (2.11) we get the L? stability of o”
lo" M|z < llovll 2, VO<n<N-—1.
Testing (2.9) by v=2tu""! leads to
o |2, 4 o H a1 — o2, — o |, +% Va2

+275(b" x curl b u"t ) =27 (£ "), (2.12)
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where we use
z(pn+1 (un . v) n+1,un+1)
(pn—i-l n V|un+1|2)
- ( n+lv (pn+l n),unjtl)‘
Testing (2.10) by w=257b" !, we get

25t
S (I 13— 2= b7 ) 4+ - fleurl b 1

—257(u" ! xb",curl b" ) =0. (2.13)
According to the vector formula
(axcurl b,c)=(cxa,curl b), Vab,ce R?, (2.14)
we have
(b" x curl b" 1, u"1) = (w1 xb",curl b" ).

Then adding (2.12) and (2.13) and summing up from n=0to n=m with0<m <N -1, we
have

m
e AR | o B e o I S
n=0

2S5
+TZ( |Vu”+1]|Lz+—chrl b z>

N-1
<|loouol|7. +S|[bol|7. +CT Y 1€ 12 (2.15)
n=0

3 Main result

In this section, we will present the main result on the first-order temporal convergence
rate O(7) of numerical solutions (¢*1,u"*!,p"*1,b""!) in different norms, and then
prove these convergence rates.

For 0 <n <N, we introduce error functions as follows:

eh=p(ty)—p", ei=c(ty)—0c", er=u(t,)—u",

e,=p(ty)—p", ep=Db(t,)—b".

<= o=

Since we focus on the optimal convergence analysis for the time discrete scheme (2.8)-
(2.10), the regularity assumption of the exact solution is needed. Throughout this paper,
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we assume that the equivalent MHD system (2.5a)-(2.6) have a unique strong solution
which is sufficiently smooth such that

ceL®(0,T;H3(QY)), o;eL®(0,T;H(Q)), (3.1a)
0 € L2(0, ;W (Q))NL2(0,T; H*(Q))), (3.1b)
uel®(0,T;,VAW**(Q)), uyeL?(0,T;L2(Q)), (3.1c)
w €L®(0,T;Wh*(Q))NL2(0, T;H2(Q)), (3.1d)
beL®(0,T;WNW?4(Q)), b;eL?(0,T;H(Q)), by cL2(0,T;L2(QQ)). (3.1e)

The main result in this paper is presented in the following theorem.

Theorem 3.1. Suppose that the initial data 0y € H*(Q)NW*(Q), ug€ W (Q)NV,NH2(Q),
by € Wy, fe L*(0, T;LZ(Q)), and oy satisfies the no vacuum assumption (2.7). Let o, u, p and b
be the solution of the equivalent MHD system (2.5a)-(2.6) and satisfy the reqularity assumption
(8.1). Then for 0 <n < N—1, the time-discrete scheme (2.8)-(2.10) admit the unique solution
o1, "t p" 1 and b1, Furthermore, there exists some small Ty > 0 such that when T < T,
one has

Vm<df(x)<VM, VxeQ, 0<k<N, (3.2)

and the regularity estimates

k k k k
(s + A8 2 0¥+ 0¥ 1) <K :3)

where

K=lull g0, mwre) 111l Lo 0,7,02) + 1ol oo 0, mwne0y + o Ml oo 0,7 12)
+ l|uollwre +[|Auo || 12+ |00 [ i + |0 || g2 1

Moreover, the following temporal error estimates hold:

max (el 12+ (Ve 2+ lleurt e]]12) <, (3:42)
N

v Y (llehlZe+llepll3a+lepll3 ) <o (3.4b)
n=1

To prove Theorem 3.1, we recall three lemmas which are frequently used. The follow-
ing two lemmas established in [9] play a key role in error analysis.

Lemma 3.1. Assume that o™ € H2(Q)NW'®(Q) and u" € W2 (Q)NV,NH?(Q) are given for
0<n<N—1. Then the hyperbolic equation (2.8) has a unique solution o1 € H*(Q)NL>®(Q)
which satisfies the maximum principle

minc” (x) <o"(x) <maxo”(x), VxeQ. (3.5)
xeQ) xeQ)
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Lemma 3.2. For 1<n <N, let a"(x) be a function defined on Q) which satisfies

(1) xo<a"(x)<xy for some positive constants ko and k1,

(2) maxj<p<n||a"||wrs <o for some positive constant iy,

(3) YN, ||a" —a" Y| 1~ < K3 for some positive constant K.
Then the solution v" to the following problem

a"Do"+Av"=¢", n=1,---,N,
satisfies
N N
72 (IDe2" s+ 42" 7,) <C (?' 7120 o+ 7|42 10 ) +Cr LI GO
where C >0 is independent of T and a”, but may depends on xo, K1, k2, k3 and T.
Then, we recall the discrete Gronwall’s inequality established in [25].

Lemma 3.3. Let ay, by and <y be the nonnegative numbers such that
n n
an+1Y_be<tTY mear+B forn>1. (3.7)
k=0 k=0

Suppose Ty, <1 and set o = (1—1;) 1. Then there holds:

n n
an+T2bk§exp <T2’)/k(7k>B for n>1. (3.8)
k=0 k=0

Remark 3.1. If the sum on the right-hand side of (3.7) extends only up to n—1, then the
estimate (3.8) still holds for all k> 1 with o =1.

Next, we give error equations as follows. For 0<n <N —1, the exact solution (c,u,p,b)
to (2.5a)-(2.6) at t =t,,1 satisfies

D0 (tpi1)+V-(o(tyy1)u(ty)) =R, (3.9)

and

1
Re
+ “(tgﬂ)v- (o(tns1)u(tn))+Vp(tes1)+S(b(ty) xcurl b(t, 1)) =" +R2 (3.10)

0 (tn1) De(0(tnsr)u(tns1)) — - Aultpir) +o(tasr) ((tn) - V)u(tnia)
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with V-u(t,11)=0, and
Drb(tn+1)+$curl (curl b(t,+1)) —curl (u(t,+1) xb(t,)) =Ry (3.11)

with V-b(t,41) =0, where truncation error functions R?*!, R%*! and R'"! are given by

Ry = (Do (tns1) = 0i(tas1)) = Vo (tur1) - (u(tugr) —u(ty)),
R =0(tys1) (De(0(tug1)u(tusr)) — (o) (tns1))
—p(tn1) ((u(tnyr) —ultn))-V)u(ty1) — U(tgﬂ) Vo(tnt1)-(a(tns1) —u(tn))

=S((b(tyt1) —b(ty)) xcurl b(t,11)),
Ry = (Dcb(tng1) =bi(tur1)) +eurd (utyg1) X (b(tyy1) —b(t))).

In terms of the regularity assumption (3.1) and the Taylor formula, truncation error func-
tions satisfy

N-1
IRE et X (IRE e+ [RGB+ [RE ) <22 (312)
n=0

Subtracting (2.8), (2.9), (2.10) from (3.9), (3.10), (3.11), we get the following error equa-
tions:

Deell '+ V- (0 (tysr)el) + V- (e u") =RET, (3.13a)
o + u o o
1 4
v'eﬁJrl:O/ Un+lDT(Un+leﬁ+l)—EAeﬁJrl—FVeerl—l-ZlinJrl:Rﬁ+1, (3.13b)
i=1
1
V-ep =0, Dreﬁ+1+@Cu1‘l (curl e} t1) — 21 =RIT, (3.13¢)

where I/'t1,... I are given by

I = ()9 )" (W ()47 7 Vel
Ig“ =e" D (0 (tyy1)u(tysr) Fo" e Dou(t, 1)

YRV (0 (b)) €l — Ve Lou)u(ty),

n+1
I;H_l:u(t;+1)V‘(€Z+1u(tn))+u(t§+1)V'(pn+1Eﬁ)+euz V_(pn—i-lun),

IJ*'=Se}) x curl b(t,+1)+Sb" x curl e ™,
Ig“ =curl (u(t,,1) xef)+curl (el xb").
Proof of Theorem 3.1. We will use the method of mathematical induction to prove the

maximal principle (3.2) and the regularity estimate (3.3). Meanwhile, error estimates
(3.4a)-(3.4b) can be derived in the procedure of induction.
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It is clear that (3.2) and (3.3) hold for k=0. For 0 <n <N —1, we assume that (3.2) and
(3.3) are valid for k=mn, i.e., there hold

Vm<o'(x)<VM, VxeQ, (3.14)
and
[ {[wre + ([0 || 2+ 0" ([ wreo + (0" | 2 < K. (3.15)

Under induction assumptions (3.14)-(3.15) and according to Lemma 3.1, the hyperbolic
equation (2.8) has a unique solution ¢! € H2(Q)NL*(Q) which satisfies

Vvm <minco” (x) <" (x) <maxo”(x) < VM, VYx€Q, 0<n<N-1. (3.16)
xeQ) Q

xe

Thus, (3.2) is valid for k=n+-1. Furthermore, (3.16) implies that
m<p"l(x)<M, VxcQ, 0<n<N-1. (3.17)

To close the mathematical induction, we need to prove that (3.3) is valid for k=n+1.
Step I: L? estimates of e//*! and e/ *!. Testing (3.13a) by 27e*!, we have

leg 172 = lleg 172+ leg ! —ef I3

=27(REL ") 27 (Vo (t,.q)- el el ™)

<5 et + CrlRE [+ Crlloel 12

) [ 2 o L2 ullp2s

where we have noted (3.14) and
2(V-(e§+1u"),63+1):2/ Vegﬂ-u”egﬂdx:/ Vet 2 udx
0 0
:—/ e t12V - u"dx =0.

0

Summing up the above inequality and using the discrete Gronwall inequality in Lemma
3.3, we get

e 12 Z+Z||el+1—ea|] < Ct? —I—CTZHU 12, YO<n<N-1. (3.18)
i=0

Testing (3.13b) and (3.13c) by 27el"! and 27Se !, respectively, and adding the resulting
equations, we obtain

2T
A A e R A o o a2

2758
+8|lep ™ [I7a—Sllep |7+ Sllep ™ —ep i+

n+1|| )
Rm

|curl e

_ZTS(IrH—l n+1 ZTZ In—i—l n+1)+2T(Rn+1 n+1)+2TS(Rn+1 n+1)_ (3'19)
i=1
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We estimate the right-hand side of (3.19) term by term by the Holder inequality and the
Young inequality. Firstly, from the integration by parts, one has

(o7 Vet el ) 5 (e 1V (" ) ) =0,

Then using the regularity assumption (3.1) and induction assumptions (3.16)-(3.17), we
can get

—2T(I"+1 ﬁ+1)—2T(1n+1, ﬁ-ﬁ-l)
=—2(ef ™ (u(ts) V)u(ta1) €4 —20(0" (- V)ultuin) €l
S CARTCYAYCICREE "“)) T (u(ta) V(" e ey )

<Cr(llext 2 +llo" bl ) + 5 Ve, (3.20)

where we use

lleg ™1z < /o (tns1) + 0"l lle ™ 2 < Clleg™ 2. (3.21)

The term Ig“ can be bounded by
—2r(I ey ™) <Cr(|lep | 2 lel I 2+ ey T 2 Vel 2+ el 2 [l e[| 2)
+CT(HR”+1HL2 len M2+ Vo" s llen ™ 2l I o)

<1Re Vel | Cr(le 2+ [ R+ [0 el | 2). (3.22)

Finally, from the vector formula (2.14), we have
_ZT(InJrl en+1) +2TS(IH+1 11;+1)

=27S(u(ty11) x ef,curl e} *1) —27S (el x curl b(t,11),el™!)

<Ctllepllzlleq™ [l 2 +Crllep ]l 2 [lcurl ep™ || 2

s |curl e} ™17, (3.23)

<Crljef 3+ - Vel B+ 7

Substituting (3.20), (3.22) and (3.23) into (3.19) yields
T
o el 2+ o el —o"el][2 0"l + o [ Vel 2,
S s
R [curl el |7,
<Cr (et |3+ 1o e 122+ e 122+ [ RE 122+ [RE 12+ | REE: ).

+Slep 7.+ Sllep " —epllf—Sleplifa
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Summing up the above inequality and using (3.18) yields

n
||Un+1 n+1||2 +S||en+1 2+Z<||Uz+1eil+l_01e;” 2+S||e’+1—e{3||%2)
i=0
Ty 12, ST v +1
+Re Ve + gy X e €7

n
<CT*+CTY_(|lo'el |7+ lepl172), VO<n<N-1.
i=0

By the Gronwall inequality in Lemma 3.3, we get

n
||Un+1 n+1||2 +S||en+1 2+Z<||Uz+1eil+l_gleil|| 2+S||e1+1—e{3||%2)

i=0
T v 12, ST v i+1 2
+ =Y Vel 5+ 5= Y |lcurl e[|}, <CT?, VO<n<N-1, (3.24)
Re (= Rm =
which with (3.18) yields
etz Z+Z|yel+1—eg|| <Ct?, Y0<n<N-1. (3.25)

n+1 bn+1

Step II: H? regularities of u"*! and . The inequality (3.24) implies the uniform
boundness of u"*! and b"*! in Hl-norm, i.e., there exists some C >0 such that

|V 2+ [ curl BT . < C. (3.26)
On the other hand, from
01 =" 2 < 0t a) () 2+ e 2]z < C (327)
and
n+l. n+l_ _n_n
|l u o"u"|| 2

<[lo" ey —o"eqll 2+ (e" ! =" utuir) 2+ |0 (u(tust) —uta)) |12,

we have

m
Z Hg,n—&-lun—i-l —o"u" H%Z

m m
SC 2 Ho.n—o—leg—l-l_o.neﬁH%z_’_C 2 Ha.n—l—l_a.nH%Z
n=0 n=0

m
+C Y u(turr) —ulty) |7 < Cr. (3.28)
n=0
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In order to derive the H? regularities of the numerical solution, we rewrite (2.9) and (2.10)
as the following Stokes type and Maxwell type problems:

. iAunJrl + Vpn+1

Re
— _(Tn—HDT (0.n+1un+1) _Pn—H (un . V)un—i-l
un+1
-5V (0" u™) —S(b" x curl b" ) 411, V.u"tl=0, (3.29)
and
1
mcurl (curl b" ™) =curl ("' xb")-D.b""!, V.b"=0. (3.30)

Next, we estimate the right-hand side of (3.29) term by term. From (3.16) and (3.28), we
have

N-1
T Y lo" D ("t |13, < C. (3.31)
n=0

In terms of the Sobolev embedding theorem, (3.17) and (3.26), we can get

N-1 N-1
) " (" V)ur L <CT Y [l s Vet [E [ Ve[ <C, (3.32a)

n=0 n=0
N-1 N-1

Y |Sb" xcurl b" 2, <Ct ¥ ||leurl b"||7,||curl "7, <C. (3.32b)
n=0 n=0

According to (2.8), we have

n+1
u
_ 5 V- (pn+1un) — _0,n+1un+1v X (O.nJrlun) — an+1 DT(T”Hu”H.

Then
un+1
V- (pn—i-lun)
2 L3/2
— ||0.n+1un+1DT0.n+1 HL3/2
<Ct Y |u" | s||e" T =0 2 (3.33)
From (3.27), one has
N-1|| gn+1 2
Ty, — V- (" tu™)||  <C. (3.34)
n=0 13/2
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Applying the regularity of the Stokes problem to (3.29), and using (3.31)-(3.32b) and
(3.34), we have

T Z ||un+1||w23/2

According to the Sobolev imbedding W>3/2(Q)) c W3(Q), we get
N-1
Y u" s <C. (3.35)
n=0

By a similar method, one has
6" —b" |12 < [b(£ay1) =b(t) 12+ e —ep 12,

which with (3.24) leads to

N-1
Y |Db" 3, <C. (3.36)
n=0

Furthermore, from (3.26), one has

leurl (w15 b") || 32 <CJ| VA" 126" | 1o+ Cllu" | ]| V" |2
<CIVa" 2 b" [l o+ Cllu"* | o lewrd b 2 <C,

where we noted
[Vb"|| 12 <[[b"[| gn < Cllcurl b” || -
Thus,
N—1
7Y |leurd (w"™ xb")||7,, <C. (3.37)
n=0

Applying the regularity theory of the Maxwell equation to (3.30) and using (3.36)-(3.37)
yield

T Z D" s <C
By the Sobolev imbedding W>3/2(Q)) C W3(Q)), again, we get

T Z b2, < (3.38)
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Based on (3.35) and (3.38), we can obtain the H? regularities of numerical solution
(u”“,b”“). Firstly, one has
" (- V)u | 2 <Cllu || o[ VU 15 < Cllu"™ s,
[b" x curl b 1| ;2 < C|[b"|| 16 ||curl b || ;5 < C|lcurl b |5,
leurd (w1 xb") || 2 < C[[ V| 5][B"[| 1o +Cl[u" | s [ curl B[ 5
<C(||Vu" |13+ [|curl b" || 5).

Then
N-1
Y (|\pn+1(un-V)u”+1|\§2+ Ib" x curl b2, + [[curl (u"+! xb”)H%z) <C. (3.39)
n=0

By the Agmon inequality, (3.16) and (3.27), we have

2
. =[le" " Do [E < Cllu" [ | Do |2

1
<C|[ Va2 [ Aw |2 < S| Au" L +C Vu . (3.40)

un+1

5 \va (pn+1un)

The regularity theories of the Stokes and Maxwell problems with (3.31), (3.36), (3.39) and
(3.40) yields

N-1
oY (A B+l ")

n=0

N-1|| g+l 2
<t) V- (" u")|| +C

n=0 L2

T
=3 Z | Au" B, +C.

Thus, we get the regularities of numerical solution:
N-1
Y (A 2+ 2+ b e ) <. (3.41)
n=0

n+1

Step III: H! estimates of e’ ! and eb+1 For j=1,2,3, differentiating (3.13a) with respect

to x; gives

D;ett1— Djey;
”—+V(D 0 (tns1)) - €h+Vo(tyy) Djel

T
+V(Djep™)-u"+Vept™-Diu" =D;R, (3.42)
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where the differential operator Dj=0/0x;. Testing the above equation by 27D;ell ! yields

IDjey [z + | Diey ™ = Djeg |7 — | Djeg 172
<Cr(lleglIz+1IDyelliz + 1 Veg Iz + | DiRG I F2) +Crll Dyeg Iz
which implies that
IVeg 2+ 1V (€5 —ep)lIz. 1 VeglIz:
<Ct(|Vellf+IIVRT 17) +CTl Ve 2.
Summing up the above inequality and using the discrete Gronwall inequality, we get
n n
IVer T+ 21V (e —eo) [ <CT) (I Veyllf. + 1| VR [17) < (3.43)
i=0 i=0

To derive the H! error estimate of the velocity field, we rewrite the error equation (3.13b)
as follows:

1 4
—Aep T4Vt Y I =Ry, (3.44)

Tl+1D n+1
e —
p T™%u Re =

where I/'t1,... [#71 are defined as before, and I!'*! is given by

n+1_ n+1 n+1_n+1 n+1 n+1 _ n+1 n+1._n\,n
I =0"""D(c" ey ) —p" " Drey =—0"" V- (" u")ey.

Multiplying (3.44) by 2tD-el"! and integrating over Q yields
1
20" Deely 2+ (I Vel [+ | Vel = Vel — | Vel %)
4
=27(Ri", Dref ™) —27) (1", Drel ™) — 27 (171!, Drellt),
i=1
which with (3.16) leads to
1
27| Dol |+ o (1 Vel [+ Vel — Vel 2. [ Vel 3.
mt
< Deely 20| (1, Deely )|
+CT(IE T E A1 I A G I+ N+ IRGTH). (3.45)
We can estimate || I]"||2,, || Iy71]2,, || 13712, and || 17 1|2, as follows:
112 < Cller 1T+ leall o+ a1 Ver [172),
32 < CCleg 12+ ez + a1z | Veg Iz + I REIZ:),
1M 12 < Clleg 172+ l|eurl eg™[|22),

I3 < Cllu" Vo™ 12 lleklizs < Cllu”[F: | VeqlZ.,
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where (3.1), (3.17) and (3.21) are used.
For the term Ig“ in (3.45), we rewrite I3 as follows:

n+1
Ig+1Iu(t;—H)V-(ez+1u(tn))+u(t;+l)V-(anrleﬁ)—l—euz V_(anrlun)
u(ty " u(t, oy u(ty .
= (2+1)v (e p+1 (tn))+(2+1)v-(p(tn+1)eu)—(ZH)V-(ep“eu)
e:ll—H n etll-H n+1,.n
+ ==V (p(tn1)u") ==5=V- (¢ u"). (3.46)
Then there holds

27| (141, Deel )|

SCTH“(th)VeZH'“(tn)HLZHDTeﬁHHLZ+CTHu(tn+1)VP(tn+1) el Dol 12
+Crllef Vo (ty)-u"| 2| Deeg I 2+ Cl(u(tns1) V- (e ey en ™ —ep)|
+C‘( n+1v ( n+1 n) enJrl_en)‘

u

<7||Dre”“||L2+CT(||V6”“IIL2+HVeuH L+ Ver 1)
| Vel = Vel O Ve + [ Vel ) e
where we use
Ve Ml =1V (€5 (20 (tr) —eg ™)) |2 < Clleg | - (3.47)

Substituting the above inequalities into (3.45) and using (3.43), we get

weY |Deel 2+ o [ Ve "+1uz+*2\rw“ Vel |2
i=0

<CT 4Oy [l B Vel 2+ CTY Vel 2,
i=0 i=0

which with the discrete Gronwall inequality gives

n
; 1
e LDt g IVl g MIVE Ve fscR G
i=0
Applying the classical regularities theory of the Stokes problem to (3.44) and using (3.24),
(3.25), (3.43) and (3.48), we get
m
) (lAei™ L+ Vey 72)
n=0

m

4
<Ct) (HDreﬁ“H%ﬁZHIﬁ“H%ﬁ||I£“!|%2+!!Rﬁ“lliz) <Cct? (3.49)
n=0 =
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by noting

T <Ct(I Ve T+ llegl iz + 1 Ve ™17 llelllz=)
+CT([Ju" e lleq ™ 17+ 0" 2 Ve T 1l 11-)
<Ct(|[Veg 72+ llelllza + 11 Ver 7 Veu |l 2 Aegll 1)
+CT([|u"[[Fe el 17+ [0 e | Ver 7 Ver ™ 2 Aegl 12)
<Ct(||Veg 7+ llelllza + [ Ver 172 Vel 7)
+CT([|u"[[Fe el I+ [0 [ | Ver Iz Ver T 17:) +et| Aeyll?.

and

m m
Ty (5 <et ) [|Aelf. +CT
= n=0

for some sufficiently small € > 0.
By the similar method for the estimate of e
The Eq. (3.13c) can be written as

n+-1 n+1

, we make the error analysis for e}

1
Dreftl4— R curl (curl ef ) =12+ RIT, Vel t!1=0, (3-50)

where the term IQH is rewritten as

I =curl (u(t,11) xep) +curl (el xb")

=(ef-V)u(tys1)— (u(tyr1)- Vel +(b"- Vel — (el 1. v)b". (3.51)

Multiplying (3.50) by 2tD-e}*! and integrating over Q) yields

ZTHDTeﬁHHLz—F—<||curle"+1H —||cur1eb||L2+y|cur1eﬂ“—curlegugz)
<Cr (lleplla+ 1 Vepll 2+ B |l Vert 2 ) [ Deelr ™ .2
+C7 (| Akt 2l Vb" 12+ [RE |12 ) [ Dee 2
<7||Dref |2+ Ct (|leg]|3.+ || curl e} ||7.)
+C (|16 22 | Vet |2+ | Ak I+ [RE 2. ).
From (3.24), (3.41) and (3.49), we have

n 1 i
TZ HDTe;jl HLz‘f‘@ (chrl e”Jrl ][22+Zchrl e’Jrl —curl e{,H%2>
— i=0

<Ct?, Y0<n<N-1. (3.52)
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In addition, || IZ*" |2, can be estimated by

1R, sc(\rezu%z+ucurl eﬁuiz+Hb"r|%pHVeﬁ“Hiz+HAeﬁ“Hiz).

Then the classic regularity theory of the Maxwell equation implies that

n n
Y llep 12z <CTY (1IDeeh |2+ 7B+ IR 2 ) < c7
i=0

i=0

Step IV: W4 estimate of ¢!, Thanks to (4.35) in [9], one has

n . .
e lze < CTY(IRGH [+ [ley =) < C.
i=0

Testing (3.42) by 7|Djelr ™ [2Djel ™!, we have

| Dye I~ (Djet, |Djett PDjel™ )+ (V(Djor(ta)) -l | Dyl PDjes )

+1 (w(th) -Djel | Dyl PDjestt) 7 (V(Djelt)-w, | Dyel 2Djel )

+7T <Ve§+1 -Dju", | Dje§+1 |2D]-eg+1> =T (D]-R(’;H, | D]-ngr1 |2D]-eg+1) ,
where we use
(V(Djeg™)-u",|Djeg ™ P Djey ™) = _%OD]'EZH 4,V u")=0.
Furthermore, from the Holder inequality, one has
1Djes 75— I Djeg sl Dyeg ™ 7

<Cr(IIV(Djor(tns1))-€blls+ Vo (tns1)-Dyellls) | Djes
+Ct (|| Dyu [l a+ I DRE 1) [ Dje s,

which implies that

n . .
IDjes s <CTY_(IV(Djor(tisn))-ellls+ Vo (tiv)-Dieyll )
i=0

n . . .
+Ct)_ (Ve Dy || s+ [ DR 4)
i=0

<Ct ) (llAellliz+ I Djellln + 1 Vel + [ DR 1)

n

i=0

283

(3.53)

(3.54)

(3.55)

(3.56)
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Using the discrete Gronwall inequality, (3.24) and (3.49), we can derive that

n . . .
IVer™ s <CTY_([[Aeyllz+ [ Veyll 2+ VRG | 4) < Ct (3.57)
i=0

forall0<n<N-1.

Step V: W™ estimate of e/ "!. In terms of the Helmholtz-Weyl decomposition (2.1),
there has a unique decomposition

oD el =P (p" 1D el )+ Vgt (3.58)
where ¢" "1 with [, ¢" " dx =0 is the solution to the following Neumann problem:
A" =V (" De’) in Q, (3.59)
with the boundary condition:
V¢ ln=(p""D.el"!)n=0 on T. (3.60)
By the regularity of solution to the Neumann problem, the solution ¢"*! satisfies

IV s <Cllp" ! Drey™ || s
<Cl|Drey™ |l 4

1
SCHDTeﬁJA”izHVa) n+1>HL2

Then
n . 1 . 3
oY Vg2 <C 2(|Dfe;+1|rzZ||v<Dre;“>uzz)
i=0 =0
1y i+1 v i+1 7
2): |Drey |72 4+CT8 ) [ V(Drey™)|[7 < C7, (3.61)
i=0 i=0
where (3.48) is used.
Applying the projection operator IP to (3.44), we get
1 4
pn+lDTEﬁ+l 4 EAeli’ll-i-l — V(Pn+1 4P <Rﬁ+l o Zlin-i-l o Ig-‘rl) , (362)
i=1

where [, i=1,--- 4, and I/*! are defined as before. In order to get the estimate of
[|e+1]| y1., by the Sobolev imbedding W>#4(Q) CWY™(Q)), we need to derive the estimate
|Ae’ 1|l 4 by using Lemma 3.2. Firstly, we check the conditions in Lemma 3.2 as follows.
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The first condition holds from (3.17). For the second condition, one has

o™ llws <lleg ™ llwaa+ [l (tnra) [ wns
<Clleg M lwrs+lp(tns1)[wrs <C, VO<n<N—1. (3.63)

For the last condition, by (3.1) and (3.55), it is easy to see that

N-1 . N-1 .
Sl =p"llim < Y (llep ™ =ellum+llo(tnin) = (k) 1)
n=0 n=0
N—-1
<CY llef™ —eplle+C<C. (3.64)
n=0

Thus, all conditions in Lemma 3.2 hold. Then from Lemma 3.2, we have
N-1
Y (IDceg 17+ [l Ael ™ [74)
n=0

N-1

4
<Ct ), <|\V¢”“H%4+Z||I}”1Hi4+ !!12“\!i4+HRﬁ“Hi4> : (3.65)
n=0 j=1

The right-hand side of (3.65) can be estimated term by term as follows. For ||I}™| .4, we
have

1412 <Cllley 17+ leqll o+ Ver™ [17)

<C(|leg M I3+ Vegllz. + | Aei ™ 172), (3.66)
where we use
[u"]| L~ < C[|Aey][12+C[[Au(ty)]| 2 <C.
For || I§1|| 14, we can get

171175 <Cller ™ De (o (tusr)ultur) |7 +Cllo™ ey Deu(tua) 17
+Cl" U RGT = V(0 (ts1)) e — Veg ™ u)u(ty)||7s
<C(lleg™ I3+ 1 VelllF2 + [ Veg ™ [I7s+ I RTIZ)- (3.67)

For || I§™| .4, we have

|B R <COI Ve IRt | Vo'l 2u+ el V" u12,)
<C(IVer ™17 +1IVe 3| Al |7+ | Vo | 7. ][ Ael ™ |72)
<C(||Vert ||+ || Ael 2.+ [|Ael ™ I2,), (3.68)
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where we use
V" = 120" Vo™ | s <CI Ve ™| s +ClI Vo (trga) |5 < C.
For || I§ 1|14 and || I/ 1| 4, it is easy to prove that
I+ 17 <C(llep 17+ [l curl eg ™ 12,)
<C(|lcurl ej|F-+lep ™ [172) (3.69)

and

1157 < ClIVe" T letllFe < Clleg |- (3.70)
Then substituting the above estimates and (3.61) into (3.65), we have

N-1

7Y (|IDeey ™ 74| ey |7)
n=0
N—1
<Ct Y (V" T+ len I+ 1 Ve T+ et Fa+ b I7e)
n=0
= 2 112 12 12 7
+Ct ) (|lcurl ef[I7o+[lef ™ |72+ [|RF |74+ IRGTI7.) < Cs,
n=0
which implies that
N e N a2 7
Y [led™ e <CT Y [[Ael |7, < Crs. (3.71)
n=0 n=0

As the consequence of (3.71), we obtain the uniform boundness of u"*! in W*-norm:
e < € e+ faChnsn) e SC, VOSHEN-1 @72
Step VI: H? and W' estimates of ¢/"l. Firstly, we give the estimate of | Ve 1| L.
Testing (3.42) by 7|Dje ™ [F1Djel ™! and taking k — 400, we have
|Djeg |1 — [ Djeg |
<Ct||V(Djo(tus1))-eullie+Ctl|Vo(tyi1)-DjeyllL
+CT|| Ve{}“ . D]'u" ||L°° —|—CT|| D]'Rg—’_l ||Loo
<Ctllef e +Crl|Vey|| s +Cr[|Vey ™ | 1o +CT|[ VR | 1.
Taking the sum of the above inequality and using the discrete Gronwall inequality for

the sufficiently small 7, we get

m
1
Vel <CT Y (llelllie+[[Veylle+[| VR |1) < Cr2 (3.73)
n=0
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forall0<n<N-1.
To get the estimate ||e” ! || 2, differentiating (3.42) with respect x; yields

D::et1_ Dot
—ve v +V(Di]'0'(tn+1)) . eﬁ—f-V(D]'O'(t,H_])) . D,-eﬁ

+V(D1'0’(tn+1)) -D]-eﬁ+V(7(tn+1) ~DijEﬁ+V(Dij€g+l) -u”
+V(Djer™)-Dia"+V (Dielt!) - Diju" + Vet Dyju" = Dy R (3.74)

for i,j=1,2,3. Multiplying the above equation by 2tDjje/*! and integrating over () leads
to

1Dseg ™ 1172 — | Dijeg |2 + | Dijey ™ — Dijeg 17
<Ct(|lelllz~+IDeg 172+ | DjellIfa + | Dijeullza + [V (Dieg ™) [172)
+CT(|V(Djer ™) 172+ Ver 1w | Diju” |72 + DRy [172) + C| Dije 1 2.

Summing up the above inequality and using the discrete Gronwall inequality gives
n
IV2ek 2 < (Ach [+ Ve ol au [+ V2RET B ) <ot
i=0

which implies that

e <CTY8, WO<n<N-1. (3.75)

Step VII: The close of mathematical induction. To finish the proof of Theorem 3.1, we
need to close the mathematical induction, i.e., we need to prove that (3.3) is valid for
k=n41with 0 <n < N-—1. In terms of error estimates (3.49), (3.71), (3.73) and (3.75), we
can see

[ e+ AW 24 [ e+l 2
<[let Iy + | Ael™ 2+ lleg ™ [Iwre +lleg™ || 2+ (K—1)
<Ct'/124+(K-1)<K

for some small T < 19 with CTol/ 1221, Error estimates (3.4a) and (3.4b) follow from (3.21),
(3.25), (3.48), (3.49), (3.52) and (3.54). Thus, we complete the proof of Theorem 3.1. O

4 Numerical experiment

In this section, for the reason of simplicity, we make the numerical experiment for the
2D MHD system with variable density to support the stability of the numerical solu-
tion and the temporal convergence rate O(7) derived in Theorem 3.1 by using the finite
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element method to discretize (2.8)-(2.10), where the mini-element (Pyb— P;) is used to
approximate (u,p), and the P; element is used to approximate ¢ and b. The associated
vector-valued finite element spaces are denoted by V, CV, M, C M, X;, C H(Q) and
W), CW, respectively. It is clear that V},- V;, C X}, does not hold.
We solve the incompressible MHD equations (2.5a)-(2.6) with variable density in the
unit square:
O={(xy)eR?: 0<x<1,0<y<1}.

In the case of two-dimensional domain, the MHD system (2.5a)-(2.5d) with variable den-
sity are

oi+Vo-u=0, (4.1a)
1

a(au)t—ﬁAuﬁ—p(u-V)u—l—%V- (pu)+Sb x curlb+Vp=f|, (4.1b)

bt+$curl (curl b)—curl (uxb)=g, (4.1¢)

V-u=0, V-b=0. (4.1d)

Here u= (u3,uy) and b= (by,b,). In the 2D case, the operator curl applied to a vector
v=(v1,v) is defined by
du,  0dug
curlv=—=——

C ox ay

The operator curl applied to a scalar function r is defined by

curl r= <8r _E)r)
dy’ ox )
In addition, the cross product of two vectors u and b is given by u xb=u1b, —usb,. For a
vector function b and a scalar function r, the cross product is given by b xr = (rby, —rb1).
Let 02 = 713,00, u?l = Iuy and bg = J,bo, where 71, I, and J;, are L2 or L? projection
operators onto the finite element spaces. For 0<n <N —1, the finite element fully discrete

scheme can be stated as follows:
Step I: For given 0;) € W), and uj; € V,, we solve U,’f“ € W), such that

1
S(op IV g, ry) =0, Vr, €W (4.2)

(DT(T;:“,rh) + (VU[Z’“ ul,r)+ 5

Step II: For given uj, € V), and b; € W), we solve (uZHrpZH) €V, x M, and bZ+1 EW,
such that

1
Re
n+1/,.n n+1 1 n+1 n+l..n n n+1
—i—(ph (uj-V)uy, ,Vh)—|—§<uh V- (p; uh),vh)—i—S(bh xcurl by ", vy)

=(f",v;) (4.3)

ar (Do ui ), v ) + o (VU 9w = (Vevi i) +(Voui ™ g)
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and

1 1
(DTbn+1,Wh) + @(Curl bZJrl,Curl Wh) + m (V 'bZJrl,V ‘Wh)

( n+1

u ™ x by, curl wy) = (g,

wy,) (4.4)
for any (vy,q,) € Vi x My, and wy, € Wy, where pf 1 = (o7 1)2.
Remark 4.1. Due to V-u! #0 in the point-wise sense, the stable term 1 (¢} V-u/!,r,) in
(4.2) is added to preserve the unconditional stability of o] *1.

For the finite element fully discrete scheme (4.2)-(4.4), we have the following uncon-
ditional stability which implies the existence and uniqueness of the numerical approxi-
mation solution (o] *!,u' ™!, pt1, bt for0<n<N-1.

Theorem 4.1. For any time step size T and mesh size h, there hold the following discrete energy
inequalities:

llo Iz < [lerg 12 (4.5)

and

1
oty T+ S b5 1 E+ % ZIIWZ“HLz

2Ty (lewrt b} 21V 72
Rmi:o h L
<1500 SIlpY CNfl 112 i+1))2 46
<|logupl| 72+ S|bpllT+CT Y (1P 7+ I8 1% (4.6)

i=0
forall0<n<N-1.
Proof. In fact, setting rj, = ”H in (4.2), we have

lo Mz + llog =i 172 = oy 112

by using
(VO’;Z—H u 0_;[1+1 /v|0,n+1’2 ndx——f/ |0n+1 )d

Thus, the stability (4.5) of 07" holds.
Setting (vi,,qn) = 27(u ™, pi™) in (4.3) and wj, =2Stb} ™" in (44), and adding the
g q Pi h g
resulting equations, we have

H n+1 n+1|| | n+1 n+1

2= [log |7+ | —ff;’luﬁll2

51— b 2451y b+ 2 T
25T
o <||curl b2+ || Vbt ||%2)
:2T(f”+1,uZ“)—i—ZT(g”H,bZ“)
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by using (2.14) and
(PZH( V) n+1’uz+1 /pn+1un V|u"+1]2dx——2/ v-( n+1 )| Z“\zdx.

By using the Holder and Young inequalities, we can get the stability (4.5) of (u} i b”“)
Thus, we finish the proof of Theorem 4.1. O

Now, we present numerical results to confirm the stability of the numerical solution
and the temporal convergence rate O(71) derived in Theorem 3.1. We take the appropriate
f and g in (4.1b)-(4.1c) such that the exact solutions (¢,u,p,b) have the following forms:

o \/2—|—xcos(s1n( t))+ysin(sin(t)),

(xy,t)=

u(x,y,t) = ( ycos(t), xcos(t))",
p(xy,t) =sin(x)sin(y)sin(t),
b(x,y,t) = (—ysin(t), xsin(t))".

In addition, we take the Reynolds number Re=100, the magnetic Reynolds number Rm=
100, the coupling number S=1, the mesh size h= 2%0 and the final time T=1. For brevity
of notations, we denote

lo—onlliz=lo(tn) =},
Jlou—au 2 =|| (k) < N) =0 ulf
fu—wllv = ||V (a(tn) ~u)
Ib—by 2= [b(tx) b}

Hb_bhHW:chrz(b(tN)—b,T)HLZ+HV.(b(tN)—bﬁ) 2

7

LZ

7

L2

For some Banach space X with norm ||-||x, we define the discrete [?(X)-norm by

N 1/2
Ivll2x) = <TZ ||V(fn)||§<> ,

n_]\l] 1/2
IVillex) = (T?_‘iHVﬁHi) /

for any v(t) € X and v;:={v}}I\_ C X.

To confirm the stability of the numerical solution and the first-order temporal con-
vergence rate, the time step 7 is taken 7= =0,1,---,4. Numerical results are
displayed in the following tables. In Tables 1 and 2, the stabilities of the exact solution
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Table 1: Stabilities of the exact solution (c,u,b).

© e@n)lz Nletn)uin)llz lallew)  (IPlemw)
02 1.92510 0.86925 034172 0.75263
01 192510 0.86925 024163 0.53219
0.05  1.92510 0.86925 0.17086  0.37632
0.025  1.92510 0.86925 012082 0.26610
00125  1.92510 0.86925 0.08543  0.18816

Table 2: Stabilities of the numerical solution (o7,,up,by,).

T e N uille ey Toallew)
02 191748 085456 036269  0.76021
01 192134 086142 024539  0.53364
0.05 192323 086519 017153  0.37658

0.025 192417  0.86718 012093  0.26614
0.0125 192463  0.86821  0.08545  0.18817

Table 3: Numerical errors | and temporal convergence rates.

T lo—pulliz  flou—cpupll;2 [[b—byl;2
0.2 3.80734e-002 3.02732e-002  3.30688e-002
0.1  1.89736e-002 1.61293e-002 1.67111e-002
0.05  9.50156e-003  8.36358e-003  8.40923e-003

0.025 4.76004e-003  4.26555e-003  4.21981e-003
0.0125 2.38386e-003  2.15517e-003  2.11394e-003
rate 0.999 0.953 0992

Table 4: Numerical errors Il and temporal convergence rates.

T lu—wllv — [b=byllw  [IV(p=pu)lleq2
02 271756e-001 2.39326e-001  6.78071e-001
0.1  135306e-001 1.24142e-001  2.03986e-001
0.05  6.77424e-002 6.33905e-002  6.54700e-002

0.025 3.39541e-002 3.20538e-002  2.19734e-002
0.0125 1.70059¢-002 1.61194e-002  7.56432e-003
rate 1.000 0.973 1621

(0,u,b) and the numerical solution (o, u;,by,) are presented. From Table 2, we can see
the good stability of the numerical solution of (4.2)-(4.3) when the time step T becomes
small and small gradually. Numerical errors of (p;,,uy,, pj,by,) are shown in Table 3, from
which we can see clearly the predict first-order convergence rate O(7). In summary, the
above numerical results are in good agreement with our theoretical analysis.
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5 Conclusions

Based on an equivalent form of the incompressible MHD system with variable density,
we proposed a first-order Euler time-discrete scheme for approximating the equivalent
system. In the finite element approximations, we do not need to consider the constraint
condition (1.6) and the finite element algorithm is unconditionally stable. In terms of
the discrete maximal LP-regularity of the Stokes problem, we proved the first-order con-
vergence rate O(7) for the proposed time-discrete scheme. On the other hand, for the
equivalent system (2.5a)-(2.5d), it is easy to construct the unconditionally stable BDF2
scheme without any conditions of the time step size and mesh size, which will be given
in future work.
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