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Abstract. This paper develops a robust three-level time split high-order Leapfrog/
Crank-Nicolson technique for solving the two-dimensional unsteady Sobolev and reg-
ularized long wave equations arising in fluid mechanics. A deep analysis of the stabil-
ity and error estimates of the proposed approach is considered using the L (0, T; H?)-
norm. Under a suitable time step requirement, the theoretical studies indicate that the
constructed numerical scheme is strongly stable (in the sense of L®(0,T;H?)-norm),
temporal second-order accurate and convergence of order O (h8/3) in space, where h
denotes the grid step. This result suggests that the proposed algorithm is less time
consuming, faster and more efficient than a broad range of numerical methods widely
discussed in the literature for the considered problem. Numerical experiments con-
firm the theory and demonstrate the efficiency and utility of the three-level time split
high-order formulation.
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1 Introduction

The exploration of analytical solutions of the time-dependent partial differential equa-
tions (PDEs) plays a vital role in describing the behavior of different physical and biolog-
ical phenomena arising in the areas of mathematical biology, fluid dynamics, engineer-
ing, chemical theory, bio-modeling and fluid mechanics [16,20,25,26,28,29,34,41,44,47].
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A large class of unsteady systems of PDEs have been used to model various problems in
chemistry, physics, biology and engineering such as: chemical kinematics, fluid mechan-
ics, electricity, nonstationary process in semiconductors in the presence of sources, prop-
agation of wave and shallow water waves, optical fibers, flow of heat, plasma physics,
immunology, quantum mechanics, Sobolev and regularized long wave models and biol-
ogy [1,2,6,8-10,18,19,23,24,33,35,43,45,48,49] and references therein. The evolutionary
two-dimensional Sobolev and regularized long wave problems usually arise in the flow
of fluids to explaining the motion of wave in media. This model is associated with the
Rossy and drift waves in rotating fluids and plasmas, respectively, and it describes a
broad range of applications in different branches in engineering and science [21,43]. De-
veloping both exact and efficient numerical solutions for different types of Sobolev and
regularized long wave equations is an attractive area of research in applied science.

In this paper, we consider the two-dimensional Sobolev and regularized long wave
equations defined in [43] as

up—aAuy—yAu+(B,B)-Vu= f(x,y,t,u,ux,uy) on Qx(0,T], (1.1)
with initial condition
u(x,y,0)=uo(x,y) on QUIN, (1.2)
and boundary condition
u(x,y,t)=g(x,y,t) on oQ2x[0,T], (1.3)

where f(x,y,t,u,uy,uy) = fi1(x,y,t,u,uc)+ f2(x,y,t,u,uy), and fy, for m=1,2, are nonlin-
ear functions. For the sake of stability analysis and error estimates, we assume that the
functions f,, are locally Lipschitz with respect to the unknown u. A and V designate
the Laplacian and gradient operators, respectively, (5,B) denotes the velocity vector, 1,
means g—;’, for z=x,y,t. a, B and -y are nonnegative constant less than one, with a #0,
up and g represent the initial and boundary conditions, respectively. Eq. (1.1) is a third-
order mixed derivative in both time and space and it is referred to the Sobolev equations
arising in flow of liquid through the theory of heat conduction, fissured rocks and non-
steady flow [2,5,46]. When a =0, Eq. (1.1) becomes a nonlinear convection-diffusion-
reaction model which has been widely studied in the literature [26,27,30-32, 3640, 42].
For a #0, a large set of numerical methods have been developed in an approximate so-
lution of the initial-boundary value problem (1.1)-(1.3), such as: Galerkin finite element
methods, split least-square plan, Runge Kutta method, conservative scheme, a compu-
tational approach, Lumped Galerkin procedure. For more details, we refer the readers
to[3,4,7,8,11-15,51] and references therein. For some methods listed above, either the sta-
bility analysis or the error estimates has not been considered. In this work, we develop a
three-level time split high-order Leapfrog/Crank-Nicolson approach for solving the par-
tial differential equation (1.1) subjects to initial-boundary conditions (1.2)-(1.3). Under
an appropriate time step limitation, the proposed formulation is strongly stable (in the



