
Advances in Applied Mathematics and Mechanics
Adv. Appl. Math. Mech., Vol. 17, No. 1, pp. 350-372

DOI: 10.4208/aamm.OA-2022-0166
February 2025

A Boundary Mapped Collocation Method for the
Analysis of the Arbitrarily Shaped Plates

Zhentian Huang1,2,3,∗, Dong Lei3, Zi Han4, Heping Xie2

and Jianbo Zhu2

1 School of Civil Engineering & Architecture, East China Jiaotong University,
Nanchang, Jiangxi 330013, China
2 Guangdong Provincial Key Laboratory of Deep Earth Sciences and Geothermal
Energy Exploitation and Utilization, Institute of Deep Earth Sciences and Green
Energy, College of Civil and Transportation Engineering, Shenzhen University,
Shenzhen, Guangdong 518060, China
3 College of Mechanics and Materials, Hohai University, Nanjing, Jiangsu 211100,
China
4 College of Civil Engineering and Architecture, Nanchang Hangkong University,
Nanchang, Jiangxi 330063, China

Received 19 June 2022; Accepted (in revised version) 1 June 2023

Abstract. An innovative meshless method is proposed in this paper for the bending
problem of arbitrary Kirchhoff plates subjected to external force with various shapes
and different boundary conditions. Without using a numerical integral, the deflection
of the thin plate is approximated by using the boundary mapped collocation approach.
Moreover, the computational domain discretization is just dependent on discretized
nodes on the axis, while tensor product nodes have been mapped in the domain au-
tomatically. Hence, in the boundary mapped collocation implementation, the approxi-
mation functions are derived by employing the one-dimensional moving least squares
technique for two-dimensional and higher-dimensional problems. Further, the virtual
boundary technique is introduced to enforce the boundary conditions in the proposed
method. Additionally, four numerical experiments are presented to illustrate the ex-
cellent convergence and high precision of the proposed approach.
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1 Introduction

Exploring the constructional mechanical behavior via solving various partial differential
equations for engineering problems has always been one of the most challenging tasks
for engineers and scientists [1]. However, it is difficult to derive analytic solutions for
complex partial differential equations (PDEs). Hence, several numerical algorithms [2–4]
have been proposed for solving the various PDEs [5–7]. Among these are the grid-based
methods, such as the finite element method (FEM), the finite difference method (FDM),
and the boundary element method (BEM) are widely used methods of numerical simu-
lation to practice engineering. In Kirchhoff plate bending theory, flexural functions sat-
isfy the fourth-order PDE of the plate. Since the high-order properties of the governing
equation, the grid-based approaches all have faced numerous challenges e.g., the com-
putational cost of the FEM method is high for solving high dimensional problems, the
fictitious boundary technique is introduced to eliminate singularity of fundamental solu-
tions in method of fundamental solution [8, 9]. Also, the fourth-order singularity of the
kernel functions requires a complicated boundary integration technique by employing
the traditional BEM. Therefore, it is of great academic interest to develop a computation-
ally efficient and accurate numerical approach.

Remarkably, as a new numerical technique that obtains approximate solutions for
PDEs by getting rid of mesh dependence, meshless approaches have recently received
increasing attention in the fields of computational mechanics and computational mathe-
matics. Since the beneficial properties such as simplifying pre-processing, high precision,
and the possibility of solving partial equations without resorting to any background grids
in the computation domain, meshless approaches have become an effective alternative to
the conventional grid-based technique [10].

In this regard, some meshless methods have been directly adopted for solving nu-
merous practical engineering problems [11, 12], the diffuse element method (DEM) [13],
the element-free Galerkin (EFG) method [14], the reproducing kernel particle method
(RKPM) [15], the h-p clouds methods [16], the meshless local Petrov-Galerkin (MLPG)
method [17], the finite point method (FPM) [18], the local Petrov-Galerkin approach with
moving Kriging interpolation [19–21], the element-free kp-Rize method [22], the mesh-
less with boundary integral equation methods [23–25], the interpolating element-free
Galerkin method [26], the complex variable meshless method [27], the Burton–Millertype-
type singular boundary method [28], the localized Chebyshev collocation method [29],
the localized method of fundamental solutions [30] and the boundary collocation method
[31]. In this regard, meshless techniques are particularly adapted for the analysis of the
plate and shell structure bending problems. Krysl and Belytschko in [32, 33] approxi-
mated the deflection by employing the EFGM. Sadamoto and Tanaka et al. in [34] intro-
duced the RKPM for studying plate and membrane problems. Leitão in [35] proposed
radial basis functions (RBFs) to analyze the Kirchhoff plate problems. Sadamoto and
Ozdemir et al. in [35] solved buckling problems for cylindrical shells employing the re-
producing kernel (RK) meshfree method. Long and Atluri in [36] introduced the MLPG
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approach for solving plate bending problems. Battaglia and Matteo in [37] developed the
line element-less method (LEM) for arbitrarily shaped thin plates and so on.

In this context, a meshless method of the boundary mapped collocation (BMC) method
will be developed for solving the Kirchhoff plate problems. As has been illustrated in
Huang and Lei for the analysis of wave propagation [38, 39], two-dimensional elastic
dynamics [40, 41], and three-dimensional elastic static problems [42], the BMC approach
is a real meshless technique due to no boundary or domain grids in the discretization
procedure. Moreover, since this method requires no integrals in the formulation, its com-
putational cost is substantially lower than the weak-form meshless methods. Further,
the BMC method has the Kronecker delta property in not only the shape functions but
also their derivatives since the substitution technique is introduced to enforce the various
boundary conditions. Additionally, this paper is concluded with a section on numerical
experiments. The square, triangular, elliptical, and irregular plates are analyzed to verify
the precision and computational efficiency of the BMC approach, getting rid of the grids
and integrals, with different boundary and external force conditions. Moreover, the de-
pendence of the accuracy and convergence of the presented method on the choice for the
various basis and weight functions is investigated.

2 Kirchhoff plate bending problem definition

The governing equation for the Kirchhoff plate is presented according to the classical thin
plate bending theory. Considering a Kirchhoff plate of the flexural rigidity D with bound-
ary Γ and domain Ω, under a transversal load q, known as Kirchhoff plate, as shown in
Fig. 1. The governing differential equation for the deflection w(x,y) is the fourth-order
PDEs which can be written as

∇4w=
q
D

, (2.1)

where w is the transversal deflection,

∇4≡∇2 ·∇2=
∂4

∂x4 +2
∂4

∂x2∂y2 +
∂4

∂y4 , D=
Eh3

12(1−µ2)

is the flexural stiffness, E is modulus of elasticity, h is uniform thickness, and µ is the
Poisson’s ratio.

According to the Kirchhoff plate bending theory, the moments Mx, My, Mxy can be
expressed as follows

Mx =−D
(

∂2w
∂x2 +µ

∂2w
∂y2

)
, (2.2a)

My =−D
(

∂2w
∂y2 +µ

∂2w
∂x2

)
, (2.2b)

Mxy =−D(1−µ)
∂2w
∂x∂y

. (2.2c)
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Figure 1: Kirchhoff plate with arbitrary shape.

The shearing forces Vx and Vy are given by

Vx =−D
∂

∂x

(
∂2w
∂x2 +

∂2w
∂y2

)
, (2.3a)

Vy =−D
∂

∂y

(
∂2w
∂x2 +

∂2w
∂y2

)
. (2.3b)

In addition, the boundary conditions can be defined as
Free edge

Mn =0, Vn =0,

where the normal effective shear Vn applied at the edged is written as

Vn =−D
{

nx
∂

∂x
∇2w+ny

∂

∂y
∇2w+(1−µ)

(
nx

∂

∂y
−ny

∂

∂x

)[(
n2

x−n2
y

) ∂2w
∂x∂y

+nxny

(
∂2w
∂y2 −

∂2w
∂x2

)]}
. (2.4)

Simply supported edge

w=0, Mn =0, (2.5)

where the normal bending moment Mn can be expressed as

Mn =−D
[

µ∇2w+(1−µ)

(
n2

x
∂2w
∂x2 +n2

y
∂2w
∂y2 +2nxny

∂2w
∂x∂y

)]
. (2.6)

Clamped edge

w=0, nx
∂w
∂nx

+ny
∂w
∂ny

=0. (2.7)
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3 BMC method for Kirchhoff plate bending problems

3.1 Moving least squares approximation

A brief introduction to the moving least squares (MLS) technique, as the basics of the
BMC approach is given in this section. Considering the computational domain Ω for
an unknown function u(x), which is approximated by a polynomial expansion within
a small support domain Ω0 of numerous random discrete nodes. The approximation
equations are defined as follows

u(x)∼= û(x)=
k

∑
i=1

pi(x)αi =p(x)Tα(x)=Nu, (3.1)

where coefficients α(x)=[α1,α2,··· ,αk]
T, and vector p(x) is a complete monomial basis of

order k containing typically monomials within the two/three-dimensional space coordi-
nates. The linear base polynomials pT(x)= [1,x], (k=2), and the quadratic base polyno-
mials pT(x)=[1,x,x2], (k=3) are adopted for onedimensional space. The approximation
equations can be written as follows in matrix

uh =


uh

1
uh

2
...

uh
m

∼=


ûh
1

ûh
2
...

ûh
m

=


pT
1

pT
2
...

pT
m

α=Cα, (3.2)

where uh are the approximation values at the discrete nodes.
The coefficient α(x) is obtained by calculating the minimum for a weighted discrete

L2 norm, which is given as follow

J=
m

∑
j=1

ωj(x)
(

uh
j −ûh

j

)2
, (3.3)

where ωj(x) is the weight function of support domain at the discrete node xj with ω(x)>
0. In this regard, the exponential function, the Gaussian function and the cone function,
are introduced as weight function for numerical experiments within the BMC implemen-
tation, which is defined as follows

ω(r)=


exp

(
−r2β2)−exp

(
−β2)

1−exp(−β2)
, r≤1,

0, r>1,
(3.4a)

ω(r)=

{
exp

(
−r2β2), r≤1,

0, r>1,
(3.4b)

ω(r)=

{ (
1−r2)n , r≤1, n≥2,

0, r>1,
(3.4c)
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where r= |x−xi|/dm is the threshold value of weight function, dm= c×dx is the compact
domain radius of the discrete node xi, c is the scale parameter of the support domain Ω0,
and dx is the distance between two adjacent discrete nodes.

As regards to the unknown coefficients α(x), it could be deduced as follows

∂J
∂α

=0. (3.5)

And

α=C−1uh with C−1=A−1B, (3.6)

where

A(x)=
m

∑
j=1

ωj(x)p
(
xj
)

pT(xj
)

, (3.7a)

B(x)= [ω1(x)p(x1),ω2(x)p(x2),··· ,ωm(x)p(xm)]. (3.7b)

Finally, the shape function of the one-dimensional MLS approach is defined by,

N(x)=pT(x)C−1=pT(x)A−1(x)B(x). (3.8)

Also, the derivative of shape function is presented as

dN
dx

=A−1 dp
dx

B, (3.9a)

d2N
dx2 =A−1 d2 p

dx2 B. (3.9b)

3.2 BMC shape function

In this section, the BMC theory is given within two-dimensional space. Considering that
the two-dimensional space Ω is discretized by a dot matrix m1×m2, and m1, m2 are the
discrete node numbers in x,y-axis, respectively. In this regard, the BMC approximation
wh(x,y) of the function w(x,y) over every computational node is expressed as follows

wh(x,y)=
m1

∑
i=1

m2

∑
j=1

Ni(x)Nj(y)wij. (3.10)

Here, two decoupled one-dimensional boundary shape functions N(x), N(y) concerning
x,y-axis are in the same form as denoted in Eq. (3.8);

N(x)=pT(x)A−1(x)B(x), (3.11a)

N(y)=pT(y)A−1(y)B(y), (3.11b)
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Table 1: The comparison of basis function between MLS and BMC for 2D problems.

The order of the basis function MLS BMC

Linear 1, x, y 1, x
1, y

Quadratic 1, x, y, xy, x2, y2 1,x,x2

1, y, y2

Cubic 1, x, y, xy, x2, y2, xy2, x2y, x3, y3 1, x, x2, x3

1, y, y2, y3

and

A(x)=
m

∑
j=1

ωj(x)p
(

xj
)

pT(xj
)

, (3.12a)

B(x)= [ω1(x)p(x1),ω2(x)p(x2),··· ,ωm(x)p(xm)], (3.12b)

A(y)=
m

∑
j=1

ωj(y)p
(
yj
)

pT(yj
)

, (3.12c)

B(y)= [ω1(y)p(y1),ω2(y)p(y2),··· ,ωm(y)p(ym)]. (3.12d)

Hence, the partial derivative of wh is obtained in the form

∂ζ+ηw
∂ζ x∂ηy

=
m1

∑
i=1

m2

∑
j=1

Nζ
i (x)Nη

j (y)wij. (3.13)

Additionally, the one-dimensional boundary shape functions are formally equal to
the one-dimensional MLS approximation. However, the two-dimensional BMC approx-
imation function is derived by using two one-dimensional boundary shape functions.
Hence, only the one-dimensional basis functions and the one-dimensional weight func-
tion are introduced to solve two-dimensional space problems within the BMC implemen-
tation. The differences between BMC and MLS are illustrated in Table 1, Fig. 2, respec-
tively. Table 1 shows there are no coupling terms xy, xy2, and x2y in the BMC approach,
compared with MLS method. This advantage greatly simplifies the derivation process of
the shape function within two-dimensional BMC implementation. Also, Fig. 2 displays
the node distribution of the MLS and BMC methods, respectively. The discrete nodes on
the axis are mapped to the computational domain while the regular tensor product nodes
are generated in the domain Ω automatically.

3.3 The BMC discrete equation for governing equation

The moment M is defined as follow:

M=
Mx+My

1+µ
. (3.14)
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(a) Circular support of the MLS (b) Rectangle support of the MLS

(c) The support domain of the BMC

Figure 2: The support domain of the weight function of the MLS approximation and the BMC approximation.
Ω is the computational domain, Ω0 is the support domain of one discrete node. (a) Circular support domain of
the MLS, (b) Rectangle support domain of the MLS, (c) The support domain of the weight function of BMC,
Ωx is the support domain of the discrete node on x-axis, Ωy is the support domain of the discrete node on
y-axis, corresponding tensor product nodes are generated automatically employing x-axis and y-axis discrete
nodes.

The fourth-order governing equation could be substituted by two second-order Poisson’s
equations as

∇2M=−q, ∇2w=−M
D

. (3.15)

Hence, the high-order governing equation of the plate bending problems, i.e., Eq. (2.1),
reduces to low-order Eq. (3.15) in succession. Further, according to the reduced-order
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Eq. (3.15), M and w can be expressed employing the BMC approximation:

w=
m1

∑
i=1

m2

∑
j=1

Ni(x)Nj(y)wij, (3.16a)

M=
m1

∑
i=1

m2

∑
j=1

Ni(x)Nj(y)Mij. (3.16b)

Now, substituting Eqs. (3.6) and (3.9) into (3.8), we can obtain:

m1

∑
i=1

m2

∑
j=1

N(2)
i (x)Nj(y)Mij+

m1

∑
i=1

m2

∑
j=1

Ni(x)N(2)
j (y)Mij =−q, (3.17a)

m1

∑
i=1

m2

∑
j=1

N(2)
i (x)Nj(y)wij+

m1

∑
i=1

m2

∑
j=1

Ni(x)N(2)
j (y)wij =−

M
D

. (3.17b)

For simplicity, the boundary shape functions N(x), N(y) are expressed as N1, N2, respec-
tively. Similarly, the shape function derivatives for the BMC approach are written as N(1)

1 ,
N(1)

2 , N(2)
1 , N(2)

2 , N(3)
1 , N(3)

2 . Hence, the system in the matrix form can be represented as[
N(2)

1 ⊗I2+I1⊗N(2)
2 I

0 N(2)
1 ⊗I2+I1⊗N(2)

2

][
w
u

]
=

[
0
p

]
, (3.18)

where I1, I2 is the unit matrix with the size equal to the number of discrete points on
x-axis and y-axis, respectively, and the symbol ⊗ is the Kronecker product. Further, the
discretization equation is simplified as follows

KU=F. (3.19)

Similarly, the normal bending moment Mn and the effective shear Vn can also be written
as following

Mn =−D
[(

µ+(1−µ)n2
x
)

N(2)
1 ⊗I2+

(
µ+(1−µ)n2

y

)
I1⊗N(2)

2

+2(1−µ)nxnyN(1)
1 ⊗N(1)

2

]
w, (3.20a)

Vn =−D(V1+V2+V3), (3.20b)

where

V1=nx

(
N(3)

1 ⊗I2+N(1)
1 ⊗N(2)

2

)
+ny

(
N(2)

1 ⊗N(1)
2 +I1⊗N(3)

2

)
,

V2=(1−µ)
[
nx

(
n2

x−n2
y

)
N(1)

1 ⊗N(2)
2 +n2

xny

(
I1⊗N(3)

2 −N(2)
1 ⊗N(1)

2

)]
,

V3=−(1−µ)
[
ny

(
n2

x−n2
y

)
N(2)

1 ⊗N(1)
2 +nxn2

y

(
N(1)

1 ⊗N(2)
2 −N(3)

1 ⊗I2

)]
.
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Additionally, the detailed procedure of the boundary conditions (BCs) imposing is intro-
duced in Huang and Lei et al. (2020). Notably, the symbol ⊗ represents the Kronecker
product of matrices, which can be expressed as

H(m1×m2)⊗G(m3×m4)

 h1,1g1,1 ··· h1,m2 g1,m4
...

. . .
...

hm1,1gm3,1 ··· hm1,m2 gm3,m4

. (3.21)

where H, G are m1 by m2 and m3 by m4 matrix, respectively.

4 Numerical examples

Considering different geometric shapes, and boundary conditions, four numerical exper-
iments are examined to validate the BMC approach. The FEM analyses are performed
using COMSOL 5.6, while the BMC codes are performed using Matlab 2018b. For illus-
trating the convergence and estimate the error of the presented method, the relative error
is defined as

ErrorL2 =

{
∑N

i=1[ f̃ (i)− f (i)]2
}1/2

{
∑N

i=1[ f (i)]2
}1/2 , (4.1)

where f̃ and f denote the numerical results and analytical results, respectively, N is the
number of computational nodes.

4.1 A classical benchmark test

The convergence and stability of the BMC approach for solving Kirchhoff plate problems
are analyzed by calculating the node deflections. The influences of the basis function,
weight function on the accuracy, and convergence rate for the presented approach are
descripted in detail at length.

In the first experiment, considering a well-known benchmark that a square thin plate
under an evenly distributed external force with four sides simply-supported to verify the
convergence of the BMC method is displayed in Fig. 3. In addition, the condition number
for stiffness matrices is used for the stability analysis of the proposed method. Also, the
Navier series solution (as an exact solution) of the benchmark test is defined as

w=
16q
π6D

∞

∑
m=1,3,···

∞

∑
n=1,3,···

sin mπx
a sin nπy

a

mn
(

m2

a2 +
n2

a2

) , (4.2)

where D is the flexural rigidity, q is an evenly distributed force, and a is the edge length.
Assume that q = 1000N/m2 and a = 1.0m. The other parameters are given as follows:
elasticity modulus E=2.1×1011Pa, plate thickness h=0.001m, Poisson ratio v=0.25.
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Figure 3: A square plate subjected to a uniformly distributed load with all edges simply-supported.

The uniform point distributions 11×11, 21×21, 31×31, 41×41 are employed, respec-
tively, for analyzing the relative errors for the BMC methods with quadratic, cubic and
quartic basis functions and the exponential weight function. The numerical results of
relative errors and condition numbers for the stiffness matrix are shown in Figs.4 and 5,
respectively. It could be observed that the smallest relative error happened on the quar-
tic basis function results. Hence, the higher-order basis function can yield more accu-
rate results than the lower-order basis function. Meanwhile, with the number of bound-
ary discrete nodes increasing, the quartic and cubic basis functions give larger condition
numbers than the quadratic basis function.

Employing the exponential, Gauss, and cone weight functions, and the quartic basis
function, the relative errors of the BMC results are presented in Fig. 6. In this regard, us-
ing the exponential weight function could give more accurate results than the gauss and
cone weight functions. In addition, the results of condition numbers for the computa-
tional matrices with different weight functions while the exponential and Gauss weight
function can give more stable results than the cone weight function are shown in Fig. 7.

Moreover, with different discretization, the BMC results are compared with the re-
sults of the CVRKPM and RKPM [27], as presented in Fig. 8. The discrete size h denotes
the distance between two adjacent boundary discrete nodes. It can be noted that the BMC
and CVRKPM yield better results than the RKPM with identical discretization. In addi-
tion, the presented method gives more precise numerical results than CVRKPM as the
number of discrete nodes increases.

4.2 A simply supported triangular plate

In this example, Fig. 9 shows that an equilateral triangular plate is subjected to a uniform
force with a simply-supported boundary condition. Also, the analytical solution can be
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Figure 4: Relative error for the deflection norm with quadratic, cubic and quartic basis functions for a uniformly
loaded square plate with all edges simply-supported.

Figure 5: Condition number for the stiffness matrix with quadratic, cubic and quartic basis functions for a
uniformly loaded square plate with all edges simply-supported.

written as

w=A
{

x3−3y2x−a
(
x2+y2)+ 4

27
a3
}

Z(x,y), (4.3)

where Z(x,y)= 4
9 a2−x2−y2, A= q

64aD , q= 500N/m2, a=
√

3/2m, E= 2.1×1011Pa, plate
thickness h=0.005m, Poisson ratio v=0.25.

The discretization of the BMC and FEM for the triangular plate problem is presented
in Fig. 10. There are 265 triangular and 45 boundary elements employed in the FEM mesh
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Figure 6: Relative error for the deflection norm with exponential, gauss and cone weight functions for a uniformly
loaded square plate with all edges simply-supported.

Figure 7: Condition number for the stiffness matrix with exponential, gauss and cone weight functions for a
uniformly loaded square plate with all edges simply-supported.

pattern. And 21 boundary discrete nodes in each axis are adopted in the BMC discretiza-
tion. The corresponding CPU times of the BMC and FEM are 0.2s and 2s, respectively.
Fig. 11 shows the contours plot with the FEM and BMC for the triangular plate problem
along y = 0. The deflection relative errors of the BMC and FEM at the center point are
8.37e-5 and 8.31e-3, respectively. Fig. 12 shows the contour plot of the aforementioned
FEM and BMC results. In general, it could be concluded that an excellent agreement
between the BMC solutions and the exact solutions is achieved in this example.
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Figure 8: The relative errors for the RKPM, CVRKPM, and BMC.

Figure 9: A triangular plate subjected to a uniformly distributed load with all edges simply-supported.

4.3 A clamped elliptical plate

In this example, Fig. 13 describes a clamped elliptical plate of axes a and b is subjected to
a uniformly external force q. Also, the equation of elliptical edge shape is given as

x2

a2 +
y2

b2−1=0. (4.4)
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(a) FEM (b) BMC

Figure 10: The discretization for the triangular plate problem. (a) distribution of elements used in the FEM,
(b) distribution of collocation nodes used in the BMC method.

Figure 11: The deflection for the BMC, FEM, and exact results at y=0 for a triangular plate subjected to a
uniformly distributed load with all edges simply-supported.

Meanwhile, the boundary conditions are given by

w=0,
∂w
∂n

=0, (4.5)

where n is the normal vector for boundary Γ.
Also, the analytical solution to this problems is given as follows

w=
q( 24

a4 +
24
b4 +

16
a2b2

)
D

. (4.6)



Z. Huang, D. Lei, Z. Han, H. Xie and J. Zhu / Adv. Appl. Math. Mech., 17 (2025), pp. 350-372 365

(a) FEM (b) BMC

Figure 12: Contours plot with the FEM and BMC for a triangular plate subjected to a uniformly distributed
load with all edges simply-supported.

Figure 13: An elliptical plate subjected to a uniformly distributed load with all edges clamped.

In this regard, a=1.5m, b=1m, q=500N/m2, E=2.1×1011Pa, h=0.005m, v=0.25. A non-
uniform discretization type is adopted in the BMC as shown in Fig. 14(a), which includes
441 computational nodes. The corresponding mesh of FEM is presented in Fig. 14(b),
which contains 400 quadrilateral grids, 80 boundary elements, and 441 vertices. The
CPU times of the BMC and FEM are 0.05s and 3s, respectively. The deflection relative
errors of the BMC and FEM at the central point are 8.51e−10, and 1.41e−4, respectively.
Fig. 15 shows the deflection results from the BMC, FEM, and exact results at y = 0 for
the elliptical plate problem. In addition, Fig. 16 shows the contour plot of the FEM and
BMC results for the elliptical plate. It can be concluded that the BMC approach yields
approximation results with high precision.
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(a) FEM (b) BMC

Figure 14: The discretization for the elliptical plate problem. (a) distribution of elements used in the FEM, (b)
distribution of collocation nodes used in the BMC method.

Figure 15: The deflection for the BMC, FEM, and exact results at y= 0 for an elliptical plate subjected to a
uniformly distributed load with all edges clamped.

4.4 An irregular shaped plate for computational efficiency

In the final example, Fig. 17 shows that a simply supported irregular-shaped plate is
subjected to an external force q, which is applied to demonstrate the capability of the
BMC for solving plate bending problems with irregular geometries.

In this regard, a=3m, b=4m, c=1.5m, d=1m, q=500N/m2, E=2.1×1011Pa, h=0.005m,
v=0.25.

Fig. 18 shows the discretization of the FEM and BMC for the irregular example. The
meshes of FEM include 9900 quadrilateral and 496 boundary elements, and 10149 ver-
tices. And 101 discrete nodes in each axis are adopted in the BMC discretization, which
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(a) FEM (b) BMC

Figure 16: The deflection results of the FEM and BMC for an elliptical plate subjected to a uniformly distributed
load with all edges clamped. (a) the deflection result of the FEM, (b) the deflection result of the BMC method.

Figure 17: An irregular plate subjected to a uniformly distributed load with all edges simply-supported.

includes 10201 computational nodes. Fig. 19 shows the comparison of the deflection for
these two methods along y = 2.01. The maximum deflection for the BMC is 1.582e-2m,
while the corresponding result of FEM is 1.585e-2m, and hence, the relative error be-
tween these two methods is 1.70e-3m. Fig. 20 shows the contour plot of the FEM and
BMC results for the irregular plate. It can be seen that there is good agreement between
the BMC and FEM results.

Moreover, Fig. 21 shows that the BMC approach takes less CPU time than the FEM
with a similar node distribution. Hence, the proposed method possesses higher compu-
tational efficiency than the FEM in this numerical experiment.
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(a) FEM (b) BMC

Figure 18: The discretization for the irregular plate problem. (a) distribution of elements used in the FEM, (b)
distribution of collocation nodes used in the BMC method.

Figure 19: The deflection for the BMC and FEM exact results at y=2.01 for an elliptical plate subjected to a
uniformly distributed load with all edges simply-supported.

5 Conclusions

In this work, the BMC method is proposed for approximating the deflection function of
the thin plates under transverse loading conditions with different boundary conditions.
The presented approach applies the 1D basis function and 1D weight function to solve
the 2D plate bending problems. Hence, the 2D deflection function has been approximated
via the Kronecker product operation with 1D moving least squares technique. Moreover,
employing the virtual boundary method satisfies the boundary conditions for the BMC
implementation. Notably, only boundary discrete nodes on the axis are contained within
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(a) FEM (b) BMC

Figure 20: Contours plot with the FEM and BMC for an irregular plate subjected to a uniformly distributed
load with all edges simply-supported.

Figure 21: The CPU times of the BMC and FEM for an irregular plate subjected to a uniformly distributed load
with all edges simply-supported.

the BMC pre-processing, and the tensor product nodes are generated automatically in
the computational domain.

Convergence and stability analysis in the well-known benchmark shows that the pro-
posed approach owns a strong convergence and stability while employing the quartic
basis and the exponential weight function can provide more agreement with both the
exact results and existing numerical solutions. Additionally, several numerical examples
have been given to verify the BMC method is accurate and efficient for different shapes of
thin plates and various boundary conditions. Meanwhile, highly accurate approximate
solutions have been obtained employing a few discretized nodes on the axis within the
BMC approach. Besides, for all these examples, a comparison of the BMC based deflec-
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tion results with pertinent FEM data has been introduced for the accuracy and reliability
evaluation. Furthermore, a comparison of the CPU times between the BMC and FEM
shows the proposed method has a good computational efficiency for the bending prob-
lem of Kirchhoff plates.
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