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Abstract. The stochastic Allen-Cahn equations, as a typical example of nonlinear
stochastic partial differential equations, play an important role in phase theory. In
this paper, we investigate the rate of convergence in the pth mean for a truncated-type
explicit Euler time-stepping method applied to the stochastic Allen-Cahn equations as
well as using the spectral Galerkin approximation in spatial discretization. Finally, a
numerical example is given to confirm the strong convergence order.
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1 Introduction

Over the past decades, there are plenty of research articles about stochastic partial differ-
ential equations (SPDEs). Since it is difficult to obtain the analytical solution to a SPDE,
various numerical methods have been introduced for the SPDEs with drift and diffusion
coefficients satisfying the global Lipschitz or linear growth condition [1, 14, 18, 19, 25, 29].
When numerically solving a SPDE, spatial discretizations are usually achieved with finite
element, finite difference, and spectral Galerkin methods; see, for example, [20,21,26,37].
The temporally discretization is usually carried out by Euler-type methods [3–5,23,25,36].

As a typical example of SPDEs, stochastic Allen-Cahn equations play an important
role in the phase theory and phase transition, and this class of equations have received
increasing attention in the last few years [2, 8, 23–26]. However, once the nonlinear term
of the coefficient of a stochastic differential equation grows super-linearly, the standard
Euler-Maruyama (EM) method is known to diverge in the strong sense [17]. Thus, the
implicit scheme [9, 30], modified EM method [5, 10], splitting scheme [6, 7], and other
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numerical methods [11, 28] have been applied to the stochastic Allen-Cahn equation. In
a very recent work, Wang [36] proved a tamed EM method for temporal discretization
combined with the spectral Galerkin method in space can achieve strong order 1/2. On
the other side, truncated-type scheme is another efficient tool to approximate a stochastic
differential equation with superlinear coefficients. There are several kinds of truncated
methods designed for solving stochastic differential equation [4, 15, 16, 27, 32, 33]. In this
paper, to our best knowledge, we apply, for the first time, this type of truncated scheme
for the temporal discretization to construct fully discrete numerical estimators for the
stochastic Allen-Cahn equation.

The rest of this paper is organized as follows. The next section presents assumptions
and notations that are used throughout this paper. Section 3 is devoted to the analysis
of the strong convergence rate for the full space-time discretization method to solve the
underlying stochastic Allen-Cahn equation. Numerical experiments are illustrated in
Section 4 to verify the theoretical findings.

2 Notations and assumptions

In this paper, we are interested in stochastic Allen-Cahn equations with additive space-
time white noise, and it is described by{

dX(t)+AX(t)dt=F(X(t))dt+dW(t), t∈ (0,T],
X(0)=X0.

(2.1)

Here the linear operator A, deterministic mappings F and I-cylindrical Wiener process
W(t,·) that will be specified precisely later. Next, we give some notations and assump-
tions.

Throughout this article, unless otherwise specified, we use the following notation. Let
(Ω,F ,P) be a complete probability space with a normal filtration {Ft}t∈[0,T] satisfying the
usual conditions (i.e., it is increasing and right continuous while F0 contains all P0-null
sets). We list some of the notation used throughout the paper as follows.

Symbol Meaning
(H,〈·,·〉,‖·‖) a real separable Hilbert space with ‖·‖= 〈·,·〉 1

2 .
L(H) the space of bounded linear operators from H to H endowed with the usual

operator norm ‖·‖L(H).
L2 :=L2(H)⊂L(H) the subspace consisting of all Hilbert-Schmidt operators from H to H.
Lγ(D) :=Lγ(D;R), γ≥1 a Banach space consisting of γ-times integrable functions.
V :=C(D,R) a Banach space of continuous functions with usual norms.
Ḣγ :=dom(A

γ
2 ) the Hilbert space equipped with inner product 〈·,·〉γ := 〈A

γ
2 ·,A

γ
2 ·〉 and norm

‖·‖γ = 〈·,·〉
1
2
γ .

−A the Laplacian with homogeneous Dirichlet boundary conditions, defined by
−Au=Λu.

λi, ei(x) eigenvalues and eigenvectors, here we let λi =π2i2, i∈N and an orthonormal
basis {ei(x)=

√
2sin(iπx), x∈ (0,1)}i∈N, such that Aei =λiei.
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Throughout this paper, let C stand for a generic positive constant independent of dis-
cretization parameters and its values may change between occurrences.

Assumption 2.1 (Linear operator A). Let D :=(0,1) and H=L2(D;R) be a real separable
Hilbert space, equipped with usual product 〈·,·〉 and norm ‖·‖=〈·,·〉 1

2 . Let−A : dom(A)⊂
H→H be the Laplacian with homogeneous Dirichlet boundary conditions (X(0,x) =
X0(x), x∈D, X(t,0)=X(t,1)=0, t∈(0,T]), defined by −Au=Λu, u∈dom(A) :=H2∩H1

0.

In the paper, we will utilize the semigroup approach in [34] to define a mild solution
of (2.1). We list some properties of the analytic semigroup. Noting that −A generates an
analytic semigroup E(t)= e−tA, t≥0 on H and we define the fractional powers of A, i.e.,
Aγ, γ∈R. It is well-known that (see Lemma 3.22 in [31])

‖AγE(t)‖L(H)≤Ct−γ, t>0, γ≥0, (2.2a)

‖A−ρ(I−E(t))‖L(H)≤Ctρ, t>0, ρ∈ [0,1], (2.2b)

and that (see Lemma 6.3 in [34])

‖A−α‖L(H)<∞ for any 0<α<1. (2.3)

Assumption 2.2 (Nonlinearity). Let F : L6(D;R)→H be a deterministic mapping defined
by F(v)(x)= f (v(x)) :=v(x)−v3(x),v∈L6(D;R).

It is easy to find a constant L∈ (0,∞) such that

〈u−v,F(u)−F(v)〉≤L‖u−v‖2, u,v∈V, (2.4a)

‖F(u)−F(v)‖≤L(1+‖u‖2+‖v‖2)‖u−v‖, u,v∈V. (2.4b)

The property in (2.4) immediately implies

〈u,F(u)〉≤C(1+‖u‖2), u∈V. (2.5a)

‖F(u)‖≤C(1+‖u‖2)‖u‖, u∈V. (2.5b)

Assumption 2.3 (Noise process). Let {W(t)}t∈[0,T] be an I-cylindrical Wiener process
(see [12]) represented by a formal series,

W(t) :=
∞

∑
n=1

βn(t)en, t∈ [0,T], (2.6)

where {βn(t)}n∈N, t∈ [0,T] is a sequence of independent real-valued standard Brownian
motions.

Assumption 2.4 (Initial value). Let the initial data X0 : Ω→H, be anF0/B(H)-measurable
random variable satisfying, for sufficiently large positive number p∈N and β∈ (0, 1

2 ),

E[‖X0‖p
V ]+E[‖A

β
2 X0‖p]≤C. (2.7)
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3 Spatial-temporal full discretization

In this paper, we study the accuracy of our spatio-temporal discretization scheme applied
to SPDE (2.1). The results about the well-posedness, uniqueness of the mild solution,
and the regularity results of SPDE (2.1) can be found in [13]. Meanwhile, we discrete the
spatial by the spectral Galerkin methods, had obtained the convergence rate in [36]. To
completeness of the paper, we list the results as the lemma in the appendix. Next, we
give our time discretization method, the truncated EM scheme.

Firstly, we define the truncated EM numerical solutions, we choose a strictly increas-
ing continuous function µ :R+→R+ such that µ(w)→∞ as w→∞ and

sup
|x|≤w
|FN(x)|≤µ(w), ∀w≥1. (3.1)

Denote by µ−1 the inverse function of µ and we see that µ−1 : [µ(0),∞)→R+ is a strictly
increasing continuous function. We also choose a strictly decreasing function h : (0,1]→
(0,+∞) and a constant h̄≥1 such that for any β∈ [0, 1

2 ),

lim
∆→0

h(∆)=∞ and ∆
β
2 h(∆)≤ h̄, ∀∆∈ (0,1]. (3.2)

For a given step size ∆∈ (0,∆∗], let us define a mapping π∆ from Rn to the closed ball
{x∈Rn : |x|≤µ−1(h(∆))} by

π∆(x)=(|x|∧µ−1(h(∆)))
x
|x| ,

where we set x/|x|=0 when x=0. That is, π∆ will map x to itself when |x|≤µ−1(h(∆))
and to µ−1(h(∆))x/|x| when |x|>µ−1(h(∆)). We then define the truncated functions

FN
∆ (x)=FN(π∆(x))

for any x∈Rn. It is easy to see that

|FN
∆ (x)|≤µ(µ−1(h(∆)))=h(∆). (3.3)

For M∈N we construct a uniform mesh on [0,T] with ∆= T
M being the time stepsize, and

propose a spatio-temporal full discretization as,

YM,N
tm+1

=EN(tm+1−tm)YM,N
tm

+A−1
N
(

I−EN(∆)
)

FN
∆ (YM,N

tm
)

+
∫ tm+1

tm

EN(tm+1−s)PNdW(s) (3.4)
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for m=0,1,··· ,M−1 and YM,N
0 =PNX0. Equivalently, the full discretization (3.4) is written

by

YM,N
tm+1

=EN(tm+1−tm)YM,N
tm

+
∫ tm+1

tm

EN(tm+1−s)FN
∆ (YM,N

tm
)ds

+
∫ tm+1

tm

EN(tm+1−s)PNdW(s), (3.5)

and the continuous version of (3.5) as

YM,N
t =EN(t)YM,N

0 +
∫ t

0
EN(t−s)FN

∆ (YM,N
bsc )ds+

∫ t

0
EN(t−s)PNdW(s), (3.6)

where btc := ti for t∈ [ti,ti+1) i∈{0,1,··· ,M−1}.

3.1 A priori moment bounds of the approximations

This subsection aims to obtain a priori estimates of the full discrete approximation.

Lemma 3.1. Let Assumptions 2.1-2.4 hold. Then the approximation process YM,N
t produced by

(3.6) obeys

sup
0≤t≤T

E‖YM,N
t ‖p≤C. (3.7)

Proof. To simply write, we set

ON
t =PNOt =

∫ t

0
EN(t−s)PNdW(s).

Next we introduce a process ZM,N
t given by

ZM,N
t =YM,N

t −ON
t

=EN(t)ZM,N
0 +

∫ t

0
EN(t−s)FN

∆ (ZM,N
bsc +ON

bsc)ds, (3.8)

which satisfies
d
dt

ZM,N
t =−ANZM,N

t +FN
∆ (ZM,N

btc +ON
btc). (3.9)

According to Lemma A.1, in order to prove the (3.7), we only need to obtain the bound-
ness of the ZM,N

t i.e.,
sup

0≤u≤T
E‖ZM,N

u ‖p≤C.
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Thus

E‖ZM,N
t ‖p =E

∫ t

0
p‖ZM,N

s ‖p−2〈ZM,N
s ,−ANZM,N

s +FN
∆ (ZM,N

bsc +ON
bsc)〉ds

≤E

∫ t

0
p‖ZM,N

s ‖p−2〈ZM,N
s ,FN

∆ (ZM,N
bsc +ON

bsc)〉ds

=E

∫ t

0
p‖ZM,N

s ‖p−2〈ZM,N
s −ZM,N

bsc ,FN
∆ (ZM,N

bsc +ON
bsc)〉ds︸ ︷︷ ︸

J1

+E

∫ t

0
p‖ZM,N

s ‖p−2〈ZM,N
bsc ,FN

∆ (ZM,N
bsc +ON

bsc)〉ds︸ ︷︷ ︸
J2

. (3.10)

Because of J1 is difficult to tackled, we first to deal with the J2. By the Lemma 5.8 in [22],
when the F(x)= c1x−c2x3 (c1,c2>0), we have

〈x,FN(x+y)〉= 〈x,F(x+y)〉≤K[‖x‖2+1+‖y‖K], (3.11)

where K=max{6,c1+|c1|2+|c2|2}. According to Lemma A.3, we have following inequal-
ity

〈x,FN
∆ (x+y)〉≤K1[‖x‖2+1+‖y‖K1 ].

Therefore

J2=E

∫ t

0
p‖ZM,N

s ‖p−2〈ZM,N
bsc ,FN

∆ (ZM,N
bsc +ON

bsc)〉ds

≤E

∫ t

0
pK1‖ZM,N

s ‖p−2
[
‖ZM,N
bsc ‖

2+1+‖ON
bsc‖

K1
]
ds

≤E

∫ t

0
C‖ZM,N

s ‖p−2
[
‖ZM,N
bsc ‖

2+1
]
ds

≤C
∫ t

0
sup

0≤u≤s
E‖ZM,N

u ‖pds+C. (3.12)

For the term of J1, by the Young’s inequality, we have

J1=E

∫ t

0
p‖ZM,N

s ‖p−2〈ZM,N
s −ZM,N

bsc ,FN
∆ (ZM,N

bsc +ON
bsc)〉ds

≤E

∫ t

0
p‖ZM,N

s ‖p−2 ·‖ZM,N
s −ZM,N

bsc ‖·‖F
N
∆ (ZM,N

bsc +ON
bsc)‖ds

≤E

∫ t

0
(p−2)‖ZM,N

s ‖p ds+2E

∫ t

0
‖ZM,N

s −ZM,N
bsc ‖

p
2 ·‖FN

∆ (ZM,N
bsc +ON

bsc)‖
p
2 ds︸ ︷︷ ︸

J11

.
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Finally, according to the Hölder’s inequality and (3.3), we obtain

J11=2E

∫ t

0
‖ZM,N

s −ZM,N
bsc ‖

p
2 ·‖FN

∆ (ZM,N
bsc +ON

bsc)‖
p
2 ds

≤2h
p
2 (∆)E

∫ t

0
‖ZM,N

s −ZM,N
bsc ‖

p
2 ds.

However, to prove J11, we first claim the following result

E‖ZM,N
t −ZM,N

btc ‖
p≤C∆

βp
2 . (3.13)

Since definition of the ZM,N
t , that is (3.8), we have

ZM,N
t −ZM,N

btc =(EN(t)−EN(btc))ZM,N
0︸ ︷︷ ︸

I1

+
∫ t

0
EN(t−s)FN

∆ (ZM,N
bsc +ON

bsc)ds−
∫ btc

0
EN(btc−s)FN

∆ (ZM,N
bsc +ON

bsc)ds︸ ︷︷ ︸
I2

.

Therefore,

E‖ZM,N
t −ZM,N

btc ‖
p≤CE‖I1‖p+CE‖I2‖p. (3.14)

For the term I2, we get

E‖I2‖p =E

∥∥∥∫ t

0
e−(t−s)AN FN

∆ (ZM,N
bsc +ON

bsc) ds−
∫ btc

0
e−(btc−s)AN FN

∆ (ZM,N
bsc +ON

bsc) ds
∥∥∥p

≤CE

∥∥∥∫ t

btc
e−(t−s)AN FN

∆ (ZM,N
bsc +ON

bsc)ds
∥∥∥p

︸ ︷︷ ︸
I21

+CE

∥∥∥∫ btc
0

(e−(t−s)AN−e−(btc−s)AN )FN
∆ (ZM,N

bsc +ON
bsc) ds

∥∥∥p

︸ ︷︷ ︸
I22

.

The boundedness of the semigroup E(t) in V promises

I21=CE

∥∥∥∫ t

btc
e−(t−s)AN FN

∆ (ZM,N
bsc +ON

bsc)ds
∥∥∥p

≤C∆p−1E

∫ t

btc
‖FN

∆ (ZM,N
bsc +ON

bsc)‖
pds

≤∆php(∆). (3.15)
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Since the (2.2) and (2.3), for any β∈ (0, 1
2 ), we obtain

I22=CE

∥∥∥∫ btc
0

(e−(t−s)AN−e−(btc−s)AN )FN
∆ (ZM,N

bsc +ON
bsc) ds

∥∥∥p

≤CE

∫ btc
0

∥∥∥(e−(t−s)AN−e−(btc−s)AN )FN
∆ (ZM,N

bsc +ON
bsc)
∥∥∥p

ds

=CE

∫ btc
0

∥∥∥e−(btc−s)AN (e−(t−btc)AN− I)FN
∆ (ZM,N

bsc +ON
bsc)
∥∥∥p

ds

=CE

∫ btc
0
‖Aβe−(btc−s)AN‖p

L(H)
·‖A−β(I−e−(t−btc)AN )‖p

L(H)
·‖FN

∆ (ZM,N
bsc +ON

bsc)‖
pds

≤CE

∫ btc
0

(btc−s)−pβ ·(t−btc)pβ ·hp(∆)ds

=C(t−btc)pβhp(∆)· btc
1−pβ

1−pβ

≤C∆pβhp(∆). (3.16)

Combining (3.15) with (3.16) and noting that β∈ (0, 1
2 ), we have

E‖I2‖p≤C∆php(∆)+C∆pβhp(∆)≤C∆
βp
2 . (3.17)

For I1, as the same technique of I22, we have for any t>0,

E‖I1‖p =E‖(e−tAN−e−btcAN )ZM,N
0 ‖p

≤‖e−btcAN‖p
L(H)
·‖A−β/2(I−e−(t−btc)AN )‖p

L(H)
·‖Aβ/2ZM,N

0 ‖p

≤C(t−btc)
pβ
2 ·‖Aβ/2ZM,N

0 ‖p≤C∆
pβ
2 . (3.18)

Inserting (3.17), (3.18) into (3.14), we have

E‖ZM,N
t −ZM,N

btc ‖
p≤C∆

βp
2 .

That is, (3.13) holds.
Recalling that ∆

β
2 h(∆)≤K, (β∈ (0,1/2)) in (3.2), we obtain

J11≤2h
p
2 (∆)E

∫ t

0
‖ZM,N

s −ZM,N
bsc ‖

p
2 ds≤2h

p
2 (∆)

∫ T

0
E‖ZM,N

s −ZM,N
bsc ‖

p
2 ds

≤2h
p
2 (∆)

∫ T

0

(
E‖ZM,N

s −ZM,N
bsc ‖

p
) 1

2
ds≤CT∆

βp
4 h

p
2 (∆)≤C.

Therefore,

J1≤E

∫ t

0
(p−2)‖ZM,N

s ‖pds+C. (3.19)



W. Zhan and Q. Guo / Adv. Appl. Math. Mech., 17 (2025), pp. 295-314 303

Inserting (3.12) and (3.19) into (3.10), we have

E‖ZM,N
t ‖p≤C+C

∫ t

0
sup

0≤u≤s
E‖ZM,N

u ‖pds.

As this holds for any t∈ [0,T], while the right-hand side is non-decreasing in t, we then
see

sup
0≤u≤t

E‖ZM,N
u ‖p≤C+C

∫ t

0
sup

0≤u≤s
E‖ZM,N

u ‖pds.

Finally, by the discrete Gronwall inequality, we have

sup
0≤u≤T

E‖ZM,N
u ‖p≤C.

This proof is therefore completed.

With Lemma 3.1, one can obtain the following corollary.

Corollary 3.1. Under conditions in Lemma 3.1, for any p∈ [2,∞) and β< 1
2 we obtain,

sup
M,N∈N

sup
t∈[0,T]

E‖YM,N
t ‖p

V+ sup
M,N∈N

sup
t∈[0,T]

E‖A
β
2 YM,N

t ‖p <∞.

3.2 Main results: error bounds for the full discretization

In this section, we will prove our main result about the convergence rate of the full dis-
cretization.

Theorem 3.1 (Error bounds for the full discretization). Let Assumptions 2.1-2.4 hold. Then
for any q∈ [2,p) and β∈ (0, 1

2 ),

sup
0≤m≤M

E‖X(tm)−YM,N
tm
‖q≤C

(
N−qβ+∆qβ+(µ−1(h(∆)))−(p−q)), (3.20)

where C is an independent of N and M generic constant.

Before proving this main result, we give the coming useful lemma.

Lemma 3.2. Under conditions in Theorem 3.1, for any β∈ (0, 1
2 ), η> 1

2 and s,t∈ (0,∆), we have

E

∥∥∥A−
η
2 (F(YM,N

t )−F(YM,N
s ))

∥∥∥q
≤C(t−s)qβ, 0≤ s< t≤T. (3.21)
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Proof. According to Lemma 4.9 in [36], for any σ∈ [0,1], we have

E‖A−
η
2 (F(YM,N

t )−F(YM,N
s ))‖q

=E‖A−
η
2 F′(YM,N

s +σ(YM,N
t −YM,N

s ))(YM,N
t −YM,N

s )‖q

≤CE
(

1+max{‖YM,N
s +σ(YM,N

t −YM,N
s )‖,‖A

β
2 (YM,N

s +σ(YM,N
t −YM,N

s ))‖}2
)

×‖A−
β
2 (YM,N

t −YM,N
s )‖q

≤C‖A−
β
2 (YM,N

t −YM,N
s )‖q,

where the last inequality, Lemma 3.1 and Corollary 3.1 are used.
Recalling the (3.6), we have

YM,N
t −YM,N

s =(EN(t−s)− I)YM,N
s +

∫ t

s
EN(t−r)FN

∆ (YM,N
brc )dr

+
∫ t

s
EN(t−r)PNdW(r).

Taking the operate of A−
β
2 and expectation E on both sides, we thus have

E‖A−
β
2 (YM,N

t −YM,N
s )‖q

≤CE‖A−
β
2 (EN(t−r)− I)YM,N

s ‖q+CE

∥∥∥∫ t

s
A−

β
2 EN(t−s)FN

∆ (YM,N
brc )dr

∥∥∥q

+CE

∥∥∥∫ t

s
A−

β
2 EN(t−r)PNdW(r)

∥∥∥q

:=K1+K2+K3.

For the term K1, according to (2.2) and Corollary 3.1, we have

K1=CE‖A−
β
2 (EN(t−s)− I)YM,N

s ‖q

=CE‖A−β(EN(t−s)− I)A
β
2 YM,N

s ‖q

≤C‖A−β(EN(t−s)− I)‖q ·E‖A
β
2 YM,N

s ‖q

≤C(t−s)qβ≤C∆qβ.

For the term K2, with the help of (3.2) and (3.3), note that β∈ (0, 1
2 ), we get

K2=CE

∥∥∥∫ t

s
A−

β
2 EN(t−r)FN

∆ (YM,N
brc )dr

∥∥∥q

≤C(t−s)q−1
∫ t

s
E‖A−

β
2 EN(t−r)FN

∆ (YM,N
brc )‖qdr

≤C(t−s)q−1
∫ t

s
‖FN

∆ (YM,N
brc )‖qdr

≤C∆qhq(∆)≤C∆qβ.
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Finally, by the Burkholder-Davis-Gundy inequality and (2.3), one have

K3=E

∥∥∥∫ t

s
A−

β
2 EN(t−r)PNdW(r)

∥∥∥q

=C
(∫ t

s
‖A−

β
2 EN(t−r)PN‖2

L2
dr
) q

2

=C
(∫ t

s
‖A

β−1
2 A

1
2−βEN(t−r)PN‖2

L2
dr
) q

2

≤C
(∫ t

s
‖A

β−1
2 ‖2 ·‖A

1
2−βEN(t−r)‖2dr

) q
2

≤C
(∫ t

s
(t−r)2β−1dr

) q
2

≤C(t−s)qβ≤C∆qβ.

Therefore,

E

∥∥∥A−
β
2 (YM,N

t −YM,N
s )

∥∥∥q
≤C∆qβ,

that is the conclusion holds.

Proof of Theorem 3.1. Denoting

eM,N
t :=XN(t)−YM,N

t ,

we note that

‖X(tm)−YM,N
tm
‖q≤‖X(tm)−XN(tm)‖q+‖eM,N

tm
‖q,

where eM,N
t satisfied

d
dt

eM,N
t =−ANeM,N

t +FN(X(t)
)
−FN

∆ (YM,N
btc ).

This in conjunction with (2.4) tells us that

∥∥eM,N
t

∥∥q
=q
∫ t

0

∥∥eM,N
s

∥∥q−2
〈

eM,N
s ,−ANeM,N

s +FN(X(s))−FN
∆ (YM,N

bsc )
〉

ds

=q
∫ t

0

∥∥eM,N
s

∥∥q−2
〈

eM,N
s ,−ANeM,N

s −FN(XN(s))+FN(YM,N
s )+FN(X(s))

−FN
∆ (YM,N

bsc )
〉

ds+q
∫ t

0

∥∥eM,N
s

∥∥q−2
〈

XN(s)−YM,N
s ,FN(XN(s))−FN(YM,N

s )
〉

ds
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≤q
∫ t

0

∥∥eM,N
s

∥∥q−2
〈

eM,N
s ,−ANeM,N

s −FN(XN(s))+FN(YM,N
s )+FN(X(s))

−FN
∆ (YM,N

bsc )
〉

ds+pL
∫ t

0

∥∥eM,N
s

∥∥qds

≤q
∫ t

0

∥∥eM,N
s

∥∥q−2
〈

eM,N
s ,FN(X(s))−FN(XN(s))+FN(YM,N

s )−FN
∆ (YM,N

bsc )
〉

ds

+qL
∫ t

0

∥∥eM,N
s

∥∥qds

=q
∫ t

0

∥∥eM,N
s

∥∥q−2〈eM,N
s ,FN(X(s))−FN(XN(s))

〉
ds

+q
∫ t

0

∥∥eM,N
s

∥∥q−2〈eM,N
s ,FN(YM,N

s )−FN(YM,N
bsc )

〉
ds

+q
∫ t

0

∥∥eM,N
s

∥∥q−2
〈

eM,N
s ,FN(YM,N

bsc )−FN
∆ (YM,N

bsc )
〉

ds+qL
∫ t

0

∥∥eM,N
s

∥∥qds

:= J̃1+ J̃2+ J̃3+qL
∫ t

0

∥∥eM,N
s

∥∥qds. (3.22)

Similar to J0 in [36], we have

E[ J̃1]=q
∫ t

0

∥∥eM,N
s

∥∥q−2〈eM,N
s ,FN(X(s))−FN(XN(s))

〉
ds

≤(q−1)
∫ t

0
E[‖eM,N

s ‖q]ds+CN−qβ. (3.23)

Recalling (A.6) and (3.6), we obtain

eM,N
s =XN(s)−YM,N

s =
∫ s

0
E(s−r)

(
FN(X(r))−FN

∆ (YM,N
brc )

)
dr

and

J̃2=q
∫ t

0

∥∥eM,N
s

∥∥q−2〈eM,N
s ,FN(YM,N

s )−FN(YM,N
bsc )

〉
ds

=q
∫ t

0

∥∥eM,N
s

∥∥q−2
〈∫ s

0
E(s−r)

(
FN(X(r)

)
−FN

∆ (YM,N
brc )

)
dr,FN(YM,N

s )−FN(YM,N
bsc )

〉
ds

=q
∫ t

0

∥∥eM,N
s

∥∥q−2
〈∫ s

0
E(s−r)

(
FN(X(r)

)
−FN(YM,N

r )
)
dr,FN(YM,N

s )−FN(YM,N
bsc )

〉
ds

+q
∫ t

0

∥∥eM,N
s

∥∥q−2
〈∫ s

0
E(s−r)

(
FN(YM,N

r )−FN(YM,N
brc )

)
dr,FN(YM,N

s )−FN(YM,N
bsc )

〉
ds

+q
∫ t

0

∥∥eM,N
s ‖q−2

〈∫ s

0
E(s−r)

(
FN(YM,N

brc )−FN
∆ (YM,N

brc )
)
dr,FN(YM,N

s )−FN(YM,N
bsc )

〉
ds

:= J̃21+ J̃22+ J̃23. (3.24)
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For the term of J̃21 and J̃22, as similar to the J11 and J12 in [36], by using Theorem A.1, then
we also have

E[ J̃21]=qE

∫ t

0

∥∥eM,N
s

∥∥q−2
〈∫ s

0
E(s−r)

(
FN(X(r))−FN(YM,N

r )
)
dr,

FN(YM,N
s )−FN(YM,N

bsc )
〉

ds

≤C
∫ t

0
E
∥∥eM,N

s
∥∥qds+CN−qβ+C∆qβ, (3.25)

and

E[ J̃22]=qE

∫ t

0

∥∥eM,N
s

∥∥q−2
〈∫ s

0
E(s−r)

(
FN(YM,N

r )−FN(YM,N
brc )

)
dr,

FN(YM,N
s )−FN(YM,N

bsc )
〉

ds

≤C
∫ t

0
E[‖eM,N

s ‖q]ds+C∆qβ. (3.26)

Now we estimate E[ J̃23]. Utilizing (2.4), (3.13), the Hölder’s inequality, Lemma A.2,
and Lemma 3.1 we obtain

E[ J̃23]=qE

∫ t

0

∥∥eM,N
s

∥∥q−2
〈∫ s

0
E(s−r)

(
FN(YM,N

brc )−FN
∆ (YM,N

brc )
)
dr,

FN(YM,N
s )−FN(YM,N

bsc )
〉

ds

=qE

∫ t

0

∥∥eM,N
s

∥∥q−2
〈∫ s

0
E(s−r)

(
FN(YM,N

brc )−FN(π∆(Y
M,N
brc ))

)
dr,

FN(YM,N
s )−FN(YM,N

bsc )
〉

ds

=qE

∫ t

0

∥∥eM,N
s

∥∥q−2
〈∫ s

0
E(s−r)PN

∫ 1

0
F′
(
π∆(Y

M,N
brc )+σ(YM,N

brc −π∆(Y
M,N
brc ))

)
dσ

·
(
YM,N
brc −π∆(Y

M,N
brc )

)
dr,FN(YM,N

s )−FN(YM,N
bsc )

〉
ds

=qE

∫ t

0

∫ s

0

∫ 1

0

∥∥eM,N
s

∥∥q−2
〈

YM,N
brc −π∆(Y

M,N
brc ),

(
F′
(
π∆(Y

M,N
brc )+σ(YM,N

brc −π∆(Y
M,N
brc ))

))∗
PNE(s−r)

[
FN(YM,N

s )−FN(YM,N
bsc )

]〉
dσdrds

≤qE

∫ t

0

∫ s

0

∫ 1

0

∥∥eM,N
s

∥∥q−2 ·
∥∥YM,N
brc −π∆(Y

M,N
brc )

∥∥·∥∥F′
(
π∆(Y

M,N
brc )+σ(YM,N

brc −π∆(Y
M,N
brc ))

)
PN A

η
2 E(s−r)A−

η
2
[
FN(YM,N

s )−FN(YM,N
bsc )

]∥∥dσdrds

≤CE

∫ t

0

∫ s

0

∥∥eM,N
s

∥∥q−2∥∥YM,N
brc −π∆(Y

M,N
brc )

∥∥·(1+‖YM,N
brc ‖

2+‖π∆(Y
M,N
brc )‖2)

×(s−r)−
η
2
∥∥A−

η
2
[
FN(YM,N

s )−FN(YM,N
bsc )

]∥∥drds
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≤CE

∫ t

0

∫ s

0
(s−r)−

η
2
∥∥eM,N

s
∥∥qdrds+CE

∫ t

0

∫ s

0
(s−r)−

η
2
∥∥YM,N
brc −π∆(Y

M,N
brc )

∥∥q/2

×
(
1+‖YM,N

brc ‖
2)∥∥A−

η
2
[
FN(YM,N

s )−FN(YM,N
bsc )

]∥∥q/2drds

≤CE

∫ t

0

∥∥eM,N
s

∥∥qds+CE

∫ t

0

∫ s

0
(s−r)−

η
2
∥∥YM,N
brc −π∆(Y

M,N
brc )

∥∥qdrds

+CE

∫ t

0

∫ s

0
(s−r)−

η
2
∥∥A−

η
2
[
FN(YM,N

s )−FN(YM,N
bsc )

]∥∥qdrds

≤CE

∫ t

0

∥∥eM,N
s

∥∥qds+CE

∫ t

0

∫ s

0
(s−r)−

η
2
∥∥YM,N
brc −π∆(Y

M,N
brc )

∥∥qdrds+C∆qβ. (3.27)

However, for the second term of (3.27), by the Hölder’s inequality and Chebyshev’s in-
equality, we have

sup
0≤s≤T

E
∥∥YM,N
bsc −π∆(Y

M,N
bsc )

∥∥q

≤ sup
0≤s≤T

E
[

I‖YM,N
bsc ‖>µ−1(h(∆))‖Y

M,N
bsc ‖

q
]

≤ sup
0≤s≤T

[
P{‖YM,N

bsc ‖>µ−1(h(∆))}
] p−q

p
(

E‖YM,N
bsc ‖

p
) q

p

≤ sup
0≤s≤T

[
P{‖YM,N

bsc ‖>µ−1(h(∆))}
] p−q

p
(

sup
0≤s≤T

E‖YM,N
bsc ‖

p
) q

p

≤C
( sup

0≤s≤T
E‖YM,N

bsc ‖
p

(µ−1(h(∆)))p

) p−q
p ≤C(µ−1(h(∆)))−(p−q).

Therefore, for any 1/2<η<1, we have

CE

∫ t

0

∫ s

0
(s−r)−

η
2
∥∥YM,N
brc −π∆(Y

M,N
brc )

∥∥qdrds

≤C
∫ t

0
sup

0≤u≤T
E
∥∥YM,N
buc −π∆(Y

M,N
buc )

∥∥q
∫ s

0
(s−r)−

η
2 drds

≤C(µ−1(h(∆)))−(p−q) · t2− η
2

(1− η
2 )(2−

η
2 )

≤C(µ−1(h(∆)))−(p−q).

Thus,

E[ J̃23]≤C
∫ t

0
E[‖eM,N

s ‖q]ds+C(µ−1(h(∆)))−(p−q)+C∆qβ. (3.28)

Combining (3.25) (3.26) (3.28) into (3.24), therefore,

E[ J̃2]≤C
∫ t

0
E[‖eM,N

s ‖q]ds+C N−qβ+C∆qβ+C(µ−1(h(∆)))−(p−q). (3.29)
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The term J̃3 is also easy to be treated, after taking the Hölder’s inequality and (3.13) into
account:

E[ J̃3] :=qE

∫ t

0

∥∥eM,N
s

∥∥q−2
〈

eM,N
s ,FN(YM,N

bsc )−FN
∆ (YM,N

bsc )
〉

ds

≤(q−2)
∫ t

0
E
∥∥eM,N

s
∥∥qds+E

∫ t

0
‖FN(YM,N

bsc )−FN
∆ (YM,N

bsc )‖qds

=(q−2)
∫ t

0
E
∥∥eM,N

s
∥∥qds+C(µ−1(h(∆)))−(p−q).

Plugging this and (3.23), (3.29) into (3.22), the desired error bound is derived by using the
discrete version of Gronwall’s inequality.

4 Numerical experiments

In this section, we consider the following stochastic Allen-Cahn equation with additive
space-time white noise, described by

∂u
∂t

=
∂2u
∂x2 +u−u3+Ẇ(t), t∈ (0,1], x∈ (0,1),

u(0,x)=0, x∈ (0,1),
u(t,0)=u(t,1)=0, t∈ (0,1].

(4.1)

Here {W(t)}t∈[0,T] is a cylindrical I-Wiener process represented by (2.6).

Here we choose the µ(x)= x3 and h(∆)=∆−
β
2 , then

µ−1(h(∆))=∆−
β
6 .

Meanwhile, if we consider the mean-square convergence, that is q=2, we have

(µ−1(h(∆)))
−(p−2)

2 =∆
β(p−2)

12 .

Therefore, once we have the boundedness of numerical solution in Lp sense for p≥ 14,
one can obtain that the mean-square convergence order in time of the proposed scheme
is β, which does not exceed 1

2 .
Since, in this paper, we mainly consider the convergence rate in time, we set the space

step that N=211. Meanwhile, we use the following formula to calculate the convergence
rate in time

convergence order=
ln
(

E‖Y∆,N
T −Y∆exact,N

T ‖2
)

ln∆

≈ 1
ln∆

ln
( 1

K

K

∑
k=1
‖Y∆,N

T,k −Y∆exact,N
T,k ‖2

)
,



310 W. Zhan and Q. Guo / Adv. Appl. Math. Mech., 17 (2025), pp. 295-314

10-3 10-2

space stepsizes

10-3

10-2

10-1

100

M
e
a
n
-s

q
u
a
re

 e
rr

o
rs

Mean-square errors of the spectral Galerkin method

truncated Euler scheme

Order lines 1/2

Order lines 1

Figure 1: The convergence rate of the spectral Galerkin spatial discretization.
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Figure 2: Mean-square errors of the spatio-temporal discretization.

where we set ∆exact =2−11 as the ’exact’ time step-size and choose ∆∈{2−2,2−3,··· ,2−7}.
Here T=1 is the final time, we take K=1000 as the number of the simulation trajectories.
We can find the convergence rate in time is closed to 1

2 from Fig. 1, which agrees with
our strong convergence result in Theorem 3.1. Meanwhile, we have chosen β= 1

2 , 1
4 , and
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1
8 , but we have observed that the convergence rate remains unchanged. The proposed
scheme exhibits a mean-square convergence order in time that is close to 1

2 .

Appendix

Lemma A.1 ( [36]). For any p ∈ [2,∞) and β ∈ (0, 1
2 ), the stochastic convolution {Ot}t∈[0,T]

satisfies

E
[

sup
t∈[0,T]

‖Ot‖p
]
<∞ with Ot :=

∫ t

0
E(t−s)dW(s), (A.1a)

E‖Ot−Os‖p≤C(t−s)
βp
2 , 0≤ s< t≤T. (A.1b)

Lemma A.2 ([36]). Under Assumptions 2.1-2.4, stochastic Allen-Cahn equation (2.1) possesses
a unique mild solution X : [0,T]×Ω→V with continuous sample path, determined by,

X(t)=E(t)X0+
∫ t

0
E(t−s)F(X(s))ds+Ot P-a.s.. (A.2)

For p∈ [2,∞) there exists a positive constant C such that, for any β∈ [0, 1
2 ),

sup
t∈[0,T]

E‖X(t)‖p≤C
(
1+‖X0‖p). (A.3)

Moreover, we have
E‖Xt−Xs‖p≤C2(t−s)

βp
2 , 0≤ s< t≤T. (A.4)

The spectral Galerkin approximation of (2.1) results in the following finite-dimensional
SPDEs, {

dXN(t)+ANXN(t)dt=FN(XN(t))dt+PNdW(t), t∈ (0,T],
XN(0)=PNX0,

(A.5)

where we write FN := PN F for short. By the variation of the constant, (A.5) admits a
unique mild solution in HN and can be written as

XN(t)=EN(t)PNX0+
∫ t

0
EN(t−s)PN F(XN(s))ds+

∫ t

0
EN(t−s)PNdW(s), P-a.s.. (A.6)

The convergence analysis for the spectral Galerkin discretization (A.5) can be founded
in [36]. We also put it here as an important theorem.

Theorem A.1 (Spatial error estimate). Let Assumptions 2.1-2.4 hold. Let X(t) and XN(t) be
defined through (2.1) and (A.6), respectively. Then it holds, for any β∈ (0, 1

2 ), p∈ [2,∞) and
N∈N,

sup
t∈[0,T]

E‖X(t)−XN(t)‖p≤CN−pβ. (A.7)
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Lemma A.3. Let the function f (x)= c1x−c2x3 satisfied

〈x, f (x+y)〉≤K(‖x‖2+1+‖y‖K),

where K =max{6,c1+|c2|2+|c2|2}. Then, for the truncated function f∆(x), we also have the
following inequality

〈x, f∆(x+y)〉≤K1(‖x‖2+1+‖y‖K1),

where K1=max{6,2+|c1|2+|c2|2}.
Proof: When ‖x+y‖≤ µ−1(h(∆)), the f∆(x+y) = f (x+y), then the assertion is clearly
hold. Next, we only to prove the case of ‖x+y‖>µ−1(h(∆)),

〈x, f∆(x+y)〉
=〈x,c1π∆(x+y)−c2(π∆(x+y))3〉
≤c1‖x‖‖π∆(x+y)‖−c2〈x,(π∆(x+y))3〉
≤|c1|2‖x‖2+‖π∆(x+y)‖2−c2〈x,(π∆(x+y))3〉
≤|c1|2‖x‖2+‖x+y‖2−c2〈x,(π∆(x+y))3〉
≤(2+|c1|2)‖x‖2+2‖y‖2−c2〈x,(π∆(x+y))3〉.

However, for the second term, we have

−c2〈x,(π∆(x+y))3〉=−c2

〈
x,
(µ−1(h(∆))
‖x+y‖ ·(x+y)

)3〉
=−c2

(µ−1(h(∆))
‖x+y‖

)3
〈x,(x+y)3〉

=−c2

(µ−1(h(∆))
‖x+y‖

)3
‖x‖2

[
‖x‖2+3〈x,y〉+3‖y‖2

]
−c2

(µ−1(h(∆))
‖x+y‖

)3
〈x,y3〉

≤−c2

(µ−1(h(∆))
‖x+y‖

)3
〈x,y3〉≤ c2

∣∣∣µ−1(h(∆))
‖x+y‖

∣∣∣3‖x‖‖y‖3

≤c2‖x‖‖y‖3≤|c2|2‖x‖2+‖y‖6.

Therefore, we obtain

〈x, f∆(x+y)〉≤ (2+|c1|2+|c2|2)‖x‖2+2(1+|y|6)≤K1(‖x‖2+1+‖y‖K1).

This proof is therefore completed. �
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